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If a body is moving in any direc on, there is a force, arising from the Earth’s
rota on, which always deflects it to the right in the northern hemisphere, and
to the le in the southern.
William Ferrel, The influence of the Earth’s rota on upon the rela ve mo on of bodies
near its surface, 1858.

CHAPTER

TWO

Effects of Rota on and Stra fica on

THE ATMOSPHERE AND OCEAN are shallow layers of luid on a sphere in that their thickness or
depth ismuch less than their horizontal extent. Furthermore, theirmotion is strongly
in luenced by two effects: rotation and strati ication, the latter meaning that there is

a mean vertical gradient of (potential) density that is often large compared with the hori-
zontal gradient. Herewe consider how the equations ofmotion are affected by these effects.
First, we consider some elementary effects of rotation on a luid and derive the Coriolis and
centrifugal forces, and then we write down the equations of motion appropriate for motion
on a sphere. Then we discuss some approximations to the equations of motion that are ap-
propriate for large-scale low in the ocean and atmosphere, in particular the hydrostatic and
geostrophic approximations. Following this we discuss gravity waves, a particular kind of
wave motion that is enabled by the presence of strati ication, and inally we talk about how
rotation leads to the production of certain types of boundary layers — Ekman layers — in
rotating luids.

2.1 THE EQUATIONS OF MOTION IN A ROTATING FRAME OF REFERENCE

Newton’s second law of motion, that the acceleration on a body is proportional to the im-
posed force divided by the body’smass, applies in so-called inertial frames of reference. The
Earth rotates with a period of almost 24 hours (23h 56m) relative to the distant stars, and
the surface of the Earth manifestly is not, in that sense, an inertial frame. Nevertheless, be-
cause the surface of the Earth is moving (in fact at speeds of up to a few hundreds of metres
per second) it is very convenient to describe the low relative to the Earth’s surface, rather
than in some inertial frame. This necessitates recasting the equations into a form that is
appropriate for a rotating frame of reference, and that is the subject of this section.
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Fig. 2.1 A vector 𝑪 rota ng at an
angular velocity 𝜴. It appears to
be a constant vector in the rotat-
ing frame, whereas in the iner-
al frame it evolves according to
(𝑪/)  𝜴 × 𝑪.

λ

Ω

C⊥

m

Ω× C

C

ϑ

2.1.1 Rate of change of a vector

Consider irst a vector𝑪 of constant length rotating relative to an inertial frame at a constant
angular velocity 𝜴. Then, in a frame rotating with that same angular velocity it appears
stationary and constant. If in a small interval of time 𝛿𝑡 the vector 𝑪 rotates through a small
angle 𝛿𝜆 then the change in 𝑪, as perceived in the inertial frame, is given by (see Fig. 2.1)

𝛿𝑪 = |𝑪| cos 𝜗 𝛿𝜆𝒎, (2.1)

where the vector𝒎 is the unit vector in the direction of change of 𝑪, which is perpendicular
to both 𝑪 and 𝜴. But the rate of change of the angle 𝜆 is just, by de inition, the angular
velocity so that 𝛿𝜆 = |𝜴|𝛿𝑡 and

𝛿𝑪 = |𝑪||𝜴| sin 𝜗𝒎𝛿𝑡 = 𝜴 × 𝑪𝛿𝑡. (2.2)

using the de inition of the vector cross product, where 𝜗 = (π/2 − 𝜗) is the angle between
𝜴 and 𝑪. Thus

d𝑪d𝑡 
= 𝜴 × 𝑪, (2.3)

where the left-hand side is the rate of change of 𝑪 as perceived in the inertial frame.
Now consider a vector𝑩 that changes in the inertial frame. In a small time 𝛿𝑡 the change

in 𝑩 as seen in the rotating frame is related to the change seen in the inertial frame by

(𝛿𝑩) = (𝛿𝑩) + (𝛿𝑩)rot, (2.4)

where the termsare, respectively, the change seen in the inertial frame, the changedue to the
vector itself changing as measured in the rotating frame, and the change due to the rotation.
Using (2.2) (𝛿𝑩)rot = 𝜴×𝑩𝛿𝑡, and so the rates of change of the vector𝑩 in the inertial and
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rotating frames are related by

d𝑩d𝑡 
= d𝑩d𝑡 

+𝜴 × 𝑩 . (2.5)

This relation applies to a vector 𝑩 that, as measured at any one time, is the same in both
inertial and rotating frames.

2.1.2 Velocity and accelera on in a rota ng frame

The velocity of a body is not measured to be the same in the inertial and rotating frames, so
care must be taken when applying (2.5) to velocity. First apply (2.5) to 𝒓, the position of a
particle to obtain

d𝒓d𝑡 
= d𝒓d𝑡 

+𝜴 × 𝒓 (2.6)

or
𝒗 = 𝒗 +𝜴 × 𝒓. (2.7)

We refer to 𝒗 and 𝒗 as the relative and inertial velocity, respectively, and (2.7) relates the
two. Apply (2.5) again, this time to the velocity 𝒗 to give

d𝒗d𝑡 
= d𝒗d𝑡 

+𝜴 × 𝒗 , (2.8)

or, using (2.7)
 dd𝑡 (𝒗 −𝜴 × 𝒓)

= d𝒗d𝑡 
+𝜴 × 𝒗 , (2.9)

or
d𝒗d𝑡 

= d𝒗d𝑡 
+𝜴 × 𝒗 +

d𝜴
d𝑡 × 𝒓 + 𝜴 × 

d𝒓
d𝑡 

. (2.10)

Then, noting that
d𝒓d𝑡 

= d𝒓d𝑡 
+𝜴 × 𝒓 = (𝒗 +𝜴 × 𝒓), (2.11)

and assuming that the rate of rotation is constant, (2.10) becomes

d𝒗d𝑡 
= d𝒗d𝑡 

− 2𝜴 × 𝒗 −𝜴 × (𝜴 × 𝒓). (2.12)

This equation may be interpreted as follows. The term on the left-hand side is the rate
of change of the relative velocity as measured in the rotating frame. The irst term on the
right-hand side is the rate of change of the inertial velocity asmeasured in the inertial frame
(or, loosely, the inertial acceleration). Thus, by Newton’s second law, it is equal to the force
on a luid parcel divided by its mass. The second and third terms on the right-hand side
(including the minus signs) are the Coriolis force and the centrifugal force per unit mass.
Neither of these are true forces— theymay be thought of as quasi-forces (i.e., ‘as if ’ forces);
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that is, when a body is observed from a rotating frame it seems to behave as if unseen forces
are present that affect itsmotion. If (2.12) iswritten, as is common,with the terms+2𝜴×𝒗
and+𝜴×(𝜴×𝒓) on the left-hand side then these terms should be referred to as the Coriolis
and centrifugal accelerations.1

Centrifugal force

If 𝒓 is the perpendicular distance from the axis of rotation (see Fig. 2.1 and substitute 𝒓 for
𝑪), then, because 𝜴 is perpendicular to 𝒓 , 𝜴 × 𝒓 = 𝜴 × 𝒓 . Then, using the vector identity
𝜴× (𝜴× 𝒓 ) = (𝜴 ⋅ 𝒓 )𝜴− (𝜴 ⋅ 𝜴)𝒓 and noting that the irst term is zero, we see that the
centrifugal force per unit mass is just given by

𝑭ce = −𝜴 × (𝜴 × 𝒓) = 𝛺𝒓 . (2.13)

This may usefully be written as the gradient of a scalar potential,

𝑭ce = −∇𝛷ce. (2.14)

where𝛷ce = −(𝛺𝑟)/2 = −(𝜴 × 𝒓 )/2.

Coriolis force

The Coriolis force per unit mass is:

𝑭Co = −2𝜴 × 𝒗 . (2.15)

It plays a central role in much of geophysical luid dynamics and will be considered exten-
sively later on. For now, we just note three basic properties.
(i) There is no Coriolis force on bodies that are stationary in the rotating frame.
(ii) The Coriolis force acts to de lect moving bodies at right angles to their direction of

travel.
(iii) The Coriolis force does no work on a body because it is perpendicular to the velocity,

and so 𝒗 ⋅ (𝜴 × 𝒗) = 0.

2.1.3 Momentum equa on in a rota ng frame

Since (2.12) simply relates the accelerations of a particle in the inertial and rotating frames,
then in the rotating frame of reference the momentum equation may be written

D𝒗
D𝑡 + 2𝜴 × 𝒗 = −

1
𝜌∇𝑝 − ∇𝛷, (2.16)

incorporating the centrifugal term into the potential, 𝛷. We have dropped the subscript 𝑅;
henceforth, unless we need to be explicit, all velocities without a subscript will be consid-
ered to be relative to the rotating frame.
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2.1.4 Mass and tracer conserva on in a rota ng frame

Let 𝜙 be a scalar ield that, in the inertial frame, obeys

D𝜙
D𝑡 + 𝜙∇⋅ 𝒗 = 0. (2.17)

Now, observers in both the rotating and inertial framemeasure the same value of𝜙. Further,
D𝜙/D𝑡 is simply the rate of change of 𝜙 associated with a material parcel, and therefore is
reference frame invariant. Thus,

D𝜙D𝑡 
= D𝜙D𝑡 

, (2.18)

where (D𝜙/D𝑡) = (𝜕𝜙/𝜕𝑡) + 𝒗 ⋅ ∇𝜙 and (D𝜙/D𝑡) = (𝜕𝜙/𝜕𝑡) + 𝒗 ⋅ ∇𝜙 and the local
temporal derivatives (𝜕𝜙/𝜕𝑡) and (𝜕𝜙/𝜕𝑡) are evaluated at ixed locations in the rotating
and inertial frames, respectively.

Further, since 𝒗 = 𝒗 −𝜴 × 𝒓, we have that

∇⋅ 𝒗 = ∇⋅ (𝒗 −𝜴 × 𝒓) = ∇⋅ 𝒗 (2.19)

since ∇⋅ (𝜴 × 𝒓) = 0. Thus, using (2.18) and (2.19), (2.17) is equivalent to

D𝜙
D𝑡 + 𝜙∇⋅ 𝒗 = 0, (2.20)

where all observables are measured in the rotating frame. Thus, the equation for the evolu-
tion of a scalarwhosemeasured value is the same in rotating and inertial frames is unaltered
by the presence of rotation. In particular, the mass conservation equation is unaltered by
the presence of rotation.

Althoughwehave taken (2.18) as true apriori, the individual components of thematerial
derivative differ in the rotating and inertial frames. In particular

𝜕𝜙𝜕𝑡 
= 𝜕𝜙𝜕𝑡 

− (𝜴 × 𝒓) ⋅ ∇𝜙 (2.21)

because𝜴 × 𝒓 is the velocity, in the inertial frame, of a uniformly rotating body. Similarly,

𝒗 ⋅ ∇𝜙 = (𝒗 +𝜴 × 𝒓) ⋅ ∇𝜙. (2.22)

Adding the last two equations reprises and con irms (2.18).

2.2 EQUATIONS OF MOTION IN SPHERICAL COORDINATES

The Earth is very nearly spherical and it might appear obvious that we should cast our equa-
tions in spherical coordinates. Although this does turn out to be true, the presence of a cen-
trifugal force causes some complications which we must irst discuss. The reader who is
willing ab initio to treat the Earth as a perfect sphere and to neglect the horizontal compo-
nent of the centrifugal force may skip the next section.
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ghoriz ≠ 0

ghoriz = 0

g
g

Fig. 2.2 Le : direc ons of forces and coordinates in true spherical geometry. 𝒈 is the ef-
fec ve gravity (including the centrifugal force, 𝑪) and its horizontal component is evidently
non-zero. Right: a modified coordinate system, in which the ver cal direc on is defined by
the direc on of 𝒈, and so the horizontal component of 𝒈 is iden cally zero. The dashed
line schema cally indicates a surface of constant geopoten al. The differences between
the direc on of 𝒈 and the direc on of the radial coordinate, and between the sphere and
the geopoten al surface, are much exaggerated and in reality are similar to the thickness
of the lines themselves.

2.2.1 ♦ The centrifugal force and spherical coordinates

The centrifugal force is a potential force, like gravity, and so we may therefore de ine an
‘effective gravity’ equal to the sum of the true, or Newtonian, gravity and the centrifugal
force. The Newtonian gravitational force is directed approximately toward the centre of the
Earth, with small deviations due mainly to the Earth’s oblateness. The line of action of the
effective gravity will in general differ slightly from this, and therefore have a component in
the ‘horizontal’ plane, that is the plane perpendicular to the radial direction. Themagnitude
of the centrifugal force is 𝛺𝑟 , and so the effective gravity is given by

𝒈 ≡ 𝒈eff = 𝒈grav + 𝛺𝒓 , (2.23)

where 𝒈grav is the Newtonian gravitational force due to the gravitational attraction of the
Earth and 𝒓 is normal to the rotation vector (in the direction𝑪 in Fig. 2.2), with 𝑟 = 𝑟 cos 𝜗.
Both gravity and centrifugal force are potential forces and therefore we may de ine the
geopotential, 𝛷, such that

𝒈 = −∇𝛷. (2.24)
Surfaces of constant 𝛷 are not quite spherical because 𝑟 , and hence the centrifugal force,
vary with latitude (Fig. 2.2); this has certain rami ications, as we now discuss.

The components of the centrifugal force parallel and perpendicular to the radial direc-
tion are 𝛺𝑟 cos 𝜗 and 𝛺𝑟 cos 𝜗 sin 𝜗. Newtonian gravity is much larger than either of
these, and at the Earth’s surface the ratio of centrifugal to gravitational terms is approxi-
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mately, and no more than,

𝛼 ≈ 𝛺𝑎
𝑔 ≈ (7.27 × 10) × 6.4 × 10

10 ≈ 3 × 10. (2.25)

(Note that at the equator and pole the horizontal component of the centrifugal force is zero
and the effective gravity is aligned with Newtonian gravity.) The angle between 𝒈 and the
line to the centre of the Earth is given by a similar expression and so is also small, typically
around 3×10 radians. However, the horizontal component of the centrifugal force is still
large compared to the Coriolis force, their ratio in mid-latitudes being given by

horizontal centrifugal force
Coriolis force ≈ 𝛺𝑎 cos 𝜗 sin 𝜗

2𝛺𝑢 ≈ 𝛺𝑎
4|𝑢| ≈ 10, (2.26)

using 𝑢 = 10ms. The centrifugal term therefore dominates over the Coriolis term, and
is largely balanced by a pressure gradient force. Thus, if we adhered to true spherical co-
ordinates, both the horizontal and radial components of the momentum equation would
be dominated by a static balance between a pressure gradient and gravity or centrifugal
terms. Although in principle there is nothing wrong with writing the equations this way, it
obscures the dynamical balances involving the Coriolis force and pressure that determine
the large-scale horizontal low.

A way around this problem is to use the direction of the geopotential force to de ine the
vertical direction, and then for all geometric purposes to regard the surfaces of constant𝛷 as
if they were true spheres.2 The horizontal component of effective gravity is then identically
zero, and we have traded a potentially large dynamical error for a very small geometric
error. In fact, over time, the Earth has developed an equatorial bulge to compensate for and
neutralize the centrifugal force, so that the effective gravity does act in a direction virtually
normal to the Earth’s surface; that is, the surface of the Earth is an oblate spheroid of nearly
constant geopotential. The geopotential𝛷 is then a function of the vertical coordinate alone,
and formanypurposeswe can just take𝛷 = 𝑔𝑧; that is, the direction normal to geopotential
surfaces, the local vertical, is, in this approximation, taken to be the direction of increasing
𝑟 in spherical coordinates. It is because the oblateness is very small (the polar diameter is
about 12 714 km, whereas the equatorial diameter is about 12 756 km) that using spherical
coordinates is a very accurateway tomap the spheroid. If the anglebetweeneffective gravity
and a natural direction of the coordinate systemwere not small thenmore heroic measures
would be called for.

If the solid Earth did not bulge at the equator, the behaviour of the atmosphere and ocean
would differ signi icantly from that of the present system. For example, the surface of the
ocean is nearly a geopotential surface, and if the solid Earth were exactly spherical then the
ocean would perforce become much deeper at low latitudes and the ocean basins would
dry out completely at high latitudes. We could still choose to use the spherical coordinate
system discussed above to describe the dynamics, but the shape of the surface of the solid
Earthwould have to be represented by a topography, with the topographic height increasing
monotonically polewards nearly everywhere.



60 Chapter 2. Effects of Rota on and Stra fica on

2.2.2 Some iden es in spherical coordinates

The location of a point is given by the coordinates (𝜆, 𝜗, 𝑟) where 𝜆 is the angular distance
eastwards (i.e., longitude), 𝜗 is angular distance polewards (i.e., latitude) and 𝑟 is the ra-
dial distance from the centre of the Earth — see Fig. 2.3. (In some other ields of study co-
latitude is used as a spherical coordinate.) If 𝑎 is the radius of the Earth, thenwe also de ine
𝑧 = 𝑟 − 𝑎. At a given location we may also de ine the Cartesian increments (𝛿𝑥, 𝛿𝑦, 𝛿𝑧) =
(𝑟 cos 𝜗𝛿𝜆, 𝑟𝛿𝜗, 𝛿𝑟).

For a scalar quantity 𝜙 the material derivative in spherical coordinates is
D𝜙
D𝑡 =

𝜕𝜙
𝜕𝑡 +

𝑢
𝑟 cos 𝜗

𝜕𝜙
𝜕𝜆 +

𝑣
𝑟
𝜕𝜙
𝜕𝜗 + 𝑤

𝜕𝜙
𝜕𝑟 , (2.27)

where the velocity components corresponding to the coordinates (𝜆, 𝜗, 𝑟) are

(𝑢, 𝑣, 𝑤) ≡ 𝑟 cos 𝜗D𝜆D𝑡 , 𝑟
D𝜗
D𝑡 ,

D𝑟
D𝑡  . (2.28)

That is, 𝑢 is the zonal velocity, 𝑣 is the meridional velocity and 𝑤 is the vertical velocity. If
we de ine (𝐢, 𝐣, 𝐤) to be the unit vectors in the direction of increasing (𝜆, 𝜗, 𝑟) then

𝒗 = 𝐢𝑢 + 𝐣𝑣 + 𝐤𝑤. (2.29)
Note also that D𝑟/D𝑡 = D𝑧/D𝑡.

The divergence of a vector𝑩 = 𝐢𝐵 + 𝐣𝐵 + 𝐤𝐵 is

∇⋅ 𝑩 = 1
cos 𝜗 

1
𝑟
𝜕𝐵
𝜕𝜆 + 1𝑟

𝜕
𝜕𝜗 (𝐵

 cos 𝜗) + cos 𝜗𝑟
𝜕
𝜕𝑟 (𝑟

𝐵) . (2.30)

The vector gradient of a scalar is:

∇𝜙 = 𝐢 1
𝑟 cos 𝜗

𝜕𝜙
𝜕𝜆 + 𝐣

1
𝑟
𝜕𝜙
𝜕𝜗 + 𝐤

𝜕𝜙
𝜕𝑟 . (2.31)

The Laplacian of a scalar is:

∇𝜙 ≡ ∇⋅ ∇𝜙 = 1
𝑟 cos 𝜗 

1
cos 𝜗

𝜕𝜙
𝜕𝜆 +

𝜕
𝜕𝜗 cos 𝜗

𝜕𝜙
𝜕𝜗  + cos 𝜗

𝜕
𝜕𝑟 𝑟

 𝜕𝜙
𝜕𝑟  . (2.32)

The curl of a vector is:

curl𝑩 = ∇ × 𝑩 = 1
𝑟 cos 𝜗 

𝐢 𝑟 cos 𝜗 𝐣 𝑟 𝐤
𝜕/𝜕𝜆 𝜕/𝜕𝜗 𝜕/𝜕𝑟

𝐵𝑟 cos 𝜗 𝐵𝑟 𝐵
 . (2.33)

The vector Laplacian ∇𝑩 (used for example when calculating viscous terms in the momen-
tum equation) may be obtained from the vector identity:

∇𝑩 = ∇(∇⋅ 𝑩) − ∇ × (∇ × 𝑩). (2.34)
Only in Cartesian coordinates does this take the simple form:

∇𝑩 = 𝜕𝑩
𝜕𝑥 +

𝜕𝑩
𝜕𝑦 +

𝜕𝑩
𝜕𝑧 . (2.35)

The expansion in spherical coordinates is, to most eyes, rather uninformative.
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Fig. 2.3 The spherical coordinate sys-
tem. The orthogonal unit vectors 𝐢, 𝐣
and 𝐤 point in the direc on of increas-
ing longitude, la tude, and al tude
. Locally, one may apply a Cartesian
system with variables ,  and  mea-
suring distances along 𝐢, 𝐣 and 𝐤.

Rate of change of unit vectors

In spherical coordinates the de ining unit vectors are 𝐢, the unit vector pointing eastwards,
parallel to a line of latitude; 𝐣 is the unit vector pointing polewards, parallel to a meridian;
and𝐤, the unit vector pointing radially outward. The directions of these vectors changewith
location, and in fact this is the case in nearly all coordinate systems, with the notable excep-
tion of the Cartesian one, and thus their material derivative is not zero. One way to evaluate
this is to consider geometrically how the coordinate axes changewithposition. Anotherway,
and the way that we shall proceed, is to irst obtain the effective rotation rate𝜴 low, relative
to the Earth, of a unit vector as it moves with the low, and then apply (2.3). Speci ically, let
the luid velocity be 𝒗 = (𝑢, 𝑣, 𝑤). The meridional component, 𝑣, produces a displacement
𝑟𝛿𝜗 = 𝑣𝛿𝑡, and this gives rise a local effective vector rotation rate around the local zonal
axis of−(𝑣/𝑟)𝐢, the minus sign arising because a displacement in the direction of the north
pole is produced by negative rotational displacement around the 𝐢 axis. Similarly, the zonal
component, 𝑢, produces a displacement 𝛿𝜆𝑟 cos 𝜗 = 𝑢𝛿𝑡 and so an effective rotation rate,
about the Earth’s rotation axis, of 𝑢/(𝑟 cos 𝜗). Now, a rotation around the Earth’s rotation
axis may be written as (see Fig. 2.4)

𝜴 = 𝛺(𝐣 cos 𝜗 + 𝐤 sin 𝜗). (2.36)
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If the scalar rotation rate is not 𝛺 but is 𝑢/(𝑟 cos 𝜗), then the vector rotation rate is
𝑢

𝑟 cos 𝜗(𝐣 cos 𝜗 + 𝐤 sin 𝜗) = 𝐣
𝑢
𝑟 + 𝐤

𝑢 tan 𝜗
𝑟 . (2.37)

Thus, the total rotation rate of a vector that moves with the low is

𝜴 low = −𝐢
𝑣
𝑟 + 𝐣

𝑢
𝑟 + 𝐤

𝑢 tan 𝜗
𝑟 . (2.38)

Applying (2.3) to (2.38), we ind
D𝐢
D𝑡 = 𝜴 low × 𝐢 =

𝑢
𝑟 cos 𝜗(𝐣 sin 𝜗 − 𝐤 cos 𝜗), (2.39a)

D𝐣
D𝑡 = 𝜴 low × 𝐣 = −𝐢

𝑢
𝑟 tan 𝜗 − 𝐤

𝑣
𝑟 , (2.39b)

D𝐤
D𝑡 = 𝜴 low × 𝐤 = 𝐢

𝑢
𝑟 + 𝐣

𝑣
𝑟 . (2.39c)

2.2.3 Equa ons of mo on

Mass Conserva on and Thermodynamic Equa on

The mass conservation equation, (1.36a), expanded in spherical co-odinates, is
𝜕𝜌
𝜕𝑡 +

𝑢
𝑟 cos 𝜗

𝜕𝜌
𝜕𝜆 +

𝑣
𝑟
𝜕𝜌
𝜕𝜗 + 𝑤

𝜕𝜌
𝜕𝑟

+ 𝜌
𝑟 cos 𝜗 

𝜕𝑢
𝜕𝜆 +

𝜕
𝜕𝜗 (𝑣 cos 𝜗) +

1
𝑟
𝜕
𝜕𝑟 (𝑤𝑟

 cos 𝜗) = 0.
(2.40)

Equivalently, using the form (1.36b), this is
𝜕𝜌
𝜕𝑡 +

1
𝑟 cos 𝜗

𝜕(𝑢𝜌)
𝜕𝜆 + 1

𝑟 cos 𝜗
𝜕
𝜕𝜗 (𝑣𝜌 cos 𝜗) +

1
𝑟
𝜕
𝜕𝑟 (𝑟

𝑤𝜌) = 0. (2.41)

The thermodynamic equation, (1.108), is a tracer advection equation. Thus, using (2.27),
its (adiabatic) spherical coordinate form is

D𝜃
D𝑡 =

𝜕𝜃
𝜕𝑡 +

𝑢
𝑟 cos 𝜗

𝜕𝜃
𝜕𝜆 +

𝑣
𝑟
𝜕𝜃
𝜕𝜗 + 𝑤

𝜕𝜃
𝜕𝑟 = 0, (2.42)

and similarly for tracers such as water vapour or salt.

Momentum Equa on

Recall that the inviscid momentum equation is:
D𝒗
D𝑡 + 2𝜴 × 𝒗 = −

1
𝜌∇𝑝 − ∇𝛷, (2.43)

where 𝛷 is the geopotential. In spherical coordinates the directions of the coordinate axes
change with position and so the component expansion of (2.43) is

D𝒗
D𝑡 =

D𝑢
D𝑡 𝐢 +

D𝑣
D𝑡 𝐣 +

D𝑤
D𝑡 𝐤 + 𝑢

D𝐢
D𝑡 + 𝑣

D𝐣
D𝑡 + 𝑤

D𝐤
D𝑡 (2.44a)
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(a) (b)Ω Ωy

Ωz

Ω = Ω
zk

k

k

Fig. 2.4 (a) On the sphere the rota on vector𝜴 can be decomposed into two components,
one in the local ver cal and one in the local horizontal, poin ng toward the pole. That is,
𝜴  𝐣𝐤where    and   . In geophysical fluid dynamics, the
rota on vector in the local ver cal is o en themore important component in the horizontal
momentum equa ons. On a rota ng disk, (b), the rota on vector 𝜴 is parallel to the local
ver cal 𝐤.

= D𝑢
D𝑡 𝐢 +

D𝑣
D𝑡 𝐣 +

D𝑤
D𝑡 𝐤 + 𝜴 low × 𝒗, (2.44b)

using (2.39). Using either (2.44a) and the expressions for the rates of change of the unit vec-
tors given in (2.39), or (2.44b) and the expression for𝜴 low given in (2.38), (2.44) becomes

D𝒗
D𝑡 = 𝐢 

D𝑢
D𝑡 −

𝑢𝑣 tan 𝜗
𝑟 + 𝑢𝑤𝑟  + 𝐣 

D𝑣
D𝑡 +

𝑢 tan 𝜗
𝑟 + 𝑣𝑤𝑟 

+ 𝐤D𝑤D𝑡 −
𝑢 + 𝑣
𝑟  .

(2.45)

Using the de inition of a vector cross product the Coriolis term is:

2𝜴 × 𝒗 = 
𝐢 𝐣 𝐤
0 2𝛺 cos 𝜗 2𝛺 sin 𝜗
𝑢 𝑣 𝑤



= 𝐢 (2𝛺𝑤 cos 𝜗 − 2𝛺𝑣 sin 𝜗) + 𝐣 2𝛺𝑢 sin 𝜗 − 𝐤2𝛺𝑢 cos 𝜗. (2.46)
Using (2.45) and (2.46), and the gradient operator given by (2.31), themomentum equation
(2.43) becomes:

D𝑢
D𝑡 − 2𝛺 +

𝑢
𝑟 cos 𝜗 (𝑣 sin 𝜗 − 𝑤 cos 𝜗) = −

1
𝜌𝑟 cos 𝜗

𝜕𝑝
𝜕𝜆 , (2.47a)

D𝑣
D𝑡 +

𝑤𝑣
𝑟 + 2𝛺 + 𝑢

𝑟 cos 𝜗 𝑢 sin 𝜗 = −
1
𝜌𝑟
𝜕𝑝
𝜕𝜗 , (2.47b)

D𝑤
D𝑡 −

𝑢 + 𝑣
𝑟 − 2𝛺𝑢 cos 𝜗 = −1𝜌

𝜕𝑝
𝜕𝑟 − 𝑔. (2.47c)

The terms involving 𝛺 are called Coriolis terms, and the quadratic terms on the left-hand
sides involving 1/𝑟 are often called metric terms.
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2.2.4 The primi ve equa ons

The so-called primitive equations of motion are simpli ications of the above equations fre-
quently used in atmospheric and oceanic modelling.3 Three related approximations are
involved.

(i) The hydrosta c approxima on. In the vertical momentum equation the gravitational
term is assumed to be balanced by the pressure gradient term, so that

𝜕𝑝
𝜕𝑧 = −𝜌𝑔. (2.48)

The advection of vertical velocity, the Coriolis terms, and the metric term (𝑢 + 𝑣)/𝑟
are all neglected.

(ii) The shallow-fluid approxima on. Wewrite 𝑟 = 𝑎 + 𝑧 where the constant 𝑎 is the radius
of the Earth and 𝑧 increases in the radial direction. The coordinate 𝑟 is then replaced
by 𝑎 except where it is used as the differentiating argument. Thus, for example,

1
𝑟
𝜕(𝑟𝑤)
𝜕𝑟 → 𝜕𝑤

𝜕𝑧 . (2.49)

(iii) The tradi onal approxima on. Coriolis terms in the horizontal momentum equations
involving the vertical velocity, and the still smaller metric terms 𝑢𝑤/𝑟 and 𝑣𝑤/𝑟, are
neglected.

The second and third of these approximations should be taken, or not, together, the under-
lying reason being that they both relate to the presumed small aspect ratio of the motion,
so the approximations succeed or fail together. If we make one approximation but not the
other then we are being asymptotically inconsistent, and angular momentum and energy
conservation are not assured (see section 2.2.7 and problem 2.12). The hydrostatic approx-
imation also depends on the small aspect ratio of the low, but in a slightly different way.
For large-scale low in the terrestrial atmosphere and ocean all three approximations are
in fact all very accurate approximations. We defer a more complete treatment until section
2.7, in part because a treatment of the hydrostatic approximation is done most easily in the
context of the Boussinesq equations, derived in section 2.4.

Making these approximations, the momentum equations become

D𝑢
D𝑡 − 2𝛺 sin 𝜗𝑣 −

𝑢𝑣
𝑎 tan 𝜗 = − 1

𝑎𝜌 cos 𝜗
𝜕𝑝
𝜕𝜆 , (2.50a)

D𝑣
D𝑡 + 2𝛺 sin 𝜗𝑢 +

𝑢 tan 𝜗
𝑎 = − 1

𝜌𝑎
𝜕𝑝
𝜕𝜗 , (2.50b)

0 = −1𝜌
𝜕𝑝
𝜕𝑧 − 𝑔, (2.50c)

where
D
D𝑡 = 

𝜕
𝜕𝑡 +

𝑢
𝑎 cos 𝜗

𝜕
𝜕𝜆 +

𝑣
𝑎
𝜕
𝜕𝜗 + 𝑤

𝜕
𝜕𝑧  . (2.51)
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We note the ubiquity of the factor 2𝛺 sin 𝜗, and take the opportunity to de ine the Coriolis
parameter, 𝑓 ≡ 2𝛺 sin 𝜗.

