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Geometry: flows driven by 
shear and/or convection
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Flow driven by shear or convection in a rotating frame.
Ekman layer can become unstable giving cat’s eye rolls

(Ponty, Gilbert, Soward 2001).
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Equations and 
parameters:                  .                  

We contrast our results with those in paper II for the convectively driven dynamos.
The key parameters that distinguish the two papers are the Rayleigh number (Ra) and
a Reynolds number based on the Ekman layer thickness, which may be defined by
Re! " Re=! (with Re and ! defined in (7) and (10)). In paper II Ra is of the order
of 7500 and Re! is around 5, so the primary instability is convective, whereas in the
present study Ra" 0 and Re! is about 45, so that only the Ekman instability is present.
The two instabilities have distinct features. First, as mentioned earlier, hydrodynamic
instability gives rolls or cat’s eyes with axes approximately aligned east–west with the
shear, whereas convective rolls are aligned north–south for parameter regimes when
the horizontal component of rotation is important. Thus the rolls interact rather differ-
ently with the underlying shear and this has important implications for the operation of
a dynamo. Secondly, for a convective instability the convective rolls are predominantly
outside the shear layer and suppressed within it, whereas for an Ekman instability the
cat’s eyes are driven by, and sit inside, the Ekman layer, though the flows do extend
outside some distance. Overall, we find that the nonlinear dynamos obtained from
hydrodynamic instability, in the parameter ranges accessible to us, generate weaker
fields and are less robust than the convective dynamos of paper II.

The article is structured as follows. In the next section we set out the equations and
parameters governing the plane-layer system. In section 3, we consider kinematic
dynamo action in the flow resulting from the Ekman instability just above critical
and after a secondary bifurcation to a three-dimensional time-dependent flow,
extending the results of paper I. These linear instabilities are then followed by study
of the nonlinear regime in section 4. We contrast this with the case of plane-layer
Taylor–Couette geometry, with shear distributed across the layer, and in section 5
consider dynamo action in kinematic and dynamical regimes. The final section 6
offers concluding discussion, and comments on the relevance of our results to possible
mechanisms driving the solar dynamo.

2. Model and governing equations

The plane-layer model developed in papers I and II is depicted in figure 1 and employs
a local Cartesian approximation (b) to a spherical shell geometry (a) at a co-latitude #.
The layer is of depth h and contains fluid with viscosity " and magnetic diffusivity #.

The layer rotates with angular velocity !>0, about a direction b: lying in the (y, z)
plane, and the base of the plane layer has a velocity U0 in the x-direction. The
non-dimensional governing equations, based on the height of the layer and the viscous
timescale are

@U

@t
#U $ JU# $b:%U " &J"# 'J% B( % B# r2U, '1(

@B

@t
" J% 'U% B( # Pm&1r2B, '2(

J $U " 0, J $ B " 0 '3(

with

b: " sin#ey # cos#ez: '4(

28 P. Zhang and A. D. Gilbert

The boundary conditions employed are

U ! Re ex "z ! 0#, U ! 0 "z ! 1#, "5#

Bz !
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!
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! 0 "z ! 0, 1# "6#

(no-slip and perfect conductor). The parameters introduced so far are

#, Re ! U0h

!
, " ! 2!h2

!
, Pm ! !

#
, "7#

that is, co-latitude, Reynolds number, square root of the Taylor number and magnetic
Prandtl number. We take "$ 0, and 0 % # % $=2, but allow Re to have either sign,
corresponding to the sign of U0. Note that the equations used in papers I and II are
very similar except that these studies included the possibility of convective driving,
and based the dimensionless timescale on the thermal diffusivity %. This is equivalent
to our choice here given that the Prandtl number P ! !=% was fixed as unity in these
earlier computations. It also means that the parameter Pm in this article plays exactly
the same role as the Roberts number q ! %=# in papers I and II.1 Note that within our
framework the magnetic Reynolds number becomes a diagnostic, depending on the
flow realised, and we define this by

Rm ! PmU, U &
!!!!!!!!!
2EK

p
, "8#

where EK ! 1
2 hU

2i is the kinetic energy per unit volume.
The moving boundary at the base of the plane layer drives a net shear across the

layer. There is a basic state with B ! 0 and an Ekman–Couette flow,

UEk"z# ! Re,"z# ! Re "1"z#ex '"2"z#ey
" #
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where the "i(z) satisfy
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The full solution is given in equation (29) of paper I; we only note that in the limit of large
" for # 6! $=2 the flow becomes an Ekman layer localised at the bottom boundary:

"1"z# ’ e(&z cos&z, "2"z# ’ (e(&z sin&z "& ) 1#: "11#

There is no Ekman layer at the top boundary as we do not impose a horizontal pressure
gradient in the system; note that the horizontal pressure gradient is not Galilean
invariant in this rotating plane-layer geometry. With # ! $=2, the flow is the linear shear

"1"z# ! 1( z, "2"z# ! 0, "12#

1 There is an error in the discussion of the last paragraph of paper II: there the quantity q should be
replaced by Pm.
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for any !. A convenient measure of the thickness of the Ekman layer, when it is present,
is where the y-directed velocity is maximal,

max
z

UEk, y ! "2"1=2e""=4Re ’ "0:3224Re at zmax ! "=4#: #13$

We finally need to specify the periodic box used for computations. In an infinite
plane layer infinitesimal perturbations to the basic state (9) proportional to
exp#ikxx% ikyy% pt$ all evolve independently; for an Ekman instability there is only
a narrow range of horizontal wave-vectors (kx, ky) that are destabilised when the
Reynolds number is raised to moderate, supercritical levels. It appears that only
quite particular orientations of rolls are able to extract energy from the spiralling
Ekman flow (Lilly 1966). This is in contrast to the case of convection, for which a
much wider range of wave-vectors are unstable at a given supercriticality (e.g., Ponty
et al. 2003, figure 6).

In view of this, to capture the Ekman instability within the limitations of our
computational power (that is without a very large box size or very high Reynolds
number), we adopt a periodic box that is tuned to the scale and orientation of the
unstable modes at criticality. As in paper I we define a set of axes # !x, !y, z$ rotated
from the original axes by an angle ", as depicted in figure 1(d). The governing equations
remain the same, but (9) and (4) become

, ! $1e !x % $2e !y, $1 ! "1cos "%"2sin ", $2 ! ""1sin "%"2cos ", #14$
b: ! sin# sin " e !x % sin# cos " e !y % cos# ez: #15$

With respect to the new axes the numerical box is taken to have a periodicity length
L !x ! 2"=k !x in the !x-direction and L !y ! 2"=k !y in the !y-direction. The complete set
of parameters governing our numerical configuration is then

Re, !, Pm,#, ", k !x, k !y

! "
: #16$

The numerical method used is described in paper II.

