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Abstract

In the forecasting of binary events, verificatioreanures that are ‘equitable’ were defined by
Gandin and Murphy to satisfy two requirements: ttly award all random forecasting systems,
including those that always issue the same foretastsame expected score (typically zero), and
(2) they are expressible as the linear weighted stithe elements of the contingency table, where
the weights are independent of the entries inab&f apart from the base rate. We demonstrate that
the widely used ‘Equitable Threat Score’ (ETS), andnerous others, satisfy neither of these
requirements, and only satisfy the first requiremerthe limit of an infinite sample size. We refer
to such measures as ‘asymptotically equitablethéncase of ETS, the expected score of a random
forecasting system is always positive and onlysfékélow 0.01 when the number of samples is
greater than around 30. Two other asymptoticallyitale measures are the Odds Ratio Skill Score
and the Symmetric Extreme Dependency Score, andmare strongly inequitable than ETS,
particularly for rare events; for example, when tese rate is 2% and the sample size 1000,
random but unbiased forecasting systems yield grect®d score of around —-0.5, reducing in
magnitude to —0.01 or smaller only for sample sizeeeding 25,000. This presents a problem since
these non-linear measures have other desirableegii®g in particular being reliable indicators of
skill for rare events (provided that the samplee s&large enough). A potential way to reconcile
these properties with equitability is to recognibat Gandin and Murphy’s two requirements are
independent, and the second can be safely discandédut losing the key advantages of
equitability that are embodied in the first. Thisables inequitable and asymptotically equitable
measures to be scaled to make them equitable, whidning their non-linearity and other
properties such as being reliable indicators df &ki rare events. It also opens up the possibibt
design new equitable verification measures.

1. Introduction: what is equitability and why is it desirable?

To assess objectively the skill of a sequenca ¥es/No forecasts (e.g. whether or not a tornado
will occur or whether rain rate will exceed a cartahreshold), one first defines thex2
contingency table (e.g. Mason 2003) containingttitel number of correct forecasts of occurrence
(or *hits’) a, the number of incorrect forecasts of occurrdmaie number of incorrect forecasts of
non-occurrence, and the number of correct forecasts of non-oetiwed:
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such thata + b + ¢ + d = n. For a particular set of weather conditions, theesved frequency of
occurrence or ‘base rate’ is fixed @t (@ + ¢) / n. A verification measur& is then defined as a
function of the elements of the contingency table.

It has been known since the time of Finley (1884j there are pitfalls to avoid in the design & th
measure one uses to quantify the degree of skilirgkly 1996). In particular, the measure should
not encourage a forecaster to ‘hedge’, i.e. toeissdorecast that differs from his or her or ‘true
belief’ or judgment’ in order to improve eitheretscore that is being used to assess the forecast,
its expectation. This definition has been implioit explicit in discussions of hedging since the
1950s (see references in Jolliffe 2008). Howeueshould be noted that ‘hedging’ has also been
used to denote a somewhat different behavior (Marzi998; Brill, 2009), namely issuing a
forecast that has a frequency bigs; 1 [where bia$3 = (a + b)/(a + ¢) = 1], in order to improve the
value of the score being used to assess the forexaspared to its value when the forecast is
unbiased B = 1). The difference between the two may be illatsa simply as follows. The first
definition of hedging includes the concept of ‘hedgtowards climatology’, i.e. changing one’s
forecast rate of occurrence to match the obserated(because one’s ‘true belief' has a bias). This
is the sense of the term that was explored at lhehgtStephenson (2000). The second definition
would not consider such behavior to be hedgingeddd if the original biased forecast was
rewarded by a particular verification measure terhias, then the second definition might judge
hedging to benot to change one’s forecast rate of occurrence tahmide observed rate, since it
would be being rewarded by issuing a biased fotesasn though that was the forecaster’s true
belief. We stick to the older and more intuitivdidgion of hedging.

The concept of hedging is most often considerethén case of probabilistic forecasts, but for
deterministic forecasts of binary events it is ssleseful concept. Jolliffe (2008) argued thasit i
difficult to conceive of a situation where a forst&’s true belief is not probabilistic, and theref

the fact that the forecaster only predicts occweenr non-occurrence (with apparently 100%
confidence) means that all forecasts differ fromdr her belief, and so are ‘hedged’ in some sense.
Murphy and Daan (1985) recognized this difficuliypd defined the weaker property ‘consistency’:
if a probabilistic belief is converted into a detgmistic forecast via some ‘directive’ (e.g. ‘fosest
occurrence only if you believe the event has greidi@n a 50% probability of occurring’), then a
‘consistent’ verification measure is one that mazes the score for a particular directive. We are
then left with the problem of determining whethetigective is sensible.

An alternative desirable property, which is moreeaable to analysis for binary forecasts, is that
the measure assesses the performance of a foreoadtrecasting system relative to a random
forecasting system. This is known as ‘equitabilitghd was defined rigorously by Gandin and
Murphy (1992) in their seminal paper on the subgecfollows:

1. An equitable verification measure awards all randonecasting systems, including those
that always forecast the same value, the same &xpscore (denotef in this paper).

2. An equitable verification measufmust be expressible as the linear weighted sutheof
elements of the contingency table, iS=(S,a+Sb+S.c+S,d)/n+S,, where the

weights S,, ..., & are independent of the individual elements of ¢batingency table,
although they may depend on the base pate (a + c) / n. Gandin and Murphy (1992)
expressed these weights in the form oka Zcoring matrix’.

From these two requirements, Gandin and Murphy Z19en proceeded to show that only the
Peirce Skill Score (Peirce 1884), or a linear fiorcof it, is truly equitable. However, it has snc

been claimed that several other measures are blpjisuch as the Heidke Skill Score (Mason
2003), the Odds Ratio Skill Score (Stephenson 2@68)indeed the Equitable Threat Score (Mason
2003). So what is the reason for this discrepaticgan be shown from their definitions that these
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three measures do not satisfy Requirement 2, smsailplity is that many authors equate
equitability only with Requirement 1, although wdlwhow in the next section that two of these
measures do not, in general, satisfy this requintmigher. Before we discuss some of the previous
work where apparently different definitions of eaqbility have been used, we step back and
address a more fundamental question: why is edliyatas defined by Gandin and Murphy)
desirable?

We start by considering Requirement 1, and noté rieny people question the importance of
assigning a constant baseline score to all randahcanstant forecast systems: ‘if a measure can
correctlyrank the performance of different forecasting systettmsn who cares about equitability?’
The answer to this is that it is easy to show ¢hateasure that does not satisfy Requirement 1 will
sometimes incorrectly rank a random forecast al¥erecast system with some skill. Consider
two different random forecasters (e.g. one thaédasts occurrence with probability 0.1 and the
other with probability 0.9), who are awarded diffier expected scores 8f andS, with S; < $. If

a real forecaster predicts occurrence in the sarmopoption of his or her forecasts as the first
random forecaster, but with positive skill suchtttie expected score award®ds greater thaf,

then if S happens to be less th& this forecaster will be incorrectly ranked beldlve second
random forecaster. Moreover, such a measure wavigrd this forecaster if he or she were to
abandon the physical principles on which forecagtse being made and instead issue random
forecasts with a probability optimized for the mea&sin question. These properties are obviously
undesirable and support the requirement for alloam and constant forecasts to score the same.
More generally, to what extent is Requirement htegl to the inability to hedge? Given the
arguments of Jolliffe (2008), we consider only lingted form of hedging described by Stephenson
(2000): to randomly select a particular proportarforecasts of non-occurrence and change them
to occurrence, or vice versa, in an attempt to anprone’s score. By this definition, Requirement 1
clearly preventsandomforecasting systems from being able to hedge tbegécasts. However, it
does not guarantee that the same is true for tlehmider class of forecasting systems in practice
that do have some skill. At most we can state thetause an equitable measure cannot be hedged
by a random forecasting systemmitiybe less easy to hedge by a forecasting systempoiitive

skill compared to an inequitable measure, butithisot guaranteed. As a point of clarity, Gandin
and Murphy (1992) specified that the baseline ‘kill-score &, should be constant for a particular
verification measure (and inde&l= 0 for most measures). In princi@ecould be a function g,

a quantity over which the forecaster has no contmad a random forecaster would still be unable to
hedge the measure. However, an additional judtifinafor Requirement 1 is that consta®t
provides a single baseline above which a forecasperformance can be said to be superior to the
expected performance of a class of naive foresgsserch as random forecasters. This makes
subsequent interpretation of the measure easipecedly if we also have a fixed upper limit
corresponding to a perfect foreca&tshould not be a function of since often forecasters do have
control over how large a sample they are assestkdamd therefore would have the opportunity to
artificially inflate their score.