The corresponding mass conservation equation for a shallow luid layer is:

𝜕𝜌
𝜕𝑡 +

𝑢
𝑎 cos 𝜗

𝜕𝜌
𝜕𝜆 +

𝑣
𝑎
𝜕𝜌
𝜕𝜗 + 𝑤

𝜕𝜌
𝜕𝑧

+ 𝜌  1
𝑎 cos 𝜗

𝜕𝑢
𝜕𝜆 +

1
𝑎 cos 𝜗

𝜕
𝜕𝜗 (𝑣 cos 𝜗) +

𝜕𝑤
𝜕𝑧  = 0,

(2.52)

or equivalently,

𝜕𝜌
𝜕𝑡 +

1
𝑎 cos 𝜗

𝜕(𝑢𝜌)
𝜕𝜆 + 1

𝑎 cos 𝜗
𝜕
𝜕𝜗 (𝑣𝜌 cos 𝜗) +

𝜕(𝑤𝜌)
𝜕𝑧 = 0. (2.53)

2.2.5 Primi ve equa ons in vector form

The primitive equations on a sphere may be written in a compact vector form provided we
make a slight reinterpretation of the material derivative of the coordinate axes. Instead of
(2.39) we take the material derivative of the unit vectors to be

D𝐢
D𝑡 =

𝜴 low × 𝐢 = 𝐣
𝑢 tan 𝜗
𝑎 , (2.54a)

D𝐣
D𝑡 =

𝜴 low × 𝐣 = −𝐢
𝑢 tan 𝜗
𝑎 , (2.54b)

where 𝜴 low = 𝐤𝑢 tan 𝜗/𝑎, which is the vertical component of (2.38) with 𝑟 replaced by 𝑎.
Given (2.54), the primitive equations (2.50a) and (2.50b) may be written as

D𝒖
D𝑡 + 𝒇 × 𝒖 = −

1
𝜌∇ 𝑝, (2.55)

where 𝒖 = 𝑢𝐢 + 𝑣𝐣 + 0𝐤 is the horizontal velocity, ∇ 𝑝 = [(𝑎 cos 𝜗)𝜕𝑝/𝜕𝜆, 𝑎𝜕𝑝/𝜕𝜗]
is the gradient operator at constant 𝑧, and 𝒇 = 𝑓𝐤 = 2𝛺 sin 𝜗𝐤. In (2.55) the material
derivative of the horizontal velocity is given by

D𝒖
D𝑡 = 𝐢

D𝑢
D𝑡 + 𝐣

D𝑣
D𝑡 + 𝑢

D𝐢
D𝑡 + 𝑣

D𝐣
D𝑡 , (2.56)

The advection of the horizontal wind 𝒖 is still by the three-dimensional velocity 𝒗.
The vertical momentum equation is the hydrostatic equation, (2.50c), and themass con-

servation equation is

D𝜌
D𝑡 + 𝜌∇⋅ 𝒗 = 0 or 𝜕𝜌

𝜕𝑡 + ∇⋅ (𝜌𝒗) = 0, (2.57)

where D/D𝑡 is given by (2.51), and the second expression is written out in full in (2.53).
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2.2.6 The vector invariant form of the momentum equa on

The ‘vector invariant’ formof themomentumequation is so-calledbecause it appears to take
the same form in all coordinate systems— there is no advective derivative of the coordinate
system to worry about. With the aid of the identity (𝒗 ⋅ ∇)𝒗 = −𝒗 × 𝝎 + ∇(𝒗/2), where
𝝎 ≡ ∇× 𝒗 is the relative vorticity, the three-dimensional momentum equation, (2.16), may
be written:

𝜕𝒗
𝜕𝑡 + (2𝜴 +𝝎) × 𝒗 = −

1
𝜌∇𝑝 −

1
2∇𝒗

 + 𝒈, (2.58)

and this is the vector invariant momentum equation. In spherical coordinates the relative
vorticity is given by:

𝝎 = ∇ × 𝒗 = 1
𝑟 cos 𝜗 

𝐢 𝑟 cos 𝜗 𝐣 𝑟 𝐤
𝜕/𝜕𝜆 𝜕/𝜕𝜗 𝜕/𝜕𝑟
𝑢𝑟 cos 𝜗 𝑟𝑣 𝑤



= 𝐢 1𝑟 
𝜕𝑤
𝜕𝜗 −

𝜕(𝑟𝑣)
𝜕𝑟  − 𝐣 1

𝑟 cos 𝜗 
𝜕𝑤
𝜕𝜆 −

𝜕
𝜕𝑟 (𝑢𝑟 cos 𝜗)

+ 𝐤 1
𝑟 cos 𝜗 

𝜕𝑣
𝜕𝜆 −

𝜕
𝜕𝜗 (𝑢 cos 𝜗) . (2.59)

We canwrite the horizontalmomentumequations of the primitive equations in a similar
way. Making the traditional and shallow luid approximations, the horizontal components
of (2.58) become

𝜕𝒖
𝜕𝑡 + (𝒇 + 𝐤𝜁) × 𝒖 + 𝑤

𝜕𝒖
𝜕𝑧 = −

1
𝜌∇ 𝑝 −

1
2∇𝒖

, (2.60)

where 𝒖 = (𝑢, 𝑣, 0), 𝒇 = 𝐤2𝛺 sin 𝜗, ∇ is the horizontal gradient operator (the gradient at a
constant value of 𝑧), and using (2.59), 𝜁 is given by

𝜁 = 1
𝑎 cos 𝜗

𝜕𝑣
𝜕𝜆 −

1
𝑎 cos 𝜗

𝜕
𝜕𝜗 (𝑢 cos 𝜗) =

1
𝑎 cos 𝜗

𝜕𝑣
𝜕𝜆 −

1
𝑎
𝜕𝑢
𝜕𝜗 +

𝑢
𝑎 tan 𝜗. (2.61)

The separate components of the momentum equation are given by:

𝜕𝑢
𝜕𝑡 − (𝑓 + 𝜁)𝑣 + 𝑤

𝜕𝑢
𝜕𝑧 = −

1
𝑎 cos 𝜗 

1
𝜌
𝜕𝑝
𝜕𝜆 +

1
2
𝜕𝒖
𝜕𝜆  , (2.62)

and
𝜕𝑣
𝜕𝑡 + (𝑓 + 𝜁)𝑢 + 𝑤

𝜕𝑣
𝜕𝑧 = −

1
𝑎 

1
𝜌
𝜕𝑝
𝜕𝜗 +

1
2
𝜕𝒖
𝜕𝜗  . (2.63)

Related expressions are given in problem 2.3, and we treat vorticity at greater length in
chapter 4.

2.2.7 Angular momentum

The zonalmomentumequation can be usefully expressed as a statement about axial angular
momentum; that is, angular momentum about the rotation axis. The zonal angular momen-
tum per unit mass is the component of angular momentum in the direction of the axis of
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rotation and it is given by, without making any shallow atmosphere approximation,

𝑚 = (𝑢 + 𝛺𝑟 cos 𝜗)𝑟 cos 𝜗. (2.64)

The evolution equation for this quantity follows from the zonal momentum equation and
has the simple form

D𝑚
D𝑡 = −

1
𝜌
𝜕𝑝
𝜕𝜆 , (2.65)

where the material derivative is
D
D𝑡 =

𝜕
𝜕𝑡 +

𝑢
𝑟 cos 𝜗

𝜕
𝜕𝜆 +

𝑣
𝑟
𝜕
𝜕𝜗 + 𝑤

𝜕
𝜕𝑟 . (2.66)

Using the mass continuity equation, (2.65) can be written as

D𝜌𝑚
D𝑡 + 𝜌𝑚∇⋅ 𝒗 = −𝜕𝑝𝜕𝜆 (2.67)

or
𝜕𝜌𝑚
𝜕𝑡 + 1

𝑟 cos 𝜗
𝜕(𝜌𝑢𝑚)
𝜕𝜆 + 1

𝑟 cos 𝜗
𝜕
𝜕𝜗 (𝜌𝑣𝑚 cos 𝜗) +

1
𝑟
𝜕
𝜕𝑟 (𝜌𝑚𝑤𝑟

) = −𝜕𝑝𝜕𝜆 . (2.68)

This is an angular momentum conservation equation.
If the luid is con ined to a shallow layernear the surface of a sphere, thenwemay replace

𝑟, the radial coordinate, by 𝑎, the radius of the sphere, in the de inition of𝑚, and we de ine
𝑚 ≡ (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗. Then (2.65) is replaced by

D 𝑚
D𝑡 = −

1
𝜌
𝜕𝑝
𝜕𝜆 , (2.69)

where now
D
D𝑡 =

𝜕
𝜕𝑡 +

𝑢
𝑎 cos 𝜗

𝜕
𝜕𝜆 +

𝑣
𝑎
𝜕
𝜕𝜗 + 𝑤

𝜕
𝜕𝑧 . (2.70)

In the shallow luid approximation (2.68) becomes

𝜕𝜌𝑚
𝜕𝑡 + 1

𝑎 cos 𝜗
𝜕(𝜌𝑢𝑚)
𝜕𝜆 + 1

𝑎 cos 𝜗
𝜕
𝜕𝜗 (𝜌𝑣𝑚 cos 𝜗) +

𝜕
𝜕𝑧 (𝜌𝑚𝑤) = −

𝜕𝑝
𝜕𝜆 . (2.71)

which is an angular momentum conservation equation for a shallow atmosphere.
♦ From angular momentum to the spherical component equa ons

An alternative way of deriving the three components of the momentum equation in spher-
ical polar coordinates is to begin with (2.65) and the principle of conservation of energy.
That is, we take the equations for conservation of angular momentum and energy as true
a priori and demand that the forms of the momentum equation be constructed to satisfy
these. Expanding thematerial derivative in (2.65), noting thatD𝑟/D𝑡 = 𝑤 andDcos 𝜗/D𝑡 =
−(𝑣/𝑟) sin 𝜗, immediately gives (2.47a). Multiplication by 𝑢 then yields

𝑢D𝑢D𝑡 − 2𝛺𝑢𝑣 sin 𝜗 + 2𝛺𝑢𝑤 cos 𝜗 −
𝑢𝑣 tan 𝜗

𝑟 + 𝑢
𝑤
𝑟 = − 𝑢

𝜌𝑟 cos 𝜗
𝜕𝑝
𝜕𝜆 . (2.72)
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Now suppose that the meridional and vertical momentum equations are of the form

D𝑣
D𝑡 + Coriolis and metric terms = − 1

𝜌𝑟
𝜕𝑝
𝜕𝜗 (2.73a)

D𝑤
D𝑡 + Coriolis and metric terms = −1𝜌

𝜕𝑝
𝜕𝑟 , (2.73b)

but that we do not know what form the Coriolis and metric terms take. To determine that
form, construct the kinetic energy equation by multiplying (2.73) by 𝑣 and 𝑤, respectively.
Now, the metric termsmust vanish when we sum the resulting equations along with (2.72),
so that (2.73a)must contain theCoriolis term2𝛺𝑢 sin 𝜗 aswell as themetric term𝑢 tan 𝜗/𝑟,
and (2.73b)must contain the term−2𝛺𝑢 cos𝜙 aswell as themetric term𝑢/𝑟. But if (2.73b)
contains the term 𝑢/𝑟 it must also contain the term 𝑣/𝑟 by isotropy, and therefore (2.73a)
must also contain the term 𝑣𝑤/𝑟. In this way, (2.47) is precisely reproduced, although the
sceptic might argue that the uniqueness of the form has not been demonstrated.

A particular advantage of this approach arises in determining the appropriate momen-
tum equations that conserve angular momentum and energy in the shallow- luid approxi-
mation. We begin with (2.69) and expand to obtain (2.50a). Multiplying by 𝑢 gives

𝑢D𝑢D𝑡 − 2𝛺𝑢𝑣 sin 𝜗 −
𝑢𝑣 tan 𝜗

𝑎 = − 𝑢
𝜌𝑎 cos 𝜗

𝜕𝑝
𝜕𝜆 . (2.74)

To ensure energy conservation, the meridional momentum equation must contain the Cori-
olis term 2𝛺𝑢 sin 𝜗 and the metric term 𝑢 tan 𝜗/𝑎, but the vertical momentum equation
must have neither of the metric terms appearing in (2.47c). Thus we deduce the following
equations:

D𝑢
D𝑡 − 2𝛺 sin 𝜗 +

𝑢 tan 𝜗
𝑎 𝑣 = − 1

𝜌𝑎 cos 𝜗
𝜕𝑝
𝜕𝜆 , (2.75a)

D𝑣
D𝑡 + 2𝛺 sin 𝜗 +

𝑢 tan 𝜗
𝑎 𝑢 = − 1

𝜌𝑎
𝜕𝑝
𝜕𝜗 , (2.75b)

D𝑤
D𝑡 = −

1
𝜌
𝜕𝜌
𝜕𝑟 − 𝑔. (2.75c)

This equation set, when used in conjunction with the thermodynamic and mass continu-
ity equations, conserves appropriate forms of angular momentum and energy. In the hy-
drostatic approximation the material derivative of 𝑤 in (2.75c) is additionally neglected.
Thus, the hydrostatic approximation is mathematically and physically consistent with the
shallow- luid approximation, but it is an additional approximationwith slightly different re-
quirements that one may choose, rather than being required, to make. From an asymptotic
perspective, the difference lies in the small parameter necessary for either approximation
to hold, namely:

shallow luid and traditional approximations: 𝛾 ≡ 𝐻
𝑎 ≪ 1, (2.76a)

small aspect ratio for hydrostatic approximation: 𝛼 ≡ 𝐻
𝐿 ≪ 1, (2.76b)
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where 𝐿 is the horizontal scale of the motion and 𝑎 is the radius of the Earth. For hemi-
spheric or global scale phenomena 𝐿 ∼ 𝑎 and the two approximations coincide. (Require-
ment (2.76b) for the hydrostatic approximation will be derived in section 2.7.)

2.3 CARTESIAN APPROXIMATIONS: THE TANGENT PLANE

2.3.1 The f-plane

Although the rotation of the Earth is central for many dynamical phenomena, the sphericity
of the Earth is not always so. This is especially true for phenomena on a scale somewhat
smaller than globalwhere the use of spherical coordinates becomes awkward, and it ismore
convenient to use a locally Cartesian representation of the equations. Referring to Fig. 2.4
we will de ine a plane tangent to the surface of the Earth at a latitude 𝜗, and then use a
Cartesian coordinate system (𝑥, 𝑦, 𝑧) to describemotion on that plane. For small excursions
on the plane, (𝑥, 𝑦, 𝑧) ≈ (𝑎𝜆 cos 𝜗, 𝑎(𝜗 − 𝜗), 𝑧). Consistently, the velocity is 𝒗 = (𝑢, 𝑣, 𝑤),
so that 𝑢,𝑣 and 𝑤 are the components of the velocity in the tangent plane, in approximately
in the east–west, north–south and vertical directions, respectively.

The momentum equations for low in this plane are then
𝜕𝑢
𝜕𝑡 + (𝒗 ⋅ ∇)𝑢 + 2(𝛺

𝑤 − 𝛺𝑣) = −1𝜌
𝜕𝑝
𝜕𝑥 , (2.77a)

𝜕𝑣
𝜕𝑡 + (𝒗 ⋅ ∇)𝑣 + 2(𝛺

𝑢 − 𝛺𝑤) = −1𝜌
𝜕𝑝
𝜕𝑦 , (2.77b)

𝜕𝑤
𝜕𝑡 + (𝒗 ⋅ ∇)𝑤 + 2(𝛺

𝑣 − 𝛺𝑢) = −1𝜌
𝜕𝑝
𝜕𝑧 − 𝑔, (2.77c)

where the rotation vector𝜴 = 𝛺𝐢+𝛺𝐣+𝛺𝐤 and𝛺 = 0,𝛺 = 𝛺 cos 𝜗 and𝛺 = 𝛺 sin 𝜗.
If we make the traditional approximation, and so ignore the components of 𝜴 not in the
direction of the local vertical, then

D𝑢
D𝑡 − 𝑓𝑣 = −

1
𝜌
𝜕𝑝
𝜕𝑥 , (2.78a)

D𝑣
D𝑡 + 𝑓𝑢 = −

1
𝜌
𝜕𝑝
𝜕𝑦 , (2.78b)

D𝑤
D𝑡 = −

1
𝜌
𝜕𝑝
𝜕𝑧 − 𝑔. (2.78c)

where 𝑓 = 2𝛺 = 2𝛺 sin 𝜗. De ining the horizontal velocity vector 𝒖 = (𝑢, 𝑣, 0), the irst
two equations may also be written as

D𝒖
D𝑡 + 𝒇 × 𝒖 = −

1
𝜌∇ 𝑝, (2.79)

whereD𝒖/D𝑡 = 𝜕𝒖/𝜕𝑡+𝒗⋅∇𝒖, 𝒇 = 2𝛺 sin 𝜗𝐤 = 𝑓𝐤, and𝐤 is the direction perpendicular
to the plane (it does not change its orientationwith latitude). These equations are, evidently,
exactly the same as the momentum equations in a system in which the rotation vector is
aligned with the local vertical, as illustrated in the right-hand panel in Fig. 2.4 (on page 63).
Theywill describe lowon the surface of a rotating sphere to a good approximationprovided
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the low is of limited latitudinal extent so that the effects of sphericity are unimportant; we
have made what is known as the 𝑓-plane approximation since the Coriolis parameter is a
constant. We may in addition make the hydrostatic approximation, in which case (2.78c)
becomes the familiar 𝜕𝑝/𝜕𝑧 = −𝜌𝑔.

2.3.2 The beta-plane approxima on

The magnitude of the vertical component of rotation varies with latitude, and this has im-
portant dynamical consequences. We can approximate this effect by allowing the effective
rotation vector to vary. Thus, noting that, for small variations in latitude,

𝑓 = 2𝛺 sin 𝜗 ≈ 2𝛺 sin 𝜗 + 2𝛺(𝜗 − 𝜗) cos 𝜗, (2.80)

then on the tangent plane we may mimic this by allowing the Coriolis parameter to vary as

𝑓 = 𝑓 + 𝛽𝑦 , (2.81)

where 𝑓 = 2𝛺 sin 𝜗 and 𝛽 = 𝜕𝑓/𝜕𝑦 = (2𝛺 cos 𝜗)/𝑎. This important approximation
is known as the beta-plane, or 𝛽-plane, approximation; it captures the the most important
dynamical effects of sphericity, without the complicating geometric effects, which are not
essential to describe many phenomena. The momentum equations (2.78) are unaltered ex-
cept that 𝑓 is replaced by 𝑓+𝛽𝑦 to represent a varying Coriolis parameter. Thus, sphericity
combined with rotation is dynamically equivalent to a differentially rotating system. For fu-
ture reference, we write down the 𝛽-plane horizontal momentum equations:

D𝒖
D𝑡 + 𝒇 × 𝒖 = −

1
𝜌∇ 𝑝, (2.82)

where 𝒇 = (𝑓 + 𝛽𝑦)𝐤. In component form this equation becomes

D𝑢
D𝑡 − 𝑓𝑣 = −

1
𝜌
𝜕𝑝
𝜕𝑥 ,

D𝑣
D𝑡 + 𝑓𝑢 = −

1
𝜌
𝜕𝑝
𝜕𝑦 . (2.83a,b)

The mass conservation, thermodynamic and hydrostatic equations in the 𝛽-plane approxi-
mation are the same as the usual Cartesian, 𝑓-plane, forms of those equations.

2.4 EQUATIONS FOR A STRATIFIED OCEAN: THE BOUSSINESQ APPROXIMATION

The density variations in the ocean are quite small compared to the mean density, and we
may exploit this to derive somewhat simpler but still quite accurate equations of motion.
Let us irst examine howmuch density does vary in the ocean.

2.4.1 Varia on of density in the ocean

The variations of density in the ocean are due to three effects: the compression of water
by pressure (which we denote as 𝛥𝜌), the thermal expansion of water if its temperature
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changes (𝛥𝜌), and the haline contraction if its salinity changes (𝛥𝜌). How big are these?
An appropriate equation of state to approximately evaluate these effects is the linear one

𝜌 = 𝜌 1 − 𝛽(𝑇 − 𝑇) + 𝛽(𝑆 − 𝑆) +
𝑝
𝜌𝑐

 , (2.84)

where 𝛽 ≈ 2 × 10K, 𝛽 ≈ 10 psu and 𝑐 ≈ 1500ms (see the table on page 34).
The three effects may then be evaluated as follows.
Pressure compressibility. We have 𝛥𝜌 ≈ 𝛥𝑝/𝑐 ≈ 𝜌𝑔𝐻/𝑐 . where 𝐻 is the depth and the

pressure change is quite accurately evaluated using the hydrostatic approximation.
Thus,

|𝛥𝜌|
𝜌

≪ 1 if 𝑔𝐻
𝑐

≪ 1, (2.85)

or if 𝐻 ≪ 𝑐 /𝑔. The quantity 𝑐 /𝑔 ≈ 200km is the density scale height of the ocean.
Thus, the pressure at the bottom of the ocean (say 𝐻 = 10 km in the deep trenches),
enormous as it is, is insuf icient to compress the water enough to make a signi icant
change in its density. Changes in density due to dynamical variations of pressure are
small if the Mach number is small, and this is also the case.

Thermal expansion. We have 𝛥𝜌 ≈ −𝛽𝜌𝛥𝑇 and therefore
|𝛥𝜌|
𝜌

≪ 1 if 𝛽𝛥𝑇 ≪ 1. (2.86)

For 𝛥𝑇 = 20K, 𝛽𝛥𝑇 ≈ 4× 10, and evidently we would require temperature differ-
ences of order 𝛽 , or 5000K to obtain order one variations in density.

Saline contrac on. We have 𝛥𝜌 ≈ 𝛽𝜌𝛥𝑆 and therefore
|𝛥𝜌|
𝜌

≪ 1 if 𝛽𝛥𝑆 ≪ 1. (2.87)

As changes in salinity in the ocean rarely exceed 5 psu, for which 𝛽𝛥𝑆 = 5 × 10,
the fractional change in the density of seawater is correspondingly very small.

Evidently, fractional density changes in the ocean are very small.

2.4.2 The Boussinesq equa ons

The Boussinesq equations are a set of equations that exploit the smallness of density varia-
tions in many liquids.4 To set notation we write

𝜌 = 𝜌 + 𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡) (2.88a)
= 𝜌 + 𝜌(𝑧) + 𝜌(𝑥, 𝑦, 𝑧, 𝑡) (2.88b)
= 𝜌(𝑧) + 𝜌(𝑥, 𝑦, 𝑧, 𝑡), (2.88c)

where 𝜌 is a constant and we assume that

|𝜌|, |𝜌|, |𝛿𝜌| ≪ 𝜌. (2.89)
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We need not assume that |𝜌| ≪ |𝜌|, but this is often the case in the ocean. To obtain the
Boussinesq equations we will just use (2.88a), but (2.88c) will be useful for the anelastic
equations considered later.

Associated with the reference density is a reference pressure that is de ined to be in
hydrostatic balance with it. That is,

𝑝 = 𝑝(𝑧) + 𝛿𝑝(𝑥, 𝑦, 𝑧, 𝑡) (2.90a)
= 𝑝(𝑧) + 𝑝(𝑥, 𝑦, 𝑧, 𝑡), (2.90b)

where |𝛿𝑝| ≪ 𝑝, |𝑝| ≪ 𝑝 and

d𝑝
d𝑧 ≡ −𝑔𝜌,

d𝑝
d𝑧 ≡ −𝑔𝜌. (2.91a,b)

Note that ∇ 𝑝 = ∇ 𝑝 = ∇ 𝛿𝑝 and that 𝑝 ≈ 𝑝 if |𝜌| ≪ 𝜌.

Momentum equa ons

Toobtain theBoussinesq equationsweuse𝜌 = 𝜌+𝛿𝜌, and assume 𝛿𝜌/𝜌 is small. Without
approximation, the momentum equation can be written as

(𝜌 + 𝛿𝜌) 
D𝒗
D𝑡 + 2𝜴 × 𝒗 = −∇𝛿𝑝 −

𝜕𝑝
𝜕𝑧 𝐤 − 𝑔(𝜌 + 𝛿𝜌)𝐤, (2.92)

and using (2.91a) this becomes, again without approximation,

(𝜌 + 𝛿𝜌) 
D𝒗
D𝑡 + 2𝜴 × 𝒗 = −∇𝛿𝑝 − 𝑔𝛿𝜌𝐤. (2.93)

If density variations are small this becomes

D𝒗
D𝑡 + 2𝜴 × 𝒗 = −∇𝜙 + 𝑏𝐤 , (2.94)

where 𝜙 = 𝛿𝑝/𝜌 and 𝑏 = −𝑔 𝛿𝜌/𝜌 is the buoyancy. Note that we should not and do not
neglect the term 𝑔 𝛿𝜌, for there is no reason to believe it to be small (𝛿𝜌 may be small, but
𝑔 is big). Equation (2.94) is the momentum equation in the Boussinesq approximation, and
it is common to say that the Boussinesq approximation ignores all variations of density of a
luid in the momentum equation, except when associated with the gravitational term.

For most large-scale motions in the ocean the deviation pressure and density ields are
also approximately in hydrostatic balance, and in that case the vertical component of (2.94)
becomes

𝜕𝜙
𝜕𝑧 = 𝑏. (2.95)

A condition for (2.95) to hold is that vertical accelerations are small compared to 𝑔 𝛿𝜌/𝜌,
and not compared to the acceleration due to gravity itself. For more discussion of this point,
see section 2.7.
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Mass Conserva on

The unapproximated mass conservation equation is

D𝛿𝜌
D𝑡 + (𝜌 + 𝛿𝜌)∇⋅ 𝒗 = 0. (2.96)

Provided that time scales advectively — that is to say that D/D𝑡 scales in the same way as
𝒗 ⋅ ∇— then we may approximate this equation by

∇⋅ 𝒗 = 0 , (2.97)

which is the same as that for a constant density luid. This absolutely does not allow one
to go back and use (2.96) to say that 𝐷𝛿𝜌/𝐷𝑡 = 0; the evolution of density is given by
the thermodynamic equation in conjunction with an equation of state, and this should not
be confused with the mass conservation equation. Note also that in eliminating the time-
derivative of density we eliminate the possibility of sound waves.

Thermodynamic equa on and equa on of state

The Boussinesq equations are closed by the addition of an equation of state, a thermody-
namic equation and, as appropriate, a salinity equation. Neglecting salinity for themoment,
a useful starting point is to write the thermodynamic equation, (1.116), as

D𝜌
D𝑡 −

1
𝑐
D𝑝
D𝑡 =

�̇�
(𝜕𝜂/𝜕𝜌)𝑇

≈ −�̇� 𝜌𝛽𝑐
 (2.98)

using (𝜕𝜂/𝜕𝜌) = (𝜕𝜂/𝜕𝑇)(𝜕𝑇/𝜕𝜌) ≈ −𝑐/(𝑇𝜌𝛽). Given the expansions (2.88a) and
(2.90a), (2.98) can be written to a good approximation as

D𝛿𝜌
D𝑡 − 1

𝑐
D𝑝
D𝑡 = −�̇� 

𝜌𝛽
𝑐

 , (2.99)

or, using (2.91a),
D
D𝑡 𝛿𝜌 +

𝜌𝑔
𝑐
𝑧 = −�̇� 𝜌𝛽𝑐

 , (2.100)

as in (1.119). The severest approximation to this is to neglect the second term in brackets
on the left-hand side, and noting that 𝑏 = −𝑔𝛿𝜌/𝜌 we obtain

D𝑏
D𝑡 = �̇� , (2.101)

where �̇� = 𝑔𝛽�̇�/𝑐. The momentum equation (2.94), mass continuity equation (2.97)
and thermodynamic equation (2.101) then form a closed set, called the simple Boussinesq
equations.

A somewhat more accurate approach is to include the compressibility of the luid that
is due to the hydrostatic pressure. From (2.100), the potential density is given by 𝛿𝜌pot =
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𝛿𝜌+𝜌𝑔𝑧/𝑐 , and so the potential buoyancy, that is the buoyancy based on potential density,
is given by

𝑏 ≡ −𝑔
𝛿𝜌pot
𝜌

= − 𝑔𝜌
𝛿𝜌 + 𝜌𝑔𝑧𝑐

 = 𝑏 − 𝑔 𝑧
𝐻
, (2.102)

where 𝐻 = 𝑐 /𝑔. The thermodynamic equation, (2.100), may then be written

D𝑏
D𝑡 = �̇� , (2.103)

where �̇� = �̇�. Buoyancy itself is obtained from 𝑏 by the ‘equation of state’, 𝑏 = 𝑏+𝑔𝑧/𝐻 .
In many applications we may need to use a still more accurate equation of state. In that

case (and see section 1.6.2) we replace (2.101) by the thermodynamic equations

D𝜃
D𝑡 = �̇�,

D𝑆
D𝑡 = �̇� , (2.104a,b)

where 𝜃 is the potential temperature and 𝑆 is salinity, along with an equation of state. The
equation of state has the general form 𝑏 = 𝑏(𝜃, 𝑆, 𝑝), but to be consistent with the level of
approximation in the other Boussinesq equations we replace 𝑝 by the hydrostatic pressure
calculated with the reference density, that is by−𝜌𝑔𝑧, and the equation of state then takes
the general form

𝑏 = 𝑏(𝜃, 𝑆, 𝑧) . (2.105)

An example of (2.105) is (1.156), taken with the de inition of buoyancy 𝑏 = −𝑔𝛿𝜌/𝜌. The
closed set of equations (2.94), (2.97), (2.104) and (2.105) are the general Boussinesq equa-
tions. Using an accurate equation of state and the Boussinesq approximation is the proce-
dure used in many comprehensive ocean general circulation models. The Boussinesq equa-
tions, which with the hydrostatic and traditional approximations are often considered to be
the oceanic primitive equations, are summarized in the shaded box on the next page.
♦ Mean stra fica on and the buoyancy frequency

The processes that cause density to vary in the vertical often differ from those that cause it
to vary in the horizontal. For this reason it is sometimes useful to write 𝜌 = 𝜌 + 𝜌(𝑧) +
𝜌(𝑥, 𝑦, 𝑧, 𝑡) andde ine 𝑏(𝑧) ≡ −𝑔𝜌/𝜌 and𝑏 ≡ −𝑔𝜌/𝜌. Using thehydrostatic equation to
evaluate pressure, the thermodynamic equation (2.98) becomes, to a good approximation,

D𝑏
D𝑡 + 𝑁

𝑤 = 0, (2.106)

where D/D𝑡 remains a three-dimensional operator and

𝑁(𝑧) = d
𝑏
d𝑧 −

𝑔
𝑐
 = d 𝑏

d𝑧 , (2.107)

where 𝑏 = 𝑏 − 𝑔𝑧/𝐻 . The quantity 𝑁 is a measure of the mean strati ication of the
luid, and is equal to the vertical gradient of themean potential buoyancy. 𝑁 is known as the
buoyancy frequency, something we return to in section 2.9. Equations (2.106) and (2.107)
also hold in the simple Boussinesq equations, but with 𝑐 = ∞.
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Summary of Boussinesq Equa ons

The simple Boussinesq equations are, for an inviscid luid:

momentum equations: D𝒗
D𝑡 + 𝒇 × 𝒗 = −∇𝜙 + 𝑏𝐤, (B.1)

mass conservation: ∇⋅ 𝒗 = 0, (B.2)

buoyancy equation: D𝑏
D𝑡 = �̇�. (B.3)

A more general form replaces the buoyancy equation by:

thermodynamic equation: D𝜃
D𝑡 = �̇�, (B.4)

salinity equation: D𝑆
D𝑡 = �̇�, (B.5)

equation of state: 𝑏 = 𝑏(𝜃, 𝑆, 𝑧). (B.6)

If the equation of state is 𝑏 = 𝑏(𝜃, 𝑆, 𝜙) then energy conservation is not assured.

2.4.3 Energe cs of the Boussinesq system

In a uniform gravitational ield but with no other forcing or dissipation, wewrite the simple
Boussinesq equations as

D𝒗
D𝑡 + 2𝜴 × 𝒗 = 𝑏𝐤 − ∇𝜙, ∇⋅ 𝒗 = 0, D𝑏

D𝑡 = 0. (2.108a,b,c)

From (2.108a) and (2.108b) the kinetic energy density evolution (cf. section 1.10) is given
by

1
2
D𝑣
D𝑡 = 𝑏𝑤 − ∇⋅ (𝜙𝒗), (2.109)

where the constant reference density 𝜌 is omitted. Let us now de ine the potential𝛷 ≡ −𝑧,
so that ∇𝛷 = −𝐤 and

D𝛷
D𝑡 = ∇⋅ (𝒗𝛷) = −𝑤, (2.110)

and using this and (2.108c) gives

D
D𝑡 (𝑏𝛷) = −𝑤𝑏. (2.111)

Adding (2.111) to (2.109) and expanding the material derivative gives

𝜕
𝜕𝑡 

1
2𝒗

 + 𝑏𝛷 + ∇⋅ 𝒗 12𝒗
 + 𝑏𝛷 + 𝜙 = 0. (2.112)
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This constitutes an energy equation for the Boussinesq system, and may be compared to
(1.186). (Also see problem 2.13.) The energy density (divided by 𝜌) is just 𝒗/2 + 𝑏𝛷.
What does the term 𝑏𝛷 represent? Its integral, multiplied by 𝜌, is the potential energy of
the lowminus that of the basic state, or ∫𝑔(𝜌−𝜌)𝑧d𝑧. If therewere a heating term on the
right-hand side of (2.108c) this would directly provide a source of potential energy, rather
than internal energy as in the compressible system. Because the luid is incompressible,
there is no conversion from kinetic and potential energy into internal energy.

♦ Energe cs with a general equa on of state

Now consider the energetics of the general Boussinesq equations. Suppose irst that we
allow the equation of state to be a function of pressure; the equations of motion are then
(2.108) except that (2.108c) is replaced by

D𝜃
D𝑡 = 0,

D𝑆
D𝑡 = 0, 𝑏 = 𝑏(𝜃, 𝑆, 𝜙). (2.113a,b,c)

A little algebraic experimentation will reveal that no energy conservation law of the form
(2.112) generally exists for this system! The problem arises because, by requiring the luid
to be incompressible, we eliminate the proper conversion of internal energy to kinetic en-
ergy. However, if we use the approximation 𝑏 = 𝑏(𝜃, 𝑆, 𝑧), the system does conserve an
energy, as we now show.5

De ine thepotential,𝛱, as the integral of𝑏 at constant potential temperature and salinity;
that is

𝛱(𝜃, 𝑆, 𝑧) ≡ −



𝑏d𝑧, (2.114)

where𝑎 is any constant, so that𝜕𝛱/𝜕𝑧 = −𝑏. Taking thematerial derivative of the left-hand
side gives

D𝛱
D𝑡 = 

𝜕𝛱
𝜕𝜃 ,

D𝜃
D𝑡 + 

𝜕𝛱
𝜕𝑆 ,

D𝑆
D𝑡 + 

𝜕𝛱
𝜕𝑧 ,

D𝑧
D𝑡 = −𝑏𝑤, (2.115)

using (2.113a,b). Combining (2.115) and (2.109) gives

𝜕
𝜕𝑡 

1
2𝒗

 + 𝛱 + ∇⋅ 𝒗 12𝒗
 + 𝛱 + 𝜙 = 0. (2.116)

Thus, energetic consistency is maintained with an arbitrary equation of state, provided the
pressure is replaced by a function of 𝑧. If 𝑏 is not an explicit function of 𝑧 in the equation of
state, the conservation law is identical to (2.112).

2.5 EQUATIONS FOR A STRATIFIED ATMOSPHERE: THE ANELASTIC APPROXIMATION

2.5.1 Preliminaries

In the atmosphere the density varies signi icantly, especially in the vertical. However devi-
ations of both 𝜌 and 𝑝 from a statically balanced state are often quite small, and the relative
vertical variation of potential temperature is also small. We can usefully exploit these ob-
servations to give a somewhat simpli ied set of equations, useful both for theoretical and
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numerical analyses because sound waves are eliminated by way of an ‘anelastic’ approxi-
mation.6 To begin we set

𝜌 = 𝜌(𝑧) + 𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡), 𝑝 = 𝑝(𝑧) + 𝛿𝑝(𝑥, 𝑦, 𝑧, 𝑡), (2.117a,b)

where we assume that |𝛿𝜌| ≪ |𝜌| and we de ine 𝑝 such that

𝜕𝑝
𝜕𝑧 ≡ −𝑔𝜌(𝑧). (2.118)

The notation is similar to that for the Boussinesq case except that, importantly, the density
basic state is now a (given) function of vertical coordinate. As with the Boussinesq case,
the idea is to ignore dynamic variations of density (i.e., of 𝛿𝜌) except where associated with
gravity. First recall a couple of ideal gas relationships involving potential temperature, 𝜃,
and entropy 𝑠 (divided by 𝑐, so 𝑠 ≡ log 𝜃), namely

𝑠 ≡ log 𝜃 = log 𝑇 − 𝑅
𝑐
log 𝑝 = 1

𝛾 log 𝑝 − log 𝜌, (2.119)

where 𝛾 = 𝑐/𝑐 , implying

𝛿𝑠 = 1
𝜃𝛿𝜃 =

1
𝛾
𝛿𝑝
𝑝 − 𝛿𝜌𝜌 ≈ 1

𝛾
𝛿𝑝
𝑝 − 𝛿𝜌𝜌 . (2.120)

Further, if 𝑠 ≡ 𝛾 log 𝑝 − log 𝜌 then

d𝑠
d𝑧 =

1
𝛾𝑝
d𝑝
d𝑧 −

1
𝜌
d𝜌
d𝑧 = −

𝑔𝜌
𝛾𝑝 −

1
𝜌
d𝜌
d𝑧 . (2.121)

In the atmosphere, the left-hand side is, typically, much smaller than either of the two terms
on the right-hand side.