3. Kinematic dynamos driven by Ekman instabilities

In running a three-dimensional code, the scope to explore parameter space is very
limited. Our approach is to start with selected examples of shear flows that are
hydrodynamically unstable, to follow these until the fluid flow equilibrates, and then
to introduce a magnetic field, observing it through kinematic and into dynamical
regimes. Our starting point is the case considered in paper I, section 4.2.1, which has

! ! 60, # ! 45&, " ! 73:5&, k !x ! 3:44, k !y ! 1:2: #17$

The periodicity box thus has dimensions 2"=k !x ' 2"=k !y ' 1 ’ 1:83' 5:23' 1.
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The Magnetic Reynolds number becomes a 
diagnostic defined by: 
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Kinetic Energy & dynamo 
growth rates

To define diagnostics of the flow structure, we decompose the flow into components

U ! U1"z# $U2 !x" !x, z# $U2 !y" !y, z# $U3" !x, !y, z#, "18#

defined by the averages

U1"z# ! hUi !x, !y, U2 !x" !x, z# ! hU%U1i !y, U2 !y" !y, z# ! hU%U1i !x: "19#

These velocity fields constitute the shear flow and the components of the flow that
depend non-trivially on " !x, z#, on " !y, z#, and on all three coordinates. Their individual
energy densities sum to give the total kinetic energy density

EK ! EK1 $ EK2 !x $ EK2 !y $ EK3 "20#

(all taken per unit volume). We sometimes refer to U%U1 as the fluctuating flow and
EK % EK1 as the corresponding fluctuation kinetic energy.

These energies, averaged over time if necessary, are shown as a function of Re
in figure 2. The dominant flow over the whole range is the shear flow, of energy EK1.
This flow is stable for Re & Rec1 ’ 190, taking the form of an Ekman layer (11) of
depth zmax ’ 0:17. At Rec1 there is supercritical bifurcation to cat’s eyes, steady
in a co-moving frame. These have wavenumber k !x and the angle " in (17) is taken so
that the axes of the cat’s eyes are aligned in the !y-direction, as shown in figure 1(e).
The flow remains two-dimensional with EK2 !x increasing from zero, as seen in
figure 2. At Re ! Rec2 ’ 240, there is a further bifurcation to a three-dimensional
flow of wavy cat’s eyes that are unsteady in every frame, and have time-periodic modu-
lation in a suitably chosen frame. Now EK2 !y and EK3 increase from zero. Note that
although this secondary bifurcation leads to a more complicated flow, the energy
EK1 in the shear remains very much dominant, with EK1=EK increasing from 0.938 to
0.956 as Re increases from 250 to 350. In this sense the flow becomes increasing laminar
as Re is increased, at least for the parameter ranges explored. Secondary bifurcations

Figure 2. Plotted are the kinetic energy components EK1 (solid), EK 2 !x (dash), EK 2 !y (dot) and EK3 (dash–dot)
(averaged over time) on a logarithmic scale, as functions of Re.
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rows. The left panels show the time-periodic wavy rolls, while the middle and right
panels reveal a somewhat irregular formation of tubes of magnetic field pointing
in the ! !x-directions, and overall a dominant mode two dependence on the !y-direction.

To give more of an indication of the time evolution of field and flow, figure 7 plots
a number of diagnostics against time. Panel (a) shows the components of the kinetic
energy defined in (19) and (20) on a logarithmic scale. The cat’s eyes have a time-
periodic modulation, as seen already in figure 6. Another view of this is given
in figure 7(b), which shows the diagnostic

Ûz" !y, t# $ hjUzji !x, z % hjUzji !x, !y, z: "22#

plotted with t horizontal and !y vertical. This quantity differs from zero when the
cat’s eye rolls become wavy, and we clearly see the combination of modulation of

Figure 5. Magnetic growth rate ! as a function of Re for the Ekman layer flow with parameters (17)
and Pm$ 50.

Figure 4. Magnetic growth rate ! as a function of Pm for the Ekman layer flow with parameters (17)
and Re$ 210 (solid), Re$ 250 (dotted). The dashed curve gives growth rates for the Taylor–Couette flow
with parameters (24).
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Energy in different components 
of Ekman flow for:

for any !. A convenient measure of the thickness of the Ekman layer, when it is present,
is where the y-directed velocity is maximal,
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We finally need to specify the periodic box used for computations. In an infinite
plane layer infinitesimal perturbations to the basic state (9) proportional to
exp#ikxx% ikyy% pt$ all evolve independently; for an Ekman instability there is only
a narrow range of horizontal wave-vectors (kx, ky) that are destabilised when the
Reynolds number is raised to moderate, supercritical levels. It appears that only
quite particular orientations of rolls are able to extract energy from the spiralling
Ekman flow (Lilly 1966). This is in contrast to the case of convection, for which a
much wider range of wave-vectors are unstable at a given supercriticality (e.g., Ponty
et al. 2003, figure 6).

In view of this, to capture the Ekman instability within the limitations of our
computational power (that is without a very large box size or very high Reynolds
number), we adopt a periodic box that is tuned to the scale and orientation of the
unstable modes at criticality. As in paper I we define a set of axes # !x, !y, z$ rotated
from the original axes by an angle ", as depicted in figure 1(d). The governing equations
remain the same, but (9) and (4) become

, ! $1e !x % $2e !y, $1 ! "1cos "%"2sin ", $2 ! ""1sin "%"2cos ", #14$
b: ! sin# sin " e !x % sin# cos " e !y % cos# ez: #15$

With respect to the new axes the numerical box is taken to have a periodicity length
L !x ! 2"=k !x in the !x-direction and L !y ! 2"=k !y in the !y-direction. The complete set
of parameters governing our numerical configuration is then

Re, !, Pm,#, ", k !x, k !y

! "
: #16$

The numerical method used is described in paper II.

3. Kinematic dynamos driven by Ekman instabilities

In running a three-dimensional code, the scope to explore parameter space is very
limited. Our approach is to start with selected examples of shear flows that are
hydrodynamically unstable, to follow these until the fluid flow equilibrates, and then
to introduce a magnetic field, observing it through kinematic and into dynamical
regimes. Our starting point is the case considered in paper I, section 4.2.1, which has

! ! 60, # ! 45&, " ! 73:5&, k !x ! 3:44, k !y ! 1:2: #17$

The periodicity box thus has dimensions 2"=k !x ' 2"=k !y ' 1 ’ 1:83' 5:23' 1.
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Kinematic dynamo 
growth rates at:

rows. The left panels show the time-periodic wavy rolls, while the middle and right
panels reveal a somewhat irregular formation of tubes of magnetic field pointing
in the ! !x-directions, and overall a dominant mode two dependence on the !y-direction.