Gandin and Murphy's (1992) second requirement gi@eave is rather less easy to justify as an
essential companion to their first. Linearity imgeal was deemed desirable by Hogan et al. (2009)
since it ensures that a measure is equally seasaichanges in skill throughout its range, i.ean
perfect’ and ‘near-random’ forecasting systems @lrewarded by the same increase in score if 1
is added ta andd and 1 is subtracted fromandc. This was demonstrated when they estimated
the ‘half-life’ of numerical weather forecasts,. iaetimescale for the decay of the score tow&ds
as a function of the lead time into the forecasiparticular, the highly non-linear Odds Ratio 5kil
Score yielded a misleadingly high half life. Corsady, linearity appears to be incompatible with
another desirable property, that of being a rediabdlicator of skill for rare events. It was sholan
Stephenson et al. (2008) that almost all measaras ¢ertainly all linear ones) are ‘degenerate’ in
that they tend to zero or some other constant asbdse rate tends to zero. Their Extreme
Dependency Score and its symmetric counterpartgseap by Hogan et al. (2009) overcome this
problem via a non-linear (specifically a logaritlu)ndependence on the elements of the contingency
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table, preventing these measures from satisfyinquRement 2. So what was the reason for
inclusion of Requirement 2 by Gandin and Murphy92)® It is possible that it was included
simply to restrict the class of measures considereatder that the mathematical condition for a
measure to satisfy Requirement 1 could be derikatier than having any overriding merit of its
own. Indeed, another interpretation of Gandin andrfMy (1992) is not that Requirement 2 is
fundamental to the concept of equitability, but giynthat they chose to consider only the
equitability (embodied in Requirement 1) of a lieditclass of measures (those that also satisfy
Requirement 2). As will be demonstrated laterhis paper, Requirement 2 is certainly not a
necessary condition in order for Requirement lec#tisfied.

There have been several examples in the literatheze the term ‘equitability’ has been used in a
different sense to Gandin and Murphy, although ashecase Gandin and Murphy (1992) was
provided as the reference. Marzban (1998) equatedjuitability’ with being able to hedge a
measure, specifically that an inequitable meassirene that is optimized by forecasting with a
frequency bias other thdh= 1 and therefore induces under- or over-foreegsBy this definition,

all measures for verifying binary forecasts that hesmered were found to be inequitable,
including the Peirce Skill Score (also known as Tnee Skill Score), which Gandin and Murphy
(1992) deemed to be equitable. Baldwin and Kain0§lOalso adopted Marzban's concept of
equitability. Marzban and Lakshmanan (1999) conmsidemeasures that satisfied Requirement 2,
but argued that Requirement 1 could be relaxetierdefinition of equitability, on the basis that it
can be difficult to reconcile with the requiremehtit a measure is optimized by an unbiased
forecast. The findings of Marzban (1998) and Marzlamd Lakshmanan (1999) are simply a
consequence of them taking the fundamental cormielequitability’ to be something different to
Gandin and Murphy (1992). This is not to claim ttie work of these authors is invalid, merely to
suggest that the property they were considerifgetparamount (that a measure is optimized by an
unbiased forecast) should be referred to as songetither than ‘equitability’.

We argue that Requirement 1 is fundamental to ¢éimeept of equitability as envisioned by Gandin
and Murphy (1992), and its desirability is amplhstjtied by the arguments we have provided
above. By contrast, we argue that Requirement 2bwarsafely discarded in the definition of
equitability, and in this paper we explore the vameresting class of measures that are now
classified as equitable. In section 2, we derive necessary conditions for Requirement 1 to be
satisfied, and explore the nature of the class @hsures that we deem to be equitable but that do
not satisfy Gandin and Murphy’s Requirement 2.dat®n 3 we demonstrate the non-equitability
of measures such as the so-called ‘Equitable Ti8earte’ using examples with a sample size small
enough that all the possible contingency tables lmanwritten out explicitly. In section 4 we
introduce the concept of ‘asymptotic equitabilitwhereby a number of measures are shown to tend
to equitability only in the limit of an infinite saple size. Then in section 5 we demonstrate how an
interesting class of non-linear but nonethelesy teguitable measures can be constructed, for
example by rescaling inequitable measures.

2. How to determine whether a measure is equitable

2.1 The expectation over all possible contingeabjets

In this subsection it is shown how, from Requiretrierin the previous section, we may derive an
expression that all truly equitable measures matsfy, and how by omitting Requirement 2 a new
class of equitable measures is admitted. We defirendom forecasting system as one that issues
forecasts randomly with a fixed probability, irrespective of any other information;, is the
‘population’ forecast rate of occurrence (to cositraith the ‘sample’ forecast rate of occurrence),
and may be any value in the range O to 1, inclusigecalculate whether this forecasting system
would yield an expected score of zero, or somerothastant valu&, we need to consider all
possible sequences offorecasts that could be made, the score thatwioeyd each be awarded by
the verification measure being tested, and thealritiby of each sequence being issued by chance.
We consider botim and the base rage = (a + ¢) / n to be held fixed in this exercise, and are
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therefore calculating the expectation given a paldr sequence of events in reality. At the end of
this subsection it is demonstrated that if we vislcalculate the expectation over all possible base
rates (for example, ib is treated as samplebase rate that is just a realization of gapulation
base rate), we arrive at the same conclusions\akitthh measures are equitable.

It is illuminating to consider specific examplesaftmall sample size in which all the possible
contingency tables can be written out explicitigdfes 1 and 3 show two such examples, one with
n =4 andp = 1/2, and the other with= 3 andp = 1/3. A particular random forecasting system may
predict occurrence of the event between O ratiches, with the sample forecast rate of occurrence
given bygs = (a + b) /n. This variable is used as the abscissa of thedgyuand for each value qf
there may be several possible contingency tableghaare shown by the vertical columns with the
contingency table that corresponds to the besbpeeince at the top. It is obvious from Figs. 1 and
3 that the verification problem for binary foresas inherently two-dimensional, with two numbers
needed to characterize the performance of a phatisat of forecasts uniquely. As plotted here, the
abscissa is directly related to tbes (e.g. the frequency biaB = g4p), while the ordinate is
directly related to thekill. Although this paper is primarily concerned witte tbest measures for
characterizing the skill, it should be borne in thithat whatever measure is recommended for skill
does not on its own give a complete picture ofpiagormance of the forecast system, but should be
reported alongside a measure characterizing the Biar reasons that will become obvious in
section 2.3, the measure of apparent skill agavhgth we choose to plot the contingency tables is
the Peirce Skill Score, defined as

a b
pSS-—2
a+c b+d- (2)

(Note that this measure has also previously bdemree to as the True Skill Statistic, the TruellSki
Score and Hanssen and Kuipers’ Performance Index.)

If a verification measur&a,b,c,d) is defined in terms of the elements of the caggncy table, then
its expected value given a particular base rat8|gk (s calculated by summing over thepossible
contingency tables, each weighted by their proiigiwif occurring, P#,b,c,d|p):

E(S| p)=§ Sa b e DP(a,; b g dl | 3)

A measure is equitable by Requirement 1 in thechiction if, for a random forecasting system,
ESp) =S forallp € {0, 1/n, ..., 1} and allgs € [0, 1], and where we tak® to be constant for a
particular score (it cannot vary wighor ¢, for instance). Since andp are fixed, the four degrees
of freedom in the contingency table reduce to ta®dgeen by the fact that the possible contingency
tables in Fig. 1 occupy a plane), e.g. describedlpiya andb. For random forecasts, these may
be treated as random, binomially distributed vaesia|p ~ Bin(np, qp) andb|p ~ Bin(n — np gp).
Since these variables are also independent, thbabpildy of a contingency table occurring
randomly may be written as &l§,c,d|p) = P@|p)P{|p), wherec =np—-ad=n(l-p -b 0<a<

np, and 0<b<n(1-p.