2.5.2 The momentum equa on

The exact inviscid horizontal momentum equation is

(𝜌 + 𝛿𝜌) D𝒖D𝑡 + 𝒇 × 𝒖 = −∇ 𝛿𝑝. (2.122)

Neglecting 𝛿𝜌 where it appears with 𝜌 leads to

D𝒖
D𝑡 + 𝒇 × 𝒖 = −∇ 𝜙, (2.123)

where 𝜙 = 𝛿𝑝/𝜌, and this is similar to the corresponding equation in the Boussinesq ap-
proximation.

The vertical component of the inviscid momentum equation is, without approximation,

(𝜌 + 𝛿𝜌)D𝑤D𝑡 = −
𝜕𝑝
𝜕𝑧 −

𝜕𝛿𝑝
𝜕𝑧 − 𝑔𝜌 − 𝑔𝛿𝜌 = −𝜕𝛿𝑝𝜕𝑧 − 𝑔𝛿𝜌. (2.124)
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using (2.118). Neglecting 𝛿𝜌 on the left-hand side we obtain
D𝑤
D𝑡 = −

1
𝜌
𝜕𝛿𝑝
𝜕𝑧 − 𝑔𝛿𝜌𝜌 = − 𝜕𝜕𝑧 

𝛿𝑝
𝜌  −

𝛿𝑝
𝜌
𝜕𝜌
𝜕𝑧 − 𝑔

𝛿𝜌
𝜌 . (2.125)

This is not a useful form for a gaseous atmosphere, since the variation of the mean density
cannot be ignored. However, we may eliminate 𝛿𝜌 in favour of 𝛿𝑠 using (2.120) to give

D𝑤
D𝑡 = 𝑔𝛿𝑠 −

𝜕
𝜕𝑧 

𝛿𝑝
𝜌  −

𝑔
𝛾
𝛿𝑝
𝑝 − 𝛿𝑝𝜌

𝜕𝜌
𝜕𝑧 , (2.126)

and using (2.121) gives
D𝑤
D𝑡 = 𝑔𝛿𝑠 −

𝜕
𝜕𝑧 

𝛿𝑝
𝜌  +

d𝑠
d𝑧
𝛿𝑝
𝜌 . (2.127)

What have these manipulations gained us? Two things:
(i) The gravitational term now involves 𝛿𝑠 rather than 𝛿𝜌 which enables a more direct

connection with the thermodynamic equation.
(ii) The potential temperature scale height (∼ 100 km) in the atmosphere is much larger

than the density scale height (∼ 10 km), and so the last term in (2.127) is small.
The second item thus suggests that we choose our reference state to be one of constant po-
tential temperature (see also problem 2.18). The term d𝑠/d𝑧 then vanishes and the vertical
momentum equation becomes

D𝑤
D𝑡 = 𝑔𝛿𝑠 −

𝜕𝜙
𝜕𝑧 , (2.128)

where 𝜙 = 𝛿𝑝/𝜌 and 𝛿𝑠 = 𝛿𝜃/𝜃, where 𝜃 is a constant. If we de ine a buoyancy by 𝑏 ≡
𝑔𝛿𝑠 = 𝑔𝛿𝜃/𝜃, then (2.123) and (2.128) have the same form as the Boussinesqmomentum
equations, but with a slightly different de inition of buoyancy.

2.5.3 Mass conserva on

Using (2.117a) the mass conservation equation may be written, without approximation, as
𝜕𝛿𝜌
𝜕𝑡 + ∇ ⋅ [(𝜌 + 𝛿𝜌)𝒗] = 0. (2.129)

We neglect 𝛿𝜌where it appearswith 𝜌 in the divergence term. Further, the local time deriva-
tive will be small if time itself is scaled advectively (i.e., 𝑇 ∼ 𝐿/𝑈 and sound waves do not
dominate), giving

∇⋅ 𝒖 + 1𝜌
𝜕
𝜕𝑧 (𝜌𝑤) = 0. (2.130)

It is here that the eponymous anelastic approximation arises: the elastic compressibility of
the luid is neglected, and this serves to eliminate sound waves. For reference, in spherical
coordinates the equation is

1
𝑎 cos 𝜗

𝜕𝑢
𝜕𝜆 +

1
𝑎 cos 𝜗

𝜕
𝜕𝜗 (𝑣 cos 𝜗) +

1
𝜌
𝜕(𝑤𝜌)
𝜕𝑧 = 0. (2.131)
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In an ideal gas, the choice of constant potential temperature determines how the reference
density 𝜌 varies with height. In some circumstances it is convenient to let 𝜌 be a constant,
𝜌 (effectively choosing a different equation of state), in which case the anelastic equations
become identical to theBoussinesq equations, albeitwith thebuoyancy interpreted in terms
of potential temperature in the former and density in the latter. Because of their similarity,
the Boussinesq and anelastic approximations are sometimes referred to as the strong and
weak Boussinesq approximations, respectively.

2.5.4 Thermodynamic equa on

The thermodynamic equation for an ideal gas may be written

D ln 𝜃
D𝑡 = �̇�

𝑇𝑐
. (2.132)

In the anelastic equations, 𝜃 = 𝜃 + 𝛿𝜃, where 𝜃 is constant, and the thermodynamic
equation is

D𝛿𝑠
D𝑡 =

𝜃
𝑇𝑐

�̇�. (2.133)

Summarizing, the complete set of anelastic equations, with rotation but with no dissipation
or diabatic terms, is

D𝒗
D𝑡 + 2𝜴 × 𝒗 = 𝐤𝑏 − ∇𝜙

D𝑏
D𝑡 = 0

∇⋅ (𝜌𝒗) = 0

, (2.134a,b,c)

where 𝑏 = 𝑔𝛿𝑠 = 𝑔𝛿𝜃/𝜃. The main difference between the anelastic and Boussinesq
sets of equations is in the mass continuity equation, and when 𝜌 = 𝜌 = constant the two
equation sets are formally identical. However, whereas the Boussinesq approximation is
a very good one for ocean dynamics, the anelastic approximation is much less so for large-
scale atmosphere low: the constancy of the reference potential temperature state is not
a particularly good approximation, and the deviations in density from its reference pro ile
are not especially small, leading to inaccuracies in the momentum equation. Nevertheless,
the anelastic equations have been used very productively in limited area ‘large-eddy simu-
lations’ where one does not wish to make the hydrostatic approximation but where sound
waves are unimportant.7 The equations also provide a good jumping-off point for theoreti-
cal studies and for the still simpler models of chapter 5.

2.5.5 ♦ Energe cs of the anelas c equa ons

Conservation of energy follows in much the same way as for the Boussinesq equations, ex-
cept that 𝜌 enters. Take the dot product of (2.134a) with 𝜌𝒗 to obtain

𝜌 DD𝑡 
1
2𝒗

 = −∇⋅ (𝜙𝜌𝒗) + 𝑏𝜌𝑤. (2.135)
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Now, de ine a potential𝛷(𝑧) such that ∇𝛷 = −𝐤, and so

𝜌D𝛷D𝑡 = −𝑤𝜌. (2.136)

Combining this with the thermodynamic equation (2.134b) gives

𝜌D(𝑏𝛷)D𝑡 = −𝑤𝑏𝜌. (2.137)

Adding this to (2.135) gives

𝜌 DD𝑡 
1
2𝒗

 + 𝑏𝛷 = −∇⋅ (𝜙𝜌𝒗), (2.138)

or, expanding the material derivative,

𝜕
𝜕𝑡 𝜌 

1
2𝒗

 + 𝑏𝛷 + ∇⋅ 𝜌𝒗
1
2𝒗

 + 𝑏𝛷 + 𝜙 = 0. (2.139)

This equation has the form
𝜕𝐸
𝜕𝑡 + ∇⋅ [𝒗(𝐸 + 𝜌𝜙)] = 0, (2.140)

where 𝐸 = 𝜌(𝒗/2 + 𝑏𝛷) is the energy density of the low. This is a consistent energetic
equation for the system, and when integrated over a closed domain the total energy is evi-
dently conserved. The total energy density comprises the kinetic energy and a term 𝜌𝑏𝛷,
which is analogous to the potential energy of a simple Boussinesq system. However, it is
not exactly equal to potential energy because 𝑏 is the buoyancy based on potential temper-
ature, not density; rather, the term combines contributions from both the internal energy
and the potential energy into an enthalpy-like quantity.

2.6 CHANGING VERTICAL COORDINATE

Although using 𝑧 as a vertical coordinate is a natural choice given our Cartesian worldview,
it is not the only option, nor is it always the most useful one. Any variable that has a one-to-
one correspondence with 𝑧 in the vertical, so any variable that varies monotonically with
𝑧, could be used; pressure and, perhaps surprisingly, entropy, are common choices. In the
atmosphere pressure almost always falls monotonically with height, and using it instead
of 𝑧 provides a useful simpli ication of the mass conservation and geostrophic relations, as
well as a more direct connection with observations, which are often taken at ixed values of
pressure. (In the ocean pressure coordinates are essentially almost the same as height co-
ordinates because density is almost constant.) Entropy seems an exotic vertical coordinate,
but it is very useful in adiabatic low and we consider it in chapter 3.

2.6.1 General rela ons

First consider a general vertical coordinate, 𝜉. Any variable𝛹 that is a function of the coor-
dinates (𝑥, 𝑦, 𝑧, 𝑡)maybe expressed instead in termsof (𝑥, 𝑦, 𝜉, 𝑡)by considering 𝑧 to be func-
tionof the independent variables (𝑥, 𝑦, 𝜉, 𝑡); that is, we let𝛹(𝑥, 𝑦, 𝜉, 𝑡) = 𝛹(𝑥, 𝑦, 𝑧(𝑥, 𝑦, 𝜉, 𝑡), 𝑡).
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Derivatives with respect to 𝑧 and 𝜉 are related by
𝜕𝛹
𝜕𝜉 =

𝜕𝛹
𝜕𝑧

𝜕𝑧
𝜕𝜉 and 𝜕𝛹

𝜕𝑧 =
𝜕𝛹
𝜕𝜉

𝜕𝜉
𝜕𝑧 . (2.141a,b)

Horizontal derivatives in the two coordinate systems are related by the chain rule,

𝜕𝛹𝜕𝑥 
= 𝜕𝛹𝜕𝑥 

+ 𝜕𝑧𝜕𝑥
𝜕𝛹
𝜕𝑧 , (2.142)

and similarly for time.
The material derivative in 𝜉 coordinates may be derived by transforming the original

expression in 𝑧 coordinates using the chain rule, but because (𝑥, 𝑦, 𝑡, 𝜉) are independent
coordinates, and noting that the ‘vertical velocity’ in 𝜉 coordinates is just ̇𝜉 (i.e., D𝜉/D𝑡, just
as the vertical velocity in 𝑧 coordinates is𝑤 = D𝑧/D𝑡), we can write down

D𝛹
D𝑡 =

𝜕𝛹
𝜕𝑡 ,,

+ 𝒖 ⋅ ∇𝛹 + �̇�
𝜕𝛹
𝜕𝜉 , (2.143)

where ∇ is the gradient operator at constant 𝜉. The operator D/D𝑡 is physically the same
in 𝑧 or 𝜉 coordinates because it is the total derivative of some property of a luid parcel, and
this is independent of the coordinate system. However, the individual terms within it will
differ between coordinate systems.

2.6.2 Pressure coordinates

In pressure coordinates the analogue of the vertical velocity is 𝜔 ≡ 𝐷𝑝/𝐷𝑡, and the advec-
tive derivative itself is given by

D
D𝑡 =

𝜕
𝜕𝑡 + 𝒖 ⋅ ∇ + 𝜔

𝜕
𝜕𝑝 . (2.144)

Note, though, that advective derivative is the same operator as it is in height coordinates,
since it is just the total derivative of a given luid parcel; it is just written with different
coordinates.

To obtain an expression for the pressure force, now let 𝜉 = 𝑝 in (2.142) and apply the
relationship to 𝑝 itself to give

0 = 𝜕𝑝𝜕𝑥
+ 𝜕𝑧𝜕𝑥

𝜕𝑝
𝜕𝑧 , (2.145)

which, using the hydrostatic relationship, gives

𝜕𝑝𝜕𝑥
= 𝜌𝜕𝛷𝜕𝑥 

, (2.146)

where 𝛷 = 𝑔𝑧 is the geopotential. Thus, the horizontal pressure force in the momentum
equations is

1
𝜌∇ 𝑝 = ∇ 𝛷, (2.147)
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where the subscripts on the gradient operator indicate that the horizontal derivatives are
taken at constant 𝑧 or constant 𝑝. The horizontal momentum equation thus becomes

D𝒖
D𝑡 + 𝒇 × 𝒖 = −∇ 𝛷, (2.148)

where D/D𝑡 is given by (2.144). The hydrostatic equation in height coordinates is 𝜕𝑝/𝜕𝑧 =
−𝜌𝑔 and in pressure coordinates this becomes

𝜕𝛷
𝜕𝑝 = −𝛼 or 𝜕𝛷

𝜕𝑝 = −
𝑝
𝑅𝑇 (2.149)

Themass conservation equation simpli ies attractively in pressure coordinates, if the hy-
drostatic approximation is used. Recall that the mass conservation equation can be derived
from the material form

D
D𝑡 (𝜌 𝛿𝑉) = 0, (2.150)

where 𝛿𝑉 = 𝛿𝑥 𝛿𝑦 𝛿𝑧 is a volume element. But by the hydrostatic relationship 𝜌𝛿𝑧 =
−(1/𝑔)𝛿𝑝 and thus

D
D𝑡 (𝛿𝑥 𝛿𝑦 𝛿𝑝) = 0. (2.151)

This is completely analogous to the expression for the material conservation of volume in
an incompressible luid, (1.15). Thus, without further ado, we write the mass conservation
in pressure coordinates as

∇ ⋅ 𝒖 +
𝜕𝜔
𝜕𝑝 = 0, (2.152)

where the horizontal derivative is taken at constant pressure.
The (adiabatic) thermodynamic equation is, of course, still D𝜃/D𝑡 = 0, and 𝜃 may be

related to pressure and temperature using its de inition and the ideal gas equation to com-
plete the equation set. However, because the hydrostatic equation is written in terms of
temperature and not potential temperature it is convenient to write the thermodynamic
equation accordingly. To do this we begin with the thermodynamic equation in the form of
(1.97b), namely 𝑐D𝑇/D𝑡 − 𝛼D𝑝/D𝑡 = 0. Since 𝜔 ≡ D𝑝/D𝑡 this equation is simply

𝑐
D𝑇
D𝑡 −

𝑅𝑇
𝑝 𝜔 = 0, (2.153)

which is an appropriate thermodynamic equation in pressure coordinates. It is sometimes
useful to write this as

𝜕𝑇
𝜕𝑡 + 𝑢

𝜕𝑇
𝜕𝑥 + 𝑣

𝜕𝑇
𝜕𝑦 − 𝜔𝑆 = 0, (2.154)

where
𝑆 =

𝜅𝑇
𝑝 − 𝜕𝑇𝜕𝑝 = −

𝑇
𝜃
𝜕𝜃
𝜕𝑝 (2.155)

using the ideal gas equation and the de inition of potential temperature, with 𝜅 = 𝑅/𝑐.
Evidently, 𝑆 is an appropriate measure of static stability in pressure coordinates and it is
closely related to the buoyancy frequency𝑁, as we see in the next subsection.
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Equa ons of Mo on in Pressure and Log-pressure Coordinates

The adiabatic, inviscid primitive equations in pressure coordinates are:

D𝒖
D𝑡 + 𝒇 × 𝒖 = −∇ 𝛷, (P.1)

𝜕𝛷
𝜕𝑝 =

−𝑅𝑇
𝑝 , (P.2)

∇ ⋅ 𝒖 +
𝜕𝜔
𝜕𝑝 = 0, (P.3)

𝑐
D𝑇
D𝑡 −

𝑅𝑇
𝑝 𝜔 = 0 or 𝜕𝑇

𝜕𝑡 + 𝑢
𝜕𝑇
𝜕𝑥 + 𝑣

𝜕𝑇
𝜕𝑦 − 𝜔𝑆 = 0. (P.4)

where 𝑆 = 𝜅𝑇/𝑝 − 𝜕𝑇/𝜕𝑝 . The above equations are, respectively, the horizontal momen-
tum equation, the hydrostatic equation, the mass continuity equation and the thermody-
namic equation.

The corresponding equations in log-pressure coordinates are

D𝒖
D𝑡 + 𝒇 × 𝒖 = −∇ 𝛷, (P.5)

𝜕𝛷
𝜕𝑍 = 𝑅𝑇

𝐻 , (P.6)

∇ ⋅ 𝒖 +
1
𝜌
𝜕𝜌𝑊
𝜕𝑧 = 0, (P.7)

𝑐
D𝑇
D𝑡 +𝑊

𝑅𝑇
𝐻 = 0 or 𝜕𝑇

𝜕𝑡 + 𝑢
𝜕𝑇
𝜕𝑥 + 𝑣

𝜕𝑇
𝜕𝑦 +𝑊𝑆 = 0. (P.8)

where 𝜌 = 𝜌 exp(−𝑍/𝐻) and 𝑆 = 𝜅𝑇/𝐻 + 𝜕𝑇/𝜕𝑍 . The thermodynamic equation may
also be written as

𝜕
𝜕𝑡
𝜕𝛷
𝜕𝑍 + 𝑢

𝜕
𝜕𝑥
𝜕𝛷
𝜕𝑧 + 𝑣

𝜕
𝜕𝑦
𝜕𝛷
𝜕𝑧 +𝑊𝑁


∗ = 0, (P.9)

where𝑁∗ = (𝑅/𝐻)𝑆 .

Themain practical dif icultywith the pressure-coordinate equations is the lower bound-
ary condition. Using

𝑤 ≡ D𝑧
D𝑡 =

𝜕𝑧
𝜕𝑡 + 𝒖 ⋅ ∇ 𝑧 + 𝜔

𝜕𝑧
𝜕𝑝 , (2.156)

and (2.149), the boundary condition of𝑤 = 0 at 𝑧 = 𝑧 becomes
𝜕𝛷
𝜕𝑡 + 𝒖 ⋅ ∇ 𝛷 − 𝛼𝜔 = 0 (2.157)

at 𝑝(𝑥, 𝑦, 𝑧 , 𝑡). In theoretical studies, it is common to assume that the lower boundary is
in fact a constant pressure surface and simply assume that 𝜔 = 0, or sometimes the condi-
tion 𝜔 = −𝛼𝜕𝛷/𝜕𝑡 is used. For realistic studies (with general circulation models, say)



84 Chapter 2. Effects of Rota on and Stra fica on

the fact that the level 𝑧 = 0 is not a coordinate surface must be properly accounted for.
For this reason, and especially if the lower boundary is uneven because of the presence
of topography, so-called sigma coordinates are sometimes used, in which the vertical co-
ordinate is chosen so that the lower boundary is a coordinate surface. Sigma coordinates
may use height itself as a vertical measure (typical in oceanic applications) or use pressure
(typical in atmospheric applications). In the latter case the vertical coordinate is 𝜎 = 𝑝/𝑝
where 𝑝(𝑥, 𝑦, 𝑡) is the surface pressure. The dif iculty of applying (2.157) is replaced by a
prognostic equation for the surface pressure, derived from the mass conservation equation
(problem 2.23).

Finally, we note that the pressure coordinate equations (collected together in the shaded
box on the preceding page) are isomorphic to the hydrostatic general Boussinesq equations
(see the shaded box on page 75) with 𝑧 ⇔ −𝑝, 𝑤 ⇔ −𝜔, 𝜙 ⇔ 𝛷, 𝑏 ⇔ 𝛼, and an equation
of state 𝑏 = 𝑏(𝜃, 𝑧) ⇔ 𝛼 = 𝛼(𝜃, 𝑝). In an ideal gas, for example, 𝛼 = (𝜃𝑅/𝑝)(𝑝/𝑝)/ .
Any conservation laws that hold in one system can therefore be expected to have an analog
in the other.

2.6.3 Log-pressure coordinates

Avariant of pressure coordinates is log-pressure coordinates, inwhich thevertical coordinate
is 𝑍 = −𝐻 ln(𝑝/𝑝)where 𝑝 is a reference pressure (say 1000mb) and𝐻 is a constant (for
example a scale height 𝑅𝑇/𝑔 where 𝑇 is a constant) so that 𝑍 has units of length. (Up-
percase letters are conventionally used for some variables in log-pressure coordinates, and
these are not to be confused with scaling parameters.) The ‘vertical velocity’ for the system
is now

𝑊 ≡ D𝑍
D𝑡 , (2.158)

and the advective derivative is
D
D𝑡 ≡

𝜕
𝜕𝑡 + 𝒖 ⋅ ∇ +𝑊

𝜕
𝜕𝑍 . (2.159)

The horizontal momentum equation is unaltered from (2.148), although we use (2.159) to
evaluate the advective derivative. It is straightforward to show (problem 2.24) that the hy-
drostatic equation becomes

𝜕𝛷
𝜕𝑍 = 𝑅𝑇

𝐻 (2.160)

The mass continuity equation (2.152) becomes

𝜕𝑢
𝜕𝑥 +

𝜕𝑣
𝜕𝑦 +

𝜕𝑊
𝜕𝑍 − 𝑊𝐻 = 0. (2.161)

which may be written as
∇ ⋅ 𝒖 +

1
𝜌
𝜕(𝜌𝑊)
𝜕𝑧 = 0 (2.162)

where 𝜌 = 𝜌 exp(−𝑍/𝐻), so giving a form similar to the mass conservation equation in
the anelastic equations. (The value of the constant 𝜌 may be set to one.)
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As with pressure coordinates, it is convenient to write the thermodynamic equation in
terms of temperature and not potential temperature, and in an analogous procedure to that
leading to (2.153) we straightforwardly obtain

𝑐
D𝑇
D𝑡 +𝑊

𝑅𝑇
𝐻 = 0. (2.163)

This may be written as
𝜕𝑇
𝜕𝑡 + 𝑢

𝜕𝑇
𝜕𝑥 + 𝑣

𝜕𝑇
𝜕𝑦 +𝑊𝑆 = 0 (2.164)

where
𝑆 =

𝜅𝑇
𝐻 + 𝜕𝑇𝜕𝑍 . (2.165)

and wemay note that 𝑆 = 𝑆𝑝/𝐻. Using the hydrostatic equation wemay write (2.164) as

𝜕
𝜕𝑡
𝜕𝛷
𝜕𝑍 + 𝑢

𝜕
𝜕𝑥
𝜕𝛷
𝜕𝑧 + 𝑣

𝜕
𝜕𝑦
𝜕𝛷
𝜕𝑧 +𝑊𝑁


∗ = 0, (2.166)

where𝑁∗ = (𝑅/𝐻)𝑆 . The quantity𝑁∗ is not exactly equal to the square of the buoyancy fre-
quency as normally de ined (for an ideal gas𝑁 = (𝑔/𝜃)𝜕𝜃/𝜕𝑧), but the two can be shown
to be related by𝑁∗/𝑁 = 𝑝/(𝜌𝑔𝐻) = 𝑅𝑇/𝑔𝐻, and are equal for an isothermal atmosphere.8

Finally, we note that integrating the hydrostatic equation between two pressure levels
gives, with 𝛷 = 𝑔𝑧,

𝑧(𝑝) − 𝑧(𝑝) = −
𝑅
𝑔 




𝑇d ln 𝑝. (2.167)

Thus, the thickness of the layer is proportional to the average temperature of the layer.

2.7 SCALING FOR HYDROSTATIC BALANCE

We irst encountered hydrostatic balance in section 1.3.4 and we imposed it when using
pressure coordinates; we now look in more detail at the conditions required for it to hold.
Along with geostrophic balance, considered in the next section, it is one of the most funda-
mental balances in geophysical luid dynamics. The corresponding states, hydrostasy and
geostrophy, are not exactly realized, but their approximate satisfaction has profound conse-
quences on the behaviour of the atmosphere and ocean.

2.7.1 Preliminaries

Consider the relative sizes of terms in (2.77c):

𝑊
𝑇 + 𝑈𝑊𝐿 + 𝑊



𝐻 + 𝛺𝑈 ∼ 1𝜌
𝜕𝑝
𝜕𝑧  + 𝑔. (2.168)

For most large-scale motion in the atmosphere and ocean the terms on the right-hand side
are orders of magnitude larger than those on the left, and therefore must be approximately
equal. Explicitly, suppose𝑊 ∼ 1 cm s, 𝐿 ∼ 10m, 𝐻 ∼ 10m, 𝑈 ∼ 10ms, 𝑇 = 𝐿/𝑈.
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Thenby substituting into (2.168) it seems that the pressure term is the only onewhich could
balance the gravitational term, and we are led to approximate (2.77c) by,

𝜕𝑝
𝜕𝑧 = −𝜌𝑔. (2.169)

This equation, which is a vertical momentum equation, is known as hydrostatic balance.
However, (2.169) is not always a useful equation! Let us suppose that the density is a

constant, 𝜌 . We can then write the pressure as

𝑝(𝑥, 𝑦, 𝑧, 𝑡) = 𝑝(𝑧) + 𝑝(𝑥, 𝑦, 𝑧, 𝑡), (2.170)

where
𝜕𝑝
𝜕𝑧 ≡ −𝜌𝑔. (2.171)

That is, 𝑝 and𝜌 are in hydrostatic balance. On the𝑓-plane, the inviscid verticalmomentum
equation becomes, without approximation,

D𝑤
D𝑡 = −

1
𝜌
𝜕𝑝
𝜕𝑧 . (2.172)

Thus, for constant density luids the gravitational term has no dynamical effect: there is no
buoyancy force, and the pressure term in the horizontal momentum equations can be re-
placed by 𝑝. Hydrostatic balance, and in particular (2.171), is certainly not an appropriate
vertical momentum equation in this case. If the luid is strati ied, we should therefore sub-
tract off the hydrostatic pressure associatedwith themeandensity beforewe can determine
whether hydrostasy is a useful dynamical approximation, accurate enough to determine the
horizontal pressure gradients. This is automatic in the Boussinesq equations, where the
vertical momentum equation is

D𝑤
D𝑡 = −

𝜕𝜙
𝜕𝑧 + 𝑏, (2.173)

and the hydrostatic balance of the basic state is already subtracted out. In the more general
equation,

D𝑤
D𝑡 = −

1
𝜌
𝜕𝑝
𝜕𝑧 − 𝑔, (2.174)

we need to compare the advective term on the left-hand side with the pressure variations
arising from horizontal low in order to determine whether hydrostasy is an appropriate
vertical momentum equation. Nevertheless, if we only need to determine the pressure for
use in an equation of state thenwe simply need to compare the sizes of the dynamical terms
in (2.77c) with 𝑔 itself, in order to determine whether a hydrostatic approximation will
suf ice.

2.7.2 Scaling and the aspect ra o

In a Boussinesq luid we write the horizontal and vertical momentum equations as

D𝒖
D𝑡 + 𝒇 × 𝒖 = −∇ 𝜙,

D𝑤
D𝑡 = −

𝜕𝜙
𝜕𝑧 + 𝑏. (2.175a,b)



2.7 Scaling for Hydrosta c Balance 87

With 𝒇 = 0, (2.175a) implies the scaling

𝜙 ∼ 𝑈. (2.176)

If we use mass conservation, ∇ ⋅ 𝒖 + 𝜕𝑤/𝜕𝑧 = 0, to scale vertical velocity then

𝑤 ∼ 𝑊 = 𝐻
𝐿 𝑈 = 𝛼𝑈, (2.177)

where 𝛼 ≡ 𝐻/𝐿 is the aspect ratio. The advective terms in the vertical momentum equation
all scale as

D𝑤
D𝑡 ∼

𝑈𝑊
𝐿 = 𝑈𝐻

𝐿 . (2.178)

Using (2.176) and (2.178) the ratio of the advective term to the pressure gradient term in
the vertical momentum equations then scales as

|D𝑤/D𝑡|
|𝜕𝜙/𝜕𝑧| ∼

𝑈𝐻/𝐿
𝑈/𝐻 ∼ 𝐻𝐿 


. (2.179)

Thus, the condition for hydrostasy, that |D𝑤/D𝑡|/|𝜕𝜙/𝜕𝑧| ≪ 1, is:

𝛼 ≡ 𝐻𝐿 

≪ 1 . (2.180)

The advective term in the vertical momentum may then be neglected. Thus, hydrostatic
balance is a small aspect ratio approximation.

We can obtain the same result more formally by non-dimensionalizing the momentum
equations. Using uppercase symbols to denote scaling values we write

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑤 = 𝑊𝑤 = 𝐻𝑈
𝐿 𝑤,

𝑡 = 𝑇𝑡 = 𝐿
𝑈
𝑡, 𝜙 = 𝛷 𝜙 = 𝑈 𝜙, 𝑏 = 𝐵𝑏 = 𝑈

𝐻
𝑏,

(2.181)

where the hatted variables are non-dimensional and the scaling for 𝑤 is suggested by the
mass conservation equation, ∇ ⋅ 𝒖 + 𝜕𝑤/𝜕𝑧 = 0. Substituting (2.181) into (2.175) (with
𝒇 = 0) gives us the non-dimensional equations

D𝒖
D𝑡 = −∇

𝜙, 𝛼D𝑤D𝑡 = −
𝜕 𝜙
𝜕𝑧 +

𝑏, (2.182a,b)

whereD/D𝑡 = 𝜕/𝜕𝑡 +𝑢𝜕/𝜕 𝑥 +𝑣𝜕/𝜕𝑦 + 𝑤𝜕/𝜕𝑧 andwe use the convention that when ∇ op-
erates on non-dimensional quantities the operator itself is non-dimensional. From (2.182b)
it is clear that hydrostatic balance pertains when 𝛼 ≪ 1.
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2.7.3 ♦ Effects of stra fica on on hydrosta c balance

To include the effects of strati ication we need to involve the thermodynamic equation, so
let us irst write down the complete set of non-rotating dimensional equations:

D𝒖
D𝑡 = −∇ 𝜙,

D𝑤
D𝑡 = −

𝜕𝜙
𝜕𝑧 + 𝑏

, (2.183a,b)

D𝑏
D𝑡 + 𝑤𝑁

 = 0, ∇⋅ 𝒗 = 0. (2.184a,b)

We have written, without approximation, 𝑏 = 𝑏(𝑥, 𝑦, 𝑧, 𝑡) + 𝑏(𝑧), with 𝑁 = d 𝑏/d𝑧; this
separation is useful because the horizontal and vertical buoyancy variationsmay scale in dif-
ferent ways, and often𝑁 may be regarded as given. (We have also rede ined𝜙 by subtract-
ing off a static component in hydrostatic balance with 𝑏.) We non-dimensionalize (2.184)
by irst writing

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑤 = 𝑊𝑤 = 𝜖𝐻𝑈𝐿 𝑤,

𝑡 = 𝑇𝑡 = 𝐿
𝑈
𝑡, 𝜙 = 𝑈 𝜙, 𝑏 = 𝛥𝑏𝑏 = 𝑈

𝐻
𝑏, 𝑁 = 𝑁 𝑁,

(2.185)

where 𝜖 is, for the moment, undetermined,𝑁 is a representative constant value of the buoy-
ancy frequency and 𝛥𝑏 scales only the horizontal buoyancy variations. Substituting (2.185)
into (2.183) and (2.184) gives

D𝒖
D𝑡 = −∇

𝜙, 𝜖𝛼D𝑤D𝑡 = −
𝜕 𝜙
𝜕𝑧 +

𝑏 (2.186a,b)

𝑈

𝑁𝐻
D𝑏
D𝑡 + 𝜖𝑤

𝑁 = 0, ∇⋅ 𝒖 + 𝜖𝜕 𝑤𝜕𝑧 = 0. (2.187a,b)

where now D/D𝑡 = 𝜕/𝜕𝑡 + 𝒖 ⋅ ∇ +𝜖𝑤𝜕/𝜕𝑧 . To obtain a non-trivial balance in (2.187a) we
choose 𝜖 = 𝑈/(𝑁𝐻) ≡ Fr, whereFr is theFroude number, ameasure of the strati ication
of the low. A strong strati ication corresponds to a small Froude number. From (2.185), the
vertical velocity then scales as

𝑊 = Fr𝑈𝐻
𝐿 (2.188)

and if the low is highly strati ied the vertical velocity will be even smaller than a pure as-
pect ratio scaling might suggest. (There must, therefore, be some cancellation in horizontal
divergence in the mass continuity equation; that is, |∇ ⋅ 𝒖| ≪ 𝑈/𝐿.) With this choice of 𝜖
the non-dimensional Boussinesq equations may be written:

D𝒖
D𝑡 = −∇

𝜙, Fr𝛼D𝑤D𝑡 = −
𝜕 𝜙
𝜕𝑧 +

𝑏 (2.189a,b)

D𝑏
D𝑡 + 𝑤

𝑁 = 0, ∇⋅ 𝒖 + Fr
𝜕 𝑤
𝜕𝑧 = 0. (2.190a,b)
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The non-dimensional parameters in the system are the aspect ratio and the Froude number
(in addition to 𝑁, but by construction this is just an order one function of 𝑧). From (2.189b)
condition for hydrostatic balance to hold is evidently that

Fr𝛼 ≪ 1 , (2.191)

so generalizing the aspect ratio condition (2.180) to a strati ied luid. Because Fr is a mea-
sure of strati ication, (2.191) formalizes our intuitive expectation that the more strati ied
a luid the more vertical motion is suppressed and therefore the more likely hydrostatic
balance is to hold. Also note that (2.191) is equivalent to 𝑈/(𝐿𝑁) ≪ 1.