To give more of an indication of the time evolution of field and flow, figure 7 plots
a number of diagnostics against time. Panel (a) shows the components of the kinetic
energy defined in (19) and (20) on a logarithmic scale. The cat’s eyes have a time-
periodic modulation, as seen already in figure 6. Another view of this is given
in figure 7(b), which shows the diagnostic
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plotted with t horizontal and !y vertical. This quantity differs from zero when the
cat’s eye rolls become wavy, and we clearly see the combination of modulation of

Figure 5. Magnetic growth rate ! as a function of Re for the Ekman layer flow with parameters (17)
and Pm$ 50.

Figure 4. Magnetic growth rate ! as a function of Pm for the Ekman layer flow with parameters (17)
and Re$ 210 (solid), Re$ 250 (dotted). The dashed curve gives growth rates for the Taylor–Couette flow
with parameters (24).
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To define diagnostics of the flow structure, we decompose the flow into components

U ! U1"z# $U2 !x" !x, z# $U2 !y" !y, z# $U3" !x, !y, z#, "18#

defined by the averages

U1"z# ! hUi !x, !y, U2 !x" !x, z# ! hU%U1i !y, U2 !y" !y, z# ! hU%U1i !x: "19#

These velocity fields constitute the shear flow and the components of the flow that
depend non-trivially on " !x, z#, on " !y, z#, and on all three coordinates. Their individual
energy densities sum to give the total kinetic energy density

EK ! EK1 $ EK2 !x $ EK2 !y $ EK3 "20#

(all taken per unit volume). We sometimes refer to U%U1 as the fluctuating flow and
EK % EK1 as the corresponding fluctuation kinetic energy.

These energies, averaged over time if necessary, are shown as a function of Re
in figure 2. The dominant flow over the whole range is the shear flow, of energy EK1.
This flow is stable for Re & Rec1 ’ 190, taking the form of an Ekman layer (11) of
depth zmax ’ 0:17. At Rec1 there is supercritical bifurcation to cat’s eyes, steady
in a co-moving frame. These have wavenumber k !x and the angle " in (17) is taken so
that the axes of the cat’s eyes are aligned in the !y-direction, as shown in figure 1(e).
The flow remains two-dimensional with EK2 !x increasing from zero, as seen in
figure 2. At Re ! Rec2 ’ 240, there is a further bifurcation to a three-dimensional
flow of wavy cat’s eyes that are unsteady in every frame, and have time-periodic modu-
lation in a suitably chosen frame. Now EK2 !y and EK3 increase from zero. Note that
although this secondary bifurcation leads to a more complicated flow, the energy
EK1 in the shear remains very much dominant, with EK1=EK increasing from 0.938 to
0.956 as Re increases from 250 to 350. In this sense the flow becomes increasing laminar
as Re is increased, at least for the parameter ranges explored. Secondary bifurcations

Figure 2. Plotted are the kinetic energy components EK1 (solid), EK 2 !x (dash), EK 2 !y (dot) and EK3 (dash–dot)
(averaged over time) on a logarithmic scale, as functions of Re.
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of Ekman cat’s eyes are explored in Hoffman et al. (1998) for the case of vertical rota-
tion (and oppositely translating top and bottom boundaries) and similar modulated
waves are obtained (see their figure 15).

The fluid flow for Re! 210 is shown in figure 2 of paper II and consists of a row of
two-dimensional cat’s eyes with hyperbolic stagnation points at a height z ’ 0:4. The
growth of magnetic fields in this case is considered in paper II, where it seen that for
Pm! 50, magnetic fields have maximum growth rate for wavenumber k !y ’ 1:2 in the
!y-direction, and this fixes one of our box dimensions; see (17). Some aspects of the
fluid flow and the magnetic field for Pm! 50 and Rm ’ 3660 are shown in figure 3,
which gives

Uz !x, !y, 1
2

! "
"left#, B" !x, z# $

##############
hjBj2i !y

q
"middle#, B !x" !y, z# $ hB !xi !x "right#: "21#

The left panel indicates straight, !y-independent rolls. The middle panel gives a measure
of the magnetic field intensity, averaged over !y and plotted in the " !x, z#-plane. This is
the plane that contains the cat’s eyes (see figure 1e), and these are clearly outlined by
sheets of magnetic flux. The field is amplified by a steady stretch–fold–shear mechanism
discussed in Courvoisier et al. (2005). The right panel shows the B !x field in the " !y, z#-
plane and indicates that the field consists primarily of two sheets, pointing in the
% !x-directions, with an exp"ik !y !y# dependence.

We have extended the calculations of paper II by varying Pm and figure 4 shows
kinematic dynamo growth rates for the two cases, Re! 210 (solid) of near-critical
cat’s eyes and Re! 250 (dotted) of time-periodic wavy cat’s eyes. Note that these
growth rates ! are scaled on the viscous time scale in view of our non-
dimensionalisation; the growth rate on the turnover time scale would be given by
" ! !=U. The magnetic growth rates for the steady cat’s eye flow at Re! 210 show a
low critical value of Pmc ’ 9 and then a wide maximum: the curve must eventually
go down to zero as this is a slow dynamo, being steady and two-dimensional
(Klapper and Young 1995). By contrast the case Re! 250 of wavy cat’s eyes has
Pmc ’ 27 and distinctly lower growth rates. The dynamo appears to become rather
less efficient as the Re is increased, and to illustrate this further, figure 5 shows the
magnetic growth rate as a function of Re for fixed Pm! 50, the largest value used.
Growth rates peak at Re ’ 215.

Clearly the transition to time-dependent wavy rolls is not conducive to dynamo
action, and we outline the features of this dynamo for the case Pm! 50 and
Re! 250, corresponding to Rm ’ 4040. The flow and magnetic field have
a complex, time-dependent three-dimensional structure that is difficult to visualise.
Figure 6 shows the quantities listed in (21) at a sequence of times, reading down the

Figure 3. Snapshot of quantities defined in (21) are shown for the Ekman cat’s eye flow at Re! 210, and
a kinematic growing magnetic field at Pm! 50.
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Figure 6. Snapshots of flow and magnetic field diagnostics (21) as in figure 3, in the kinematic regime at times (a) t! 21.5, (b) t! 22, (c) t! 22.2, and (d) t! 22.4.
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The particular configuration we investigate is introduced in Ponty et al. (2001), which
we refer to as paper I. The base of the layer is given a velocity U0 in the x-direction, that
is eastward. The top of the box remains at rest and so there is a net shear across the fluid
layer. At high rotation rates and for # 6! !=2, the shear becomes localised in an Ekman
layer at the base of the plane layer; see figure 1(c). Together with this there is a net flux of
fluid in the "y-direction for #U0 > 0. On the other hand if # ! !=2, the shear remains
distributed across the layer, in a plane-layer approximation to rotating Couette flow.
At sufficiently large Reynolds numbers these two classes of flows undergo instabilities
and become sufficiently complex to function as kinematic dynamos. In addition,
flows may be driven by thermal convection, although we stress that the present study
considers purely hydrodynamical instabilities. The linear stability properties of this
class of flows are considered in Ponty et al. (2003), and competing Ekman,
convective and Taylor–Couette instabilities are identified (for background see
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Figure 1. Model geometry. (a) Part of a rotating spherical shell at co-latitude # is approximated as
(b) a plane layer. (c) Schematic picture of the fluid flow with an Ekman layer at the base, and cat’s eyes
driven by the Ekman instability. (d) Rotation through " of axes from $x, y, z% to $ !x, !y, z%. (e) Schematic picture
of the flow resulting from the Ekman instability with " ! 73:5&. (f ) Schematic picture of the Taylor–Couette
flow with " ! 90&.
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rows. The left panels show the time-periodic wavy rolls, while the middle and right
panels reveal a somewhat irregular formation of tubes of magnetic field pointing
in the ! !x-directions, and overall a dominant mode two dependence on the !y-direction.