An alternative way of splitting up this probability P@,b,cd|p) = P@b,cd|p,&) P@dp), where
P@sp) is the probability of a particular sample foreacade of occurrence (i.e. the probability of
being in a particular column in Fig. 1) anda@(c,d|p,g) is the probability of a particular table
occurring given that we are in a certain columirigf 1. The advantage of this approach is that we
may write the expected score over all possibleeabb the sum over the expected scores given each
particular value ofjs

E(SIp=) E(SI pa)P(gl p. (4)

s

where E(S| paQ):zi Sa b cdP(a;bcd pe



The probabilities may be calculated as follows. iAgassuming the forecast system to have
population forecast rate of occurrengg the number of events that are actually forecasa i
particular samplengs, follows the binomial distributionngdp ~ Bin(n, qy). Therefore, the
probability of a particulags is

P@, |p)= Ch.nq ) (= q J* ¢, (5)

where Cf, k) =n! / [k! (n —K)!] is the binomial coefficient, expressing the riaen of waysk
events can occur imtrials. The random conditional probabilitysft,c,d|p,q;) is now a function of
just one random variable, ea.and may be written as

P@b,cdlp.a) = P@lp,a) = Clp, a) C(h —npngs—a) / C{n, nqy), (6)
whereb =ngs—ac=np-ad=n(l-p-q) +a, and max{On(p + gs—1) } <a<min{np, ng}.
The denominator on the right hand side of (6) & tiital number of ways of selectings cases
from n, and the numerator is the number of those wayghioh we have hits, since then we must
selecta from thenp cases in which the event occurs aggd— a from then — npcases in which the
event does not occur.

To illustrate these probabilities being appliedatemall sample of forecasts, the numbers above
each contingency table in Figs. 1 and 3 indicagepifobability of it occurring randomly given that
one is in a particular column, &4,cd|p,a). Figures 2 and 4 depict the scores that would be
awarded for each contingency table in Figs. 1 afmk & range of different verification measures,
and beneath each column is shown the random exbsotee for that column, E(54). A measure
is deemed equitable if B{p =S, and from (4) it can be seen that the easiestfarathis to occur
is if E(Sp,q) = S for all gs. In principle, one could have §§,q) # S, but achieve cancellation
between the differences frof in each column such that&f) = S (as in Figure 2e). In practice,
this is not possible for all values @, since each possibig leads to a different weighting between
the columns. Take the example in Fig. 1. dpr 1/2, the probabilities of obtaining each possible
value ofgs are PQs={0/4, 1/4, 2/4, 3/4, 4/4}) = {1/16, 4/16, 6/16,14, 1/16}, but forg,=1/4, the
probabilities become {0.316, 0.422, 0.211, 0.04008}. Therefore, our definition of equitability
requires simply that

ESp,a) =S for all p andgs. @)
We prove this result formally in the appendix, andke use of it later in the paper. It also ensures

equitability for the possible (although improbable)ecaster who fixegs by declaring before the
first forecast that ‘in the 10 forecasts that Wi verified | will predict occurrence exactly 5 @si.

Lastly in this subsection we consider the consecgi@f requiring that the ‘expected score’ in the
definition of equitability involves calculating thexpectation for fixed ‘population base rafs,
over all the possible sample base rates, whichemgorarily denotgs. Now the expected score
that we had previously written as3Hy) is considered to be for a given sample basearatieso is
denoted Efps). Following the reasoning that led to (4), the@oted score considering all possible
base rates is given by

E(S) = 2.E(SI p.)P(p.) (8)

where Pgy) is the probability of a particular sample bade.réVe may if we choose assume that the
number of events that occurred follows a binomisirdbution, nps ~ Bin(n, py), as forngs, but the
essential result is that if Bps) = S for all ps, then E§) = S. Hence, if a measure is equitable for
one particular sequence of occurrences in redhign it will also be equitable when calculating the
expectation over all possible ‘realizations’ oflitya

2.2 Gandin and Murphy’s condition for equitability

The previous subsection established the importastlr that a binary verification measure is
equitable if and only if Efp,) = & for all p andqgs. So how can we apply this rule to test the
equitability of particular measures without neediogonsider a specific example such as in Fig. 1?
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We start this discussion by considering the apgroat Gandin and Murphy (1992). They
considered only measur8shat may be written as the linear weighted suitheftermsa—d:

S=(Sa Sb St S)d , 9)

and then proceeded to calculate the relationsrepsden the weightS that are necessary for the
measure to be equitable. Requirement 2 in theduottion includes the possibility of adding an
offsetS to (9), but following Gandin and Murphy (1992)we can prove a measure wih= 0 to

be equitable then adding a non-zero offyeb it will also yield an equitable measure. Ganaimal
Murphy made one further assumption (also part @futement 2), which was that the weights can
depend only on the base rgteTo impose the condition that constant forecastscourrence ds =

1) yield a zero expected score requires th&tjE Qs = 0 whena=np, b=n(1 —p),c=0 andd = 0.
Thus

ES|p,gs1) =p&+ (1 -p)S=0. (10)
Likewise, to require that constant forecasts of-aocurrenceds= 0) also yield zero leads to
ES|p,qs=0) =pS+ (1 —p)S= 0. (11)

The third condition sets thegcaleof the measure; for example, to make all perfestdasts score
unity, we write

Shp, 0, 0,n—np =pS + (1 —p)S = 1. (12)
Gandin and Murphy (1992) did not take this laspsteut chose instead to impose the scale by
explicitly settingS, = & = -1, thereby also making the explicit assumptlmat misses and false
alarms are weighted equally. As shown by Manza@®%2, the assumption of equal weighting
between misses and false alarms has no effecedimtl result, and so it is clearer not to makat it
all. We prefer to set the scale of the measurg123. Thus we have three equations (10-12) and
four unknowns &, ..., &), seemingly an under-constrained system. Howekerfour unknowns
are not independent of one another because we kimmva + ¢ = np andb + d = n(1 —p), so
therefore can relate the elements of the contingtalde viab +d = (a + ¢) x (1 —p)/p. This means
that we can shuffle ‘mass’ between the four weighsile keeping the resulting measure
unchanged. For example, suppose all four weighte wen-zero and we wanted to elimin&e
From this relationship between the elements ottdmingency table we may repla&el in (9) with
Si[-b + @ + ¢) x (1 —p)/p], which is equivalent to defining a new set of glgs given by the
following primed values:

S =S+ S0 -p)/p; S =5-%;

S =S +S(1 -p)p; S =0. (13)
Gandin and Murphy (1992) used (10) and (11), tegewith their requirement 0§, and &, to
show that one particular equitable measure is défiyy the weight§, = (1 —p)/p, S = & = -1, and
S = p/(1 —p). This also satisfies our scale condition given(b®). This may be simplified by
eliminatingS; using the operations given in (13) to yi€ld= 1p, & = -1/(1 -p) andS = S = 0,
which is the same as the Peirce Skill Score (P&&)et by (2). (It should also be noted thah
Gandin and Murphy’s derivation is the sample bate, rbut subsequent practice, at least #& 3
tables, has been to use a longer-term ‘populat@se rate in defining equitability, e.g. Livezey
2003). Thus, the only degree of freedom in thisvdépn is the scale of the measure shown by the
right hand side of (12).

We may conclude thahe Peirce Skill Score is the only measure withesdaand $ = O that
satisfies Gandin and Murphy’s definition of equildfp Recognizing that the scale and the offset
are not fixed by their requirements of equitabjli@andin-Murphy equitable measures’ must have
the form

Sem = f(p) PSS +S, (14)

wheref(p) may be any positive function. Positivity is nexay to ensure that forecasts better than
random are awarded a score greater than the espemtdom scoré&. In principle, a measure
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could havef depending also on sample sizand still strictly satisfy the definition of eqailiility
given in the introduction, but it is difficult teee when this would ever be an advantage as it would
mean that multiplying all elements of the contingetable by a constant factor would change the
score. Gandin and Murphy (1992) actually statetdhty PSS ananonotonic transformations it
satisfy the definition of equitability set forth their paper. One presumes that by ‘monotonic’ they
actually meant ‘linear’, since non-linear transfatimns would violate the linearity expressed in (9)
and Requirement 2. Moreover, it is important toenoéhat the scaling factor in the linear
transformation may depend pnas shown in (14), but this was not clear from dé@and Murphy
(1992). A simple example of a measure other thad &t satisfies (14) is the one of Gringorten
(1967), which has =1 andS, = 1.