Suppose we solve the hydrostatic equations; that is, we omit the advective derivative
in the vertical momentum equation, and by numerical integration we obtain 𝒖, 𝑤 and 𝑏.
This low is the solution of the non-hydrostatic equations in the small aspect ratio limit.
The solution never violates the scaling assumptions, even if𝑤 seems large, because we can
always rescale the variables in order that condition (2.191) is satis ied.

Why bother with any of this scaling? Why not just say that hydrostatic balance holds
when |𝐷𝑤/𝐷𝑡| ≪ |𝜕𝜙/𝜕𝑧|? One reason is that we do not have a good idea of the value
of 𝑤 from direct measurements, and it may change signi icantly in different oceanic and
atmospheric parameter regimes. On the other hand the Froude number and the aspect ratio
are familiar non-dimensional parameters with a wide applicability in other contexts, and
which we can control in a laboratory setting or estimate in the ocean or atmosphere. Still,
in scaling theory it is common that ascertaining which parameters are to be regarded as
given and which should be derived is a choice, rather than being set a priori.

2.7.4 Hydrostasy in the ocean and atmosphere

Is the hydrostatic approximation in fact a good one in the ocean and atmosphere?

In the ocean

For the large-scale ocean circulation, let 𝑁 ∼ 10 s, 𝑈 ∼ 0.1ms and 𝐻 ∼ 1 km. Then
Fr = 𝑈/(𝑁𝐻) ∼ 10 ≪ 1. Thus, Fr𝛼 ≪ 1 even for unit aspect-ratio motion. In fact, for
larger scale low the aspect ratio is also small; for basin-scale low 𝐿 ∼ 10m and Fr𝛼 ∼
0.01 × 0.001 = 10 and hydrostatic balance is an extremely good approximation.

For intense convection, for example in the Labrador Sea, the hydrostatic approximation
may be less appropriate, because the intense descending plumes may have an aspect ratio
(𝐻/𝐿) of one or greater and the strati ication is very weak. The hydrostatic condition then
often becomes the requirement that the Froude number is small. Representative orders of
magnitude are 𝑈 ∼ 𝑊 ∼ 0.1ms, 𝐻 ∼ 1 km and 𝑁 ∼ 10 s to 10 s. For these
values Fr ranges between 0.1 and 1, and at the upper end of this range hydrostatic balance
is violated.

In the atmosphere

Over much of the troposphere 𝑁 ∼ 10 s so that with 𝑈 = 10ms and 𝐻 = 1 km we
ind Fr ∼ 1. Hydrostasy is then maintained because the aspect ratio 𝐻/𝐿 is much less than



90 Chapter 2. Effects of Rota on and Stra fica on

unity. For larger scale synoptic activity a larger vertical scale is appropriate, and with 𝐻 =
10 kmboth the Froude number and the aspect ratio aremuch smaller than one; indeedwith
𝐿 = 1000 kmwe ind Fr𝛼 ∼ 0.1×0.01 = 10 and the low is hydrostatic to a very good
approximation indeed. However, for smaller scale atmospheric motions associated with
fronts and, especially, convection, there can be little expectation that hydrostatic balance
will be a good approximation.

For large-scale lows in both atmosphere and ocean, the conceptual simpli ications af-
forded by the hydrostatic approximation can hardly be overemphasized.

2.8 GEOSTROPHIC AND THERMAL WIND BALANCE

We now consider the dominant dynamical balance in the horizontal components of the mo-
mentum equation. In the horizontal plane (meaning along geopotential surfaces) we ind
that the Coriolis term is much larger than the advective terms and the dominant balance is
between it and the horizontal pressure force. This balance is called geostrophic balance, and
it occurs when the Rossby number is small, as we now investigate.

2.8.1 The Rossby number

The Rossby number characterizes the importance of rotation in a luid.9 It is, essentially, the
ratio of the magnitude of the relative acceleration to the Coriolis acceleration, and it is of
fundamental importance in geophysical luid dynamics. It arises from a simple scaling of
the horizontal momentum equation, namely

𝜕𝒖
𝜕𝑡 +(𝒗 ⋅ ∇)𝒖 + 𝒇 × 𝒖 = −

1
𝜌∇ 𝑝, (2.192a)

𝑈/𝐿 𝑓𝑈 (2.192b)

where 𝑈 is the approximate magnitude of the horizontal velocity and 𝐿 is a typical length
scale over which that velocity varies. (We assume that𝑊/𝐻 ≲ 𝑈/𝐿, so that vertical advec-
tion does not dominate the advection.) The ratio of the sizes of the advective and Coriolis
terms is de ined to be the Rossby number,

Ro ≡ 𝑈
𝑓𝐿 . (2.193)

If the Rossby number is small then rotation effects are important, and as the values in Table
2.1 indicate this is the case for large-scale low in both ocean and atmosphere.

Another intuitive way to think about the Rossby number is in terms of time scales. The
Rossby number based on a time scale is

Ro ≡
1
𝑓𝑇 , (2.194)

where𝑇 is a time scale associatedwith the dynamics at hand. If the time scale is an advective
one, meaning that 𝑇 ∼ 𝐿/𝑈, then this de inition is equivalent to (2.193). Now, 𝑓 = 2𝛺 sin 𝜗,
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Table 2.1 Scales of large-scale flow in atmosphere and ocean. The choices given are representa ve
of large-scale mid-la tude eddying mo on in both systems.

Variable Scaling Meaning Atmos. value Ocean value
symbol

(𝑥, 𝑦) 𝐿 Horizontal length scale 10m 10m
𝑡 𝑇 Time scale 1 day (10 s) 10 days (10 s)

(𝑢, 𝑣) 𝑈 Horizontal velocity 10ms 0.1ms
Ro Rossby number, 𝑈/𝑓𝐿 0.1 0.01

where 𝛺 is the angular velocity of the rotating frame and equal to 2π/𝑇 where 𝑇 is the
period of rotation (24 hours). Thus,

Ro =
𝑇

4π𝑇 sin 𝜗 =
𝑇
𝑇 , (2.195)

where 𝑇 = 1/𝑓 is the ‘inertial time scale’, about three hours in mid-latitudes. Thus, for
phenomena with time scales much longer than this, such as the motion of the Gulf Stream
or a mid-latitude atmospheric weather system, the effects of the Earth’s rotation can be
expected to be important, whereas a short-lived phenomena, such as a cumulus cloud or
tornado, may be oblivious to such rotation. The expressions (2.193) and (2.194) are, of
course, just approximate measures of the importance of rotation.

2.8.2 Geostrophic balance

If the Rossby number is suf iciently small in (2.192a) then the rotation term will dominate
thenonlinear advection term, and if the timeperiodof themotion scales advectively then the
rotation term also dominates the local time derivative. The only term that can then balance
the rotation term is the pressure term, and therefore we must have

𝒇 × 𝒖 ≈ −1𝜌∇ 𝑝, (2.196)

or, in Cartesian component form

𝑓𝑢 ≈ −1𝜌
𝜕𝑝
𝜕𝑦 , 𝑓𝑣 ≈ 1

𝜌
𝜕𝑝
𝜕𝑥 . (2.197)

This balance is known as geostrophic balance, and its consequences are profound, giving
geophysical luid dynamics a special place in the broader ield of luid dynamics. We de ine
the geostrophic velocity by

𝑓𝑢 ≡ −
1
𝜌
𝜕𝑝
𝜕𝑦 , 𝑓𝑣 ≡

1
𝜌
𝜕𝑝
𝜕𝑥 , (2.198)
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Fig. 2.5 Schema c of geostrophic flow with a posi ve value of the Coriolis parameter .
Flow is parallel to the lines of constant pressure (isobars). Cyclonic flow is an clockwise
around a low pressure region and an cyclonic flow is clockwise around a high. If  were
nega ve, as in the Southern Hemisphere, (an )cyclonic flow would be (an )clockwise.

and for lowRossbynumber low𝑢 ≈ 𝑢 and𝑣 ≈ 𝑣 . In spherical coordinates the geostrophic
velocity is

𝑓𝑢 = −
1
𝜌𝑎
𝜕𝑝
𝜕𝜗 , 𝑓𝑣 =

1
𝑎𝜌 cos 𝜗

𝜕𝑝
𝜕𝜆 , (2.199)

where 𝑓 = 2𝛺 sin 𝜗. Geostrophic balance has a number of immediate rami ications:
⋆ Geostrophic low is parallel to lines of constant pressure (isobars). If 𝑓 > 0 the low

is anticlockwise round a region of low pressure and clockwise around a region of high
pressure (see Fig. 2.5).

⋆ If the Coriolis force is constant and if the density does not vary in the horizontal the
geostrophic low is horizontally non-divergent and

∇ ⋅ 𝒖 =
𝜕𝑢
𝜕𝑥 +

𝜕𝑣
𝜕𝑦 = 0 . (2.200)

We may de ine the geostrophic streamfunction, 𝜓, by

𝜓 ≡ 𝑝
𝑓𝜌

, (2.201)

whence
𝑢 = −

𝜕𝜓
𝜕𝑦 , 𝑣 =

𝜕𝜓
𝜕𝑥 . (2.202)

The vertical component of vorticity, 𝜁, is then given by

𝜁 = 𝐤 ⋅ ∇ × 𝒗 = 𝜕𝑣
𝜕𝑥 −

𝜕𝑢
𝜕𝑦 = ∇


𝜓. (2.203)
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⋆ If the Coriolis parameter is not constant, then cross-differentiating (2.198) gives, for
constant density geostrophic low,

𝑣
𝜕𝑓
𝜕𝑦 + 𝑓∇ ⋅ 𝒖 = 0, (2.204)

which, using the mass continuity equation ∇ ⋅ 𝒖 = −𝜕𝑤/𝜕𝑧 ,

𝛽𝑣 = 𝑓
𝜕𝑤
𝜕𝑧 . (2.205)

where 𝛽 ≡ 𝜕𝑓/𝜕𝑦 = 2𝛺 cos 𝜗/𝑎. This geostrophic vorticity balance is sometimes
known as ‘Sverdrup balance’, although that expression is better restricted to the case
when the vertical velocity from a wind stress, as considered in chapter 19.

2.8.3 Taylor–Proudman effect

If 𝛽 = 0, then (2.205) implies that the vertical velocity is not a function of height. In fact, in
that case none of the components of velocity vary with height if density is also constant. To
show this, in the limit of zero Rossby number we irst write the three-dimensional momen-
tum equation as

𝒇 × 𝒗 = −∇𝜙 − ∇𝜒, (2.206)
where 𝒇 = 2𝜴 = 2𝛺𝐤, 𝜙 = 𝑝/𝜌, and ∇𝜒 represents other potential forces. If 𝜒 = 𝑔𝑧 then
the vertical component of this equation represents hydrostatic balance, and the horizontal
components represent geostrophic balance. On taking the curl of this equation, the terms
on the right-hand side vanish and the left-hand side becomes

(𝒇 ⋅ ∇)𝒗 − 𝒇∇⋅ 𝒗 − (𝒗 ⋅ ∇)𝒇 + 𝒗∇⋅ 𝒇 = 0. (2.207)

But ∇ ⋅ 𝒗 = 0 by mass conservation, and because 𝒇 is constant both ∇ ⋅ 𝒇 and (𝒗 ⋅ ∇)𝒇
vanish. Equation (2.207) thus reduces to

(𝒇 ⋅ ∇)𝒗 = 0, (2.208)

which, since 𝒇 = 𝑓𝐤, implies 𝑓𝜕𝒗/𝜕𝑧 = 0, and in particular we have

𝜕𝑢
𝜕𝑧 = 0,

𝜕𝑣
𝜕𝑧 = 0,

𝜕𝑤
𝜕𝑧 = 0. (2.209)

A different presentation of this argument proceeds as follows. If the low is exactly in
geostrophic and hydrostatic balance then

𝑣 = 1
𝑓
𝜕𝜙
𝜕𝑥 , 𝑢 = − 1𝑓

𝜕𝜙
𝜕𝑦 ,

𝜕𝜙
𝜕𝑧 = −𝑔. (2.210a,b,c)

Differentiating (2.210a,b) with respect to 𝑧, and using (2.210c) yields

𝜕𝑣
𝜕𝑧 =

−1
𝑓
𝜕𝑔
𝜕𝑥 = 0,

𝜕𝑢
𝜕𝑧 =

1
𝑓
𝜕𝑔
𝜕𝑦 = 0. (2.211)
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Noting that the geostrophic velocities are horizontally non-divergent (∇ ⋅ 𝒖 = 0), and using
mass continuity then gives 𝜕𝑤/𝜕𝑧 = 0, as before.

If there is a solid horizontal boundary anywhere in the luid, for example at the surface,
then 𝑤 = 0 at that surface and thus 𝑤 = 0 everywhere. Hence the motion occurs in planes
that lie perpendicular to the axis of rotation, and the low is effectively two dimensional.
This result is known as the Taylor–Proudman effect, namely that for constant density low
in geostrophic and hydrostatic balance the vertical derivatives of the horizontal and the ver-
tical velocities are zero.10 At zero Rossby number, if the vertical velocity is zero somewhere
in the low, it is zero everywhere in that vertical column; furthermore, the horizontal low
has no vertical shear, and the luid moves like a slab. The effects of rotation have provided
a stiffening of the luid in the vertical.

In neither the atmosphere nor the ocean do we observe precisely such vertically co-
herent low, mainly because of the effects of strati ication. However, it is typical of geo-
physical luid dynamics that the assumptions underlying a derivation are not fully satis-
ied, yet there are manifestations of it in real low. Thus, one might have naıv̈ely expected,
because 𝜕𝑤/𝜕𝑧 = −∇ ⋅ 𝒖, that the scales of the various variables would be related by
𝑊/𝐻 ∼ 𝑈/𝐿. However, if the low is rapidly rotating we expect that the horizontal low
will be in near geostrophic balance and therefore nearly divergence free; thus ∇ ⋅ 𝒖 ≪ 𝑈/𝐿,
and𝑊 ≪ 𝐻𝑈/𝐿.

2.8.4 Thermal wind balance

Thermalwindbalance arises by combining the geostrophic andhydrostatic approximations,
and this is most easily done in the context of the anelastic (or Boussinesq) equations, or in
pressure coordinates. For the anelastic equations, geostrophic balance may be written

− 𝑓𝑣 = −
𝜕𝜙
𝜕𝑥 = −

1
𝑎 cos 𝜗

𝜕𝜙
𝜕𝜆 , 𝑓𝑢 = −

𝜕𝜙
𝜕𝑦 = −

1
𝑎
𝜕𝜙
𝜕𝜗 . (2.212a,b)

Combining these relations with hydrostatic balance, 𝜕𝜙/𝜕𝑧 = 𝑏, gives

−𝑓
𝜕𝑣
𝜕𝑧 = −𝜕𝑏𝜕𝑥 = −

1
𝑎 cos 𝜆

𝜕𝑏
𝜕𝜆

𝑓
𝜕𝑢
𝜕𝑧 = −𝜕𝑏𝜕𝑦 = −

1
𝑎
𝜕𝑏
𝜕𝜗

. (2.213a,b)

These equations represent thermalwindbalance, and thevertical derivativeof the geostrophic
wind is the ‘thermal wind’. Eq. (2.213b) may be written in terms of the zonal angular mo-
mentum as

𝜕𝑚
𝜕𝑧 = − 𝑎

2𝛺 tan 𝜗
𝜕𝑏
𝜕𝑦 , (2.214)

where𝑚 = (𝑢 +𝛺𝑎 cos 𝜗)𝑎 cos 𝜗. Potentially more accurate than geostrophic balance is
the so-called cyclostrophic balance (related to gradient wind balance discussed in section
??), which retains a centrifugal term in the momentum equation. Thus, we omit only the
material derivative in the meridional momentum equation (2.50b) and obtain

2𝑢𝛺 sin 𝜗 + 𝑢


𝑎 tan 𝜗 ≈ −
𝜕𝜙
𝜕𝑦 = −

1
𝑎
𝜕𝜙
𝜕𝜗 . (2.215)
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-
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Fig. 2.6 The mechanism of thermal wind. A cold fluid is denser than a warm fluid, so by hy-
drostasy the ver cal pressure gradient is greater where the fluid is cold. Thus, the pressure
gradients form as shown, where ‘higher’ and ‘lower’ mean rela ve to the average at that
height. The horizontal pressure gradients are balanced by the Coriolis force, producing (for
  ) the horizontal winds shown (⊗ into the paper, and⊙ out of the paper). Only the
wind shear is given by the thermal wind.

For large-scale low this only differs signi icantly from geostrophic balance very close to
the equator. Taking the vertical derivative of (2.215) and using the hydrostatic relation
𝜕𝜙/𝜕𝑧 = 𝑏 gives a modi ied thermal wind relation, and this may be put in the simple form

𝜕𝑚
𝜕𝑧 = −𝑎

 cos 𝜗
sin 𝜗

𝜕𝑏
𝜕𝑦 , (2.216)

where𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗 is the annular angular momentum.
If the density or buoyancy is constant then there is no shear and (2.213) or (2.216) give

the Taylor–Proudman result. But suppose that the temperature falls in the poleward direc-
tion. Then thermal wind balance implies that the (eastward) windwill increase with height
— just as is observed in the atmosphere! In general, a vertical shear of the horizontal wind
is associated with a horizontal temperature gradient, and this is one of themost simple and
far-reaching effects in geophysical luid dynamics. The underlying physical mechanism is
illustrated in Fig. 2.6.

Pressure coordinates

In pressure coordinates geostrophic balance is just

𝒇 × 𝒖 = −∇ 𝛷, (2.217)

where𝛷 is the geopotential and ∇ is the gradient operator taken at constant pressure. If 𝑓
iss constant, it follows from (2.217) that the geostrophic wind is non-divergent on pressure
surfaces. Taking the vertical derivative of (2.217) (that is, its derivative with respect to 𝑝)
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and using the hydrostatic equation, 𝜕𝛷/𝜕𝑝 = −𝛼, gives the thermal wind equation

𝒇 ×
𝜕𝒖
𝜕𝑝 = ∇ 𝛼 =

𝑅
𝑝∇ 𝑇, (2.218)

where the last equality follows using the ideal gas equation and because the horizontal
derivative is at constant pressure. In component form this is

− 𝑓
𝜕𝑣
𝜕𝑝 = 𝑅

𝑝
𝜕𝑇
𝜕𝑥 , 𝑓

𝜕𝑢
𝜕𝑝 = 𝑅

𝑝
𝜕𝑇
𝜕𝑦 . (2.219)

In log-pressure coordinates, with 𝑍 = −𝐻 ln(𝑝/𝑝), thermal wind is

𝒇 ×
𝜕𝒖
𝜕𝑍 = −𝑅𝐻∇ 𝑇. (2.220)

The physical meaning in all these cases is the same: a horizontal temperature gradient, or
a temperature gradient along an isobaric surface, is accompanied by a vertical shear of the
horizontal wind.

2.8.5 ♦ Effects of rota on on hydrosta c balance

Because rotation inhibits vertical motion, we might expect it to affect the requirements for
hydrostasy. The simplest setting in which to see this is the rotating Boussinesq equations,
(2.175). Let us non-dimensionalize these by writing

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑡 = 𝑇𝑡 = 𝐿
𝑈
𝑡, 𝒇 = 𝑓 𝒇,

𝑤 = 𝛽𝐻𝑈
𝑓

𝑤 = 𝛽𝐻𝑈𝐿 𝑤, 𝜙 = 𝛷 𝜙 = 𝑓𝑈𝐿 𝜙, 𝑏 = 𝐵𝑏 = 𝑓𝑈𝐿
𝐻

𝑏,
(2.221)

where 𝛽 ≡ 𝛽𝐿/𝑓. (If 𝒇 is constant, then 𝒇 is a unit vector in the vertical direction.) These
relations are the same as (2.181), except for the scaling for𝑤, which is suggested by (2.205),
and the scaling for𝜙 and 𝑏, which are suggested by geostrophic and thermal wind balance.
Substituting these into (2.175) we obtain the following scaled momentum equations:

Ro
D𝒖
D𝑡 +

𝒇 × 𝒖 = −∇𝜙, Ro 𝛽𝛼D𝑤D𝑡 = −
𝜕 𝜙
𝜕𝑧 −

𝑏 . (2.222a,b)

Here, D/D𝑡 = 𝜕/𝜕𝑡 + 𝒖 ⋅ ∇ + 𝛽𝑤𝜕/𝜕𝑧 and Ro = 𝑈/(𝑓𝐿). There are two notable aspects to
these equations. First and most obviously, when Ro ≪ 1, (2.222a) reduces to geostrophic
balance, 𝒇 × 𝒖 = −∇𝜙. Second, the material derivative in (2.222b) is multiplied by three
non-dimensional parameters, and we can understand the appearance of each as follows.
(i) The aspect ratio dependence (𝛼) arises in the same way as for non-rotating lows

— that is, because of the presence of 𝑤 and 𝑧 in the vertical momentum equation as
opposed to (𝑢, 𝑣) and (𝑥, 𝑦) in the horizontal equations.

(ii) The Rossby number dependence (Ro) arises because in rotating low the pressure gra-
dient is balanced by the Coriolis force, which is Rossby number larger than the advec-
tive terms.
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(iii) The factor 𝛽 arises because in rotating low 𝑤 is smaller than 𝑢 by 𝛽 times the aspect
ratio.

The factor Ro 𝛽𝛼 is very small for large-scale low; the reader is invited to calculate repre-
sentative values. Evidently, a rapidly rotating luid ismore likely to be in hydrostatic balance
than anon-rotating luid, other conditions being equal. The combined effects of rotation and
strati ication are, not surprisingly, quite subtle and we leave that topic for chapter 5.

2.9 STATIC INSTABILITY AND THE PARCEL METHOD

In this and the next couple of sections we consider how a luid might oscillate if it were per-
turbed away from a resting state. Our focus is on vertical displacements, and the restoring
force is gravity, and we will neglect the effects of rotation, and indeed initially we will ne-
glect horizontal motion entirely. Given that, the simplest and most direct way to approach
the problem is to consider from irst principles the pressure and gravitational forces on a
displaced parcel. To this end, consider a luid initially at rest in a constant gravitational
ield, and therefore in hydrostatic balance. Suppose that a small parcel of the luid is adia-
batically displaced upwards by the small distance 𝛿𝑧, without altering the overall pressure
ield; that is, the luid parcel instantly assumes the pressure of its environment. If after
the displacement the parcel is lighter than its environment, it will accelerate upwards, be-
cause the upward pressure gradient force is now greater than the downward gravity force
on the parcel; that is, the parcel is buoyant (a manifestation of Archimedes’ principle) and
the luid is statically unstable. If on the other hand the luid parcel inds itself heavier than its
surroundings, the downward gravitational force will be greater than the upward pressure
force and the luid will sink back towards its original position and an oscillatorymotionwill
develop. Such an equilibrium is statically stable. Using such simple ‘parcel’ arguments we
will now develop criteria for the stability of the environmental pro ile.

2.9.1 A simple special case: a density-conserving fluid

Consider irst the simple case of an incompressible luid in which the density of the dis-
placed parcel is conserved, that is D𝜌/D𝑡 = 0 (and refer to Fig. 2.7 setting 𝜌 = 𝜌). If the
environmental pro ile is 𝜌(𝑧) and the density of the parcel is 𝜌 then a parcel displaced from
a level 𝑧 [where its density is 𝜌(𝑧)] to a level 𝑧 + 𝛿𝑧 [where the density of the parcel is still
𝜌(𝑧)] will ind that its density then differs from its surroundings by the amount

𝛿𝜌 = 𝜌(𝑧 + 𝛿𝑧) − 𝜌(𝑧 + 𝛿𝑧) = 𝜌(𝑧) − 𝜌(𝑧 + 𝛿𝑧) = −𝜕𝜌𝜕𝑧 𝛿𝑧. (2.223)

The parcel will be heavier than its surroundings, and therefore the parcel displacement will
be stable, if 𝜕𝜌/𝜕𝑧 < 0. Similarly, it will be unstable if 𝜕𝜌/𝜕𝑧 > 0. The upward force (per
unit volume) on the displaced parcel is given by

𝐹 = −𝑔𝛿𝜌 = 𝑔𝜕𝜌𝜕𝑧 𝛿𝑧, (2.224)

and thus Newton’s second law implies that the motion of the parcel is determined by

𝜌(𝑧)𝜕
𝛿𝑧
𝜕𝑡 = 𝑔𝜕𝜌𝜕𝑧 𝛿𝑧, (2.225)
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Fig. 2.7 A parcel is adiaba cally displaced
upward from level  to , preserving
its poten al density, which it takes from
the environment at level . If    is
the reference level, the poten al density
there is equal to the actual density. The
parcel’s stability is determined by the dif-
ference between its density and the en-
vironmental density [see (2.228)]; if the
difference is posi ve the displacement is
stable, and conversely.

or
𝜕𝛿𝑧
𝜕𝑡 = 𝑔

𝜌
𝜕𝜌
𝜕𝑧 𝛿𝑧 = −𝑁

𝛿𝑧, (2.226)

where
𝑁 = −𝑔𝜌

𝜕𝜌
𝜕𝑧 (2.227)

is the buoyancy frequency, or the Brunt–Väisälä frequency, for this problem. If𝑁 > 0 then a
parcel displaced upward is heavier than its surroundings, and thus experiences a restoring
force; the density pro ile is said to be stable and𝑁 is the frequency at which the luid parcel
oscillates. If 𝑁 < 0, the density pro ile is unstable and the parcel continues to ascend
and convection ensues. In liquids it is often a good approximation to replace 𝜌 by 𝜌 in the
denominator of (2.227).

2.9.2 The general case: using poten al density

More generally, in an adiabatic displacement it is potential density, 𝜌 , and not density itself
that is materially conserved. Consider a parcel that is displaced adiabatically a vertical dis-
tance from 𝑧 to 𝑧+𝛿𝑧; the parcel preserves its potential density, and let us use the pressure
at level 𝑧 + 𝛿𝑧 as the reference level. The in situ density of the parcel at 𝑧 + 𝛿𝑧, namely
𝜌(𝑧 + 𝛿𝑧), is then equal to its potential density 𝜌(𝑧 + 𝛿𝑧) and, because 𝜌 is conserved,
this is equal to the potential density of the environment at 𝑧, 𝜌(𝑧). The difference in in situ
density between the parcel and the environment at 𝑧+𝛿𝑧, 𝛿𝜌, is thus equal to the difference
between the potential density of the environment at 𝑧 and at 𝑧 + 𝛿𝑧. Putting this together
(and see Fig. 2.7) we have

𝛿𝜌 = 𝜌(𝑧 + 𝛿𝑧) − 𝜌(𝑧 + 𝛿𝑧) = 𝜌(𝑧 + 𝛿𝑧) − 𝜌(𝑧 + 𝛿𝑧)
= 𝜌(𝑧) − 𝜌(𝑧 + 𝛿𝑧) = 𝜌(𝑧) − 𝜌(𝑧 + 𝛿𝑧),

(2.228)

and therefore
𝛿𝜌 = −𝜕𝜌𝜕𝑧 𝛿𝑧, (2.229)
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where the derivative on the right-hand side is the environmental gradient of potential den-
sity. If the right-hand side is positive, the parcel is heavier than its surroundings and the
displacement is stable. Thus, the conditions for stability are:

stability ∶ 𝜕𝜌
𝜕𝑧 < 0

instability ∶ 𝜕𝜌
𝜕𝑧 > 0

. (2.230a,b)

That is, the stability of a parcel of luid is determined by the gradient of the locally-referenced
potential density. The equation of motion of the luid parcel is

𝜕𝛿𝑧
𝜕𝑡 = 𝑔

𝜌 
𝜕𝜌
𝜕𝑧  𝛿𝑧 = −𝑁

𝛿𝑧, (2.231)

where, noting that 𝜌(𝑧) = 𝜌(𝑧) to within 𝑂(𝛿𝑧),

𝑁 = − 𝑔𝜌
𝜕𝜌𝜕𝑧  . (2.232)

This is a general expression for the buoyancy frequency, true in both liquids and gases. It
is important to realize that the quantity 𝜌 is the locally-referenced potential density of the
environment, as will become more clear below.

An ideal gas

In the atmosphere potential density is related to potential temperature by 𝜌 = 𝑝/(𝜃𝑅).
Using this in (2.232) gives

𝑁 = 𝑔
𝜃 

𝜕𝜃
𝜕𝑧  , (2.233)

where 𝜃 refers to the environmental pro ile of potential temperature. The reference value
𝑝 does not appear, and we are free to choose this value arbitrarily — the surface pressure
is a common choice. The conditions for stability, (2.230), then correspond to 𝑁 > 0 for
stability and 𝑁 < 0 for instability. In the troposphere (the lowest several kilometres of
the atmosphere) the average 𝑁 is about 0.01 s, with a corresponding period, (2π/𝑁), of
about 10 minutes. In the stratosphere (which lies above the troposphere)𝑁 is a few times
higher than this.

A liquid ocean

No simple, accurate, analytic expression is available for computing static stability in the
ocean. If the ocean had no salt, then the potential density referenced to the surface would
generally be a measure of the sign of stability of a luid column, if not of the buoyancy fre-
quency. However, in the presence of salinity, the surface-referenced potential density is not
necessarily even a measure of the sign of stability, because the coef icients of compressibil-
ity 𝛽 and 𝛽 vary in different ways with pressure. To see this, suppose two neighbouring
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luid elements at the surface have the same potential density, but different salinities and
temperatures, and displace them both adiabatically to the deep ocean. Although their po-
tential densities (referenced to the surface) are still equal, we can say little about their actual
densities, and hence their stability relative to each other, without doing a detailed calcula-
tion because they will each have been compressed by different amounts. It is the pro ile of
the locally-referenced potential density that determines the stability.

An approximate expression for stability that is sometimes useful arises by noting that in
an adiabatic displacement

𝛿𝜌 = 𝛿𝜌 −
1
𝑐
𝛿𝑝 = 0. (2.234)

If the luid is hydrostatic 𝛿𝑝 = −𝜌𝑔𝛿𝑧 so that if a parcel is displaced adiabatically its density
changes according to

𝜕𝜌𝜕𝑧 
= −𝜌𝑔𝑐

. (2.235)

If a parcel is displaced a distance 𝛿𝑧 upwards then the density difference between it and its
new surroundings is

𝛿𝜌 = − 𝜕𝜌𝜕𝑧 
− 𝜕𝜌𝜕𝑧  𝛿𝑧 = 

𝜌𝑔
𝑐
+ 𝜕𝜌𝜕𝑧  𝛿𝑧, (2.236)

where the tilde again denotes the environmental ield. It follows that the strati ication is
given by

𝑁 = −𝑔  𝑔𝑐
+ 1𝜌 

𝜕𝜌
𝜕𝑧  . (2.237)

This expression holds for both liquids and gases, and for ideal gases it is precisely the same
as (2.233) (problem 2.9). In liquids, a good approximation is to use a reference value 𝜌
for the undifferentiated density in the denominator, whence (2.237) becomes equal to the
Boussinesq expression (2.107). Typical values of𝑁 in the upper ocean where the density is
changing most rapidly (i.e., in the pycnocline— ‘pycno’ for density, ‘cline’ for changing) are
about 0.01 s, falling to 0.001 s in themore homogeneous abyssal ocean. These frequen-
cies correspond to periods of about 10 and 100 minutes, respectively.

♦ Cabbeling

Cabbeling is an instability that arises because of the nonlinear equation of state of seawater.
FromFig. 1.3we see that the contours are slightly convex, bowing upwards, especially in the
plot at sea level. Suppose we mix two parcels of water, each with the same density (𝜎 =
28, say), but with different initial values of temperature and salinity. Then the resulting
parcel ofwaterwill have a temperature and a salinity equal to the average of the two parcels,
but its density will be higher than either of the two original parcels. In the appropriate
circumstances such mixing may thus lead to a convective instability; this may, for example,
be an important source of ‘bottom water’ formation in the Weddell Sea, off Antarctica.11



2.9 Sta c Instability and the Parcel Method 101

2.9.3 Lapse rates in dry and moist atmospheres

A dry ideal gas

The negative of the rate of change of the temperature in the vertical is known as the temper-
ature lapse rate, or often just the lapse rate, and the lapse rate corresponding to 𝜕𝜃/𝜕𝑧 = 0
is called the dry adiabatic lapse rate and denoted 𝛤 . Using 𝜃 = 𝑇(𝑝/𝑝)/ and 𝜕𝑝/𝜕𝑧 =
−𝜌𝑔 we ind that the lapse rate and the potential temperature lapse rate are related by

𝜕𝑇
𝜕𝑧 =

𝑇
𝜃
𝜕𝜃
𝜕𝑧 −

𝑔
𝑐
, (2.238)

so that the dry adiabatic lapse rate is given by

𝛤 =
𝑔
𝑐
, (2.239)

as in fact we derived in (1.134). (We use the subscript 𝑑, for dry, to differentiate it from
the moist lapse rate considered below.) The conditions for static stability corresponding to
(2.230) are thus:

stability ∶ 𝜕 𝜃
𝜕𝑧 > 0; or −𝜕

𝑇
𝜕𝑧 < 𝛤

instability ∶ 𝜕 𝜃
𝜕𝑧 < 0; or −𝜕

𝑇
𝜕𝑧 > 𝛤

, (2.240a,b)

where a tilde indicates that the values are those of the environment. The atmosphere is in
fact generally stable by this criterion: the observed lapse rate, corresponding to an observed
buoyancy frequency of about 10 s, is often about 7Kkm, whereas a dry adiabatic
lapse rate is about 10Kkm. Why the discrepancy? One reason, particularly important in
the tropics, is that the atmosphere contains water vapour.
♦ Effects of water vapour on the lapse rate of an ideal gas

The amount of water vapour that can be contained in a given volume is an increasing func-
tion of temperature (with the presence or otherwise of dry air in that volume being largely
irrelevant). Thus, if a parcel of water vapour is cooled, it will eventually become saturated
andwater vapourwill condense into liquidwater. Ameasure of the amount of water vapour
in a unit volume is its partial pressure, and the partial pressure of water vapour at satura-
tion, 𝑒 , is given by the Clausius–Clapeyron equation,

d𝑒
d𝑇 = 𝐿𝑒

𝑅𝑇
, (2.241)

where 𝐿 is the latent heat of condensation or vapourization (per unit mass) and 𝑅 is the
gas constant for water vapour. If a parcel rises adiabatically it will cool, and at some height
(known as the ‘lifting condensation level’, a function of its initial temperature and humidity
only) the parcel will become saturated and any further ascent will cause the water vapour
to condense. The ensuing condensational heating causes the temperature and buoyancy of
the parcel to increase; the parcel thus rises further, causingmorewater vapour to condense,
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and so on, and the consequence of this is that an environmental pro ile that is stable if the
air is dry may be unstable if saturated. Let us now derive an expression for the lapse rate of
a saturated parcel that is ascending adiabatically apart from the affects of condensation.