To give more of an indication of the time evolution of field and flow, figure 7 plots
a number of diagnostics against time. Panel (a) shows the components of the kinetic
energy defined in (19) and (20) on a logarithmic scale. The cat’s eyes have a time-
periodic modulation, as seen already in figure 6. Another view of this is given
in figure 7(b), which shows the diagnostic

Ûz" !y, t# $ hjUzji !x, z % hjUzji !x, !y, z: "22#

plotted with t horizontal and !y vertical. This quantity differs from zero when the
cat’s eye rolls become wavy, and we clearly see the combination of modulation of

Figure 5. Magnetic growth rate ! as a function of Re for the Ekman layer flow with parameters (17)
and Pm$ 50.

Figure 4. Magnetic growth rate ! as a function of Pm for the Ekman layer flow with parameters (17)
and Re$ 210 (solid), Re$ 250 (dotted). The dashed curve gives growth rates for the Taylor–Couette flow
with parameters (24).
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Re=250

Re=210
Fig. 3. Snapshot of quantities defined in (21) are shown for the Ekman cat’s eye
flow at Re = 210, and a kinematic growing magnetic field at Pm = 50.

Fig. 4. Magnetic growth rate ! as a function of Pm for the Ekman layer flow with
parameters (17) and Re = 210 (solid), Re = 250 (dotted). The dashed curve gives
growth rates for the Taylor–Couette flow with parameters (24).

a height z ! 0.4. The growth of magnetic fields in this case is considered
in paper II, where it seen that for Pm = 50 magnetic fields have maximum
growth rate for wavenumber kȳ ! 1.2 in the ȳ-direction, and this fixes one of
our box dimensions; see (17). Some aspects of the fluid flow and the magnetic
field for Pm = 50 and Rm ! 3660 are shown in figure 3, which gives

Uz(x̄, ȳ, 1
2) (left), B(x̄, z) "

!
#|B|2$ȳ (middle), Bx̄(ȳ, z) " #Bx̄$x̄ (right).

(21)
The left panel indicates straight, ȳ-independent rolls (with positive velocity in
red/yellow, negative in blue/black). The middle panel gives a measure of the
magnetic field intensity, averaged over ȳ and plotted in the (x̄, z)-plane. This
is the plane that contains the cat’s eyes (see figure 1(e)), and these are clearly
outlined by sheets of magnetic flux. The field is amplified by a steady stretch–
fold–shear mechanism discussed in Courvoisier, Gilbert and Ponty (2005).
The right panel shows the Bx̄ field in the (ȳ, z)-plane and indicates that the
field consists primarily of two sheets, pointing in the ±x̄-directions, with an
exp(ikȳȳ) dependence.

We have extended the calculations of paper II by varying Pm and figure 4
shows kinematic dynamo growth rates for the two cases, Re = 210 (solid) of
near-critical cat’s eyes and Re = 250 (dotted) of time-periodic wavey cat’s
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Kinematic behaviourrows. The left panels show the time-periodic wavy rolls, while the middle and right
panels reveal a somewhat irregular formation of tubes of magnetic field pointing
in the ! !x-directions, and overall a dominant mode two dependence on the !y-direction.

To give more of an indication of the time evolution of field and flow, figure 7 plots
a number of diagnostics against time. Panel (a) shows the components of the kinetic
energy defined in (19) and (20) on a logarithmic scale. The cat’s eyes have a time-
periodic modulation, as seen already in figure 6. Another view of this is given
in figure 7(b), which shows the diagnostic

Ûz" !y, t# $ hjUzji !x, z % hjUzji !x, !y, z: "22#

plotted with t horizontal and !y vertical. This quantity differs from zero when the
cat’s eye rolls become wavy, and we clearly see the combination of modulation of

Figure 5. Magnetic growth rate ! as a function of Re for the Ekman layer flow with parameters (17)
and Pm$ 50.

Figure 4. Magnetic growth rate ! as a function of Pm for the Ekman layer flow with parameters (17)
and Re$ 210 (solid), Re$ 250 (dotted). The dashed curve gives growth rates for the Taylor–Couette flow
with parameters (24).
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the wavy rolls, with a time period of approximately unity, and propagation of the waves
in the ! !y-direction.

Figure 7(c) shows the evolution of the magnetic energy density EM " 1
2 hB

2i, which
increases as an exponential of growth rate 2! for ! ’ 2:2, with periodic oscillations
superposed (more clearly visible in longer time traces not presented here). The magnetic
field is visualised by the diagnostic

B̂ !x# !y, t$ " e!!thB !xi !x, z #23$

plotted in the #t, !y$-plane in the style of a butterfly diagram in figure 7(d). In each
vertical slice of constant t, this captures the mode-two structure seen as four tubes of
field in the right-hand panels of figure 6. Now, it is evident that magnetic field structure
propagates overall in the % !y direction. The field has a phase of strong growth when the
rolls are relatively straight, e.g., at times t" 21.8–22.3, and takes the form of four flux
tubes. Then as the rolls become wavy, e.g., at times t" 22.3–22.8, the field becomes less
coherent with the tubes breaking up, pulled out by the strong Ekman shear flow
(as is confirmed by three-dimensional visualisations that we do not present here). In
short, the appearance of wavy rolls at these larger Re appears to have a destructive
effect on magnetic fields, both within each time-periodic cycle, and on the overall
growth rates plotted in figure 5.

4. Nonlinear dynamos driven by Ekman instabilities

We now move to nonlinear dynamo simulations, in which the Lorentz force modifies
the hydrodynamic instability and magnetic field growth ceases. We focus on the
parameter values (17) in the two cases Re" 210, Pm" 50 and Re" 250, Pm" 50,
both discussed as kinematic dynamos in the last section. Figures 8 and 10 give time
traces of velocity and magnetic fields as they emerge from kinematic growth.