2.3 A general condition for linear, equitable measu

So where does this leave measures that cannotittermin the form of (14), yet that appear to be
equitable by Requirement 1 in the introduction? éxample is the Heidke Skill Score (Heidke
1926), HSS, which is written in two alternative wgg.g. Hogan et al. 2009):

~ 2(ad - be) _a+d-E(a|p,q,)-E(d]| p.q,)
“(a+o)(c+d)+(@a+b)(b+d) n-E(alp,g,)-Ed]|paq,)

where E&|p,ag) = npg and E¢|p,a) = n(1 —p)(1 —qs) are the expected values @fandd for a
random forecast with a particular sample forecast of occurrences. For the two examples in
Figs. 2a and 4a, HSS does appear to be equitalileainthe expected score for each column,
E(Sp,q), is zero. By rearrangement, it is possible toregp HSS in a form similar to (14), with

= 0 andf = fyss where

fuss = 2p(1 —p)/(p + ds — 2y, (16)
i.e. withf a function of bottp andgs. It turns out thatyss= 1 (and hence HSS = PSS) both wpen
= 1/2 and whemp = gs. This is confirmed in Fig. 2qu = 1/2 leads to HSS = PSS for all contingency
tables. In Fig 4a, whege= 1/3, it can be seen that HSS = PSS for the aolkemnresponding tqs =
1/3, but in the column correspondinggo= 2/3, we find HSS = 0.8 PSS.

The Heidke Skill Score may also be expressed ifiaima of (9), but only if the weights are allowed
to vary with botlp andgs as follows:

S=%=1,

$=S=-[pg+ (1 -p)(1 —g9] / [1 —p&— (1 — p)(1 —ay)]-
Allowing these weights, and in turn the valuefofo vary withgs violates Gandin and Murphy's
Requirement 2 in the introduction, but HSS doessfsathe more important Requirement 1. To
prove this, consider a single column of contingetatyles in Fig. 1, for which we know that the
expected value of PSS for a random forecast wijiven value ofgs is zero, i.e. E(PSiJx) = O.
Scaling PSS by an arbitrary facftostill yields the same result: B?SSp,q) = 0, and the resulting
measure is still equitable by the definition in.(The only requirement ohis that it is constant
within a column, which means that it may vary wiibth p andgs, but may not depend on any
individual elements of the contingency table. Thiby, our more permissive definition of
equitability, the condition for a verification meae to be equitabland linearis that it can be
written in the form

&quitable,linear: f (p, qg) PSS 15, (17)

wheref(p, gs) is any positive function gb andgs. By ‘linear’ we mean simply that for givemand

Os, the measure varies linearly with every individoamber of the contingency table, i.e. the
measure can be written in the form of (9) with weightsS being functions of only and gs.
Requirement 2 of Gandin and Murphy (1992) wastle lihore restrictive, requiring linear variation
with the elements of the contingency table justdagivenp (and therefore excluding HSS). The
merits or otherwise of allowingto depend oigs deserve a little discussion. On one hand, it alow
measures such as HSS to tienspose symmetri(Stephenson 2000), i.e. to be invariant if the

(15)
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observations and the forecasts are swapped. Quthiee hand, if increased strongly witts, say,
then a forecaster with some skill may be able tweiase his or her expected score by randomly
changing some forecasts of non-occurrence to omocer (although this is not true of HSS).
However, these considerations are independent efptoperty of equitability encapsulated in
Requirement 1. In the next two sections we dematesthat it is the non-linearity of a number of
measures that prevents them from being equitahté,rasection 5 it is shown how they may be
transformed into equitable measures while retaitiieg non-linearity.

3. Measures that are inequitable for small samplezes

There are a large number of verification measureka literature that cannot be written in the form
of (17), and in this section we demonstrate thaty thre inequitable by writing out the scores
explicitly for the examples in Figs. 1 and 3.

3.1 The Critical Success Index and the ‘Equitatilesdt Score’

Motivated by Finley's paper, Gilbert (1884) propoge/o verification measures, the first of which
is now most commonly referred to as the Criticat&ss Index (Donaldson et al. 1975), given by

CSl=a/(a+b+0), (18)

although it is also sometimes called the Threatr&cés recognized by Gilbert (1884) and
reiterated by Mason (1989) and Schaefer (19903, tieasure has the disadvantage that equally
unskillful forecasting systems, e.g. those thataglvpredict occurrence and those that always
predict non-occurrence, yield a different scorel tHerefore in modern terminology it is definitely
inequitable. This is revealed clearly in Fig. 2lhene we can see also that the expected scores for
random forecasts E(5{) increase steadily wittys.

Gilbert proposed an alternative measure in whiehetkpected number of ‘hits’ [Blp,q) = npgs =
(a + b)(a + ¢) / n] obtained by a random forecasting system with shene forecast rate of
occurrence g as the actual forecasting system, is subtractedn fboth numerator and
denominator. This measure is now most commonlyrnedeto as the ‘Equitable Threat Score’,
given by

ETS=ph- E@|p.a)]/ [a— E@|p,a) + b+ c]. (19)

The presence dd, b andc on the denominator means that this measure cdrencgwritten in the
form of (13) and therefore is inequitable by Gandind Murphy's Requirement 2 in the
introduction. Figure 2c shows that ETS is also uidple by Requirement 1; although it is zero for
constant forecasts of occurrence or non-occurregegxpected value is positive for random
forecasting systems with O & < 1. This behavior appears to originate from itn-tinear
dependence on the elements of the contingency, taldegiven column of Fig. 1, as one progresses
up through the contingency tables, the elemantiseach change by only one from each table to the
next. Yet ETS changes by an increasing amount tisvédie more positive scores. Hence there is
incomplete cancellation between the positive angatiee scores, leading to a positive expected
value. It turns out that ETS is monotonically botdinearly related to the truly equitable Heidke
Skill Score via ETS = HSS/(2 — HSS) (Doswell et1&190).

So what is the origin of the term ‘Equitable Thr&aore'? Schaefer (1990) analyzed it and its
relationship to CSI, but called it the Gilbert SeEoMason (2003) attributed the name ETS to both
Schaefer (1990) and Doswell et al. (1990), butheeiaictually used the term. The term appears to
have been first used in the literature by Mesinged Black (1992), who cited Gandin and

Murphy's (1992) statement that ‘many skill scoresgdito evaluate forecasts of discrete variables
are inequitable, in the sense that constant folgea@ssome events lead to better scores than
constant forecasts of other events.” Since the fieadversion of the Threat Score considered by
Schaefer (1990) did not have this deficiency, Mgsirand Black felt justified in referring to it as

the ‘Equitable’ Threat Score, without noting thiatid not satisfy the other aspect of Gandin and
Murphy's Requirement 1 for a measure to be equtahht all random forecasts must to receive the
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same expected score as all constant forecastmarhe has stuck and ETS is now one of the most
widely used verification measures in meteorologge @f the anonymous reviewers informed the
authors that the term Equitable Threat Score wdeoduced at the then U.S. National
Meteorological Center by Mesinger in 1991 followiageminar by Gandin, but before the Gandin
and Murphy (1992) paper had been published andftiiedefinition was available.

Although strictly inequitable, ETS does have theparty that if we calculate the expected values of
each of the elements of the contingency table aillgoossible random forecasts with the sgme
andgs, and apply the measure to them, then we obtain

ETS[E@lp.a).E®|p.a).E(clp.a).EM|p.&)] = 0.

This is indicated by the zeros in the middle rowFajs. 2c and 4c (where PSS is also zero). It
appears to be a widespread misconception thatnfeasure yields zero when applied to the
expected values of the elements of the contingeaidg then it will also have an expected value of
zero over all realizations of a random forecasts Thonly valid if a measure is linear, i.e. S
(17). Indeed, Gandin and Murphy (1992) took thisrgtut for the linear measures they considered.
The extent to which ETS is inequitable for largamples will be examined in section 4, along with
several other measures.