Let𝑤 denote the mass of water vapour per unit mass of dry air, the mixing ratio, and let
𝑤 be the saturation mixing ratio. (𝑤 = 𝛼𝑒/(𝑝 − 𝑒) ≈ 𝛼𝑒/𝑝 where 𝛼 = 0.62, the
ratio of themass of a watermolecule to one of dry air.) The diabatic heating associatedwith
condensation is then given by

𝑄cond = −𝐿
D𝑤
D𝑡 , (2.242)

so that the thermodynamic equation is

𝑐
D ln 𝜃
D𝑡 = −𝐿𝑇

D𝑤
D𝑡 , (2.243)

or, in terms of 𝑝 and and 𝑇

𝑐
D ln 𝑇
D𝑡 − 𝑅D ln𝑃D𝑡 = −𝐿𝑇

D𝑤
D𝑡 . (2.244)

If these material derivatives are due to the parcel ascent then
d ln 𝑇
d𝑧 − 𝑅

𝑐
d ln 𝑝
d𝑧 = − 𝐿

𝑇𝑐
d𝑤
d𝑧 , (2.245)

and using the hydrostatic relationship and the fact that𝑤 is a function of 𝑇 and 𝑝we obtain
d𝑇
d𝑧 +

𝑔
𝑐
= −𝐿𝑐

𝜕𝑤𝜕𝑇 
d𝑇
d𝑧 − 

𝜕𝑤
𝜕𝑝 

𝜌𝑔 . (2.246)

Solving for d𝑇/d𝑧 , the lapse rate, 𝛤 , of an ascending saturated parcel is given by

𝛤 = −
d𝑇
d𝑧 =

𝑔
𝑐

1 − 𝜌𝐿(𝜕𝑤/𝜕𝑝)
1 + (𝐿/𝑐)(𝜕𝑤/𝜕𝑇)

≈ 𝑔
𝑐

1 + 𝐿𝑤/(𝑅𝑇)
1 + 𝐿𝑤/(𝑐𝑅𝑇)

. (2.247)

where the last near equality follows with use of the Clausius–Clapeyron relation. The quan-
tity𝛤 is variously called the pseudoadiabatic ormoist adiabatic or saturated adiabatic lapse
rate. Because 𝑔/𝑐 is the dry adiabatic lapse rate 𝛤 , 𝛤 < 𝛤 , and values of 𝛤 are typically
around 6Kkm in the lower atmosphere; however, d𝑤/d𝑇 is an increasing function of 𝑇
so that 𝛤 decreases with increasing temperature and can be as low as 3.5Kkm. For a
saturated parcel, the stability conditions analogous to (2.240) are

stability ∶ −𝜕
𝑇
𝜕𝑧 < 𝛤 , (2.248a)

instability ∶ −𝜕
𝑇
𝜕𝑧 > 𝛤 . (2.248b)

where 𝑇 is the environmental temperature. The observed environmental pro ile in convect-
ing situations is often a combination of the dry adiabatic and moist adiabatic pro iles: an
unsaturated parcel that is is unstable by the dry criterion will rise and cool following a dry
adiabat, 𝛤 , until it becomes saturated at the lifting condensation level, above which it will
rise following a saturation adiabat, 𝛤 . Such convection will proceed until the atmospheric
column is stable and, especially in low latitudes, the lapse rate of the atmosphere is largely
determined by such convective processes.
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♦ Equivalent poten al temperature

Suppose that all themoisture in a parcel of air condenses, and that all the heat released goes
into heating the parcel. The equivalent potential temperature, 𝜃eq is the potential tempera-
ture that the parcel then achieves. We may obtain an approximate analytic expression for
it by noting that the irst law of thermodynamics, –d𝑄 = 𝑇 d𝜂, then implies, by de inition of
potential temperature,

− 𝐿 d𝑤 = 𝑐𝑇d ln 𝜃, (2.249)
where d𝑤 is the change in water vapour mixing ratio, so that a reduction of𝑤 via condensa-
tion leads to heating. Integrating gives, by de inition of equivalent potential temperature,

−




𝐿𝑤
𝑐𝑇

d𝑤 = 
eq


d ln 𝜃, (2.250)

and so, if 𝑇 and 𝐿 are assumed to be constant,

𝜃eq = 𝜃 exp
𝐿𝑤
𝑐𝑇

 . (2.251)

The equivalent potential temperature sode ined is approximately conservedduring conden-
sation, the approximation arising going from (2.250) to (2.251). It is a useful expression
for diagnostic purposes, and in constructing theories of convection, but it is not accurate
enough to use as a prognostic variable in a putatively realistic numerical model. The ‘equiv-
alent temperature’ may be de ined in terms of the equivalent potential temperature by

𝑇eq ≡ 𝜃eq 
𝑝
𝑝


. (2.252)

2.9.4 Gravity waves and convec on using the equa ons of mo on

The parcel approach to oscillations and stability, while simple and direct, seems divorced
from the luid-dynamical equations of motion, making it hard to include other effects such
as rotation, or to explore the effects of possible differences between the hydrostatic and
non-hydrostatic cases. To remedy this, we now use the equations of motion for a strati ied
Boussinesq luid to analyze the motion resulting from a small disturbance. We will obtain
the dispersion relationship for internal waves and further show that, if the lighter luid lies
beneath the heavier luid then the con iguration is unstable. Our treatment here is very brief
and introductory, with a fuller treatment given in chapter ??.

Let us consider a Boussinesq luid, initially at rest, in which the buoyancy varies linearly
with height and the buoyancy frequency, 𝑁, is a constant. Linearizing the equations of mo-
tion about this basic state gives the linear momentum equations,

𝜕𝑢
𝜕𝑡 = −

𝜕𝜙
𝜕𝑥 ,

𝜕𝑤
𝜕𝑡 = −𝜕𝜙



𝜕𝑧 + 𝑏, (2.253a,b)

the mass continuity and thermodynamic equations,
𝜕𝑢
𝜕𝑥 + 𝜕𝑤



𝜕𝑧 = 0, 𝜕𝑏
𝜕𝑡 + 𝑤

𝑁 = 0, (2.254a,b)
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where for simplicity we assume that the low is a function only of 𝑥 and 𝑧. A little algebra
gives a single equation for𝑤,

 𝜕


𝜕𝑥 +
𝜕
𝜕𝑧

𝜕
𝜕𝑡 + 𝑁

 𝜕
𝜕𝑥 𝑤

 = 0. (2.255)

Seeking solutions of the form𝑤 = Re 𝑊exp[i(𝑘𝑥 +𝑚𝑧−𝜔𝑡)] (where Re denotes the real
part) yields the dispersion relationship for gravity waves:

𝜔 = 𝑘𝑁
𝑘 +𝑚 . (2.256)

The frequency (look ahead to Fig. ?? if you wish to see it plotted) is thus always less than𝑁,
approaching𝑁 for small horizontal scales, 𝑘 ≫ 𝑚.

Let us point out two common approximations. First, if we neglect pressure perturba-
tions, as in the parcel argument, then the two equations,

𝜕𝑤
𝜕𝑡 = 𝑏, 𝜕𝑏

𝜕𝑡 + 𝑤
𝑁 = 0, (2.257)

form a closed set, and give𝜔 = 𝑁. Second, if wemake the hydrostatic approximation and
omit the 𝜕𝑤/𝜕𝑡 term in (2.253b) then the dispersion relation becomes 𝜔 = 𝑘𝑁/𝑚.
That is, the frequency grows, artifactually, without bound as the horizontal scale becomes
smaller.

If the basic state density increases with height then 𝑁 < 0 and we expect this state to
be unstable. Indeed, the disturbance grows exponentially according to exp(𝜎𝑡)where

𝜎 = i𝜔 = ±𝑘 𝑁
(𝑘 +𝑚)/ , (2.258)

where 𝑁 = −𝑁. We have essentially reproduced the result previously obtained by parcel
theory, namely that if the basic state density (ormore generally potential density) increases
with height the low is unstable. Most convective activity in the ocean and atmosphere is,
ultimately, related to an instability of this form, although of course there are many compli-
cating issues — water vapour in the atmosphere, salt in the ocean, the effects of rotation
and so forth.

2.10 THE EKMAN LAYER

In the inal topic of this chapter, we return to geostrophic low and consider the effects of
friction. The luid ields in the interior of a domain are often set by different physical pro-
cesses than those occurring at a boundary, and consequently often change rapidly in a thin
boundary layer, as in Fig. 2.8. Such boundary layers nearly always involve one or both of
viscosity and diffusion, because these appear in the terms of highest differential order in
the equations of motion, and so are responsible for the number and type of boundary con-
ditions that the equations must satisfy — for example, the presence of molecular viscosity
leads to the condition that the tangential low (as well as the normal low) must vanish at a
rigid surface.
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Fig. 2.8 An idealized boundary layer. The values of
a field, such as velocity, , may vary rapidly in a
boundary in order to sa sfy the boundary condi-
ons at a rigid surface. The parameter  is a mea-

sure of the boundary layer thickness, and is a typ-
ical scale of varia on away from the boundary.

In many boundary layers in non-rotating low the dominant balance in the momentum
equation is between the advective and viscous terms. In some contrast, in large-scale at-
mospheric and oceanic low the effects of rotation are large, and this results in a boundary
layer, known as the Ekman layer, in which the dominant balance is between Coriolis and
frictional or stress terms.12 Now, the direct effects of molecular viscosity and diffusion are
nearly always negligible at distances more than a fewmillimetres away from a solid bound-
ary, but it is inconceivable that the entire boundary layer between the free atmosphere (or
free ocean) and the surface is only a few millimetres thick. Rather, in practice a balance
occurs between the Coriolis terms and the forces due to the stress generated by small-scale
turbulent motion, and this gives rise to a boundary layer that has a typical depth of a few
tens to several hundreds ofmetres. Because the stress arises from the turbulencewe cannot
with con idence determine its precise form; thus, we should try to determine what general
properties Ekman layers may have that are independent of the precise form of the friction,
and these properties turn out to be integral ones such as the total mass lux in the Ekman
layer.

The atmospheric Ekman layer occurs near the ground, and the stress at the ground itself
is due to the surface wind (and its vertical variation). In the ocean the main Ekman layer
is near the surface, and the stress at ocean surface is largely due to the presence of the
overlying wind. There is also a weak Ekman layer at the bottom of the ocean, analogous to
the atmospheric Ekman layer. To analyse all these layers, let us assume the following.
• The Ekman layer is Boussinesq. This is a very good assumption for the ocean, and a rea-
sonable one for the atmosphere if the boundary layer is not too deep.

• The Ekman layer has a inite depth that is less than the total depth of the luid, this depth
being given by the level at which the frictional stresses essentially vanish. Within the
Ekman layer, frictional terms are important, whereas geostrophic balance holds beyond
it.

• The nonlinear and time-dependent terms in the equations ofmotion are negligible, hydro-
static balance holds in the vertical, and buoyancy is constant, not varying in the horizontal.

• As needed, we shall assume that friction can be parameterized by a viscous term of the
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form𝜌 𝜕𝝉/𝜕𝑧 = 𝐴𝜕𝒖/𝜕𝑧, where𝐴 is constant and 𝝉 is the stress. [In general, stress is
a tensor, 𝜏 , with an associated force given by 𝐹 = 𝜕𝜏/𝜕𝑥 , summing over the repeated
index. It is common in geophysical luid dynamics that the vertical derivative dominates,
and in this case the force is 𝑭 = 𝜕𝝉/𝜕𝑧 . We still use the word stress for 𝝉, but it now
refers to a vector whose derivative in a particular direction (𝑧 in this case) is the force
on a luid.] In laboratory settings 𝐴 may be the molecular viscosity, whereas in the at-
mosphere and ocean it is a so-called eddy viscosity. (In turbulent lows momentum is
transferred by the near-randommotion of small parcels of luid and, by analogy with the
motion of molecules that produces a molecular viscosity, the associated stress is approx-
imately represented, or parameterized, using a turbulent or eddy viscosity that may be
orders of magnitude larger than the molecular one.)

2.10.1 Equa ons of mo on and scaling

Frictional–geostrophic balance in the horizontal momentum equation is:

𝒇 × 𝒖 = −∇ 𝜙 +
𝜕𝝉
𝜕𝑧 , (2.259)

where 𝝉 ≡ 𝝉/𝜌 is the kinematic stress and 𝒇 = 𝑓𝐤, where the Coriolis parameter 𝑓 is
allowed to varywith latitude. Ifwemodel the stresswith an eddy viscosity, (2.259) becomes

𝒇 × 𝒖 = −∇ 𝜙 + 𝐴
𝜕𝒖
𝜕𝑧 . (2.260)

The verticalmomentumequation is 𝜕𝜙/𝜕𝑧 = 𝑏, i.e., hydrostatic balance, and, because buoy-
ancy is constant, we may without loss of generality write this as

𝜕𝜙
𝜕𝑧 = 0. (2.261)

The equation set is completed by the mass continuity equation, ∇⋅ 𝒗 = 0.

The Ekman number

We non-dimensionalize the equations by setting

(𝑢, 𝑣) = 𝑈(𝑢, 𝑣), (𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑓 = 𝑓 𝑓, 𝑧 = 𝐻𝑧, 𝜙 = 𝛷 𝜙, (2.262)

where hatted variables are non-dimensional. 𝐻 is a scaling for the height, and at this stage
we will suppose it to be some height scale in the free atmosphere or ocean, not the height
of the Ekman layer itself. Geostrophic balance suggests that𝛷 = 𝑓𝑈𝐿. Substituting (2.262)
into (2.260) we obtain

𝒇 × 𝒖 = −∇𝜙 + Ek
𝜕𝒖
𝜕𝑧 , (2.263)

where the parameter

Ek ≡  𝐴
𝑓𝐻

 , (2.264)
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is the Ekman number, and it determines the importance of frictional terms in the horizontal
momentumequation. IfEk ≪ 1 then the friction is small in the low interiorwhere 𝑧 = 𝒪(1).
However, the friction term cannot necessarily be neglected in the boundary layer because
it is of the highest differential order in the equation, and so determines the boundary condi-
tions; if Ek is small the vertical scales become small and the second term on the right-hand
side of (2.263) remains inite. The case when this term is simply omitted from the equation
is therefore a singular limit, meaning that it differs from the case with Ek → 0. If Ek ≥ 1
friction is important everywhere, but it is usually the case that Ek is small for atmospheric
and oceanic large-scale low, and the interior low is very nearly geostrophic. (In part this
is because 𝐴 itself is only large near a rigid surface where the presence of a shear creates
turbulence and a signi icant eddy viscosity.)

Momentum balance in the Ekman layer

For de initeness, suppose the luid lies above a rigid surface at 𝑧 = 0. Suf iciently far away
from the boundary the velocity ield is known, andwe suppose this low to be in geostrophic
balance. We then write the velocity ield and the pressure ield as the sum of the interior
geostrophic part, plus a boundary layer correction:

𝒖 = 𝒖 + 𝒖 , 𝜙 = 𝜙 + 𝜙 , (2.265)

where the Ekman layer corrections, denoted with a subscript 𝐸, are negligible away from
the boundary layer. Now, in the luid interior we have, by hydrostatic balance, 𝜕 𝜙/𝜕 𝑧 = 0.
In the boundary layer we still have 𝜕 𝜙/𝜕 𝑧 = 0 so that, to satisfy hydrostasy, 𝜕 𝜙/𝜕 𝑧 = 0.
But because 𝜙 vanishes away from the boundary we have 𝜙 = 0 everywhere. Thus, there
is no boundary layer in the pressure ield. Note that this is amuch stronger result than saying
that pressure is continuous, which is nearly always true in luids; rather, it is a special result
for Ekman layers.

Using (2.265) with 𝜙 = 0, the dimensional horizontal momentum equation (2.259)
becomes, in the Ekman layer,

𝒇 × 𝒖 =
𝜕𝝉
𝜕𝑧 . (2.266)

The dominant force balance in the Ekman layer is thus between the Coriolis force and the
friction. We can determine the thickness of the Ekman layer if we model the stress with an
eddy viscosity so that

𝒇 × 𝒖 = 𝐴
𝜕𝒖
𝜕𝑧 , (2.267)

or, non-dimensionally,
𝒇 × 𝒖 = Ek

𝜕𝒖
𝜕𝑧 . (2.268)

It is evident this equation can only be satis ied if 𝑧 ≠ 𝒪(1), implying that 𝐻 is not a proper
scaling for 𝑧 in the boundary layer. Rather, if the vertical scale in the Ekman layer is 𝛿 (mean-
ing 𝑧 ∼ 𝛿) we must have 𝛿 ∼ Ek/. In dimensional terms this means the thickness of the
Ekman layer is

𝛿 = 𝐻𝛿 = 𝐻Ek/ (2.269)
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or

𝛿 =  𝐴𝑓

/

. (2.270)

[This estimate also emerges directly from (2.267).] Note that (2.269) can be written as

Ek =  𝛿𝐻

. (2.271)

That is, the Ekman number is equal to the square of the ratio of the depth of the Ekman layer
to an interior depth scale of the luid motion. In laboratory lows where 𝐴 is the molecular
viscositywe can thus estimate the Ekman layer thickness, and if we know the eddy viscosity
of the ocean or atmosphere we can estimate their respective Ekman layer thicknesses. We
can invert this argument and obtain an estimate of 𝐴 if we know the Ekman layer depth.
In the atmosphere, deviations from geostrophic balance are very small in the atmosphere
above 1 km, and using this gives 𝐴 ≈ 10m s. In the ocean Ekman depths are often 50m
or less, and eddy viscosities are about 0.1m s.

2.10.2 Integral proper es of the Ekman layer

What can we deduce about the Ekman layer without specifying the detailed form of the
frictional term? Using dimensional notation we recall frictional–geostrophic balance,

𝒇 × 𝒖 = −∇𝜙 + 1
𝜌
𝜕𝝉
𝜕𝑧 , (2.272)

where 𝝉 is zero at the edge of the Ekman layer. In the Ekman layer itself we have

𝒇 × 𝒖 =
1
𝜌
𝜕𝝉
𝜕𝑧 . (2.273)

Consider either a top or bottom Ekman layer, and integrate over its thickness. From (2.273)
we obtain

𝒇 ×𝑴 = 𝝉 − 𝝉 , (2.274)
where

𝑴 = 
Ek
𝜌𝒖 d𝑧 (2.275)

is the ageostrophic mass transport in the Ekman layer, and 𝝉 and 𝝉 are the respective
stresses at the top and the bottomof the Ekman layer at hand. The stress at the top (bottom)
will be zero in a bottom (top) Ekman layer and therefore, from (2.274),

top Ekman layer: 𝑴 = −
1
𝑓𝐤 × 𝝉

bottom Ekman layer: 𝑴 =
1
𝑓𝐤 × 𝝉

. (2.276a,b)
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The transport is thus at right angles to the stress at the surface, and proportional to the
magnitude of the stress. These properties have a simple physical explanation: integrated
over the depth of the Ekman layer the surface stress must be balanced by the Coriolis force,
which in turn acts at right angles to themass transport. A consequence of (2.276) is that the
mass transports in adjacent oceanic and atmospheric Ekman layers are equal and opposite,
because the stress is continuous across the ocean–atmosphere interface. Equation (2.276a)
is particularly useful in the ocean, where the stress at the surface is primarily due to the
wind, and is largely independent of the interior oceanic low. In the atmosphere, the surface
stress mainly arises as a result of the interior atmospheric low, and to calculate it we need
to parameterize the stress in terms of the low.

Finally, we obtain an expression for the vertical velocity induced by an Ekman layer. The
mass conservation equation is

𝜕𝑢
𝜕𝑥 +

𝜕𝑣
𝜕𝑦 +

𝜕𝑤
𝜕𝑧 = 0. (2.277)

Integrating this over an Ekman layer gives
1
𝜌
∇⋅ 𝑴 = −(𝑤 −𝑤), (2.278)

where𝑴 is the total (Ekman plus geostrophic) mass transport in the Ekman layer,

𝑴 = 
Ek
𝜌𝒖d𝑧 = 

Ek
𝜌(𝒖 + 𝒖)d𝑧 ≡ 𝑴 +𝑴 , (2.279)

and 𝑤 and 𝑤 are the vertical velocities at the top and bottom of the Ekman layer; the
former (latter) is zero in a top (bottom) Ekman layer. Equations (2.279) and (2.274) give

𝐤 × (𝑴 −𝑴) =
1
𝑓 (𝝉 − 𝝉). (2.280)

Taking the curl of this (i.e., cross-differentiating) gives

∇⋅ (𝑴 −𝑴) = curl[(𝝉 − 𝝉)/𝑓], (2.281)

where the curl operator on a vector 𝑨 is de ined by curl𝑨 ≡ 𝜕𝐴 − 𝜕𝐴 . Using (2.278)
we obtain, for top and bottom Ekman layers respectively,

𝑤 =
1
𝜌
curl

𝝉
𝑓 + ∇⋅ 𝑴 , 𝑤 =

1
𝜌
curl

𝝉
𝑓 − ∇⋅ 𝑴 , (2.282a,b)

where ∇⋅ 𝑴 = −(𝛽/𝑓)𝑴 ⋅ 𝐣 is the divergence of the geostrophic transport in the Ekman
layer, and this is often small compared to the other terms in these equations. Thus, fric-
tion induces a vertical velocity at the edge of the Ekman layer, proportional to the curl of
the stress at the surface, and this is perhaps themost used result in Ekman layer theory. Nu-
mericalmodels sometimes do not have the vertical resolution to explicitly resolve an Ekman
layer, and (2.282) provides a means of parameterizing the Ekman layer in terms of resolved
or known ields. It is particularly useful for the top Ekman layer in the ocean, where the
stress can be regarded as a given function of the overlying wind.



110 Chapter 2. Effects of Rota on and Stra fica on

2.10.3 Explicit solu ons. I: a bo om boundary layer

We now assume that the frictional terms can be parameterized as an eddy viscosity and
calculate the explicit form of the solution in the boundary layer. The frictional–geostrophic
balance may be written as

𝒇 × (𝒖 − 𝒖) = 𝐴
𝜕𝒖
𝜕𝑧 , (2.283a)

where
𝑓(𝑢 , 𝑣) = −

𝜕𝜙
𝜕𝑦 ,

𝜕𝜙
𝜕𝑥  . (2.283b)

Wecontinue to assume there arenohorizontal gradients of temperature, so that, via thermal
wind, 𝜕𝑢/𝜕𝑧 = 𝜕𝑣/𝜕𝑧 = 0.

Boundary condi ons and solu on

Appropriate boundary conditions for a bottom Ekman layer are

at 𝑧 = 0 ∶ 𝑢 = 0, 𝑣 = 0 (the no slip condition) (2.284a)
as 𝑧 → ∞ ∶ 𝑢 = 𝑢 , 𝑣 = 𝑣 (a geostrophic interior). (2.284b)

Let us seek solutions to (2.283a) of the form

𝑢 = 𝑢 + 𝐴e , 𝑣 = 𝑣 + 𝐵e , (2.285)

where𝐴 and𝐵 are constants. Substituting into (2.283a) gives twohomogeneous algebraic
equations

𝐴𝑓 − 𝐵𝐴𝛼 = 0, −𝐴𝐴𝛼 − 𝐵𝑓 = 0. (2.286a,b)
For non-trivial solutions the solvability condition 𝛼 = −𝑓/𝐴 must hold, from which we
ind 𝛼 = ±(1 ± i)𝑓/2𝐴. Using the boundary conditions we then obtain the solution

𝑢 = 𝑢 − e/ 𝑢 cos(𝑧/𝑑) + 𝑣 sin(𝑧/𝑑) (2.287a)
𝑣 = 𝑣 + e/ 𝑢 sin(𝑧/𝑑) − 𝑣 cos(𝑧/𝑑) , (2.287b)

where 𝑑 = 2𝐴/𝑓 is, within a constant factor, the depth of the Ekman layer obtained
from scaling considerations. The solution decays exponentially from the surface with this
e-folding scale, so that 𝑑 is a good measure of the Ekman layer thickness. Note that the
boundary layer correction depends on the interior low, since the boundary layer serves to
bring the low to zero at the surface.

To illustrate the solution, suppose that the pressure force is directed in the 𝑦-direction
(northwards), so that the geostrophic current is eastwards. Then the solution, the now-
famous Ekman spiral, is plotted in Figs. 2.9 and 2.10. The wind falls to zero at the surface,
and its direction just above the surface is northeastwards; that is, it is rotated by 45° to the
left of its direction in the free atmosphere. Although this result is independent of the value
of the frictional coef icients, it is dependent on the form of the friction chosen. The force
balance in the Ekman layer is between the Coriolis force, the stress, and the pressure force.
At the surface the Coriolis force is zero, and the balance is entirely between the northward
pressure force and the southward stress force.
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Fig. 2.9 The idealized Ekman
layer solu on in the lower at-
mosphere, plo ed as a hodo-
graph of the wind components:
the arrows show the velocity
vectors at a par cular heights,
and the curve traces out the
con nuous varia on of the ve-
locity. The values on the curve
are of the non-dimensional
variable /, where  
(/)/, and  is chosen to
be zero.

Transport, force balance and ver cal velocity

The cross-isobaric low is given by (for 𝑣 = 0)

𝑉 = 



𝑣d𝑧 = 




𝑢e/ sin(𝑧/𝑑) d𝑧 =

𝑢𝑑
2 . (2.288)

For positive𝑓, this is to the left of the geostrophic low—that is, down the pressure gradient.
In the general case (𝑣 ≠ 0) we obtain

𝑉 = 



(𝑣 − 𝑣)d𝑧 =

𝑑
2(𝑢 − 𝑣). (2.289)

Similarly, the additional zonal transport produced by frictional effects are, for 𝑣 = 0,

𝑈 = 



(𝑢 − 𝑢)d𝑧 = −




e/ sin(𝑧/𝑑) d𝑧 = −

𝑢𝑑
2 , (2.290)

and in the general case

𝑈 = 



(𝑢 − 𝑢)d𝑧 = −

𝑑
2(𝑢 + 𝑣). (2.291)

Thus, the total transport caused by frictional forces is

𝑴 =
𝜌𝑑
2 −𝐢(𝑢 + 𝑣) + 𝐣(𝑢 − 𝑣) . (2.292)

The total stress at the bottom surface 𝑧 = 0 induced by frictional forces is

𝝉 = 𝐴𝜕𝒖𝜕𝑧 
= 𝐴
𝑑 𝐢(𝑢 − 𝑣) + 𝐣(𝑢 + 𝑣) , (2.293)

using the solution (2.287). Thus, using (2.292), (2.293) and𝑑 = 2𝐴/𝑓, we see that the total
frictionally induced transport in the Ekman layer is related to the stress at the surface by
𝑴 = (𝐤× 𝝉)/𝑓, reprising the result of the previous more general analysis, (2.282). From
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Fig. 2.10 Solu ons for a bot-
tom Ekman layer with a given
flow in the fluid interior (le ),
and for a top Ekman layer with
a given surface stress (right),
both with   . On the le
we have   ,   . On
the right we have    ,
   and √/()  .
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(2.293), the stress is at an angle of 45° to the left of the velocity at the surface. (However,
this result is not generally true for all forms of stress.) These properties are illustrated in
Fig. 2.11.

The vertical velocity at the top of the Ekman layer, 𝑤 , is obtained using (2.292) or
(2.293). If 𝑓 if constant we obtain

𝑤 = −
1
𝜌
∇⋅ 𝑴 =

1
𝑓
curl 𝝉 =

𝑑
2𝜁 , (2.294)

where 𝜁 is the vorticity of the geostrophic low. Thus, the vertical velocity at the top of
the Ekman layer, which arises because of the frictionally-induced divergence of the cross-
isobaric low in the Ekman layer, is proportional to the geostrophic vorticity in the free luid
and is proportional to the Ekman layer height2𝐴/𝑓.

Fig. 2.11 A bo om Ekman layer, gener-
ated from an eastward geostrophic flow
above it. An overbar denotes a ver cal
integral over the Ekman layer, so that
𝒇 × 𝒖 is the Coriolis force on the ver-
cally integrated Ekman velocity. 𝑴 is

the fric onally induced boundary layer
transport, and 𝝉 is the stress.
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Another bo om boundary condi on

In the analysis above we assumed a no slip condition at the surface, namely that the velocity
tangential to the surface vanishes. This is formally appropriate if 𝐴 is a molecular viscosity,
but in a turbulent low, where 𝐴 is to be interpreted as an eddy viscosity, the low close to
the surface may be far from zero. Then, unless we wish to explicitly calculate the low in
an additional very thin viscous boundary layer the no-slip condition may be inappropriate.
An alternative, slightly more general boundary condition is to suppose that the stress at the
surface is given by

𝝉 = 𝜌𝐶𝒖, (2.295)

where 𝐶 is a constant. The surface boundary condition is then

𝐴𝜕𝒖𝜕𝑧 = 𝐶𝒖. (2.296)

If 𝐶 is in inite we recover the no-slip condition. If 𝐶 = 0, we have a condition of no stress at
the surface, also known as a free slip condition. For intermediate values of 𝐶 the boundary
condition is known as a ‘mixed condition’. Evaluating the solution in these cases is left as an
exercise for the reader (problem 2.27).

2.10.4 Explicit solu ons. II: the upper ocean

Boundary condi ons and solu on

Thewind provides a stress on the upper ocean, and the Ekman layer serves to communicate
this to the oceanic interior. Appropriate boundary conditions are thus:

at 𝑧 = 0 ∶ 𝐴𝜕𝑢𝜕𝑧 = 𝜏
 , 𝐴𝜕𝑣𝜕𝑧 = 𝜏

 (a given surface stress) (2.297a)
as 𝑧 → −∞ ∶ 𝑢 = 𝑢 , 𝑣 = 𝑣 (a geostrophic interior) (2.297b)

where 𝝉 is the given (kinematic) wind stress at the surface. Solutions to (2.283a) with
(2.297) are found by the same methods as before, and are

𝑢 = 𝑢 +
√2
𝑓𝑑 e

/ [𝜏 cos(𝑧/𝑑 − π/4) − 𝜏 sin(𝑧/𝑑 − π/4)] , (2.298)

and

𝑣 = 𝑣 +
√2
𝑓𝑑 e

/ [𝜏 sin(𝑧/𝑑 − π/4) + 𝜏 cos(𝑧/𝑑 − π/4)] . (2.299)

Note that the boundary layer correction depends only on the imposed surface stress,
and not the interior low itself. This is a consequence of the type of boundary conditions
chosen, for in the absence of an imposed stress the boundary layer correction is zero— the
interior low already satis ies the gradient boundary condition at the top surface. Similar to
the bottom boundary layer, the velocity vectors of the solution trace a diminishing spiral as
they descend into the interior (Fig. 2.12, which is drawn for the Southern Hemisphere).
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Fig. 2.12 An idealized Ekman spiral in a
southern hemisphere ocean, driven by an
imposed wind stress. A northern hemi-
sphere spiral would be the reflec on of this
in the ver cal plane. Such a clean spiral is
rarely observed in the real ocean. The net
transport is at right angles to thewind, inde-
pendent of the detailed form of the fric on.
The angle of the surface flow is 45° to the
wind only for a Newtonian viscosity.
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The transport induced by the surface stress is obtained by integrating (2.298) and (2.299)
from the surface to−∞. We explicitly ind

𝑈 = 



(𝑢 − 𝑢)d𝑧 =

𝜏
𝑓 , 𝑉 = 




(𝑣 − 𝑣)d𝑧 = −

𝜏
𝑓 , (2.300)

which indicates that the ageostrophic transport is perpendicular to thewind stress, as noted
previously from more general considerations. Suppose that the surface wind is eastward;
in this case 𝜏 = 0 and the solutions immediately give

𝑢(0) − 𝑢 = 𝜏/𝑓𝑑, 𝑣(0) − 𝑣 = −𝜏/𝑓𝑑. (2.301)

Therefore the magnitudes of the frictional low in the 𝑥 and 𝑦 directions are equal to each
other, and the ageostrophic low is 45° to the right (for 𝑓 > 0) of the wind. This result
depends on the form of the frictional parameterization, but not on the size of the viscosity.

At the edge of the Ekman layer the vertical velocity is given by (2.282), and so is pro-
portional to the curl of the wind stress. (The second term on the right-hand side of (2.282)
is the vertical velocity due to the divergence of the geostrophic low, and is usually much
smaller than the irst term.) The production of a vertical velocity at the edge of the Ekman
layer is one of most important effects of the layer, especially with regard to the large-scale
circulation, for it provides an ef icient means whereby surface luxes are communicated to
the interior low (see Fig. 2.13).