In the case Re" 210, which is close to critical for the Ekman instability, the magnetic
field and Ekman instability undergo a relaxation oscillation, in which growth of the
cat’s eyes is followed by growth of field, and then by destruction of cat’s eyes and
decaying field. Snapshots of the vertical flow and magnetic field are given in figure 9:
note that in (a) the flow is strong (left panel), and the field grows as in the kinematic
regime (see figure 3), with sheets outlining the cat’s eyes (middle panel). In
figure 9(b,c) the rolls show some three-dimensionality caused by the Lorentz force
feedback, and this is also seen in figure 8(b), but is never a strong effect. The magnetic
field in figure 8(d) propagates in the ! !y-direction during a growth phase and in the
% !y-direction during the decaying phase. Note that the magnetic field saturates at a
low level: even the peaks in figure 8(c) are at EM ’ 24:7, compared with the total kinetic
energy EK ’ 2300 and a peak value of EK2 !x ’ 13:4.

At larger Reynolds numbers the relaxation oscillation disappears. At Re" 230 it is
replaced by a steady flow supporting a magnetic field, in runs we do not report here.
For our larger choice of Reynolds number, Re" 250, the kinematic growth reported
in section 3 results in saturation with an approximately steady magnetic field but
an unsteady fluid flow, as is shown in figures 10 and 11. Again Pm" 50 and the
corresponding magnetic Reynolds number is Rm ’ 4040. The magnetic field settles
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E_K

E_M

Fig. 7. Evolution of fluid flow and magnetic field for the time-dependent Ekman
layer flow with Re = 250 and Pm = 50 in kinematic regimes. Plotted against time
are (a) the kinetic energy components EK1 (solid), EK2x̄ (dash), EK2ȳ (dot) and
EK3 (dash–dot), (b) the diagnostic Ûz(ȳ, t), (c) the magnetic energy density EM ,
and (d) the diagnostic B̂x̄(ȳ, t). In (b,d) t is horizontal and ȳ vertical.

Clearly the transition to time-dependent wavey rolls is not conducive to dy-
namo action, and we outline the features of this dynamo for the case Pm = 50
and Re = 250, corresponding to Rm ! 4040. The flow and magnetic field have
a complex, time-dependent three-dimensional structure that is di!cult to vi-
sualise. Figure 6 shows the quantities listed in (21) at a sequence of times,
reading down the rows. The left panels show the time-periodic wavey rolls,
while the middle and right panels reveal a somewhat irregular formation of
tubes of magnetic field pointing in the ±x̄-directions and overall a dominant
mode two dependence on the ȳ-direction.

To give more of an indication of the time-evolution of field and flow, figure 7
plots a number of diagnostics against time. Panel (a) shows the components
of the kinetic energy defined in (19) and (20) on a logarithmic scale. The cat’s
eyes have a time-periodic modulation, as seen already in figure 6. Another
view of this is given in figure 7(b), which shows the diagnostic

Ûz(ȳ, t) = "|Uz|#x̄,z $ "|Uz|#x̄,ȳ,z. (22)

plotted with t horizontal and ȳ vertical. This quantity di"ers from zero when
the cat’s eye rolls become wavey, and we clearly see the combination of mod-
ulation of the wavey rolls, with a time period of approximately unity, and

11



Figure 9. Snapshots of quantities (21) for the Ekman instability nonlinear dynamo at Re! 210, as in figure 3, at times (a) t! 9.6, (b) t! 11.4, (c) t! 12 and (d) t! 13.9.
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Fig. 8. Evolution of fluid flow and magnetic field for the time-dependent Ekman
layer flow with Re = 210 and Pm = 50 in dynamical regimes. Panels are as in figure
7.

Fig. 9. Snapshots of quantities (21) for the Ekman instability nonlinear dynamo at
Re = 210, as in figure 3, at times (a) t = 9.6, (b) t = 11.4, (c) t = 12, and (d)
t = 13.9.
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Figure 11. Snapshots of quantities (21) for the Ekman instability nonlinear dynamo at Re! 250, as in figure 3, at times (a) t! 16, EK2 !x ’ 0:7, (b) t! 16.4, EK2 !x ’ 0:58,
(c) t! 16.47, EK2 !x ’ 2:14 and (d) t! 16.56, EK2 !x ’ 4:1.
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Fig. 10. Evolution of fluid flow and magnetic field for the time-dependent Ekman
layer flow with Re = 250 and Pm = 50 in dynamical regimes. Panels are as in figure
7.

Fig. 11. Snapshots of quantities (21) for the Ekman instability nonlinear dynamo at
Re = 250, as in figure 3, at times (a) t = 16, EK2x̄ ! 0.7, (b) t = 16.4, EK2x̄ ! 0.58,
(c) t = 16.47 EK2x̄ ! 2.14, and (d) t = 16.56, EK2x̄ ! 4.1.

the total kinetic energy EK ! 2300 and a peak value of EK2x̄ ! 13.4.
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Wavy Taylor Couette: 
kinematic dynamo

down as a wave propagating in the ! !y-direction (figure 10d), and consists of a number
of tubes lying across the convective rolls (right panels of figure 11).

The main feature that is different at this larger Re is that the flow, excluding the shear
component U1, undergoes strong oscillations. This may be seen in figure 10(a), bearing
in mind the logarithmic vertical scale; the oscillations have period 0.03 and the main
component of the energy, excepting the shear, varies from EK2 !x ’ 0:43 to EK2 !x ’ 4:3.
Figure 11 shows one oscillation and it may be seen that the cat’s eye rolls become
suppressed by the field, and then break up completely before reforming and growing
again. The tubes of field appear (from 3D visualisations we do not present here) to
remain relatively unaffected by the cat’s eyes, being largely drawn out by the shear
in the flow, although plainly these fluid motions must be important in sustaining the
field against dissipation. Again the magnetic field energy saturates at a low level
compared with the total kinetic energy, but comparable with the fluctuating energy;
using time-averaged values we have EM ’ 37, EK1 ’ 3250, EK " EK1 ’ 8. We have
also continued this run with varying values of Pm: for Pm# 60 the picture is similar,
but the oscillations stronger, and for Pm# 40 they are weaker.

5. Dynamos driven by Taylor–Couette instability

In this section, we consider dynamo action in flows driven by the Taylor–Couette
instability. This can be seen as another example of a class of flows where hydrodynamic
instability can lead to complex fluid motions that may function as a dynamo, and
so as a test of how robust are the results of the previous sections.

However, there are important differences between the two flow configurations. In the
Taylor–Couette case the shear is distributed evenly across the layer, and the flow does
not spiral. This means that at onset the fluid flows generated in the Taylor–Couette case
are less complex than in the Ekman case. In fact by up–down symmetry (almost) all
stream lines will be closed, and flows with this property, although not banned as
dynamos by anti-dynamo theorems, appear to require very large values of Rm to
function as dynamos. For example such flows lack the persistent, non-planar shearing
that enables a Ponomarenko dynamo to function at moderate Rm. Another important
feature is that the Ekman dynamo at onset generates flows in the form of cat’s eyes,
with hyperbolic points in the interior of the fluid; these allow magnetic fields to exploit
the stretching there (see the middle panel of figure 3). For the Taylor–Couette case the
topology is different, with rolls spanning the fluid layer and hyperbolic points on the
boundaries.