3.2 Other inequitable measures

A number of verification measures have been adedcahore recently that have desirable
properties yet also cannot be written in the forreg by (17). Stephenson (2000) proposed the
Odds Ratio Skill Score (sometimes referred to adé¥ Q”; Yule 1900), defined as

ORSS = (OR -1)/(OR + 1),
where the Odds Ratio is defined as ORdADC). It can be seen in Figs. 2d and 4d that ORSS is
inequitable except for the special casepaf 1/2, although Stephenson (2000) and Mason (2003)
stated it to be equitable. (Note that evengfer 1/2 we have to neglect the casepéqual to 0 or 1,
as this leads to ORSS being undefined, althougloitld be a simple matter ttefineORSS to be
zero for these values gf.) As with ETS, ORSS does award the expected rara@oingency table
a score of zero, but its non-linearity means tha& tloes not lead to its expected value over all
possible random forecasts being zero. Stephensonpabposed the Log of Odds Ratio, LOR =
In(OR), which is rather more difficult to judge femall sample sizes due to it taking the vatue
when any of the elements of the contingency taldezaro. In practice, LOR is a more reliable
indicator of skill for rare events than, for exampthe Heidke Skill Score, which tends to the
meaningless limit of zero (e.g. Hogan et al. 2009).

Stephenson et al. (2008) proposed the Extreme [Depey Score,

EDS = Inp?) / In(a/n) — 1, (20)
specifically for verification of rare events; thellowed that for unbiased samples it is a reliable
indicator of skill asp — 0. However, Figs. 2e and 4e show that this measuireequitable and,
moreover, random forecasts that over-predict oecee (i.e. those with higheg) are rewarded by
a higher expected score (see also Primo and G@IB). This property is shared by CSI. Because

of this, Stephenson et al. (2008) specified thaBEDould always be used with calibrated (zero
bias) forecasts. Hogan et al. (2009) proposed yhen&tric Extreme Dependency Score, defined as

SEDS = Inpg) / In(@/n) — 1, (20)

which can be applied to uncalibrated forecasts evietaining the same desirable properties for
verifying rare events. Figures 2f and 4f demonstidiat it is still inequitable for these small
samples, although this time the expected randortingemcy table for a givegs (i.e. the middle
rows of Figs. 1 and 3, corresponding to PSS =Wayd receives a score of zero. The exception is
the case ofjs = 0, which results in SEDS being undefined dueldlgarithm of zero appearing in
numerator and denominator.
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None of the example cases in Figs. 1-4, are edaitab all values of base rate without satisfying
the criterion for linear equitability embodied id7). Theapparentneed for linearity may be
illustrated by considering what happens when we &kon-linear transformation of the equitable
Heidke Skill Score that is symmetric about a sadreero, for example HSS cubed. In the case of
= 1/2, it can be seen on inspection of Fig. 2a thatnumbers awarded for each contingency table
would be changed, but there would still be cantieliabetween positive and negative scores when
calculating the expected score. However, in the cdp < 1/2, it can be seen from Fig. 4a that
there would no longer be direct cancellation, dreldéxpected score would be non-zero in general.
This yields an apparent conflict, since it is trerwnon-linearity of some measures that imparts
particular desirable properties. For example, tlesgnce of logarithms in the definition of the Log
of Odds Ratio and the Extreme Dependency Score ifargymmetric equivalent) is what makes
them still convey information on the intrinsic slaf a forecast for low base rates, when the truly
equitable HSS and PSS tend to a meaningless valzer@ (Stephenson 2000, Stephenson et al.
2008, Hogan et al. 2009). A solution to this dileenwill be presented in section 5.

4. The concept of ‘asymptotic equitability’

4.1 Numerical examples for increasing sample size

The probability that a random forecasting systendpces a contingency table very different from
the expected contingency table decreasea axreases. Furthermore, the expected value of a
function of the contingency table will then tendvéyds the same function applied to the expected
contingency table as increases. These arguments can be made precike byeak Law of Large
Numbers and the Continuous Mapping Theorem (exer8e 2005, p. 336) as long as the function
is suitably continuous. In the context of this pape

iim E[S(a,b,c,d)| p,q,] = S[E(al p.q,). Eb| p.g,).Ec| p.0,).E@ [ p.0)].  (22)

Since many non-linear measures are designed sacthéright-hand-side of (22) is zero, this leads
to them approaching equitability as the sample isizmecreased. To demonstrate this, Fig. 5a shows
the expected value of a random forecast, with @ bate and population forecast rate of occurrence
gp both equal to 0.5, as a function of the numbesasfiplesn. This was calculated by numerically
computing the score for every possible contingegabje and applying (4). In order for the number
of occurrencesip to be an integen must be divisible by p/= 2. The value ohp is shown in the
scale at the top of the figure. It can be seen ftivasmalln, the expected value of the ETS for a
random forecast is considerably greater than zanb,t decreases rapidly &sincreases, to less
than 0.01 fom > 30, for any base rate. We therefore describe &Sl&&ymptotically equitabla.e.
tending to equitability (by the definition in thsaper) as tends to infinity. SEDS also falls into
this category, although CSI does not as it carglea g0t to be equitable even in the limit of lange
[indeed, CSI converges fm/(p + gs—pas) asn increases witlp andgs held fixed]. As found in the
previous section, fgp = 0.5, HSS, PSS and ORSS are all equitable far, alhd therefore fall along
the dotted line shown in Fig. 5a. Note that in ellting the expected value of ORSS, we are
assuming that it is defined to be zero wheneyés equal to 0 or 1, and similarly for SEDS witgn
=0.

Figures 5b and 5c show the same plots bupfandqg, both reduced by a factor of 5 and 25 from
that shown in Fig. 5a. The abscissa is change@ sigain it is only meaningful to consider integer
values of the total number of occurrenegs This time only HSS and PSS are truly equitable,
shown by the horizontal dotted line. ETS exhibits same dependence wras before, becoming
essentially equitable fon greater than around 30, while ORSS, EDS and SED8 towards
equitability only for considerably larger samplees; forp = g, = 0.1 we find that one needs a
sample size greater than around 1000 before thenitndg of the expected score for random
forecasts falls below around 0.01, while fior g, = 0.02 this number is many times greater. Figure
5d shows the case for a biased forecast with0.1 andg, = 0.2. In this case the unconditional
inequitability of EDS is evident from its non-zeasymptote in the limit of large.
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In the introduction we noted that ETS and ORSS Ipegiously been described as equitable (e.g.
Mason 2003, Stephenson 2000); this is presumalolguse it has been implicitly assumed that the
equality in (22) holds even without taking the linof large n, which is only true for linear
measures. Another way of expressing this is that wlord ‘expected’ in the definition of
Requirement 1 in the introduction has been treatell it had been applied to ‘random forecasting
system’ rather than ‘score’, such that if the expéaontingency table for a random forecasting
system scored zero then the measure has beerttesagguitable.

The extent of the inequitability of ORSS and SEDBSpf= g, = 0.02 is quite startling; for sample
sizes smaller than around 1000, a random forecpsistem has an expected score of less than
—-0.5. An original justification for the Requiremehtin the introduction was that it made hedging
impossible for random forecasting systems, buteeittf these measures could be ‘hedged’ by
forecasting occurrence all the time (or almosttaltime in the case of ORSS, since it is undefined
for gs = 1), although admittedly this would only incredéise score awarded to O.

To determine whether asymptotically equitable messapproach zero from above or below, we
may use Jensen’s Inequality, which states thae®pectation of a convex function of a random
variable is bounded below by the function appliedhie expectation of the random variable, while
for a concave function it is bounded above. Foegip andgs, the only random variable in the
contingency table ig, and it is apparent from their definitions thatSEiE a convex function af
while SEDS and ORSS are concave functions.ofensen’s Inequality therefore predicts that
E[ETS@)|p.a)] > ETS[E@|p,a)]. Since ETS[E4|p,q)] = O, the expectation of ETS is positive or
zero, while the expectation of SEDS and ORSS isatheg or zero, which is indeed what is
observed in Fig. 5.

Table 1 presents a list of all the measures usethignpaper, but placed into the appropriate
category of ‘truly equitable’, ‘asymptotically edgaile’, and ‘not equitable’. Here, a measure is
judged to be ‘truly equitable’ by the criteriontbis paper if it satisfies Requirement 1 givenha t
introduction, or equivalently satisfies Eq. 7. Theirce Skill Score is the only measure in Table 1
that also satisfies Gandin and Murphy's (1992)eaat for equitability. Note that there are many
other ‘not equitable’ measures in the literaturat tve have not considered (e.g. Hit Rate, False
Alarm Rate and Proportion Correct).