2.10.5 Observa ons of the Ekman layer

Ekman layers — and in particular the Ekman spiral — are generally quite hard to observe,
in either the ocean or atmosphere, both because of the presence of phenomena that are not
included in the theory, and because of the technical dif iculties of actuallymeasuring the vec-
tor velocity pro ile, especially in the ocean. Ekman-layer theory does not take into account
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Fig. 2.13 Upper and lower Ekman layers. The upper Ekman layer in the ocean is primarily
driven by an imposed wind stress, whereas the lower Ekman layer in the atmosphere or
ocean largely results from the interac on of interior geostrophic velocity and a rigid lower
surface. The upper part of figure shows the ver cal Ekman ‘pumping’ veloci es that result
from the given wind stress, and the lower part of the figure shows the Ekman pumping
veloci es given the interior geostrophic flow.

the effects of strati ication or of inertial and gravity waves (section 2.9.4 and chapter ??),
nor does it account for the effects of convection or buoyancy-driven turbulence. If gravity
waves are present, the instantaneous low will be non-geostrophic and so time-averaging
will be required to extract the geostrophic low. If strong convection is present, the simple
eddy-viscosity parameterizations used to derive the Ekman spiral will be rendered invalid,
and the spiral Ekman pro ile cannot be expected to be observed in either atmosphere or
ocean.

In the atmosphere, in convectively neutral cases, the Ekman pro ile can sometimes be
qualitatively discerned. In convectively unstable situations the Ekman pro ile is generally
not observed, but the low is nevertheless cross-isobaric, from high pressure to low, con-
sistent with the theory. (For most purposes, it is in any case the integral properties of the
Ekman layer that is most important.) In the ocean, from about 1980 onwards improved in-
struments have made it possible to observe the vector current with depth, and to average
that current and correlate it with the overlying wind, and a number of observations gener-
ally consistent with Ekman dynamics have emerged.13 There are some differences between
observations and theory, and these can be ascribed to the effects of strati ication (which
causes a shallowing and lattening of the spiral), and to the interaction of the Ekman spiral
with turbulence (and the inadequacy of the eddy-diffusivity parameterization). In spite of
these differences, Ekman layer theory remains a remarkable and enduring foundation of
geophysical luid dynamics.
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2.10.6 ♦ Fric onal parameteriza on of the Ekman layer

[Some readers will be reading these sections on Ekman layers after having been introduced
to quasi-geostrophic theory; this section is for them. Other readers may return to this sec-
tion after reading chapter 5, or take (2.302) on faith.]

Suppose that the free atmosphere is described by the quasi-geostrophic vorticity equa-
tion,

D𝜁
D𝑡 = 𝑓

𝜕𝑤
𝜕𝑧 , (2.302)

where 𝜁 is the geostrophic relative vorticity. Let us further model the atmosphere as a
single homogeneous layer of thickness𝐻 lying above an Ekman layer of thickness 𝑑 ≪ 𝐻. If
the vertical velocity is negligible at the top of the layer (at 𝑧 = 𝐻+𝑑) the equation ofmotion
becomes

D𝜁
D𝑡 =

𝑓[𝑤(𝐻 + 𝑑) − 𝑤(𝑑)]
𝐻 = −𝑓𝑑2𝐻 𝜁 (2.303)

using (2.294). This equation shows that the Ekman layer acts as a linear drag on the interior
low, with a drag coef icient 𝑟 equal to 𝑓𝑑/2𝐻 and with associated time scale 𝑇Ek given by

𝑇Ek =
2𝐻
𝑓𝑑

= 2𝐻
2𝑓𝐴

. (2.304)

In the oceanic case the corresponding vorticity equation for the interior low is
D𝜁
D𝑡 =

1
𝐻curl𝜏 , (2.305)

where 𝜏 is the surface stress. The surface stress thus acts as if it were a body force on the
interior low, and neither the Coriolis parameter nor the depth of the Ekman layer explicitly
appear in this formula.

The Ekman layer is a very ef icientway of communicating surface stresses to the interior.
To see this, suppose that eddy mixing were the sole mechanism of transferring stress from
the surface to the luid interior, and there were no Ekman layer. Then the time scale of
spindown of the luid would be given by using

d𝜁
d𝑡 = 𝐴

𝜕𝜁
𝜕𝑧 , (2.306)

implying a turbulent spin-down time, 𝑇turb, of

𝑇turb ∼
𝐻
𝐴 , (2.307)

where 𝐻 is the depth over which we require a spin-down. This is much longer than the
spin-down of a luid that has an Ekman layer, for we have

𝑇turb
𝑇Ek

= (𝐻/𝐴)
(2𝐻/𝑓𝑑)

= 𝐻
𝑑 ≫ 1, (2.308)

using 𝑑 = 2𝐴/𝑓. The effects of friction are enhanced because of the presence of a sec-
ondary circulation con ined to the Ekman layers (as in Fig. 2.13) in which the vertical scales
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aremuch smaller than those in the luid interior and sowhere viscous effects become signif-
icant; these frictional stresses are then communicated to the luid interior via the induced
vertical velocities at the edge of the Ekman layers.

Notes

1 The dis nc on between Coriolis force and accelera on is not always made in the literature, even
a er no ng that the force is considered as a force per unit mass. For a fluid in geostrophic balance,
onemight either say that there is a balance between the pressure force and the Coriolis force, with
no net accelera on, or that the pressure force produces a Coriolis accelera on. The descrip ons
are equivalent, because of Newton’s second law, but should not be conflated.

The Coriolis forces is named a er Gaspard Gustave de Coriolis (1792–1843), who introduced the
force in the context of rota ng mechanical systems (Coriolis 1832, 1835), but Euler See Persson
(1998) for a historical account and interpreta on.

2 Phillips (1973). There is also a related discussion in Stommel & Moore (1989).

3 Phillips (1966). See White (2003) for a review. In the early days of numerical modelling these
equa ons were the most primi ve — i.e., the least filtered — equa ons that could prac cally be
integrated numerically. Associated with increasing computer power there is a tendency for com-
prehensive numerical models to use non-hydrosta c equa ons of mo on that do not make the
shallow-fluid or tradi onal approxima ons, and it is conceivable that the meaning of the word
‘primi ve’ may evolve to accommodate them.

4 The Boussinesq approxima on is named for Boussinesq (1903), although similar approxima ons
were used earlier byOberbeck (1879, 1888). Spiegel &Veronis (1960) give a physically based deriva-
on for an ideal gas, andMihaljan (1962) provides a somewhatmore general asympto c deriva on.

Mahrt (1986) discusses applicability to the atmosphere.

5 As pointed out to me by W. R. Young.

6 Various versions of anelas c equa ons exist — see Batchelor (1953a), Ogura & Phillips (1962),
Gough (1969), Gilman & Glatzmaier (1981), Lipps & Hemler (1982), and Durran (1989), although
not all have poten al vor city and energy conserva on laws (Bannon 1995, 1996; Scinocca & Shep-
herd 1992). The system we derive is most similar to that of Ogura & Phillips (1962) and unpub-
lished notes by J. S. A. Green. The connec on between the Boussinesq and anelas c equa ons is
discussed by, among others, Lilly (1996) and Ingersoll (2005).

7 A numerical model that includes sound waves must take very small mesteps in order to maintain
numerical stability, in par cular to sa sfy the Courant–Friedrichs–Lewy (CFL) criterion. An alter-
na ve is to use an implicit mestepping scheme that effec vely lets the numerics do the filtering
of the sound waves, and this approach is favoured by many numerical modellers. If we make the
hydrosta c approxima on then all sound waves except those that propagate horizontally are elim-
inated, and there is li le need, vis-à-vis the numerics, to also make the anelas c approxima on.

8 Gill (1980), sec on 6.17, provides more discussion. Holton (1992) does not differen ate between
 and∗ in his sec on 8.4.

9 The Rossby number is named for C.-G. Rossby (see endnote on page 232), but it was also used by
Kibel (1940) and is some mes called the Kibel or Rossby–Kibel number. The no on of geostrophic
balance and so, implicitly, that of a small Rossby number, predates both Rossby and Kibel.

10 A er Taylor (1921b) and Proudman (1916). The Taylor–Proudman effect is some mes called the
Taylor–Proudman ‘theorem’, but it is more usefully thought of as a physical effect, with manifesta-
ons even when the condi ons for its sa sfac on are not precisely met.
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11 Foster (1972).

12 A er Ekman (1905). The problem was posed to V. W. Ekman (1874-1954), a student of Vilhelm
Bjerknes, by Fridtjof Nansen, the polar explorer and statesman, who wanted to understand the
mo on of pack ice and of his ship, the Fram, embedded in the ice.

13 For oceanic observa ons see Davis et al. (1981), Price et al. (1987), Rudnick & Weller (1993). For
the atmosphere see, e.g., Nicholls (1985).

Further reading

Cushman-Roisin, B., 1994. An Introduc on to Geophysical Fluid Dynamics.
Provides a compact introduc on to a variety of topics in GFD.

Gill, A. E., 1982. Atmosphere–Ocean Dynamics.
A rich book, especially strong on equatorial dynamics and gravity wave mo on.

Holton, J. R., 1992. An Introduc on to Dynamical Meteorology.
A deservedly well-known textbook at the upper-division undergraduate/beginning graduate level.

Pedlosky, J., 1987. Geophysical Fluid Dynamics.
A primary reference for flow at low Rossby number. Although the book requires some effort, there
is a handsome pay-off for those who study it closely.

White (2002) provides a clear and thorough summary of the equa ons of mo on for meteorology, in-
cluding the non-hydrosta c and primi ve equa ons.

Zdunkowski, W. & Bo , A., 2003. Dynamics of the Atmosphere: A Course in Theore cal Meteorology.
Concentrates on the mathema cal tools and equa ons of mo on of dynamical meteorology.

Problems

2.1 Show that for an ideal gas in hydrosta c balance, changes in dry sta c energy (   ) and
poten al temperature () are related by   (/). (The quan ty / is known as the
‘Exner func on’, and is denoted .)

2.2 For an ideal gas in hydrosta c balance, show that:

(a) The integral of the poten al plus internal energy from the surface to the top of the atmosphere
[∫(  ) ] is is equal to its enthalpy;

(b) /  (/)/ , where        is the dry sta c energy;
(c) The following expressions for the pressure gradient force are all equal (evenwithout hydrosta c

balance):

 
∇   ∇  


∇(), (P2.1)

where   / is the Exner func on.
(d) Show that item (a) also holds for a gas with an arbitrary equa on of state.

2.3 Show that, without approxima on, the unforced, inviscid momentum equa on may be wri en in
the forms

𝒗
  ∇  ∇(  ) (P2.2)

and
𝒗
  𝝎 × 𝒗  ∇  ∇ (P2.3)

where𝝎  ∇×𝒗,  is the specific entropy (   ) and    𝒗/ where  is the
internal energy per unit mass.
Hint: First show that ∇  ∇∇, and note also the vector iden ty 𝒗×(∇×𝒗)  

∇(𝒗 ⋅𝒗)
(𝒗 ⋅ ∇)𝒗.
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2.4 Consider two-dimensional fluid flow in a rota ng frame of reference on the -plane. Linearize the
equa ons about a state of rest.

(a) Ignore the pressure term and determine the general solu on to the resul ng equa ons. Show
that the speed of fluid parcels is constant. Show that the trajectory of the fluid parcels is a circle
with radius ||/, where || is the fluid speed.

(b) What is the period of oscilla on of a fluid parcel?
(c) ♦ If parcels travel in straight lines in iner al frames, why is the answer to (b) not the same as

the period of rota on of the frame of reference? [To answer this fully you need to understand
the dynamics underlying iner al oscilla ons and iner a circles. See Durran (1993), Egger (1999)
and Phillips (2000).]

2.5 A fluid at rest evidently sa sfies the hydrosta c rela on, which says that the pressure at the surface
is given by the weight of the fluid above it. Now consider a deep atmosphere on a spherical planet.
A unit cross-sec onal area at the planet’s surface lies beneath a column of fluid whose cross-sec on
increases with height, because the total area of the atmosphere increases with distance away from
the centre of the planet. Is the pressure at the surface s ll given by the hydrosta c rela on, or is
it greater than this because of the increased mass of fluid in the column? If it is s ll given by the
hydrosta c rela on, then the pressure at the surface, integrated over the en re area of the planet,
is less than the total weight of the fluid; resolve this paradox. But if the pressure at the surface is
greater than that implied by hydrosta c balance, explain how the hydrosta c rela on fails.

2.6 In a self-gravita ng spherical fluid, like a star, hydrosta c balance may be wri en


  

()
 , (P2.4)

where() is themass interior to a sphere of radius , and is a constant. Obtain an expression for
the pressure as a func on of radius when the fluid (a) has constant density, and (b) is an isothermal
ideal gas (if possible). The star is of radius .

2.7 At what la tude is the angle between the direc on of Newtonian gravity (due solely to the mass
of the Earth) and that of effec ve gravity (Newtonian gravity plus centrifugal terms) the largest? At
what la tudes, if any, is this angle zero?

2.8 ♦Write themomentumequa ons in true spherical coordinates, including the centrifugal and gravita-
onal terms. Show that for reasonable values of the wind, the dominant balance in the meridional

component of this equa on involves a balance between centrifugal and pressure gradient terms.
Can this balance be subtracted out of the equa ons in a sensible way, so leaving a useful horizontal
momentum equa on that involves the Coriolis and accelera on terms? If so, obtain a closed set of
equa ons for the flow this way. Discuss the pros and cons of this approach versus the geometric
approxima on discussed in sec on 2.2.1.

2.9 For an ideal gas show that the expressions (2.233) and (2.237) are equivalent.
2.10 Consider an ocean at rest with known ver cal profiles of poten al temperature and salinity, ()

and (). Suppose we also know the equa on of state in the form   (, , ). Obtain an
expression for the buoyancy frequency. Check your expression by subs tu ng the equa on of state
for an ideal gas and recovering a known expression for the buoyancy frequency.

2.11 (a) The geopoten al height is the height of a given pressure level. Show that in an atmosphere with
a uniform lapse rate (i.e., /    constant) the geopoten al height at a pressure  is
given by

  
    

/

 (P2.5)

where  is the temperature at   .
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(b) In an isothermal atmosphere, obtain an expression for the geopoten al height as func on of
pressure, and show that this is consistent with the expression (P2.5) in the appropriate limit.

2.12 Show that the inviscid, adiaba c, hydrosta c primi ve equa ons for a compressible fluid conserve a
form of energy (kine c plus poten al plus internal), and that the kine c energy has no contribu on
from the ver cal velocity. You may assume Cartesian geometry and a uniform gravita onal field in
the ver cal direc on.

2.13 Consider the simple Boussinesq equa ons, 𝒗/  ∇  𝐤  ∇𝒗, ∇ ⋅ 𝒗  , / 
∇. Obtain an energy equa on similar to (2.112), but now with the terms on the right-hand
side that represent viscous and diaba c effects. Over a closed volume, show that the dissipa on of
kine c energy is balanced by a buoyancy source. Also show that, in a sta s cally steady state, the
hea ng must occur at a lower level than the cooling if a kine c-energy dissipa ng circula on is to
be maintained.

2.14 ♦ Suppose a fluid is contained in a closed container, with insula ng sidewalls, and heated frombelow
and cooled from above. The hea ng and cooling are adjusted so that there is no net energy flux into
the fluid. Let us also suppose that any viscous dissipa on of kine c energy is returned as hea ng, so
the total energy of the fluid is exactly constant. Suppose the fluid starts out at rest and at a uniform
temperature, and the hea ng and cooling are then turned on. A very short me a erwards, the fluid
is lighter at the bo om and heavier at the top; that is, its poten al energy has increased. Where has
this energy come from? Discuss this paradox for both a compressible fluid (e.g., an ideal gas) and
for a simple Boussinesq fluid.

2.15 Consider a rapidly rota ng (i.e., in near geostrophic balance) Boussinesq fluid on the -plane.
(a) Show that the pressure divided by the density scales as  ∼ .
(b) Show that the horizontal divergence of the geostrophic wind vanishes. Thus, argue that the

scaling  ∼ / is an overes mate for the magnitude of the ver cal velocity. (Op onal
extra: obtain a scaling es mate for the magnitude of ver cal velocity in rapidly rota ng flow.)

(c) Using these results, or otherwise, discuss whether hydrosta c balance is more or less likely to
hold in a rota ng flow than in non-rota ng flow.

2.16 Es mate the size of the zonal wind 5 km above the surface in the mid-la tude atmosphere in sum-
mer and winter using (approximate) values for the meridional temperature gradient in the atmo-
sphere. Also es mate the shear corresponding to the pole–equator temperature gradient in the
ocean.

2.17 Using approximate but realis c values for the observed stra fica on, what is the buoyancy pe-
riod for (a) the mid-la tude troposphere, (b) the stratosphere, (c) the oceanic thermocline, (d) the
oceanic abyss?

2.18 Consider a dry, hydrosta c, ideal-gas atmosphere whose lapse rate is one of constant poten al tem-
perature. What is its ver cal extent? That is, at what height does the density vanish? Is this a
problem for the anelas c approxima on discussed in the text?

2.19 Show that for an ideal gas, the expressions (2.237), (2.232), (2.233) are all equivalent, and express
 terms of the temperature lapse rate, / .

2.20 ♦ Calculate an approximate but reasonably accurate expression for the buoyancy equa on for sea-
water. (From notes by R. de Szoeke)
Solu on (i): the buoyancy frequency is given by

   
pot

 
env

 
 

pot
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pot

 
env

(P2.6)
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where pot  (, , ) is the poten al density, and  a reference pressure. From (1.155)

pot    


  (  ∗) 




∗
  (  ) . (P2.7)

Using this and (P2.6) we obtain the buoyancy frequency,

  


     
∗



env

  



env

 , (P2.8)

although we must subs tute local pressure for the reference pressure . (Why?)
Solu on (ii): the sound speed is given by
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  (P2.9)

and, using (P2.6) and (2.237) the square of the buoyancy frequency may be wri en
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 . (P2.10)

Using (1.155), (P2.9) and (P2.10)we recover (P2.8), although now with  explicitly in place of .
2.21 (a) Use the chain rule to show that the horizontal gradients of a field in height coordinates and in

 coordinates are related by

∇  ∇  (/)(/)∇. (P2.11)
(b) Show that, the ver cal velocity in height coordinates, may be expressed in  coordinates as

  /  (/)  𝒖 ⋅ ∇  ̇/. (P2.12)
(c) Use the above expressions to verify (2.143), the expression for the material deriva ve in 

coordinates.

2.22 Begin with the mass conserva on in height coordinates, namely /  ∇ ⋅ 𝒗  . Transform
this into pressure coordinates using the chain rule (or otherwise) and derive the mass conserva on
equa on in the form ∇ ⋅ 𝒖  /  .

2.23 ♦ Star ng with the primi ve equa ons in pressure coordinates, derive the form of the primi ve
equa ons ofmo on in sigma-pressure coordinates. In par cular, show that the prognos c equa on
for surface pressure is,


  ∇⋅ (𝒖)  

̇
   (P2.13)

and that hydrosta c balance may be wri en /  /.
2.24 Star ng with the primi ve equa ons in pressure coordinates, derive the form of the primi ve equa-

ons of mo on in log-pressure coordinates in which    (/) is the ver cal coordinate.
Here,  is a reference height (e.g., a scale height / where  is a typical or an average tem-
perature) and  is a reference pressure (e.g.,  mb). In par cular, show that if the ‘ver cal
velocity’ is  / then  / and that


   

 

   

   . (P2.14)

and obtain the mass conserva on equa on (2.161). Show that this can be wri en in the form


 


 





 ()  , (P2.15)

where    (/).
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2.25 (a) Prove that the argument of the square root in (??) is always posi ve.
Solu on: The largest value or the argument occurs when   and   /(). The argu-
ment is then   / . But      and   / so that / 
/ ≈ ..

(b) ♦ This argument seems to depend on the parameters in the ideal gas equa on of state. Is it
more general than this? Is a natural system possible for which the argument is nega ve, and if
so what physical interpreta on could one ascribe to the situa on?

2.26 Consider a wind stress imposed by a mesoscale cyclonic storm (in the atmosphere) given by

𝝉  (/)( 𝐢   𝐣) (P2.16)

where  , and and are constants. Also assume constant Coriolis gradient  /
and constant ocean depth . In the ocean, find (a) the Ekman transport, (b) the ver cal velocity
(, , ) below the Ekman layer, (c) the northward velocity (, , ) below the Ekman layer
and (d) indicate how you would find the westward velocity (, , ) below the Ekman layer.

2.27 ♦ In an atmospheric Ekman layer on the -plane let us write the momentum equa on as

𝒇 × 𝒖  ∇  

𝝉
 , (P2.17)

where 𝝉  𝒖/ and  is a constant eddy viscosity coefficient. An independent formula for
the stress at the ground is 𝝉  𝒖, where  is a constant. Let us take   , and assume that
in the free atmosphere the wind is geostrophic and zonal, with 𝒖  𝐢.
(a) Find an expression for the wind vector at the ground. Discuss the limits    and   .

Show that when    the fric onally-induced ver cal velocity at the top of the Ekman layer is
zero.

(b) Find the ver cally integrated horizontal mass flux caused by the boundary layer.
(c) When the stress on the atmosphere is 𝝉, the stress on the ocean beneath is also 𝝉. Why? Show

how this consistent with Newton’s third law.
(d) Determine the direc on and strength of the surface current, and the mass flux in the oceanic

Ekman layer, in terms of the geostrophic wind in the atmosphere, the oceanic Ekman depth
and the ra o a/o, where o is the density of the seawater. Include a figure showing the
direc ons of the various winds and currents. How does the boundary-layer mass flux in the
ocean compare to that in the atmosphere? (Assume, as needed, that the stress in the ocean
may be parameterized with an eddy viscosity.)

Par al solu on for (a): A useful trick in Ekman layer problems is to write the velocity as a complex
number,     and    . The Ekman layer equa on, (2.283a), may then be wri en
as


 
  

, (P2.18)

where     . The solu on to this is

    [()  ] exp
(  )
 , (P2.19)

where   / and the boundary condi on of finiteness at infinity eliminates the exponen-
ally growing solu on. The boundary condi on at    is /  (/); applying this gives
[()  ] exp(/)  ()/(√), from which we obtain (), and the rest of the solu-
on follows. Wemay also obtain a solu on using the samemethod that was used to obtain (2.287).
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2.28 The logarithmic boundary layer
Close to ground rota onal effects are unimportant and small-scale turbulence generates a mixed
layer. In this layer, assume that the stress is constant and that it can be parameterized by an eddy
diffusivity the size of which is propor onal to the distance from the surface. Show that the velocity
then varies logarithmically with height.
Solu on: Write the stress as   ∗ where the constant ∗ is called the fric on velocity. Using
the eddy diffusivity hypothesis this stress is given by

  ∗  

 where   ∗, (P2.20)

where  is von Karman’s (‘universal’) constant (approximately equal to 0.4). From (P2.20) we have
/  ∗/() which integrates to give   (∗/) (/). The parameter  is known as
the roughness length.
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WAVES, INSTABILITIES AND
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And the waves sing because they are moving.
Philip Larkin

CHAPTER

SIX

Wave Fundamentals

THIS CHAPTER PROVIDES AN INTRODUCTION BOTH TO WAVE MOTION ITSELF and to what is perhaps the
most important kind of wave occurring at large scales in the ocean and atmosphere,
namely the Rossby wave.1 The chapter has three main parts to it. In the irst, we pro-

vide an introduction towave kinematics, discussing such basic concepts as phase speed and
group velocity. The second part, beginning with section 6.4, is a discussion of the dynam-
ics of Rossby waves, and this part may be considered to be the natural follow-on from the
previous chapter. Finally, in section 6.8, we return to group velocity in a somewhat more
general way and illustrate the results using Poincaré waves. Wave kinematics is a rather
formal topic, yet closely tied to wave dynamics: kinematics without a dynamical example
is jejune and dry, yet understanding wave dynamics of any sort is hardly possible without
appreciating at least some of the formal structure of waves. Readers should lip pages back
and forth through the chapter as needed.

Those readers who already have a knowledge of wave motion and who wish to cut to
the chase quickly may wish to skip the irst few sections and begin at section 6.4. Other
readers may wish to skip the sections on Rossby waves altogether and, after absorbing the
sections on the wave theory move on to chapter ?? on gravity waves, returning to Rossby
waves (or not) later on. TheRossbywave and gravitywave chapters are largely independent
of each other, although they both require that the reader is familiar with the basic ideas of
wave analysis such as group velocity and phase speed. Rossby waves and gravity waves
can, of course, co-exist and we give an introduction to that topic in section 6.7. Close to the
equator the two kinds of waves become more intertwined and we deal with the ensuing
waves in more depth in chapter ??. We also extend our discussion of Rossby waves in a
global atmospheric context in chapter 16.
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6.1 FUNDAMENTALS AND FORMALITIES

6.1.1 Defini ons and kinema cs

What is a wave? Rather like turbulence, a wave is more easily recognized than de ined. Per-
haps a little loosely, a wave may be considered to be a propagating disturbance that has a
characteristic relationship between its frequency and size; more formally, a wave is a dis-
turbance that satis ies a dispersion relation. In order to see what this means, and what a dis-
persion relation is, suppose that a disturbance, 𝜓(𝒙, 𝑡) (where 𝜓might be velocity, stream-
function, pressure, etc), satis ies some equation

𝐿(𝜓) = 0, (6.1)

where𝐿 is a linear operator, typically a polynomial in time and space derivatives; an example
is 𝐿(𝜓) = 𝜕∇𝜓/𝜕𝑡 + 𝛽𝜕𝜓/𝜕𝑥 . (Nonlinear waves exist, but the curious reader must look
elsewhere to learn about them.2) If (6.1) has constant coef icients (if 𝛽 is constant in this
example) then solutionsmay often be found as a superposition of planewaves, each ofwhich
satisfy

𝜓 = Re 𝜓e(,) = Re 𝜓e(𝒌⋅𝒙). (6.2)
where 𝜓 is a complex constant, 𝜃 is the phase, 𝜔 is the wave frequency and 𝒌 is the vector
wavenumber (𝑘, 𝑙, 𝑚) (also written as (𝑘 , 𝑘 , 𝑘) or, in subscript notation, 𝑘). The pre ix
Re denotes the real part of the expression, but we will drop that notation if there is no
ambiguity.

Earlier, we said thatwaves are characterizedbyhaving aparticular relationship between
the frequency and wavevector known as the dispersion relation. This is an equation of the
form

𝜔 = 𝛺(𝒌) (6.3)
where 𝛺(𝒌) [or 𝛺(𝑘), and meaning 𝛺(𝑘, 𝑙,𝑚)] is some function determined by the form of
𝐿 in (6.1) andwhich thus depends on the particular type of wave— the function is different
for sound waves, light waves and the Rossby waves and gravity waves we will encounter
in this book (peak ahead to (6.59) and (??), and there is more discussion in section 6.1.3).
Unless it is necessary to explicitly distinguish the function 𝛺 from the frequency 𝜔, we will
often write 𝜔 = 𝜔(𝒌).

If themedium inwhich thewaves arepropagating is inhomogeneous then (6.1)will prob-
ably not have constant coef icients (for example, 𝛽may vary meridionally). Nevertheless, if
the medium is varying suf iciently slowly, wave solutions may often still be found with the
general form

𝜓(𝒙, 𝑡) = Re𝑎(𝒙, 𝑡)e(𝒙,), (6.4)
where 𝑎(𝒙, 𝑡) varies slowly compared to the variation of the phase, 𝜃. The frequency and
wavenumber are then de ined by

𝒌 ≡ ∇𝜃, 𝜔 ≡ −𝜕𝜃𝜕𝑡 . (6.5)

The example of (6.2) is clearly just a special case of this. Eq. (6.5) implies the formal relation
between 𝒌 and 𝜔:

𝜕𝒌
𝜕𝑡 + ∇𝜔 = 0. (6.6)
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6.1.2 Wave propaga on and phase speed

Analmost universal property ofwaves is that theypropagate through spacewith someveloc-
ity (which in special casesmight be zero). Waves in luidsmay carry energy andmomentum
but not normally, at least to a irst approximation, luid parcels themselves. Further, it turns
out that the speed at which properties like energy are transported (the group speed) may
be different from the speed at which the wave crests themselves move (the phase speed).
Let’s try to understand this statement, beginning with the phase speed.

Phase speed

Let us consider the propagation ofmonochromatic planewaves, for that is all that is needed
to introduce thephase speed. Given (6.2) awavewill propagate in thedirectionof𝒌 (Fig. 6.1).
At a given instant and location we can align our coordinate axis along this direction, and we
write 𝒌 ⋅ 𝒙 = 𝐾𝑥∗, where 𝑥∗ increases in the direction of 𝒌 and 𝐾 = |𝒌| is the magnitude
of the wavenumber. With this, we can write (6.2) as

𝜓 = Re 𝜓e(∗) = Re 𝜓e(∗), (6.7)

where 𝑐 = 𝜔/𝐾. From this equation it is evident that the phase of the wave propagates at
the speed 𝑐 in the direction of 𝒌, and we de ine the phase speed by

𝑐 ≡
𝜔
𝐾 . (6.8)

The wavelength of the wave, 𝜆, is the distance between two wavecrests — that is, the
distance between two locations along the line of travel whose phase differs by 2π— and
evidently this is given by

𝜆 = 2π
𝐾 . (6.9)

In (for simplicity) a two-dimensional wave, and referring to Fig. 6.1(a), the wavelength and
wave vectors in the 𝑥- and 𝑦-directions are given by,

𝜆 = 𝜆
cos𝜙 , 𝜆 = 𝜆

sin𝜙 , 𝑘 = 𝐾 cos𝜙, 𝑘 = 𝐾 sin𝜙. (6.10)

In general, lines of constant phase intersect both the coordinate axes and propagate along
them. The speed of propagation along these axes is given by

𝑐 = 𝑐
𝑙
𝑙 =

𝑐
cos𝜙 = 𝑐

𝐾
𝑘 =

𝜔
𝑘 , 𝑐 = 𝑐

𝑙
𝑙 =

𝑐
sin𝜙 = 𝑐

𝐾
𝑘 =

𝜔
𝑘 , (6.11)

using (6.8) and (6.10). The speed of phase propagation along any one of the axis is in general
larger than the phase speed in the primary direction of the wave. The phase speeds are
clearly not components of a vector: for example, 𝑐 ≠ 𝑐 cos𝜙. Analogously, thewavevector
𝒌 is a true vector, whereas the wavelength 𝜆 is not.

To summarize, the phase speed and its components are given by

𝑐 =
𝜔
𝐾 , 𝑐 =

𝜔
𝑘 , 𝑐 =

𝜔
𝑘 . (6.12)
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Fig. 6.1 The propaga on of a two-dimensional wave. (a) Two lines of constant phase (e.g.,
two wavecrests) at a me . The wave is propaga ng in the direc on 𝒌 with wavelength
. (b) The same line of constant phase at two successive mes. The phase speed is the
speed of advancement of the wavecrest in the direc on of travel, and so   /(  ).
The phase speed in the -direc on is the speed of propaga on of the wavecrest along the
-axis, and   /(  )  / .

Phase velocity

Although it is not particularly useful, there is a way of de ining a phase speed so that is a
true vector, and which might then be called phase velocity. We de ine the phase velocity to
be the phase speed in the direction in which the wave crests are propagating; that is

𝒄 ≡
𝜔
𝐾
𝒌
|𝐾| , (6.13)

where 𝒌/|𝐾| is the unit vector in the direction of wave-crest propagation. The components
of the phase velocity in the the 𝑥- and 𝑦-directions are then given by

𝑐 = 𝒄 cos𝜙, 𝑐 = 𝒄 sin𝜙. (6.14)

De ined this way, the quantity given by (6.13) is indeed a true vector velocity. However, the
components in the 𝑥- and 𝑦-directions are manifestly not the speed at which wave crests
propagate in those directions. It is therefore a misnomer to call these quantities phase
speeds, although it is helpful to ascribe a direction to the phase speed and so the quantity
given by (6.13) can be useful.

6.1.3 The dispersion rela on

The above description is mostly kinematic and a little abstract, applying to almost any dis-
turbance that has a wavevector and a frequency. The particular dynamics of a wave are
determined by the relationship between the wavevector and the frequency; that is, by the
dispersion relation. Once the dispersion relation is known a great many of the properties
of the wave follow in a more-or-less straightforward manner, as we will see. Picking up
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from (6.3), the dispersion relation is a functional relationship between the frequency and
the wavevector of the general form

𝜔 = 𝛺(𝒌). (6.15)
Perhaps the simplest example of a linear operator that gives rise to waves is the one-

dimensional equation
𝜕𝜓
𝜕𝑡 + 𝑐

𝜕𝜓
𝜕𝑥 = 0. (6.16)

Substituting a trial solution of the form 𝜓 = Re𝐴e(), where Re denotes the real part,
we obtain (−i𝜔 + 𝑐i𝑘)𝐴 = 0, giving the dispersion relation

𝜔 = 𝑐𝑘. (6.17)

The phase speed of thiswave is 𝑐 = 𝜔/𝑘 = 𝑐. A fewother examples of governing equations,
dispersion relations and phase speeds are:

𝜕𝜓
𝜕𝑡 + 𝒄 ⋅ ∇𝜓 = 0, 𝜔 = 𝒄 ⋅ 𝒌, 𝑐 = |𝒄| cos 𝜃, 𝑐 =

𝒄 ⋅ 𝒌
𝑘 , 𝑐 =

𝒄 ⋅ 𝒌
𝑙 (6.18a)

𝜕𝜓
𝜕𝑡 − 𝑐

∇𝜓 = 0, 𝜔 = 𝑐𝐾, 𝑐 = ±𝑐, 𝑐 = ±
𝑐𝐾
𝑘 , 𝑐 = ±

𝑐𝐾
𝑙 , (6.18b)

𝜕
𝜕𝑡 ∇

𝜓 + 𝛽𝜕𝜓𝜕𝑥 = 0, 𝜔 = −𝛽𝑘
𝐾 , 𝑐 =

𝜔
𝐾 , 𝑐 = −

𝛽
𝐾 , 𝑐 = −

𝛽𝑘/𝑙
𝐾 . (6.18c)

where 𝐾 = 𝑘 + 𝑙 and 𝜃 is the angle between 𝒄 and 𝒌, and the examples are all two-
dimensional, with variation in 𝑥 and 𝑦 only.

A wave is said to be nondispersive or dispersionless if the phase speed is independent
of the wavelength. This condition is clearly satis ied for the simple example (6.16) but is
manifestly not satis ied for (6.18c), and these waves (Rossby waves, in fact) are dispersive.
Waves of different wavelengths then travel at different speeds so that a group of waves will
spread out — disperse — even if the medium is homogeneous. When a wave is dispersive
there is another characteristic speed at which the waves propagate, known as the group
velocity, and we come to this in the next section.