A comprehensive study of Taylor–Couette instabilities in the plane-layer approxima-
tion is given by Nagata (1998), and to make contact with this work, we consider the
parameter set

! # 22, Re # 200, # # 90$, " # 90$, k !x # 3:117, k !y # 1: %24&

The linear shear flow (12) is stable for Re<0. For positive Re satisfying
1
4Re2 > !c ’ 1708 the flow becomes unstable for rotation rates with ! satisfying
!%Re" !& > !c. The initial bifurcation is to steady rolls with axes aligned with the
shear and wavenumber k !x ’ 3:117, depicted schematically in figure 1(f ). We have
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The particular configuration we investigate is introduced in Ponty et al. (2001), which
we refer to as paper I. The base of the layer is given a velocity U0 in the x-direction, that
is eastward. The top of the box remains at rest and so there is a net shear across the fluid
layer. At high rotation rates and for # 6! !=2, the shear becomes localised in an Ekman
layer at the base of the plane layer; see figure 1(c). Together with this there is a net flux of
fluid in the "y-direction for #U0 > 0. On the other hand if # ! !=2, the shear remains
distributed across the layer, in a plane-layer approximation to rotating Couette flow.
At sufficiently large Reynolds numbers these two classes of flows undergo instabilities
and become sufficiently complex to function as kinematic dynamos. In addition,
flows may be driven by thermal convection, although we stress that the present study
considers purely hydrodynamical instabilities. The linear stability properties of this
class of flows are considered in Ponty et al. (2003), and competing Ekman,
convective and Taylor–Couette instabilities are identified (for background see
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Figure 1. Model geometry. (a) Part of a rotating spherical shell at co-latitude # is approximated as
(b) a plane layer. (c) Schematic picture of the fluid flow with an Ekman layer at the base, and cat’s eyes
driven by the Ekman instability. (d) Rotation through " of axes from $x, y, z% to $ !x, !y, z%. (e) Schematic picture
of the flow resulting from the Ekman instability with " ! 73:5&. (f ) Schematic picture of the Taylor–Couette
flow with " ! 90&.
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Bifurcation to steady 
wavy rolls at Re=190

Fig. 12. Snapshots of quantities (21) for the Taylor–Couette dynamo in kinematic
regimes, as in figure 3.

a Ponomarenko dynamo to function at moderate Rm. Another important fea-
ture is that the Ekman dynamo at onset generates flows in the form of cat’s
eyes, with hyperbolic points in the interior of the fluid; these allow magnetic
fields to exploit the stretching there (see the middle panel of figure 3). For the
Taylor–Couette case the topology is di!erent, with rolls spanning the fluid
layer and hyperbolic points on the boundaries.

A comprehensive study of Taylor–Couette instabilities in the plane-layer ap-
proximation is given by Nagata (1998), and to make contact with this work,
we consider the parameter set

! = 22, Re = 200, " = 90!, # = 90!, kx̄ = 3.117, kȳ = 1. (24)

The linear shear flow (12) is stable for Re < 0. For positive Re satisfying
1
4 Re2 > !c ! 1708 the flow becomes unstable for rotation rates with ! satisfy-
ing !(Re"!) > !c. The initial bifurcation is to steady rolls with axes aligned
with the shear and wave number kx̄ ! 3.117, depicted schematically in figure
1(f). We have checked the flow with Re = 150 and other parameters as in (24)
for dynamo action but not found any evidence, at magnetic Prandtl numbers
up to Pm = 50, corresponding to Rm ! 4240. Note that the e!ects of working
with limiting plane layer geometry can be important here. In the study Willis
and Barenghi (2002), growing and saturated magnetic fields are obtained for
Taylor–Couette rolls in cylindrical geometry. This occurs before any secondary
bifurcation and so presumably the curved geometry is playing an important
role in the dynamo.

Thus unlike the case of the Ekman instability, within the plane layer geometry
it appears necessary to follow the fluid flow through a secondary instability for
a dynamo to function at moderate Pm, and so we have adopted the parameter
values (24), for which there is a bifurcation (at Re ! 190) to wavey rolls, steady
in a moving frame, as shown in figure 6 of Nagata (1998) and in the left panel
of figure 12. Growth rates for varying Pm are marked in figure 4 (dashed) and
indicate a broad maximum with instability over a wide range of Pm.

Growing magnetic fields are shown in figure 12 (middle and right panels), for
Pm = 50 and Rm ! 5620, and show a messy structure. In the right panel
one can see an approximate mode-one dependence on the coordinate ȳ along
the roll axes. This represents alternating sheets of x̄-directed field, hugging
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Figure 14. Snapshots of quantities (21) for the Taylor–Couette dynamo in dynamical regimes, as in figure 3, at times (a) t! 7.2, (b) t! 8.5, (c) t! 8.96, and (d) t! 9.7.
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Fig. 13. Evolution of fluid flow and magnetic field for the steady Taylor–Couette
dynamo in kinematic regimes. Panels are as in figure 7.

the upper and lower boundaries, and reminiscent of the magnetic fields plot-
ted in Matthews (1998) for a dynamo in rotating convection near to onset.
Visualisations in 3-d, which we do not show here, indicate that the field has
coherent flux sheets close to the top and bottom boundaries (visible in figure
12, right panel) that are pulled out by the Taylor–Couette rolls and stretched
by the shear to give intense, but rather incoherent ȳ-directed fields. It is these
that are visible in the middle panel. Again because of the three-dimensionality
of the flow, and time-dependence in the growing magnetic modes, the actual
dynamo mechanism remains elusive, but presumably these intense sheets be-
come folded into the coherent x̄-directed flux sheets at the boundaries, and
lead to amplification.

In dynamical regimes, results for field and flow are shown in figures 13 and
14. The time traces show an irregular relaxation oscillation similar to that in
figure 8 and saturation of magnetic energy at low levels. In this run the peak
values are EM ! 940, EK1 ! 6000 and EK2x̄ ! 434.