4.2 Application to Finley’s tornado data

A classic example of a set of forecasts of rarenesvis the set of tornado forecasts of Finley (3884
He considerech = 2803 forecasts for which onhyp = 51 tornados occurred, so the base rate was
very low atp = 0.018, similar to Fig. 5c. His contingency tabhée the following elements: = 28,
b=72,c=23 andd = 2680. Table 1 shows the values of the varioussarea for this contingency
table, together with the expected scores for aaandorecasting system §p), calculated by
summing over all possible contingency tables usimmppulation forecast rate of occurremngeof
0.0357, which is the proportion of forecasts in abha tornado was actually forecast in Finley
dataset. Of the asymptotically equitable measutresn be seen that the expected values of ETS
and HSS for a random forecast are close enough to zerb they can be considered to be
effectively equitable for this value of

The other asymptotically equitable measures (SERISGRSS) cannot be considered equitable for
the Finley data, as expected scores for a randogadsting system are notably different from zero.
For these measures, the key parameter in detegnthm number of samples required before
equitability can be assumed appears to be the nuohtigts’ that would be expected by chance for
a random forecasting systemafff) = npq. In considering a range of valuespéndd,, we find
empirically that when E(p) is less than around 10 (corresponding to 1000 forp = ¢,= 0.1 and

n = 25,000 forp = g, = 0.02), the magnitude of the expected score fandom forecasting system
can exceed 0.01 and therefore these measures daaricdated as equitable. In the case of the
Finley data, the number of hits expected by chgnow for a giverys) is only E@|p,q) = 1.82 (see
also Table 4 of Stephenson 2000).
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4.3 When does the difference between ‘asymptatiegliitable’ and ‘truly equitable’ matter?

In the case of Finley’s tornado data, the forecastsactually much better than random, so it might
be argued that in this case the theoretical corcabout using an asymptotically equitable score
can be dismissed since the actual number of aits,28, is so much larger than the expected
number by chance, Blp,g) = 1.82. It is true that the detrimental consegesnof using
asymptotically equitable measures on small sampkes more easily demonstrated for poor
forecasts. Consider a forecaster whose forecas@r®fevents are routinely evaluated using either
SEDS or ORSS. Figures 5b-5d show that random fst®caay yield an expected value of these
two measures that is very much lower than zerthdfforecaster had low but better-than-random
skill, on average, and was evaluated using sansphedl enough that sometimes the forecast sample
performed worse than would be expected by chahea, it is possible that the mean score received
by the forecaster could be less than zero. He @wmsaluld rightly want to be assessed on samples
large enough that the verification measure coulddasonably regarded as equitable, for example
based on the criterion given earlier rgdg,. > 10. Therefore, considerable care should be taken
using such measures when this criterion is nos$feadi

A potential solution is always to report confidemetervals on verification measures, as these will
indicate whether a set of forecasts can be coreider be significantly better than random. In the
case of the forecaster with low skill, his or hewlvalue of the number of ‘hits’ will result in a
large error in the calculated performance measlikely indicating that the forecast is
indistinguishable from random, and therefore adargample size is required. This can be
illustrated with Finley's tornado data. Supposettireado predictions were only slightly better than
random, such that (from the final two columns obl€al), the expected value of ORSS awarded
lay between -0.14 and 0. The standard error of OR&&ulated on a forecast that actually
happened to predict close to the expected randemegits of the contingency table (e.g. Table 4 of
Stephenson 2000) is around 0.68. Therefore, it dvche very clear that the sample was
insufficiently large to distinguish the forecastrit a random one. The footnote to Table 1 provides
references for the calculation of the standardrefeach of the measures shown.

An alternative way to distinguish an actual forédemm a random one is to calculate the ‘p-value’,
which is the probability that a score equal to @ager than that awarded could have been obtained
by chance. If we condition this probability prandgs, then the probability of a random forecasting
system obtaining ORSS0 for Finley's tornados is P(ORSS0 | p,g) = 0.55, so indistinguishable
from random. Conversely, the probability of randgfarecasting as well as or better than Finley’s
actual forecasts is P(ORS9.957 | p,a) = 6x10°°. Conveniently this second p-value is the same
no matter what verification measure we choose.

5. Non-linear equitable measures

5.1 How to make an inequitable measure equitable

It turns out that we may transform any inequitaiMeasymptotically equitable measuggeven a
non-linear one) into a truly equitable meassreia the simple linear transformation

S = S_E(Sl P, qs)
max(S) - E(S| p,q,)’

where the only requirement d8 is that the expected score for a random foregasiystem,
E(S|p,q), and the score for a perfect forecasting systeax(@S), are finite. Unfortunately this
excludes the Odds Ratio and the Log of Odds Réllearly (23) is very similar to the classic
definition of a ‘skill score’, in which some funoti of the contingency tableis compared to the
value for a ‘baseline’ forecast, which may be cliohagy, persistence or a random forecast. In (23)
we require that this baseline value is specificadlyyto be E}|p,q).

To illustrate this transformation, consider thewesl of ‘Equitable Threat Score’ for= 4 andp = ;s
= 1/2, shown by the middle column of contingendylda in Fig. 2c. It can be seen that a perfect

(23)
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forecast scores 1, the expected contingency tablex random forecast scores 0 and the worst
possible forecast scores —1/3. This results B|§) = 1/9. Performing the transformation in (23)
yields corresponding values for the ‘Equitably Bfanmed ETS’ of 1, —1/8 and —1/2, respectively.
It is then easily confirmed that &(p,as) = 0. We do have the curious property that theeetqul
contingency table for a random forecasting systerfonger scores zero, even though the expected
value of the score overall is zero. This is a cqusace of the fact that the non-linearity has been
retained, so it is not possible, in general, fothbof these quantities to be zero as it is fordme
measures such as PSS and HSS.

Table 1 shows the ‘Equitably Transformed’ versioh&€TS, ORSS and SEDS applied to Finley's
forecasts. Of course, this is specifically a lineansform, and an alternative would be to apply a
non-linear transform, such as that transforming FI& HSS. However, this case removes the non-
linearity of the original measure, which may notdesirable. In the case of the linear Equitable
Transform of SEDS, it appears that we are ableate lihe best of both worlds: a truly equitable
measure that is also non-degenerate for rare evenits non-linearity. Note that for many non-
linear measures it is difficult or impossible tqeess E§|p,q) analytically, so in practice it would
need to be calculated numerically in the applicatiban Equitable Transform.

5.2 A method to generate non-linear equitable messsu

Rather than transforming existing non-linear measw make them equitable, another approach to
developing equitable non-linear measures is torgéime (17) to

S—f(p. g@  hp } | "
(pqS){E[g(anp,qs] EthG) | pra| > (24)

whereg(a) andh(b) can be any positive, monotonically increasingction of their arguments, and
f(p,gs) must be positive as before. The resulting measuequitable, since for a givgnandgs, a
random forecast will have expected values of Herboth of the two terms inside the braces; these
will therefore cancel to yield an expected valueth® measure .

The Peirce Skill Score represents the simplest, aaisle f = g5, Sy = 0, andg(x) = h(x) = x. An
example of a non-linear measure created from (86¥fu= g, S = 0, andg(X) = h(x) = x(x — J).
Since the expected valuesggh) andh(b) can be written out analytically in this case, at@ain

_ a@-1) b(b-1)
np(np-1) (n—np)(n—np-1) (25)
a(a-1) b(b-1)

T (@+o)@+rc-1) (b+d)b+d-1)

The value off has been chosen such that a perfect forecastabeayes 1. Application to Finley's
forecasts in Table 1 confirms that this measuiadsed equitable. Error bounds can be calculated
for this measure by modelirsgandb as independent binomially distributed variabbgg:~ Bin(np,

H) andb|p ~ Bin(n(1 —p), F), where the hit rate id =a/ (a + ¢) and the false alarm ratefs= b/

(b +d), enabling the errors mandb to be estimated.