Most media are, of course, inhomogeneous, but if the medium varies suf iciently slowly
in space and time—and in particular if the variations are slow compared to thewavelength
and period—wemay still have a local dispersion relation between frequency andwavevec-
tor,

𝜔 = 𝛺(𝒌; 𝒙, 𝑡). (6.19)
Although 𝛺 is a function of 𝒌, 𝒙 and 𝑡 the semi-colon in (6.19) is used to suggest that 𝑥 and
𝑡 are slowly varying parameters of a somewhat different nature than 𝒌. We’ll resume our
discussion of this topic in section 6.3, but before that we must introduce the group velocity.

6.2 GROUP VELOCITY

Information and energy clearly cannot travel at the phase speed, for as the direction of prop-
agation of the phase line tends to a direction parallel to the 𝑦-axis, the phase speed in the
𝑥-direction tends to in inity! Rather, it turns out that most quantities of interest, including
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Wave Fundamentals

• A wave is a propagating disturbance that has a characteristic relationship between its
frequency and size, known as the dispersion relation. Waves typically arise as solutions
to a linear problem of the form

𝐿(𝜓) = 0, (WF.1)
where 𝐿 is (commonly) a linear operator in space and time. Two examples are

𝜕𝜓
𝜕𝑡 − 𝑐

∇𝜓 = 0 and 𝜕
𝜕𝑡 ∇

𝜓 + 𝛽𝜕𝜓𝜕𝑥 = 0. (WF.2)

The irst example is so common in all areas of physics it is sometimes called ‘the’ wave
equation. The second example gives rise to Rossby waves.

• Solutions to the governing equation are often sought in the form of plane waves that have
the form

𝜓 = Re𝐴e(𝒌⋅𝒙), (WF.3)
where 𝐴 is the wave amplitude, 𝒌 = (𝑘, 𝑙,𝑚) is the wavevector, and 𝜔 is the frequency.

• The dispersion relation connects the frequency and wavevector through an equation of
the form𝜔 = 𝛺(𝒌)where 𝛺 is some function. The relation is normally derived by substi-
tuting a trial solution like (WF.3) into the governing equation (WF.1). For the examples
of (WF.2) we obtain 𝜔 = 𝑐𝐾 and 𝜔 = −𝛽𝑘/𝐾 where 𝐾 = 𝑘 + 𝑙 + 𝑚 or, in two
dimensions, 𝐾 = 𝑘 + 𝑙.

• The phase speed is the speed at which the wave crests move. In the direction of propaga-
tion and in the 𝑥, 𝑦 and 𝑧 directions the phase speed is given by, respectively,

𝑐 =
𝜔
𝐾 , 𝑐 =

𝜔
𝑘 , 𝑐 =

𝜔
𝑙 , 𝑐 =

𝜔
𝑚. (WF.4)

where 𝐾 = 2π/𝜆 where 𝜆 is the wavelength. The wave crests have both a speed (𝑐) and
a direction of propagation (the direction of 𝒌), like a vector, but the components de ined
in (WF.4) are not the components of that vector.

• The group velocity is the velocity at which a wave packet or wave group moves. It is a
vector and is given by

𝒄 =
𝜕𝜔
𝜕𝒌 with components 𝑐 =

𝜕𝜔
𝜕𝑘 , 𝑐 =

𝜕𝜔
𝜕𝑙 , 𝑐 =

𝜕𝜔
𝜕𝑚 . (WF.5)

Most physical quantities of interest are transported at the group velocity.

• If the coef icients of the wave equation are not constant (for example if the medium is
inhomogeneous) then, if the coef icients are only slowly varying, approximate solutions
may sometimes be found in the form

𝜓 = Re𝐴(𝒙, 𝑡)e(𝒙,), (WF.6)

where the amplitude 𝐴 is also slowly varying and the local wavenumber and frequency
are related to the phase, 𝜃, by 𝒌 = ∇𝜃 and𝜔 = −𝜕𝜃/𝜕𝑡 . The dispersion relation is then a
local one of the form 𝜔 = 𝛺(𝒌; 𝑥, 𝑡).
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Fig. 6.2 Superposi on of two sinusoidal waves with wavenumbers  and , producing
a wave (solid line) that is modulated by a slowly varying wave envelope or wave packet
(dashed line). The envelope moves at the group velocity,   / and the phase of
the wave moves at the group speed   /.

energy, propagate at the group velocity, a quantity of enormous importance in wave the-
ory.3 Roughly speaking, group velocity is the velocity at which a packet or a group of waves
will travel, whereas the individual wave crests travel at the phase speed. To introduce the
idea we will consider the superposition of plane waves, noting that a monochromatic plane
wave already ills space uniformly so that there can be no propagation of energy from place
to place. We will restrict attention to waves propagating in one direction, but the argument
may be extended to two or three dimensions.

6.2.1 Superposi on of two waves

Consider the linear superposition of two waves. Limiting attention to the one-dimensional
case for simplicity, consider a disturbance represented by

𝜓 = Re 𝜓(e() + e()). (6.20)

Let us further suppose that the two waves have similar wavenumbers and frequency, and,
in particular, that 𝑘 = 𝑘 +𝛥𝑘 and 𝑘 = 𝑘 −𝛥𝑘, and𝜔 = 𝜔+𝛥𝜔 and𝜔 = 𝜔−𝛥𝜔. With
this, (6.20) becomes

𝜓 = Re 𝜓e()[e(  ) + e(  )]
= 2Re 𝜓e() cos(𝛥𝑘 𝑥 − 𝛥𝜔 𝑡).

(6.21)

The resulting disturbance, illustrated in Fig. 6.2 has two aspects: a rapidly varying com-
ponent, with wavenumber 𝑘 and frequency 𝜔, and a more slowly varying envelope, with
wavenumber 𝛥𝑘 and frequency 𝛥𝜔. The envelopemodulates the fast oscillation, andmoves
with velocity𝛥𝜔/𝛥𝑘; in the limit𝛥𝑘 → 0 and𝛥𝜔 → 0 this is the group velocity, 𝑐 = 𝜕𝜔/𝜕𝑘 .
Group velocity is equal to the phase speed,𝜔/𝑘, onlywhen the frequency is a linear function
of wavenumber. The energy in the disturbancemustmove at the group velocity—note that
the node of the envelope moves at the speed of the envelope and no energy can cross the
node. These concepts generalize tomore than one dimension, and if the wavenumber is the
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three-dimensional vector 𝒌 = (𝑘, 𝑙,𝑚) then the three-dimensional envelope propagates at
the group velocity given by

𝒄 =
𝜕𝜔
𝜕𝐤 ≡ 𝜕𝜔𝜕𝑘 ,

𝜕𝜔
𝜕𝑙 ,

𝜕𝜔
𝜕𝑚 . (6.22)

The group velocity is also written as 𝒄 = ∇𝒌𝜔 or, in subscript notation, 𝑐 = 𝜕𝛺/𝜕𝑘 , with
the subscript 𝑖 denoting the component of a vector.

6.2.2 ♦ Superposi on of many waves

Now consider a generalization of the above arguments to the case in which many waves
are excited. In a homogeneous medium, nearly all wave patterns can be represented as a
superposition of an in inite number of plane waves; mathematically the problem is solved
by evaluating a Fourier integral. Formathematical simplicitywe’ll continue to treat only the
one-dimensional case but the three dimensional generalization is possible.

A superposition of plane waves, each satisfying some dispersion relation, can be repre-
sented by the Fourier integral

𝜓(𝑥, 𝑡) = 



𝐴(𝑘)e() d𝑘. (6.23a)

The function 𝐴(𝑘) is given by the initial conditions:

𝐴(𝑘) = 1
2π 




𝜓(𝑥, 0)e d𝑥. (6.23b)

As an aside, note that if the waves are dispersionless and𝜔 = 𝑐𝑘where 𝑐 is a constant, then

𝜓(𝑥, 𝑡) = 



𝐴(𝑘)e() d𝑘 = 𝜓(𝑥 − 𝑐𝑡, 0), (6.24)

by comparison with (6.23a) at 𝑡 = 0. That is, the initial condition simply translates at a
speed 𝑐, with no change in structure.

Although the above procedure is quite general it doesn’t get us very far: it doesn’t pro-
vide us with any physical intuition, and the integrals themselves may be hard to evaluate. A
physically more revealing case is to consider the case for which the disturbance is a wave
packet —essentially a nearly plane wave or superposition of waves but con ined to a inite
region of space. We will consider a case with the initial condition

𝜓(𝑥, 0) = 𝑎(𝑥, 0)e (6.25)

where 𝑎(𝑥, 𝑡), rather like the envelope in Fig. 6.3, modulates the amplitude of the wave on a
scalemuch longer than that of thewavelength 2π/𝑘, andmore slowly than thewave period.
That is,

1
𝑎
𝜕𝑎
𝜕𝑥 ≪ 𝑘,

1
𝑎
𝜕𝑎
𝜕𝑡 ≪ 𝑘𝑐, (6.26a,b)
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Fig. 6.3 A generic wave packet. The envelope, (), has a scale  that is much larger than
the wavelength, , of the wave embedded within in. The envelope moves at the group
velocity, , and the phase of the waves at the phase speed, .

and the disturbance is essentially a slowly modulated plane wave. We suppose that 𝑎(𝑥, 0)
is peaked around some value 𝑥 and is very small if |𝑥 − 𝑥| ≫ 𝑘 ; that is, 𝑎(𝑥, 0) is small
if we are suf iciently manywavelengths of the plane wave away from the peak, as is the case
in Fig. 6.3. We would like to know how such a packet evolves.

We can express the envelope as a Fourier integral by irst noting that that we can write
the initial conditions as a Fourier integral,

𝜓(𝑥, 0) = 



𝐴(𝑘)e d𝑘 where 𝐴(𝑘) = 1

2π 



𝜓(𝑥, 0)e d𝑥, (6.27a,b)

so that, using (6.25),

𝐴(𝑘) = 1
2π 




𝑎(𝑥, 0)e() d𝑥 and 𝑎(𝑥, 0) = 




𝐴(𝑘)e() d𝑘.

(6.28a,b)
We still haven’t made much progress beyond (6.23). To do so, we note irst that 𝑎(𝑥) is
con ined in space, so that to a good approximation the limits of the integral in (6.28a) can
be made inite, ±𝐿 say, provided 𝐿 ≫ 𝑘 . We then note that when (𝑘 − 𝑘)𝑥 is large the
integrand in (6.28a) oscillates rapidly; successive intervals in 𝑥 therefore cancel each other
andmake a small net contribution to the integral. Thus, the integral is dominated by values
of 𝑘 near 𝑘, and 𝐴(𝑘) is peaked near 𝑘. (Note that the inite spatial extent of 𝑎(𝑥, 0) is
crucial for this argument.)

We can now evaluate how the wave packet evolves. Beginning with (6.23a) we have

𝜓(𝑥, 𝑡) = 



𝐴(𝑘) exp{i(𝑘𝑥 − 𝜔(𝑘)𝑡)} d𝑘 (6.29a)

≈  𝐴(𝑘) exp i[𝑘𝑥 − 𝜔(𝑘)𝑡] + i(𝑘 − 𝑘)𝑥 − i(𝑘 − 𝑘)
𝜕𝜔
𝜕𝑘 

𝑡 d𝑘 (6.29b)
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having expanded 𝜔(𝑘) in a Taylor series about 𝑘 and kept only the irst two terms, noting
that the wavenumber band is effectively limited. We therefore have

𝜓(𝑥, 𝑡) = exp {i[𝑘𝑥 − 𝜔(𝑘)𝑡]} 𝐴(𝑘) exp i(𝑘 − 𝑘) 𝑥 −
𝜕𝜔
𝜕𝑘 

𝑡 d𝑘 (6.30a)

= exp {i[𝑘𝑥 − 𝜔(𝑘)𝑡]} 𝑎 𝑥 − 𝑐𝑡 (6.30b)

where 𝑐 = 𝜕𝜔/𝜕𝑘 evaluated at 𝑘 = 𝑘. That is to say, the envelope 𝑎(𝑥, 𝑡) moves at the
group velocity, keeping its initial shape.

The group velocity has a meaning beyond that implied by the derivation above: there is
no need to restrict attention to narrow band processes, and it turns out to be a quite general
property of waves that energy (and certain other quadratic properties) propagate at the
group velocity. This is to be expected, at least in the presence of coherent wave packets,
because there is no energy outside of the wave envelope so the energymust propagate with
the envelope. Let’s now examine this more closely.

6.2.3 ♦ The method of sta onary phase

We will now relax the assumption that wavenumbers are con ined to a narrow band but
(since there is no free lunch) we con ine ourselves to seeking solutions at large 𝑡; that is, we
will be seeking a description of waves far from their source. Consider a disturbance of the
general form

𝜓(𝑥, 𝑡) = 



𝐴(𝑘)e[()] d𝑘 = 




𝐴(𝑘)e(;,) d𝑘 (6.31)

where 𝛩(𝑘; 𝑥, 𝑡) ≡ 𝑘𝑥/𝑡 − 𝜔(𝑘). (Here we regard 𝛩 as a function of 𝑘 with parameters 𝑥
and 𝑡; we will sometimes just write 𝛩(𝑘) with 𝛩(𝑘) = 𝜕𝛩/𝜕𝑘 .) Now, a standard result in
mathematics (known as the ‘Riemann–Lebesgue lemma’) states that

𝐼 = lim
→





𝑓(𝑘)e d𝑘 = 0 (6.32)

provided that 𝑓(𝑘) is integrable and ∫ 𝑓(𝑘)d𝑘 is inite. Intuitively, as 𝑡 increases the os-
cillations in the integral increase and become much faster than any variation in 𝑓(𝑘); suc-
cessive oscillations thus cancel and the integral becomes very small (Fig. 6.4).

Looking at (6.31), with 𝐴 playing the role of 𝑓(𝑘), the integral will be small if 𝛩 is every-
where varying with 𝑘. However, if there is a region where 𝛩 does not vary with 𝑘— that is,
if there is a regionwhere the phase is stationary and 𝜕𝛩/𝜕𝑘 = 0—then there will be a con-
tribution to the integral from that region. Thus, for large 𝑡, an observer will predominantly
see waves for which 𝛩(𝑘) = 0 and so, using the de inition of 𝛩, for which

𝑥
𝑡 =

𝜕𝜔
𝜕𝑘 . (6.33)

In other words, at some space-time location (𝑥, 𝑡) the waves that dominate are those whose
group velocity 𝜕𝜔/𝜕𝑘 is 𝑥/𝑡. In the example plotted in Fig. 6.4, 𝜔 = −𝛽/𝑘 so that the
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Fig. 6.4 The integrand of (6.31), namely the func on that when integrated over wavenum-
ber gives the wave amplitude at a par cular  and . The example shown is for a Rossby
wave with   /, with    and /  , and hence   , for two mes
   and   . (The amplitude of the envelope, (), diminishes at high wavenumber
but is otherwise arbitrary.) At the later me the oscilla ons are much more rapid in , so
that the contribu on is more peaked from wavenumbers near to .

wavenumber that dominates, 𝑘 say, is given by solving 𝛽/𝑘 = 𝑥/𝑡, which for 𝑥/𝑡 = 1 and
𝛽 = 400 gives 𝑘 = 20.

Wemay actually approximately calculate the contribution to𝜓(𝑥, 𝑡) fromwavesmoving
with the group velocity. Let us expand 𝛩(𝑘) around the point, 𝑘, where 𝛩(𝑘) = 0. We
obtain

𝜓(𝑥, 𝑡) = 



𝐴(𝑘) exp i𝑡 𝛩(𝑘) + (𝑘 − 𝑘)𝛩(𝑘) + 

(𝑘 − 𝑘)𝛩(𝑘)… d𝑘 (6.34)

The higher order terms are small because 𝑘 − 𝑘 is presumed small (for if it is large the
integral vanishes), and the term involving 𝛩(𝑘) is zero. The integral becomes

𝜓(𝑥, 𝑡) = 𝐴(𝑘)e()



exp i𝑡 (𝑘 − 𝑘)𝛩(𝑘) d𝑘. (6.35)
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We therefore have to evaluate a Gaussian, and because ∫e
 d𝑥 = π/𝑐 we obtain

𝜓(𝑥, 𝑡) ≈ 𝐴(𝑘)e() [−2π/(i𝑡𝜃(𝑘))]/ = 𝐴(𝑘)e(()) [2iπ/(𝑡𝜃(𝑘))]/ .
(6.36)

The solution is therefore a plane wave, with wavenumber 𝑘 and frequency 𝜔(𝑘), slowly
modulated by an envelope determined by the form of 𝛩(𝑘; 𝑥, 𝑡), where 𝑘 is the wavenum-
ber such that 𝑥/𝑡 = 𝑐 = 𝜕𝜔/𝜕𝑘|

6.3 RAY THEORY

Most waves propagate in a media that is inhomogeneous. In the Earth’s atmosphere and
ocean the strati ication varies with altitude and the Coriolis parameter varies with latitude.
In these cases it can be hard to obtain the solution of a wave problem by Fourier methods,
even approximately. Nonetheless, the ideas of signals propagating at the group velocity is a
very robust one, and it turns out that we can often obtain much of the information we want
— and in particular the trajectory of a wave — using an approximate recipe known as ray
theory, using the word theory a little generously.4

In an inhomogeneousmedium let us suppose that the solution to a particularwave prob-
lem is of the form

𝜓(𝒙, 𝑡) = 𝑎(𝒙, 𝑡)e(𝒙,), (6.37)

where 𝑎 is the wave amplitude and 𝜃 the phase, and 𝑎 varies slowly in a sense we will make
more precise shortly. The local wavenumber and frequency are de ined by,

𝑘 ≡
𝜕𝜃
𝜕𝑥

, 𝜔 ≡ −𝜕𝜃𝜕𝑡 . (6.38)

where the irst expression is equivalent to 𝒌 ≡ ∇𝜃 and so ∇ × 𝒌 = 0. We suppose that the
amplitude 𝑎 varies slowly over a wavelength and a period; that is |𝛥𝑎|/|𝑎| is small over the
length 1/𝑘 and the period 1/𝜔 or

|𝜕𝑎/𝜕𝑥|
𝑎 ≪ |𝑘|, |𝜕𝑎/𝜕𝑡|

𝑎 ≪ 𝜔, (6.39)

and similarly in the other directions. Wewill assume that thewavenumber and frequency as
de ined by (6.38) are the same as those that would arise if the mediumwere homogeneous
and 𝑎 were a constant. Thus, we may obtain a local dispersion relation from the governing
equation by keeping the spatially (and possibly temporally) varying parameters ixed and
obtain

𝜔 = 𝛺(𝑘; 𝑥 , 𝑡), (6.40)

and then allow 𝑥 and 𝑡 to vary, albeit slowly.
Let us now consider how thewavevector and frequencymight change with position and

time. It follows from their de initions above that thewavenumber and frequency are related
by

𝜕𝑘
𝜕𝑡 +

𝜕𝜔
𝜕𝑥

= 0, (6.41)
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where we use a subscript notation for vectors and repeated indices are summed. Using
(6.41) and (6.40) gives

𝜕𝑘
𝜕𝑡 +

𝜕𝛺
𝜕𝑥

+ 𝜕𝛺
𝜕𝑘

𝜕𝑘
𝜕𝑥

= 0 or 𝜕𝑘
𝜕𝑡 +

𝜕𝛺
𝜕𝑥

+ 𝜕𝛺
𝜕𝑘

𝜕𝑘
𝜕𝑥

= 0, (6.42a,b)

using 𝜕𝑘/𝜕𝑥 = 𝜕𝑘/𝜕𝑥 as wave vector has no curl. Equation (6.42b) may be written as

𝜕𝒌
𝜕𝑡 + 𝒄 ⋅ ∇𝒌 = −∇𝛺 (6.43)

where
𝒄 =

𝜕𝛺
𝜕𝒌 = 

𝜕𝛺
𝜕𝑘 ,

𝜕𝛺
𝜕𝑙 ,

𝜕𝛺
𝜕𝑚 (6.44)

is, once more, the group velocity. The left-hand side of (6.43) is similar to an advective
derivative, but with the velocity being a group velocity not a luid velocity. Evidently, if the
dispersion relation for frequency is not an explicit function of space the wavevector is prop-
agated at the group velocity.

The frequency is, in general, a function of space, wavenumber and time, and from the
dispersion relation, (6.40), its variation is governed by

𝜕𝜔
𝜕𝑡 =

𝜕𝛺
𝜕𝑡 +

𝜕𝛺
𝜕𝑘

𝜕𝑘
𝜕𝑡 =

𝜕𝛺
𝜕𝑡 −

𝜕𝛺
𝜕𝑘

𝜕𝜔
𝜕𝑥

(6.45)

using (6.41). Thus, using the de inition of group velocity, we may write (6.45) as

𝜕𝜔
𝜕𝑡 + 𝒄 ⋅ ∇𝜔 =

𝜕𝛺
𝜕𝑡 . (6.46)

As with (6.43) the left-hand side is like an advective derivative, but with the velocity being
a group velocity. Thus, if the dispersion relation is not a function of time, the frequency also
propagates at the group velocity.

Motivated by (6.43) and (6.46) we de ine a ray as the trajectory traced by the group
velocity, and we see that if the function 𝛺 is not an explicit function of space or time, then
both the wavevector and the frequency are constant along a ray.

6.3.1 Ray theory in prac ce

What use is ray theory? The idea is that we may use (6.43) and (6.46) to track a group
of waves from one location to another without solving the full wave equations of motion.
Indeed, it turns out that we can sometimes solve problems using ordinary differential equa-
tions (ODEs) rather than partial differential equations (PDEs).

Suppose that the initial conditions consist of a group of waves at a position 𝑥, for which
the amplitude and wavenumber vary only slowly with position. We also suppose that we
know the dispersion relation for the waves at hand; that is, we know the functional form of
𝛺(𝑘; 𝑥, 𝑡). Now, the total derivate following the group velocity is given by

d
d𝑡 =

𝜕
𝜕𝑡 + 𝒄 ⋅ ∇, (6.47)
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Fig. 6.5 Schema of the trajectory
of two wavepackets, each with
a different wavelength and mov-
ing with a different group veloc-
ity, as might be calculated using
ray theory. If the wave pack-
ets collide ray theory must fail.
Ray theory gives only the trajec-
tory of the wave packet, not the
detailed structure of the waves
within a packet.
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so that (6.43) and (6.46) may be written as

d𝒌
d𝑡 = −∇𝛺, (6.48a)
d𝜔
d𝑡 = −

𝜕𝛺
𝜕𝑡 . (6.48b)

These are ordinary differential equations for wavevector and frequency, solvable pro-
vided we know the right-hand sides; that is, provided we know the space and time location
at which the dispersion relation [i.e.,𝛺(𝑘; 𝑥, 𝑡)] is to be evaluated. But the location is known
because it is moving with the group velocity and so

d𝒙
d𝑡 = 𝒄 . (6.48c)

where 𝒄 = 𝜕𝛺/𝜕𝒌|𝒙, (i.e., 𝑐 = 𝜕𝛺/𝜕𝑘|𝒙,). The set (6.48) is a triplet of ordinary differ-
ential equations for the wavevector, frequency and position of a wave group. The equations
may be solved, albeit sometimes numerically, to give the trajectory of a wave packet or col-
lection of wave packets as schematically illustrated in Fig. 6.5. Of course, if the medium or
the wavepacket amplitude is not slowly varying ray theory will fail, and this will perforce
happen if two wave packets collide.

The evolution of the amplitude of the wave packet is not given by ray theory. However,
the evolution of a quantity related to the amplitude of awave packet—speci ically, thewave
activity —may be calculated if the group velocity is known. It may be shown that the wave
activity, 𝐴, satis ies 𝜕𝐴/𝜕𝑡 +∇⋅ (𝒄𝐴) = 0; that is, the lux of wave activity is along a ray, but
we leave further discussion to chapter 10. Another way to calculate the evolution of a wave
and its amplitude in a varyingmedium is to use ‘WKB theory’— see the appendix to chapter
??, with examples in section ?? and chapters 16 and 17. Before all that we turn our attention



6.4 Rossby Waves 253

to a speci ic form of wave — Rossby waves — but the reader whose interest is more in the
general properties of waves may skip forward to section 6.8.

6.4 ROSSBY WAVES

We now shift gears and consider in some detail a particular wave, namely the Rossby wave
in a quasi-geostrophic system. Rossby waves are perhaps the most important large-scale
wave in the atmosphere and ocean (although gravity waves, discussed in the next chapter,
are arguably as important in some contexts).5

6.4.1 The linear equa on of mo on

For most of the rest of this chapter we will be concerned with the quasi-geostrophic equa-
tions of motion for which (as discussed in chapter 5) the inviscid, adiabatic potential vortic-
ity equation is

𝜕𝑞
𝜕𝑡 + 𝒖 ⋅ ∇𝑞 = 0, (6.49)

where 𝑞(𝑥, 𝑦, 𝑧, 𝑡) is the potential vorticity and 𝒖(𝑥, 𝑦, 𝑧, 𝑡) is the horizontal velocity. The
velocity is related to a streamfunction by 𝑢 = −𝜕𝜓/𝜕𝑦, 𝑣 = 𝜕𝜓/𝜕𝑥 and the potential
vorticity is some function of the streamfunction, which might differ from system to system.
Two examples, one applying to a continuously strati ied system and the second to a single
layer system, are

𝑞 = 𝑓 + 𝜁 + 𝜕
𝜕𝑧 𝑆(𝑧)

𝜕𝜓
𝜕𝑧  , 𝑞 = 𝜁 + 𝑓 − 𝑘𝜓. (6.50a,b)

where 𝑆(𝑧) = 𝑓 /𝑁, 𝜁 = ∇𝜓 is the relative vorticity and 𝑘 = 1/𝐿 is the inverse radius
of deformation for a shallow water system. (Note that de initions of 𝑘 and 𝐿 can vary,
typically by factors of 2, π, etc.) Boundary conditions may be needed to form a complete
system.

Wenow linearize (6.49); that is, we suppose that the low consists of a time-independent
component (the ‘basic state’) plus a perturbation, with the perturbation being small com-
pared with the mean low. The basic state must satisfy the time-independent equation of
motion, and it is common and useful to linearize about a zonal low, 𝑢(𝑦, 𝑧). The basic state
is then purely a function of 𝑦 and so we write

𝑞 = 𝑞(𝑦, 𝑧) + 𝑞(𝑥, 𝑦, 𝑡), 𝜓 = 𝜓(𝑦, 𝑧) + 𝜓(𝑥, 𝑦, 𝑧, 𝑡) (6.51)

with a similar notation for the other variables. Note that 𝑢 = −𝜕𝜓/𝜕𝑦 and 𝑣 = 0. Substi-
tuting into (6.49) gives, without approximation,

𝜕𝑞
𝜕𝑡 + 𝒖 ⋅ ∇𝑞 + 𝒖 ⋅ ∇𝑞

 + 𝒖 ⋅ ∇𝑞 + 𝒖 ⋅ ∇𝑞 = 0. (6.52)

The primed quantities are presumptively small so we neglect terms involving their prod-
ucts. Further, we are assuming that we are linearizing about a state that is a solution of the
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equations of motion, so that 𝒖 ⋅ ∇𝑞 = 0. Finally, since 𝑣 = 0 and 𝜕𝑞/𝜕𝑥 = 0we obtain

𝜕𝑞
𝜕𝑡 + 𝑢

𝜕𝑞
𝜕𝑥 + 𝑣 𝜕𝑞𝜕𝑦 = 0 . (6.53)

This equation or one very similar appears very commonly in studies of Rossby waves. To
proceed, let us consider the simple example of waves in a single layer.

6.4.2 Waves in a single layer

Consider a system obeying (6.49) and (6.50b). The equation could be written in spherical
coordinates with 𝑓 = 2𝛺 sin 𝜗, but the dynamics are more easily illustrated on Cartesian 𝛽-
plane for which 𝑓 = 𝑓+𝛽𝑦, and since 𝑓 is a constant it does not appear in our subsequent
derivations.

Infinite deforma on radius

If the scale of motion is much less than the deformation scale then wemake the approxima-
tion that 𝑘 = 0 and the equation of motion may be written as

𝜕𝜁
𝜕𝑡 + 𝒖 ⋅ ∇𝜁 + 𝛽𝑣 = 0 (6.54)

We linearize about a constant zonal low, 𝑢, by writing

𝜓 = 𝜓(𝑦) + 𝜓(𝑥, 𝑦, 𝑡), (6.55)

where 𝜓 = −𝑢𝑦. Substituting(6.55) into (6.54) and neglecting the nonlinear terms involv-
ing products of 𝜓 to give

𝜕
𝜕𝑡 ∇

𝜓 + 𝑢𝜕∇
𝜓
𝜕𝑥 + 𝛽𝜕𝜓



𝜕𝑥 = 0. (6.56)

This equation is just a single-layer version of (6.53), with 𝜕𝑞/𝜕𝑦 = 𝛽, 𝑞 = ∇𝜓 and 𝑣 =
𝜕𝜓/𝜕𝑥 .

The coef icients in (6.56) are not functions of 𝑦 or 𝑧; this is not a requirement for wave
motion to exist but it does enable solutions to be foundmore easily. Let us seek solutions in
the form of a plane wave, namaely

𝜓 = Re 𝜓e(), (6.57)

where 𝜓 is a complex constant and Re indicates the real part of the function (and this will
sometimes be omitted if no ambiguity is so-caused). Solutions of this form are valid in a
domain with doubly-periodic boundary conditions; solutions in a channel can be obtained
using a meridional variation of sin 𝑙𝑦, with no essential changes to the dynamics. The am-
plitude of the oscillation is given by 𝜓 and the phase by 𝑘𝑥 + 𝑙𝑦 −𝜔𝑡, where 𝑘 and 𝑙 are the
𝑥- and 𝑦-wavenumbers and 𝜔 is the frequency of the oscillation.

Substituting (6.57) into (6.56) yields

[(−𝜔 + 𝑈𝑘)(−𝐾) + 𝛽𝑘] 𝜓 = 0, (6.58)
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where 𝐾 = 𝑘 + 𝑙. For non-trivial solutions this implies

𝜔 = 𝑈𝑘 − 𝛽𝑘𝐾 . (6.59)

This is the dispersion relation for barotropic Rossby waves, and evidently the velocity 𝑈
Doppler shifts the frequency. The components of the phase speed and group velocity are
given by, respectively,

𝑐 ≡
𝜔
𝑘 = 𝑢 −

𝛽
𝐾 , 𝑐 ≡

𝜔
𝑙 = 𝑢

𝑘
𝑙 −

𝛽𝑘
𝐾𝑙 , (6.60a,b)

and
𝑐 ≡

𝜕𝜔
𝜕𝑘 = 𝑢 +

𝛽(𝑘 − 𝑙)
(𝑘 + 𝑙) , 𝑐 ≡

𝜕𝜔
𝜕𝑙 =

2𝛽𝑘𝑙
(𝑘 + 𝑙) . (6.61a,b)

The phase speed in the absence of a mean low is westwards, with waves of longer wave-
lengths travelling more quickly, and the eastward current speed required to hold the waves
of a particular wavenumber stationary (i.e., 𝑐 = 0) is 𝑈 = 𝛽/𝐾. The background low 𝑢
evidently just provides a uniform shift to the phase speed, and could be transformed away
by a change of coordinate.

Finite deforma on radius

For a inite deformation radius the basic state 𝛹 = −𝑈𝑦 is still a solution of the original
equations ofmotion, but the potential vorticity corresponding to this state is 𝑞 = 𝑈𝑦𝑘+𝛽𝑦
and its gradient is ∇𝑞 = (𝛽 + 𝑈𝑘)𝐣. The linearized equation of motion is thus

 𝜕𝜕𝑡 + 𝑢
𝜕
𝜕𝑥 (∇

𝜓 − 𝜓𝑘) + (𝛽 + 𝑢𝑘)
𝜕𝜓
𝜕𝑥 = 0. (6.62)

Substituting 𝜓 = 𝜓e() we obtain the dispersion relation,

𝜔 = 𝑘(𝑈𝐾 − 𝛽)
𝐾 + 𝑘

= 𝑈𝑘 − 𝑘𝛽 + 𝑈𝑘



𝐾 + 𝑘
. (6.63)

The corresponding components of phase speed and group velocity are

𝑐 = 𝑢 −
𝛽 + 𝑢𝑘
𝐾 + 𝑘

= 𝑢𝐾 − 𝛽
𝐾 + 𝑘

, 𝑐 = 𝑢
𝑘
𝑙 −

𝑘
𝑙 
𝑢𝐾 − 𝛽
𝐾 + 𝑘

 (6.64a,b)

and
𝑐 = 𝑢 +

(𝛽 + 𝑢𝑘)(𝑘 − 𝑙 − 𝑘)
𝑘 + 𝑙 + 𝑘

 , 𝑐 =
2𝑘𝑙(𝛽 + 𝑢𝑘)
𝑘 + 𝑙 + 𝑘

 . (6.65a,b)

The uniform velocity ield now no longer provides just a simple Doppler shift of the fre-
quency, nor a uniform addition to the phase speed. From (6.64a) the waves are stationary
when 𝐾 = 𝛽/𝑢 ≡ 𝐾 ; that is, the current speed required to hold waves of a particular
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wavenumber stationary is 𝑢 = 𝛽/𝐾. However, this is not simply the magnitude of the
phase speed of waves of that wavenumber in the absence of a current — this is given by

𝑐 =
−𝛽

𝐾 + 𝑘
= −𝑢
1 + 𝑘/𝐾

. (6.66)

Why is there a difference? It is because the current does not just provide a uniform transla-
tion, but, if 𝑘 is non-zero, it also modi ies the basic potential vorticity gradient. The basic
state height ield 𝜂 is sloping; that is 𝜂 = −(𝑓/𝑔)𝑢𝑦, and the ambient potential vorticity
ield increases with 𝑦 and 𝑞 = (𝛽 + 𝑈𝑘)𝑦. Thus, the basic state de ines a preferred frame
of reference, and the problem is not Galilean invariant.6 We also note that, from (6.64b), the
group velocity is negative (westward) if the 𝑥-wavenumber is suf iciently small, compared
to the 𝑦-wavenumber or the deformation wavenumber. That is, said a little loosely, long
waves move information westward and short waves move information eastward, and this is
a common property of Rossby waves. The 𝑥-component of the phase speed, on the other
hand, is always westward relative to the mean low.