6 Discussion

We have studied kinematic dynamo action in flows generated by Ekman and
Taylor–Couette instabilities, with particular emphasis on the case of sec-
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Geometry

The particular configuration we investigate is introduced in Ponty et al. (2001), which
we refer to as paper I. The base of the layer is given a velocity U0 in the x-direction, that
is eastward. The top of the box remains at rest and so there is a net shear across the fluid
layer. At high rotation rates and for # 6! !=2, the shear becomes localised in an Ekman
layer at the base of the plane layer; see figure 1(c). Together with this there is a net flux of
fluid in the "y-direction for #U0 > 0. On the other hand if # ! !=2, the shear remains
distributed across the layer, in a plane-layer approximation to rotating Couette flow.
At sufficiently large Reynolds numbers these two classes of flows undergo instabilities
and become sufficiently complex to function as kinematic dynamos. In addition,
flows may be driven by thermal convection, although we stress that the present study
considers purely hydrodynamical instabilities. The linear stability properties of this
class of flows are considered in Ponty et al. (2003), and competing Ekman,
convective and Taylor–Couette instabilities are identified (for background see
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Figure 1. Model geometry. (a) Part of a rotating spherical shell at co-latitude # is approximated as
(b) a plane layer. (c) Schematic picture of the fluid flow with an Ekman layer at the base, and cat’s eyes
driven by the Ekman instability. (d) Rotation through " of axes from $x, y, z% to $ !x, !y, z%. (e) Schematic picture
of the flow resulting from the Ekman instability with " ! 73:5&. (f ) Schematic picture of the Taylor–Couette
flow with " ! 90&.
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Fig. 1. Geometry for the study. (a) Spherical shell geometry is approximated as (b)
plane layer geometry. (c) Schematic picture of the fluid flow with an Ekman layer
at the base, and convective rolls in the interior.

pushed these results into strongly nonlinear, turbulent regimes, in the limit of
small Ekman number. These studies adopted a rotating, plane layer geometry.
A di!erent approach was pioneered by Busse (1975) and is to incorporate ele-
ments of spherical geometry in a rotating annulus model with inclined top and
bottom surfaces. This allows Rossby waves to be driven by convection, and
dynamo action in such a flow was studied by Kim, Hughes & Soward (1999,
2004). Other relevant simulations include dynamo action in convection over a
region of stable stratification (Brandenburg et al., 1990; Nordlund et al., 1992;
Tobias et al., 2001), in accretion discs dominated by Keplerian shear and hy-
dromagnetic instability (Brandenburg et al., 1995), in convective flows in a
rapidly rotating sphere (Busse, 2002) and in shear with magnetic buoyancy
providing an !-e!ect (Cline, Brummell & Cattaneo, 2003).

The aim in this paper is to study a fully hydrodynamical interface dynamo
in a plane layer geometry by means of three-dimensional numerical simula-
tions. The model was introduced in Ponty, Gilbert & Soward (2001), which
we refer to subsequently as paper I, and is motivated as a classical fluid flow
with some features in common with the Solar tachocline and the convection

3

Fig. 2. Convective flow in the kinematic regime, with parameter values (3.1), (3.2).
Plotted are the flow components (U, V,W ) of U in the (x, z)-plane (left-hand panels)
and (y, z)-plane (right-hand panels).

In our run the Rayleigh number is increased to Ra ! 2 Rac, which has two
e!ects. First, the convection becomes more vigorous, although not so strong as
to disrupt the Ekman layer. Secondly, the flow bifurcates at Ra ! 1.7 Rac and
by Ra ! 2 Rac has modest three-dimensionality, although it remains steady in
a moving frame. The flow takes the form of convective rolls with some variation
in the y-direction, as depicted in figure 2. This shows the flow components on
a slice of constant y (left) and a slice of constant x (right). Clearly visible in
U (top) is the Ekman layer at the base of the layer; the W component in the
(x, z)-plane (bottom left) indicates the presence of two convective rolls, while
the three right-hand panels show the three-dimensionality of the flow.

The magnetic field in the kinematic regime is shown in figure 3. Di!erent quan-
tities are plotted to indicate di!erent aspects of the magnetic field structure.
The left-hand panels show

!
"B2

x#y,
!
"B2

y#y,
!
"B2

z #y,
!
"|B|2#y, (3.3)

i.e. the field intensity, averaged over y. The right-hand panels show

"Bx#x, "By#x, "Bz#x,
!
"|B|2#x, (3.4)

and so give an indication of the sign of the field (except the lowest panel).

In the bottom pair of panels we see that most of the magnetic energy is in
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nonlinear evolution and saturation, a three-dimensional finite di!erence code
was written. This time-steps the system (2.12)–(2.15), written in terms of u
from (2.24) with homogeneous boundary conditions applied to !, B and u
(see (2.16), (2.17)); further details are given in appendix A.

3 Dynamo action in convection with shear

3.1 Parameters and kinematic evolution

In undertaking three-dimensional simulations, the scope to explore parameter
space is limited. The main run we study in this paper has the parameter values

Ra = 7500 ! 2 Rac, Re = 30, " = 200, (3.1)

P = 1, q = 50, # = 67.5!, kx = 4.30, ky = 1.0, (3.2)

so that the box has dimensions of Lx " Ly " 1 ! 1.46 " 6.28 " 1. These were
chosen to build on earlier work in paper I: the x-dimension gives the preferred
scale of convective rolls at onset, while the y-dimension is su"ciently large to
allow the field to develop structure on a range of scales. Our dynamical run
is closely related to a purely kinematic run shown in figure 7 1 of paper I,
for which the parameters are similar. The only important di!erence is that in
paper I the Rayleigh number Ra ! 1.1 Rac is close to critical, whereas ours is
twice critical.

In the absence of convection and magnetic field, the values of Re and " lead
to an Ekman layer localised near to the base of the plane layer, with thickness
zmax ! 0.127 in (2.23). The e!ect of then raising the Rayleigh number just
above critical, as in paper I, is to generate convective rolls which tend to
lie above the Ekman layer (being suppressed within the layer by the strong
shear). The orientation of the convective rolls is dominated by the rotation
of the system and their axes are approximately aligned with the horizontal
component of !, that is, with the y-direction. The e!ect of the Ekman layer
is to change the orientation of the rolls at onset in an infinite plane layer,
from exact alignment, by an angle $ ! 2.33!. The e!ect is small because
the localised Ekman layer has little interaction with the convection at these
parameter values (see paper I and references therein). In our finite, periodic
plane-layer geometry the set of possible wavevectors is limited and so at onset
the roll axes are exactly aligned with the y-direction, the resulting flow being
shown schematically in figure 1(c).

1 In paper I for this figure ky # l is given incorrectly as 8.5 whereas it should be
1.0.
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Fig. 3. Magnetic field in the kinematic regime, with parameter values (3.1), (3.2).
Plotted are the field components Bx, By, Bz, and B = |B| in the (x, z)-plane (left
panels) and (y, z)-plane (right panels); see (3.3) and (3.4).

the form of structures that are extended in the x-direction, and the field is
predominantly x-directed. The structures are flattened in the y-direction as
seen in the top right-hand panel, and so form what we will refer to as sheets
of field. This panel indicates that there are essentially 4 sheets, 2 with field
pointing in the !x-direction and 2 in the +x-direction. This corresponds to a
dominant n = 2 mode, where it is convenient to decompose the field as

B(x, y, z, t) =
!

n

B̂n(x, z, t)einkyy. (3.5)

In paper I these modes were decoupled as the flow was y-independent, but
for the present parameter values the modes are coupled because of three-
dimensionality in the flow field. Note that in paper I, insulating boundary
conditions were employed; we use perfectly conducting boundary conditions
which have more of a trapping e!ect of field at the boundary. Tests indicate
that this makes little di!erence to magnetic field structure and kinematic
growth rate in the presence of strong shear.