Note that we are not arguing that the measure sho\{2b) has any desirable properties apart from
equitability, it simply serves to demonstrate ham4linear equitable measures may be generated. It
would be interesting to see if a measure of thisnfeould be developed that is reliable for rare
events, but such work is beyond the scope of éyep

6. Discussion and conclusions

Gandin and Murphy (1992) pioneered the concept quiitability and proposed the definition

expressed by the two requirements stated in theduattion. In this paper we have argued that only
the first is necessary: that an equitable verificameasure awards all random forecasting systems,
including those that always forecast the same ydheesame expected score. A detailed discussion
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of why this is desirable was given in the introdutt By removing Gandin and Murphy’s linearity
requirement, equitability is no longer incompatilléh some other desirable properties, such as
being a reliable indicator of skill for rare everifge have highlighted that there appears to be some
confusion in the literature about the meaning afitadpility, by demonstrating that the widely used
verification measure ‘Equitable Threat Score’ (ETShot in fact equitable. Given this fact, we
recommend that the measure is in future known by @inits other names, most obviously the
Gilbert Skill Score (Mason 2003), and that the teology ETS is avoided. We suggest the term
‘asymptotically equitable’ to describe measurdse ETS, that are equitable only in the limit of a
large sample of forecasts, leading to the hieraotfeguitability shown in Table 1.

This has implications for the selection of verifioa measure to use in a particular application.
Many newcomers to the field of forecast verificatiare bewildered by the number of different
measures available to measure the skill of a Seinaf'y forecasts, and ask why there is not ore tha
is the best to use. Murphy (1991) pointed out that verification problem is inherently multi-
dimensional, and indeed Figs. 1 and 3 plot theiplessets of forecasts in a two-dimensional space,
indicating that at least two numbers must be regotb fully characterize performance (e.g. a
measure obiasand a measure skill). As has been stated by previous authors, thedupgroblem

is that different measures of skill have desirgdtgperties (e.g. equitability, difficulty to hedgad
usefulness for rare events) in different amountsd aone is strong in all. Nonetheless, if
equitability is regarded as high on the list ofiddsle properties for a measure of skill, then €abl
provides some guidance on preferred measures 1o use

In general, the case for advocating asymptoticadjyitable measures over inequitable ones is easy
to make since the other desirable properties caayal be retained. If we adhere to Gandin and
Murphy's requirements for equitability then the gadoes not hold for advocating true equitability
over asymptotic equitability. A clear example is froperty of tending to a useful value in the fimi
of very rare eventsgp(— 0), which is possible for EDS and SEDS by the afslvgarithms in the
definition of these measures, but the resulting-lneear dependence on the elements of the
contingency table is what makes them violate Gaadith Murphy’'s second requirement given in
the introduction, and the two desirable propemtiesue equitability and being non-degenerate for
rare events appear to be incompatible. If we halsge enough sample then an asymptotically
equitable measure will be close enough to equitdialethis dilemma goes away; Stephenson et al.
(2008) and Hogan et al. (2009) clearly showed fillatarge datasets, the truly equitable HSS and
PSS measures were degenerate for rare eventsblerprovercome by the use of EDS or SEDS
(provided the former is calibrated first).

For smaller sample sizes when the inequitabilitytledse measures is likely to be more of a
problem, there appears to be a simple solution:rdjgcting Gandin and Murphy's second
requirement of equitability, we are permitted tscae non-linear measures such as SEDS so that
they are truly equitable while retaining their dabkle properties for verifying rare events. This
opens up the possibility of new equitable meastodse designed that have many more desirable
properties than has previously been possible tapmdate within a single measure.
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Appendix

In this appendix we prove that$f) = S for all p andg; if and only if ES|p,q) = S for all p and
Os, leading to Eq. 7. The backwards implication raightforward: ES|p = E[E(S|p,q)] = E(S) =
S for all p andgp. For the forwards implication we et ngs. Then
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E(S|p)=E[E(S|p, )] = Z P(f | p)) Palp, f)S(@), (A1)

where we have written Blp,f) for P@|p,q) andSa) for Sa, f— a, pn — a, n — pn — f §.arhe two
summations can be thought of as summing over thents and rows of the possible contingency
tables in Figs. 1 and 3. Substitution of (5) imMd.) leads to

E(S|p)= iC(n, f)a, @-a,)"" > P@lp, f)S(a). (A2)

Now P@|p.) andSa) are independent af, so from (A2) we see that &|p is a polynomial irg.

But E@|p is constant im, by assumption and equal$ Therefore, the coefficients q;f must be
zero for allf > 0 and must equa&y, whenf = 0. We now show by induction that these restrictions
imply that

E(SIp.f)=) Palp f)S(@)=5. (A3)

forallf= 0, 1, ...,n. To find the coefficient o, in the polynomial, first note that the Binomial
Theorem gives

1-q,)"" =2C(n—f,r)(—1)r%- (A4)
Therefore 7

E(S|p) =on;nZ;C(n, f)C(n—f,r)(-1)" q;"’ Za:P(aI p. 1)S(a), (A5)
and rewriting the summation indices yields

E(S|p) = tZn(;rzn;C(n, t)C(n—t,r —t)(-1)"" qua: P(a| p,t)S(a). (A6)
The coefficient otq},f i; therefore

i C(nt)C(n-t, f —t)(-1)""> P(a| p,t)S(a). (A7)

=0 a
Whenf = 0 we obtain

S, = Z P(a| p,0)S(a). (A8)

We may assume thia P(a| p,r)S(a) =S, for allr = 0, ..., f—1. The coefficient of}, is then

f-1

SOZC(n,t)C(n—t, f—t)(-D) " +C(n, f)z P(a| p, f)S(a). (A9)
t=0 a
By expanding the binomial coefficient-C) into its component factorials, we find that

fz_lc(n, t)C(n —t,n-f )(_1) f-t

= (-1 ' C(n, f)t; C(f.1)(-1) (A10)

=(-D"C(n ) -(-1' +ZC(f D'

=—C(n, f).
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The last step of (A10) is a consequence of the lBiabTheorem (Eq. A4), which shows that the
summation is zero. Thus

-C(n, f)§+C(n, f)> P(a| p, f)S(a) =0,
and the result (Eq. A3) follows.

References

Baldwin, M. E., and J. S. Kain, 2006: Sensitivifyseveral performance measures to displacement
error, bias, and event frequeniyeath. Forecastin@1, 636-648.

Brill, K. F., 2009: A general analytic method fossassing sensitivity to bias of performance
measures for dichotomous foreca¥t¥&ath. Forecasting@4,307-318.

Donaldson, R. J., R. M. Dyer and M. J. Kraus, 19%B:0bjective evaluator of techniques for
predicting severe weather events.Rreprints, ' Conf. on Severe Local Storngrman, OK,
Am. Meteorol. Soc., 321-326.

Doswell, C. A. lll, R. Davies-Jones and D. L. Kell&990: On summary measures of skill in rare
event forecasting based on contingency taMésath. Forecasting, 576-586.

Finley, J. P., 1884: Tornado predictioAsner. Met. J.1, 85-88.

Gandin, K. S., and A. H. Murphy, 1992: Equitableres for categorical forecastélon. Weath.
Rev.,120,361-370.

Gilbert, G. K., 1884: Finley’s tornado predictioAgner. Met. J.1, 166-172.

Gringorten, 1. 1., 1967: Verification to determiaad measure forecasting skil. Appl. Meteorol.,
6, 742-747.

Heidke, P., 1926: Calculation of the success aratigess of strong wind forecasts in the storm
warning serviceGeogr. Ann. Stockholrg, 301-349.

Hilliker, J. L., 2004: The sensitivity of the nunrlzf correctly forecasted events to the threatescor
a practical applicationlVeath. Forecastindl,9, 646-650.

Hogan, R. J., E. J. O’'Connor and A. J. lllingwor2009: Verification of cloud fraction forecasts.
Quart. J. Roy. Meteorol. S0d.35,1494-1511.

Jolliffe, 1. T., 2008: The impenetrable hedge: aenon propriety, equitability and consistency.
Meteorol. Apps.15, 25-29.

Livezey, R. E., 2003: Categorical events. Horecast verification — a practitioner’s guide in
atmospheric sciencéeds I. T. Jolliffe and D. B. Stephenson) Wil2¢0 pp.

Manzato, A., 2005: An odds ratio parameterizatmmROC diagram and skill score indick¥geath.
Forecasting20,918-930.

Marzban, C, 1998: Scalar measures of performanca@event situation$Veath. Forecastindl3,
753-763.

Marzban, C., and V. Lakshmanan, 1999: On the umigsee of Gandin and Murphy's equitable
performance measurédon. Weath. Rey127, 1134-1136.

Mason, I. B., 1989: Dependence of the Critical #8scindex on sample climate and threshold
probability. Aust. Met. Mag.37, 75-81.