The magnetic field moves as a wave propagating in the !y-direction, an aspect
we will return to later. Although the field lies predominantly within the shear
layer (see also figure 8 below), the convection above it is important in drawing
out tongues of field, which are then folded back into the shear flow. This is
particularly seen in the Bz field, which suggests the dynamo could be classified
as of !" type, with the convection providing an ! e!ect; we will discuss this
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Dynamical regime

Fig. 4. Plotted in a logarithmic scale are the kinetic energy EK (solid) and the
magnetic energy EM (dotted) as functions of time.

further below.

3.2 Energies and transfers

Our main run starts with a seed magnetic field and the equilibrated convective
flow (figure 2), and follows the magnetic field through kinematic growth (figure
3) to saturation. The key issue is to find suitable diagnostics to understand
the wealth of data potentially available. Two diagnostics are the total kinetic
and magnetic energies,

EK = 1
2!|U |2", EM = 1

2!|B|2", (3.6)

where !·" denotes an average over the periodic box. Figure 4 shows the energies
plotted as a function of time.

In the kinematic regime EK # 95 and the magnetic field grows as EM $ e2!t

with growth rate ! # 3.05. In our system the magnetic Reynolds number Rm
is a diagnostic, which depends on the flow that is realised. Using the root-
mean-square velocity U that is measured in the simulation, we define Rm in
our non-dimensionalisation by

Rm = Uq, U %
!

2EK . (3.7)

Kinematically Rm # 690, and the field has correspondingly fine-scale structure
as seen in figure 3.

The field saturates at t # 3, leading to a state with complicated time-dependence
and relatively strong magnetic fields. Despite the large value of Rm, the mag-
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Fig. 7. Magnetic field for parameter values (3.1), (3.2), in the dynamical regime, at
t = 24. The plots are as in figure 3.

component U2x also gives a net input of energy T2x (dash) into the field, corre-
lated with the strength of the flow itself (see E2x in figure 5), and so showing
large fluctuations with time. On the other hand there is a net loss of magnetic
energy into the weak flow U 2y, and no persistent sign of transfer for the final,
three-dimensional component U 3.

3.3 Magnetic field and flow structure

A snap-shot of the magnetic field in the saturated state is shown in figure 7.
This may be compared with the kinematic field in figure 3. We observe that
the field remains largely localised in the Ekman shear layer (whose thickness
remains zmax ! 0.13 dynamically), but instead of taking the form of sheets,
appears to show structures extended only in the x-direction, which we refer to
as tubes of field (see, for example the top panels and bear in mind the 2! " 1
dimensions in the (y, z)-plane).

To quantify the spatial localisation of magnetic field, figure 8 shows the mag-
netic energy EM(z) as a function of z,

EM(z) = 1
2#|B|2$x,y, (3.14)

that is, averaged over x and y only. In figure 8(a) the profile is shown for the
early, kinematic regime, while in figure 8(b) a series of curves shows the profile
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Fig. 10. Butterfly diagram for the magnetic field diagnostic (3.16), plotted in the
(t, y) plane.

in kinematic regimes. This is antisymmetric about the mid-point z = 1/2 as
one would expect for rotating convection (e.g., Childress & Soward, 1972),
while dynamically this helicity is suppressed.

The tubes seen in figure 7 translate in the !y-direction, the direction of the
y-component of the Ekman flow (see (2.23)) but also evolve in time. As they
are extended in the x-direction and confined to a narrow band of z-values it
is useful to plot an average over x and a slice at z = zmax,

B̂x(y, t) = "Bx(x, y, zmax, t)#x (3.16)

as a function of t and y. This is done in figure 10 as a colour plot in the style of
a ‘butterfly diagram’. Each tube is revealed as a streak that crosses the plane,
with life-times comparable to the transit time of the wave. The diagram also
reveals a larger-scale coherence in the field, which shows groupings of tubes
of similar sign, corresponding to mode n = 1 in the y-direction (with modes
defined by einy as y varies from 0 to 2! here).

The loss of coherence of the magnetic field on smaller scales, sheets breaking
into tubes, is in accord with the results shown in figures 5 and 6. While
the shear flow itself remains largely time-independent, the transfer of energy
T1 by stretching of magnetic field in the shear becomes more intermittent,
presumably as tubes of field are carried into and out of the shear by the
up–down convective motions.

To quantify the larger-scale modulation apparent in figure 10, we consider the
energies EM(n) in each of the magnetic modes in (3.5). Here we set

EM(0) = 1
2"|B̂0(x, z)|2#, EM(n) = "|B̂n(x, z)|2# (n $ 1) (3.17)
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Fig. 10. Butterfly diagram for the magnetic field diagnostic (3.16), plotted in the
(t, y) plane.

in kinematic regimes. This is antisymmetric about the mid-point z = 1/2 as
one would expect for rotating convection (e.g., Childress & Soward, 1972),
while dynamically this helicity is suppressed.

The tubes seen in figure 7 translate in the !y-direction, the direction of the
y-component of the Ekman flow (see (2.23)) but also evolve in time. As they
are extended in the x-direction and confined to a narrow band of z-values it
is useful to plot an average over x and a slice at z = zmax,

B̂x(y, t) = "Bx(x, y, zmax, t)#x (3.16)

as a function of t and y. This is done in figure 10 as a colour plot in the style of
a ‘butterfly diagram’. Each tube is revealed as a streak that crosses the plane,
with life-times comparable to the transit time of the wave. The diagram also
reveals a larger-scale coherence in the field, which shows groupings of tubes
of similar sign, corresponding to mode n = 1 in the y-direction (with modes
defined by einy as y varies from 0 to 2! here).

The loss of coherence of the magnetic field on smaller scales, sheets breaking
into tubes, is in accord with the results shown in figures 5 and 6. While
the shear flow itself remains largely time-independent, the transfer of energy
T1 by stretching of magnetic field in the shear becomes more intermittent,
presumably as tubes of field are carried into and out of the shear by the
up–down convective motions.

To quantify the larger-scale modulation apparent in figure 10, we consider the
energies EM(n) in each of the magnetic modes in (3.5). Here we set

EM(0) = 1
2"|B̂0(x, z)|2#, EM(n) = "|B̂n(x, z)|2# (n $ 1) (3.17)

16

t

y

t

E_K, E_M

Alpha-omega dynamo: 
waves and phases



Conclusions
• Ekman instabilities and T-C support dynamos, 

• complex, relatively incoherent field structure,

• weak magnetic energy, similar to perturbation E_K,

• relaxation oscillations common: magnetic field tends 
to turn off the shear instability,

• convective `interface’ dynamos give coherent, strong 
fields (E_M~E_K) and alpha-omega waves,

• convective dynamos more likely in solar context, 
also in view of stratification,

• limitation: only moderately supercritical.