Mason, I. B., 2003: Binary Events. IRorecast verification — a practitioner’s guide itnaospheric
science(eds I. T. Jolliffe and D. B. Stephenson) Wile02p.

Mesinger, F., and T. L. Black, 1992: On the impattfforecast accuracy of the step-mountain (eta)
vs. sigma coordinat®0, 47-60.

Murphy, A. H., 1991: Forecast verification: its cplexity and dimensionalityMon. Weath. Rey
119 1590-1601.

17



Murphy, A. H., 1996: The Finley affair: a signalea in the history of forecast verificationeath.
Forecasting11, 3-20.

Murphy, A. H., and H. Daan, 1985: Forecast evatuatProbability, Statistics, and Decision
Making in the Atmospheric Scienogs H. Murphy and R. W. Katz, Editors). BoulderOC
Westview Press, pp. 379-437.

Peirce, C. S., 1884: The numerical measure ofubeess of predictionScience4, 453-454.

Primo, C, and A. Ghelli, 2009: The affect of thesbaate on the extreme dependency score.
Meteorol. Apps.in press.

Schaefer, J. T., 1990: The critical success indexama indicator of forecasting skillWeath.
Forecasting5, 570-575.

Severini, T. A., 2005Elements of Distribution ThearZambridge University Press. 515 pp.

Stephenson, D. B., 2000: Use of the ‘odds ratio'diagnosing forecast skilVeath. Forecasting,
15,221-232.

Stephenson, D. B., B. Casati, C. A. T. Ferro andA@Vilson, 2008: The extreme dependency
score: a non-vanishing measure for forecasts efe@@ntsMeteorol. Apps.15,41-50.

Yule, G. U., 1900: On the association of attributestatistics.Philos. Trans. Roy. Soc. London
194A, 257-319.

18



Table 1. The first column classifies various vedfion measures into those that are ‘truly
equitable’ (i.e. satisfy Requirement 1 in the iduotion for any sample siazg base ratep and
population forecast ratgy), those that are ‘asymptotically equitable’ (eghie only in the limit

n — oo, for all p andqp), and those that are not equitable. The secondroogives the value of the
measure when applied to Finley's (1884) tornadedasts, together with its standard error*. The
third gives the expected value of the measurericzcquivalent random forecasting system with the
samep as Finley's data, and a population forecast ratecotirrencey, set equal to the value qgf

for Finley's data; hence the value shown i§B)( as defined in (3) and (4). The fourth column
gives the score when applied to the expected valfiesd for an equivalent random forecasting
system, i.e.S[E(a| p,q,),E(b| p,q.),E(c| p,q.),E(d | p,q.)]. The truly equitable measures are the

only ones to have a score of zero in the thirdroolu

Name of measure Results for Finley’s tornado forecasts

Expected Score for expected
Score* random score random table
Truly equitabl (linear)
Peirce Skill Score (PSS) 0.523+0.069 0 0
Heidke Skill Score (HSS) 0.355+0.058 0 0
Truly equitable (non-linear)
Equitably-transformed ETS 0.216+0.043 0 —0.0001
Equitably-transformed ORSS 0.963+0.011 0 0.13
Equitably-transformed SEDS 0.646+0.038 0 0.13
Equation 25 0.296+0.077 0 — 0.0007
Asymptotically equitable
‘Equitable’ Threat Score (ETS) 0.216+0.043 0.0001 0
Heidke Skill Score cubed (H3S 0.045+0.022 0.000004 0
Odds Ratio (OR) 45+14 +00/+1.03 1
Log of Odds Ratio (LOR) 3.81+0.31  —oo/—0.04*** 0
Odds Ratio Skill Score (ORSS)** 0.957+0.013 -0.14 0
Symmetric Extreme Dependency Score (SEDS) 0.593+0.044 -0.15 0
Not equitabl
Critical Success Index (CSI) 0.228+0.038 0.012 0.012
Extreme Dependency Score (EDS) 0.740+0.048 -0.07 0.091

*Standard errors have been calculated for the wargzores according to the following papers or oathPSS (Stephenson 2000);
HSS (Hogan et al. 2009); ETS (as a monotonic fanctif HSS); OR, LOR and ORSS (Stephenson 2000),SSiHbgan et al.
2009), CSI (Hilliker 2004), EDS (Stephenson et28l08), the equitably-transformed measures (by psifg an error analysis on
Eq. 23), and Equation 25 (as outlined in the text).

**Note that ORSS is truly equitable for the speciase op=0.5.

***Strictly the expected values of OR and LOR aménity, but if the one or two occurrences of irifynare removed from the mean,
the resulting expected values are 1.03 and —Ce@gectively.
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Sample forecast rate of occurrence, gs=(a+b)/n

Figure 1. The possible contingency tables for nunabféorecasts) = 4 and base rage= 1/2, as a
function of the sample forecast rate of occurrep@nd the Peirce Skill Score. The elements of the
contingency tables age-d as shown in the white table to the top left. Themnhars above each box
give P@,b,c,dp,gs), the probability of that table occurring randorglyen one has a particular base
rate and sample forecast rate of occurregc&herefore these conditional probabilities sumrie o

in each column.

(a) Heidke Skill Score, Peirce Skill Score (d) Odds Ratio Skill Score
1 1
bossibl 1/2 1/2 bossibl 1 1
pesbelo] [0 [o] |febelml [o] [
-1/2 -1/2 -1 -1
-1 -1
E(S|p.gs) | O 0 0 0 0 E(S|p,gs) | * 0 0 0 *
(b) Critical Success Index (e) Extreme Dependency Score
1 1
] 1/2 2/3 ] 0 1
pomel o | ws| fwa| |Peelo] o] |
0 1/4 -1 0
0 -1
E(S|p.gs) | O 1/4 7/18 11/24 0.5 E(S|p.gs) | -1 -1/2 O 172 1
(c) ‘Equitable Threat Score’ (f) Symmetric Extreme Dependency Score
1 1
] 1/3 1/3 ] 0.50 0.42
Posble |5 o] o] |Sesbel=l To [o
-1/5 -1/5 -1 -0.29
-1/3 -1
E(S|lpgs)| O 1/25 1/9 1/15 O E(S|p.gs)| * -025 0 0.07 O

Figure 2. Values of the scores for each of theingahcy tables given in Fig. 1, together with the
expected score B(p,q) for each value of sample forecast rate of ocagegys, at the bottom of
each column. The asterisks in panels d and f itelitwat a value is undefined due to zero divided
by zero or infinity divided by infinity.
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Figure 3. As Fig. 1 but for number of forecasts 3 and base rafe= 1/3.

(a) Heidke Skill Score

1 | 1
2/5 1
Possible 0 0 Possible — "
scores S scores S
-1/2 -1
—4/5 -1
E(Spg)| O O 0 0O ESlpgs) | * 13 13 *
(b) Critical Success Index (e) Extreme Dependency Score
[ 1 [ 1
Possibl 12 Possibl :
ossible ossible
scores S |2 13 scores S |- 1
0 -1
0 -1
E(Slp.as) | O 1/3 13 13 E(S|p.as) | -1 -1/3 13 1
(c) ‘Equitable Threat Score’ (f) Symmetric Extreme Dependency Score
[ 1 [ 1
1/4 0.37
Possible Possible
0 0 * 0
scores S scores S
-1/5 -1
=217 | -1 |
E(Slp.gs) | O 1/5 1/14 O E(Slp,gs) | * -0.33-0.09 0

(d) Odds Ratio Skill Score

Figure 4. Values of the scores for each of theingahcy tables given in Fig. 3, together with the
expected score for each value of sample forectstofeoccurrence at the bottom of each column,
E(Sp,q). Measures are only truly equitable if they ha¥§kag) = 0 in each column. Note that
unlike in panel a of Fig. 2, panel a of this fige@responds only to the Heidke Skill Score and not
the Peirce Skill Score, which is different in theese ofgs = 2/3. The asterisks in panels d and f
indicate that a value is undefined.
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Figure 5. The expected values of a number of eatiin measures, §p), versus sample size, for
random forecasting systems with base pe&sdd population forecast probability of occurreggef
@p=g,=0.5, (b)p=0g,=0.1, (c)p =0y = 0.02, and (dp = 0.1 andqg, = 0.2. The undefined
values are removed from consideration when calogl&®EDS, but when these occupy more than
25% of probability space, SEDS is not plotted; tm$y affects panels b and c.
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