6.4.3 The mechanism of Rossby waves

The fundamental mechanism underlying Rossby waves is easily understood. Consider a
material line of stationary luid parcels along a line of constant latitude, and suppose that
some disturbance causes their displacement to the line marked 𝜂(𝑡 = 0) in Fig. 6.6. In the
displacement, the potential vorticity of the luid parcels is conserved, and in the simplest
case of barotropic low on the𝛽-plane the potential vorticity is the absolute vorticity, 𝛽𝑦+𝜁.
Thus, in either hemisphere, a northward displacement leads to the production of negative
relative vorticity and a southward displacement leads to the production of positive relative
vorticity. The relative vorticity gives rise to a velocity ieldwhich, in turn, advects the parcels
in material line in the manner shown, and the wave propagates westwards.

Inmore complicated situations, such as low in two layers, considered below, or in a con-
tinuously strati ied luid, themechanism is essentially the same. A displaced luid parcel car-
ries with it its potential vorticity and, in the presence of a potential vorticity gradient in the
basic state, a potential vorticity anomaly is produced. The potential vorticity anomaly pro-
duces a velocity ield (an example of potential vorticity inversion) which further displaces
the luid parcels, leading to the formation of a Rossby wave. The vital ingredient is a basic
state potential vorticity gradient, such as that provided by the change of the Coriolis param-
eter with latitude.

6.4.4 Rossby waves in two layers

Now consider the dynamics of the two-layermodel, linearized about a state of rest. The two,
coupled, linear equations describing the motion in each layer are

𝜕
𝜕𝑡 ∇

𝜓 + 𝐹(𝜓 − 𝜓) + 𝛽
𝜕𝜓
𝜕𝑥 = 0, (6.67a)

𝜕
𝜕𝑡 ∇

𝜓 + 𝐹(𝜓 − 𝜓) + 𝛽
𝜕𝜓
𝜕𝑥 = 0, (6.67b)
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Fig. 6.6 The mechanism of a two-dimensional (–) Rossby wave. An ini al disturbance
displaces a material line at constant la tude (the straight horizontal line) to the solid line
marked (  ). Conserva on of poten al vor city,   , leads to the produc on
of rela ve vor city, as shown for two parcels. The associated velocity field (arrows on the
circles) then advects the fluid parcels, and the material line evolves into the dashed line.
The phase of the wave has propagated westwards.

where 𝐹 = 𝑓 /𝑔𝐻 and 𝐹 = 𝑓 /𝑔𝐻. By inspection (6.67) may be transformed into two
uncoupled equations: the irst is obtained by multiplying (6.67a) by 𝐹 and (6.67b) by 𝐹
and adding, and the second is the difference of (6.67a) and (6.67b). Then, de ining

𝜓 = 𝐹𝜓 + 𝐹𝜓
𝐹 + 𝐹

, 𝜏 = 1
2(𝜓


 − 𝜓), (6.68a,b)

(think ‘𝜏 for temperature’), (6.67) become

𝜕
𝜕𝑡 ∇

𝜓 + 𝛽𝜕𝜓𝜕𝑥 = 0, (6.69a)
𝜕
𝜕𝑡 (∇

 − 𝑘)𝜏 + 𝛽
𝜕𝜏
𝜕𝑥 = 0, (6.69b)

where now 𝑘 = (𝐹 + 𝐹)/. The internal radius of deformation for this problem is the
inverse of this, namely

𝐿 = 𝑘 = 1
𝑓
 𝑔

𝐻𝐻
𝐻 + 𝐻


/
. (6.70)

The variables 𝜓 and 𝜏 are the normal modes for the two-layer model, as they oscillate
independently of each other. [For the continuous equations the analogous modes are the
eigenfunctions of 𝜕[(𝑓 /𝑁)𝜕𝜙] = 𝜆𝜙.] The equation for𝜓, the barotropic mode, is iden-
tical to that of the single-layer, rigid-lid model, namely (6.56) with𝑈 = 0, and its dispersion
relation is just

𝜔 = −𝛽𝑘𝐾 . (6.71)

The barotropic mode corresponds to synchronous, depth-independent, motion in the two
layers, with no undulations in the dividing interface.
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The displacement of the interface is given by 2𝑓𝜏/𝑔 and so proportional to the ampli-
tude of 𝜏, the baroclinic mode. The dispersion relation for the baroclinic mode is

𝜔 = − 𝛽𝑘
𝐾 + 𝑘

. (6.72)

Themass transport associated with this mode is identically zero, since from (6.68) we have

𝜓 = 𝜓 +
2𝐹𝜏
𝐹 + 𝐹

, 𝜓 = 𝜓 −
2𝐹𝜏
𝐹 + 𝐹

, (6.73a,b)

and this implies
𝐻𝜓 + 𝐻𝜓 = (𝐻 + 𝐻)𝜓. (6.74)

The left-hand side is proportional to the total mass transport, which is evidently associated
with the barotropic mode.

The dispersion relation and associated group and phase velocities are plotted in Fig. 6.7.
The 𝑥-component of the phase speed, 𝜔/𝑘, is negative (westwards) for both baroclinic and
barotropic Rossby waves. The group velocity of the barotropic waves is always positive
(eastwards), but the group velocity of long baroclinic waves may be negative (westwards).
For very short waves, 𝑘 ≫ 𝑘 , the baroclinic and barotropic velocities coincide and their
phase and group velocities are equal and opposite. With a deformation radius of 50 km,
typical for the mid-latitude ocean, then a non-dimensional frequency of unity in the igure
corresponds to a dimensional frequency of 5 × 10 s or a period of about 100 days. In
an atmospherewith a deformation radius of 1000 km a non-dimensional frequency of unity
corresponds to 1×10 s or a period of about 7 days. Non-dimensional velocities of unity
correspond to respective dimensional velocities of about 0.25ms (ocean) and 10ms
(atmosphere).

The deformation radius only affects the baroclinic mode. For scales much smaller than
the deformation radius, 𝐾 ≫ 𝑘 , we see from (6.69b) that the baroclinic mode obeys the
same equation as the barotropic mode so that

𝜕
𝜕𝑡 ∇

𝜏 + 𝛽 𝜕𝜏𝜕𝑥 = 0. (6.75)

Using this and (6.69a) implies that

𝜕
𝜕𝑡 ∇

𝜓 + 𝛽
𝜕𝜓
𝜕𝑥 = 0, 𝑖 = 1, 2. (6.76)

That is to say, the two layers themselves are uncoupled from each other. At the other ex-
treme, for very long baroclinic waves the relative vorticity is unimportant.

6.5 ROSSBY WAVES IN STRATIFIED QUASI-GEOSTROPHIC FLOW

6.5.1 Se ng up the problem

Let us now consider the dynamics of linear waves in strati ied quasi-geostrophic low on a
𝛽-plane, with a resting basic state. (In chapter 16 we explore the role of Rossby waves in
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Fig. 6.7 Le : the dispersion rela on for barotropic (, solid line) and baroclinic (,
dashed line) Rossby waves in the two-layer model, calculated using (6.71) and (6.72)with
  , plo ed for both posi ve and nega ve zonal wavenumbers and frequencies. The
wavenumber is non-dimensionalized by , and the frequency is non-dimensionalized by
/. Right: the corresponding zonal group and phase veloci es,   / and
  /, with superscript ‘t’ or ‘c’ for the barotropic or baroclinic mode, respec vely.
The veloci es are non-dimensionalized by /.

a more realistic setting.) The interior low is governed by the potential vorticity equation,
(5.118), and linearizing this about a state of rest gives

𝜕
𝜕𝑡 ∇

𝜓 + 1
𝜌(𝑧)

𝜕
𝜕𝑧 𝜌(𝑧)𝐹(𝑧)

𝜕𝜓
𝜕𝑧  + 𝛽

𝜕𝜓
𝜕𝑥 = 0, (6.77)

where 𝜌 is the density pro ile of the basic state and 𝐹(𝑧) = 𝑓 /𝑁. (𝐹 is the square of the
inverse Prandtl ratio, 𝑁/𝑓.) In the Boussinesq approximation 𝜌 = 𝜌, i.e., a constant. The
vertical boundary conditions are determined by the thermodynamic equation, (5.120). If
the boundaries are lat, rigid, slippery surfaces then𝑤 = 0 at the boundaries and if there is
no surface buoyancy gradient the linearized thermodynamic equation is

𝜕
𝜕𝑡 

𝜕𝜓
𝜕𝑧  = 0. (6.78)

We apply this at the ground and, with somewhat less justi ication, at the tropopause— the
higher static stability of the stratosphere inhibits vertical motion. If the ground is not lat
or if friction provides a vertical velocity by way of an Ekman layer, the boundary condition
must be correspondingly modi ied, but we will stay with the simplest case here and apply
(6.78) at 𝑧 = 0 and 𝑧 = 𝐻.

6.5.2 Wave mo on

As in the single-layer case, we seek solutions of the form

𝜓 = Re 𝜓(𝑧)e(), (6.79)
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where 𝜓(𝑧)will determine the vertical structure of the waves. The case of a sphere is more
complicated but introduces no truly new physical phenomena.

Substituting (6.79) into (6.77) gives

𝜔 −𝐾 𝜓(𝑧) + 1𝜌
𝜕
𝜕𝑧 𝜌𝐹(𝑧)

𝜕 𝜓
𝜕𝑧  − 𝛽𝑘

𝜓(𝑧) = 0. (6.80)

Now, if 𝜓 satis ies
1
𝜌
𝜕
𝜕𝑧 𝜌𝐹(𝑧)

𝜕 𝜓
𝜕𝑧  = −𝛤

𝜓, (6.81)

where 𝛤 is a constant, then the equation of motion becomes

− 𝜔 𝐾 + 𝛤 𝜓 − 𝛽𝑘 𝜓 = 0, (6.82)

and the dispersion relation follows, namely

𝜔 = − 𝛽𝑘
𝐾 + 𝛤 . (6.83)

Equation (6.81) constitutes an eigenvalue problem for the vertical structure; the boundary
conditions, derived from (6.78), are 𝜕 𝜓/𝜕𝑧 = 0 at 𝑧 = 0 and 𝑧 = 𝐻. The resulting eigenval-
ues,𝛤 are proportional to the inverse of the squares of the deformation radii for the problem
and the eigenfunctions are the vertical structure functions.

A simple example

Consider the case in which 𝐹(𝑧) and 𝜌 are constant, and in which the domain is con ined
between two rigid surfaces at 𝑧 = 0 and 𝑧 = 𝐻. Then the eigenvalue problem for the
vertical structure is

𝐹𝜕
 𝜓
𝜕𝑧 = −𝛤

𝜓 (6.84a)

with boundary conditions of

𝜕 𝜓
𝜕𝑧 = 0, at 𝑧 = 0,𝐻. (6.84b)

There is a sequence of solutions to this, namely
𝜓(𝑧) = cos(𝑛π𝑧/𝐻), 𝑛 = 1, 2… (6.85)

with corresponding eigenvalues

𝛤 = 𝑛
𝐹π
𝐻 = (𝑛π)  𝑓𝑁𝐻


, 𝑛 = 1, 2… . (6.86)

Equation (6.86) may be used to de ine the deformation radii for this problem, namely

𝐿 ≡
1
√𝛤

= 𝑁𝐻
𝑛π𝑓

. (6.87)
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The irst deformation radius is the same as the expression obtained by dimensional analysis,
namely 𝑁𝐻/𝑓, except for a factor of π. (De initions of the deformation radii both with and
without the factor of π are common in the literature, and neither is obviously more correct.
In the latter case, the irst deformation radius in a problem with uniform strati ication is
given by𝑁𝐻/𝑓, equal to π/𝛤.) In addition to these baroclinic modes, the case with 𝑛 = 0,
that is with 𝜓 = 1, is also a solution of (6.84) for any 𝐹(𝑧).

Using (6.83) and (6.86) the dispersion relation becomes

𝜔 = − 𝛽𝑘
𝐾 + (𝑛π)(𝑓/𝑁𝐻)

, 𝑛 = 0, 1, 2… (6.88)

and, of course, the horizontal wavenumbers 𝑘 and 𝑙 are also quantized in a inite domain.
The dynamics of the barotropic mode are independent of height and independent of the
strati ication of the basic state, and so these Rossby waves are identical with the Rossby
waves in a homogeneous luid contained between two lat rigid surfaces. The structure of
the baroclinic modes, which in general depends on the structure of the strati ication, be-
comes increasingly complex as the vertical wavenumber 𝑛 increases. This increasing com-
plexity naturally leads to a certain delicacy, making it rare that they can be unambiguously
identi ied in nature. The eigenproblem for a realistic atmospheric pro ile is further compli-
cated because of the lack of a rigid lid at the top of the atmosphere.7

6.6 ENERGY PROPAGATION AND REFLECTION OF ROSSBY WAVES

We now consider how energy is luxed in Rossby waves. To keepmatters reasonably simple
from an algebraic point of viewwewill consider waves in a single layer andwithout a mean
low, but wewill allow for a inite radius of deformation. To remind ourselves, the dynamics
are governed by the evolution of potential vorticity and the linearized evolution equation is

𝜕
𝜕𝑡 ∇

 − 𝑘𝜓 + 𝛽
𝜕𝜓
𝜕𝑥 = 0. (6.89)

The dispersion relation follows in the usual way and is

𝜔 = −𝑘𝛽
𝐾 + 𝑘

. (6.90)

which is a simpli ication of (6.63), and the group velocities are

𝑐 =
𝛽(𝑘 − 𝑙 − 𝑘)
𝐾 + 𝑘

 , 𝑐 =
2𝛽𝑘𝑙

𝐾 + 𝑘
 , (6.91a,b)

which are simpli ications of (6.65), and as usual 𝐾 = 𝑘 + 𝑙.
To obtain an energy equation multiply (6.89) by −𝜓 to obtain, after a couple of lines of

algebra,
1
2
𝜕
𝜕𝑡 (∇𝜓)

 + 𝑘𝜓 − ∇⋅ 𝜓∇
𝜕𝜓
𝜕𝑡 + 𝐢𝛽𝜓

 = 0. (6.92)
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Essen als of Rossby Waves

• Rossby waves owe their existence to a gradient of potential vorticity in the luid. If a
luid parcel is displaced, it conserves its potential vorticity and so its relative vorticity
will in general change. The relative vorticity creates a velocity ield that displaces
neighbouring parcels, whose relative vorticity changes and so on.

• A common source of a potential vorticity gradient is differential rotation, or the 𝛽-
effect. In the presence of non-zero 𝛽 the ambient potential vorticity increases north-
ward and the phase of the Rossby waves propagates westward. In general, Rossby
waves propagate pseudo-westwards, meaning to the left of the direction of the poten-
tial vorticity gradient.

• A common equation of motion for Rossby waves is

𝜕𝑞
𝜕𝑡 + 𝑢

𝜕𝑞
𝜕𝑥 + 𝑣 𝜕𝑞𝜕𝑦 = 0, (RW.1)

with an overbar denoting the basic state and a prime a perturbation. In the case of a
single layer of luid with no mean low this equation becomes

𝜕
𝜕𝑡 (∇

 + 𝑘)𝜓 + 𝛽
𝜕𝜓
𝜕𝑥 = 0 (RW.2)

with dispersion relation
𝜔 = −𝛽𝑘

𝑘 + 𝑙 + 𝑘
. (RW.3)

• The phase speed in the zonal direction (𝑐 = 𝜔/𝑘) is always negative, or westward,
and is larger for large waves. For (RW.2) components of the group velocity are given
by

𝑐 =
𝛽(𝑘 − 𝑙 − 𝑘)
𝑘 + 𝑙 + 𝑘

 , 𝑐 =
2𝛽𝑘𝑙

𝑘 + 𝑙 + 𝑘
 . (RW.4)

The group velocity iswestward if the zonalwavenumber is suf iciently small, and east-
ward if the zonal wavenumber is suf iciently large.

• Rossbywaves exist in strati ied luids, and have a similar dispersion relation to (RW.3)
with an appropriate vertical wavenumber appearing in place of the inverse deforma-
tion radius, 𝑘 .

• The re lection of such Rossby waves at a wall is specular, meaning that the group ve-
locity of the re lected wave makes the same angle with the wall as the group velocity
of the incident wave. The energy lux of the re lected wave is equal and opposite to
that of the incoming wave in the direction normal to the wall.
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where 𝐢 is the unit vector in the 𝑥 direction. The irst group of terms are the energy itself, or
more strictly the energy density. (An energy density is an energy per unit mass or per unit
volume, depending on the context.) The term (∇𝜓)/2 = (𝑢 + 𝑣)/2 is the kinetic energy
and 𝑘𝜓/2 is the potential energy, proportional to the displacement of the free surface,
squared. The second term is the energy lux, so that we may write

𝜕𝐸
𝜕𝑡 + ∇⋅ 𝑭 = 0. (6.93)

where 𝐸 = (∇𝜓)/2 + 𝑘𝜓 and 𝑭 = −𝜓∇𝜕𝜓/𝜕𝑡 + 𝐢𝛽𝜓. We haven’t yet used the fact
that the disturbance has a dispersion relation, and if we do so wemay expect, following the
derivations of section 6.2, that the energy moves at the group velocity. Let us now demon-
strate this explicitly.

We assume solution of the form

𝜓 = 𝐴(𝑥) cos(𝒌 ⋅ 𝒙 − 𝜔𝑡) = 𝐴(𝑥) cos (𝑘𝑥 + 𝑙𝑦 − 𝜔𝑡) (6.94)

where 𝐴(𝑥) is assumed to vary slowly compared to the nearly plane wave. (Note that 𝒌 is
the wave vector, to be distinguished from 𝐤, the unit vector in the 𝑧-direction.) The kinetic
energy in a wave is given by

KE = 𝐴
2 𝜓


 + 𝜓 (6.95)

so that, averaged over a wave period,

KE = 𝐴
2 (𝑘

 + 𝑙) 𝜔2π 
/


sin(𝐤 ⋅ 𝒙 − 𝜔𝑡)d𝑡. (6.96)

The time-averaging produces a factor of one half, and applying a similar procedure1 to the
potential energy we obtain

KE = 𝐴
4 (𝑘

 + 𝑙), PE = 𝐴
4 𝑘


 , (6.97)

so that the average total energy is

𝐸 = 𝐴
4 (𝐾

 + 𝑘), (6.98)

where 𝐾 = 𝑘 + 𝑙.
The lux, 𝑭, is given by

𝑭 = −𝜓∇𝜕𝜓𝜕𝑡 + 𝐢𝛽𝜓
 = −𝐴 cos(𝒌 ⋅ 𝒙 − 𝜔𝑡) 𝒌𝜔 − 𝐢𝛽2 , (6.99)

so that evidently the energy lux has a component in the direction of the wavevector, 𝒌, and
a component in the 𝑥-direction. Averaging over a wave period straightforwardly gives us
additional factors of one half:

𝑭 = −𝐴


2 𝒌𝜔 + 𝐢
𝛽
2 . (6.100)



264 Chapter 6. Wave Fundamentals

We now use the dispersion relation𝜔 = −𝛽𝑘/(𝐾 + 𝑘) to eliminate the frequency, giving

𝑭 = 𝐴𝛽
2 𝒌 𝑘

𝐾 + 𝑘
− 𝐢12 , (6.101)

and writing this in component form we obtain

𝑭 = 𝐢𝐴
𝛽
4 𝑘

 − 𝑙 − 𝑘
𝐾 + 𝑘

 + 𝐣 2𝑘𝑙
𝐾 + 𝑘

. (6.102)

Comparison of (6.102) with (6.91) and (6.98) reveals that

𝑭 = 𝒄𝐸 (6.103)

so that the energy propagation equation, (6.93), when averaged over a wave, becomes

𝜕𝐸
𝜕𝑡 + ∇⋅ 𝒄𝐸 = 0 . (6.104)

It is interesting that the variation of 𝐴 plays no role in the above manipulations, so that
the derivation appears to go through if the amplitude 𝐴(𝒙, 𝑡) is in fact a constant and the
wave is a single plane wave. This seems hard to reconcile with our previous discussion, in
which we noted that the group velocity was the velocity of a wave packet involving a super-
positionof planewaves. Indeed, thederivative of the frequencywith respect towavenumber
means little if there is only one wavenumber. In fact there is nothing wrong with the above
derivation if 𝐴 is a constant and only a single plane wave is present. The resolution of the
paradox arises by noting that a plane wave ills all of space and time; in this case there is no
convergence of the energy lux and the energy propagation equation is trivially true.

6.6.1 ♦ Rossby wave reflec on

Wenow consider howRossbywavesmight be re lected froma solid boundary. The topic has
an obvious oceanographic relevance, for the re lection of Rossbywaves turns out to oneway
of interpreting why intense oceanic boundary currents form on the western sides of ocean
basins, not the east. There is also an atmospheric relevance, for meridionally propagating
Rossby waves may effectively be re lected as they approach a ‘turning latitude’ where the
meridional wavenumber goes to zero, as considered in chapter 16. As a preliminary, let us
give a useful graphic interpretation of Rossby wave propagation.8

The energy propaga on diagram

The dispersion relation for Rossby waves,𝜔 = −𝛽𝑘/(𝑘 + 𝑙 + 𝑘), may be rewritten as

(𝑘 + 𝛽/2𝜔) + 𝑙 = (𝛽/2𝜔) − 𝑘 . (6.105)

This equation is the parametric representation of a circle, meaning that thewavevector (𝑘, 𝑙)
must lie on a circle centered at the point (−𝛽/2𝜔, 0) and with radius [(𝛽/2𝜔) −𝑘]/, as
illustrated in Fig. 6.8. If the deformation radius is zero the circle touches the origin, and if
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Fig. 6.8 The energy propaga on diagram for Rossby waves. The wavevectors of a given
frequency all lie in a circle of radius [(/)  ]/, centered at the point . The
closest distance of the circle to the origin is , and if the deforma on radius is infinite 
the circle touches the origin. For a given wavenumber 𝒌, the group velocity is along the
line directed from to .

it is nonzero the distance of the closest point to the circle, 𝑘 say, is given by 𝑘 = −𝛽/2𝜔 +
[(𝛽/2𝜔) − 𝑘]/. For low frequencies, speci ically if 𝜔 ≪ 𝛽/2𝑘, then 𝑘 ≈ −𝜔𝑘/𝛽. The
radius of the circle is a positive real number only when 𝜔 < 𝛽/2𝑘 . This is the maximum
frequency possible, and it occurs when 𝑙 = 0 and 𝑘 = 𝑘 and when 𝑐 = 𝑐 = 0.

It turns out that the group velocity, and hence the energy lux, can be visualized graph-
ically from Fig. 6.8. By direct manipulation of the expressions for group velocity and fre-
quency we ind that

𝑐 =
2𝜔

𝐾 + 𝑘
 𝑘 +

𝛽
2𝜔 , (6.106a)

𝑐 =
2𝜔

𝐾 + 𝑘
 𝑙. (6.106b)

(To check this, it is easiest to beginwith the right-hand sides and use the dispersion relation
for 𝜔.) Now, since the center of the circle of wavevectors is at the position (−𝛽/2𝜔, 0), and
referring to Fig. 6.8, we have that

𝒄 =
2𝜔

(𝐾 + 𝑘)
𝑹 (6.107)

where 𝑹 = ⃗𝑊𝐶 is the vector directed from𝑊 to 𝐶, that is from the end of the wavevector
itself to the center of the circle around which all the wavevectors lie.

Eq. (6.107) and Fig. 6.8 allow for a useful visualization of the energy and phase. The
phase propagates in the direction of the wave vector, and for Rossby waves this is always
westward. The group velocity is in the direction of thewave vector to the center of the circle,
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Fig. 6.9 The reflec on of a Rossby wave at a west-
ern wall, in physical space. A Rossby wave with
a westward group velocity impinges at an angle
 to a wall, inducing a reflected wave moving
eastward at an angle . The reflec on is spec-
ular, with   , and energy conserving, with
|𝒄|  |𝒄|— see text and Fig. 6.10.
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and this can be either eastward (if 𝑘 > 𝑙 + 𝑘) or westward (𝑘 < 𝑙 + 𝑘). Interestingly,
the velocity vector is normal to the wave vector. To see this, consider a purely westward
propagating wave for which 𝑙 = 0. Then 𝑣 = 𝜕𝜓/𝜕𝑥 = i𝑘 𝜓 and 𝑢 = −𝜕𝜓/𝜕𝑦 = −i𝑙 𝜓 = 0.
We now see how some of these properties can help us understand the re lection of Rossby
waves.

[Do we need a gray box summarizing some of the properties of re lection? xxx]

Reflec on at a wall

Consider Rossbywaves incident onwallmaking an angle 𝛾with the 𝑥-axis, and suppose that
somehow thesewaves are re lected back into the luid interior. This is a reasonable expecta-
tion, for the wall cannot normally simply absorb all the wave energy. We irst note a couple
of general properties about re lection, namely that the incident and re lectedwavewill have
the same wavenumber component along the wall and their frequencies must be the same
To see these properties, consider the case in which the wall is oriented meridionally, along
the 𝑦-axis with 𝛾 = 90°. There is no loss of generality in this choice, because wemay simply
choose coordinates so that 𝑦 is parallel to the wall and the 𝛽-effect, which differentiates 𝑥
from 𝑦, does not enter the argument. The incident and re lected waves are

𝜓(𝑥, 𝑦, 𝑡) = 𝐴e(), 𝜓(𝑥, 𝑦, 𝑡) = 𝐴e(), (6.108)

with subscripts 𝑖 and 𝑟 denoting incident and re lected. At the wall, which we take to be at
𝑥 = 0, the normal velocity 𝑢 = −𝜕𝜓/𝜕𝑦 must be zero so that

𝐴𝑙e() + 𝐴𝑙e() = 0. (6.109)

For this equation to hold for all 𝑦 and all time then we must have

𝑙 = 𝑙 , 𝜔 = 𝜔 . (6.110)

This result is independent of the detailed dynamics of the waves, requiring only that the
velocity is determined from a streamfunction. When we consider Rossby-wave dynamics
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Fig. 6.10 Graphical representa on of the reflec on of a Rossby wave at a western wall,
in spectral space. The incident wave has wavevector 𝒌, ending at point . Construct
the wavevector circle through point  with radius (/)   and center  
(/, ); the group velocity vector then lies along ⃗ and is directed westward. The
reflected wave has a wavevector 𝒌 such that its projec on on the wall is equal to that of
𝒌, and this fixes the point . The group velocity of the reflected wave then lies along ⃗,
and it can be seen that 𝒄 makes the same angle to the wall as does 𝒄, except that it
is directed eastward. The reflec on is therefore both specular and is such that the energy
flux directed away from the wall is equal to the energy flux directed toward the wall.

speci ically, the 𝑥- and 𝑦-coordinates are not arbitrary and so the wall cannot be taken to be
aligned with the 𝑦-axis; rather, the result means that the projection of the incident wavevec-
tor, 𝒌 on the wall must equal the projection of the re lected wavevector, 𝒌 . The magnitude
of thewavevector (thewavenumber) is not in general conserved by re lection. Finally, given
these results and using (6.109)we see that the incident and re lected amplitudes are related
by

𝐴 = −𝐴 . (6.111)

Now let’s delve a little deeper into the wave-re lection properties.
Generally, when we consider a wave to be incident on a wall, we are supposing that the

group velocity is directed toward the wall. Suppose that a wave of given frequency, 𝜔, and
wavevector, 𝒌 , and with westward group velocity is incident on a predominantly western
wall, as in Fig. 6.9. (Similar reasoning,mutatismutandis, canbe applied to awave incident on
an easternwall.) Let us suppose that incidentwave,𝒌 lies at the point I on thewavenumber
circle, and the group velocity is found by drawing a line from I to the center of the circle, C
(so 𝒄 ∝ ⃗𝐼𝐶), and in this case the vector is directed westward.

The projection of the 𝒌 must be equal to the projection of the re lected wave vector, 𝒌 ,
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and bothwavevectorsmust lie in the samewavenumber circle, centered at−𝛽/2𝜔, because
the frequencies of the two waves are the same. We may then graphically determines the
wavevector of the re lected wave using the construction of Fig. 6.10. Given the wavevector,
the group velocity of the re lectedwave follows by drawing a line from thewavevector to the
center of the circle (the line ⃗𝑅𝐶). We see from the igure that the re lected group velocity is
directed eastward and that it forms the sameangle to thewall as does the incidentwave; that
is, the re lection is specular. Since the amplitude of the incoming and re lected wave are the
same, the components of the energy lux perpendicular to the wall are equal and opposite.
Furthermore, we can see from the igure that the wavenumber of the re lected wave has a
largermagnitude than that of the incident wave. For waves re lecting of an easter boundary,
the reverse is true. Put simply, at a western boundary incident long waves are re lected
as short waves, whereas at an eastern boundary incident short waves are re lected as long
waves.

Quantitatively solving for thewavenumbers of the re lectedwave is a little tedious in the
case when the wall is at angle, but easy enough if the wall is a meridional, along the 𝑦-axis.
We know the frequency, 𝜔, and the 𝑦-wavenumber, 𝑙, so that the 𝑥-wavenumber is may be
deduced from the dispersion relation

𝜔 = −𝛽𝑘
𝑘 + 𝑙 + 𝑘

= −𝛽𝑘
𝑘 + 𝑙 + 𝑘

. (6.112)

We obtain

𝑘 =
−𝛽
2𝜔 +  𝛽2𝜔


− 𝑙 + 𝑘, 𝑘 =

−𝛽
2𝜔 −  𝛽2𝜔


− 𝑙 + 𝑘. (6.113a,b)

The signs of the square-root terms are chosen for re lection at a western boundary, for
which, as we noted, the re lected wave has a larger (absolute) wavenumber than the inci-
dent wave. For re lection at an eastern boundary, we simply reverse the signs.

Oceanographic relevance

The behaviour of Rossby waves at lateral boundaries is not surprisingly of some oceano-
graphic importance, there being two particularly important examples. One of them con-
cerns the equatorial ocean, and the other the formation of western boundary currents, com-
mon in midlatitudes. We only touch on these topics here, deferring a more extensive treat-
ments to later chapters.

Suppose that Rossby waves are generated in themiddle of the ocean, for example by the
wind or possibly by some luid dynamical instability in the ocean. Shorterwaveswill tend to
propagate eastward, and be re lected back at the eastern boundary as long waves, and long
waves will tend to propagate westward, being re lected back as short waves. The re lection
at the western boundary is believed to be particularly important in the dynamics of El Niño.
although the situation is further complicated because the re lection may also generate east-
ward moving equatorial Kelvin waves, which we discuss more in the next chapter.

In mid-latitudes the re lection at a western boundary generates Rossby waves that have
a short zonal length scale (the meridional scale is the same as the incident wave if the wall
is meridional), which means that their meridional velocity is large. Now, if the zonal wave-
number ismuch larger thanboth themeridionalwavenumber 𝑙 and the inverse deformation
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radius 𝑘 then, using either (6.61) or (6.65) the group velocity in the 𝑥-direction is given by
𝑐 = 𝑢 + 𝛽/𝑘, where 𝑢 is the zonal mean low. If the mean low is westward, so that 𝑈 is
negative, then very short waves will be unable to escape from the boundary; speci ically, if
𝑘 > 𝛽/ − 𝑈 then the waves will be trapped in a western boundary layer. [More here ??
xxx]

6.7 ROSSBY-GRAVITY WAVES: AN INTRODUCTION

Wenow consider Rossbywaves and shallowwater gravitywaves together. To keep the treat-
ment tractable we will consider the simplest possible case, namely a single layer of shallow
water on the beta plane inwhich the Coriolis parameter, 𝑓, is held constant exceptwhere it is
differentiated, an approximation similar to that made when deriving the quasi-geostrophic
equations.9 A (perforce more complex) treatment of the analogous problem on the equa-
torial beta-plane, in which we allow both 𝑓 and 𝛽 to vary fully with latitude, in is given in
chapter ??.

Our equations of motion are the shallow water equations in Cartesian coordinates in a
rotating frame of reference, namely

𝜕𝑢
𝜕𝑡 − 𝑓𝑣 = −

𝜕𝜙
𝜕𝑥 ,

𝜕𝑣
𝜕𝑡 + 𝑓𝑢 = −

𝜕𝜙
𝜕𝑦 , (6.114a,b)

𝜕𝜙
𝜕𝑡 + 𝑐

 𝜕𝑢𝜕𝑥 +
𝜕𝑣
𝜕𝑦  = 0 (6.114c)

where, in terms of possibly more familiar shallow water variables, 𝜙 = 𝑔𝜂 and 𝑐 = 𝑔𝐻,
where 𝜙 is the kinematic pressure, 𝜂 is the free surface height, 𝐻 is the reference depth of
the luid and 𝑔 is the reduced gravity.

After some manipulation (described more fully in section ??) we obtain, without addi-
tional approximation, a single equation for 𝑣:

1
𝑐
𝜕𝑣
𝜕𝑡 +

𝑓
𝑐
𝜕𝑣
𝜕𝑡 −

𝜕
𝜕𝑡 ∇

𝑣 − 𝛽𝜕𝑣𝜕𝑥 = 0. (6.115)

In this equation the Coriolis parameter is given by the 𝛽-plane expression 𝑓 = 𝑓 + 𝛽𝑦;
thus, the equation has a non-constant coef icient, entailing considerable algebraic dif icul-
ties. We will address some of these dif iculties in chapter ??, but for now we take a simpler
approach: we assume that 𝑓 is constant except where differentiated, an approximation that
is reasonable in mid-latitudes provided we are concerned with suf iciently small variations
in latitude. Equation (6.115) then has constant coef icients andwemay look for planewave
solutions of the form 𝑣 = 𝑣 exp [i(𝒌 ⋅ 𝒙 − 𝜔𝑡)], whence

𝜔 − 𝑓
𝑐 − (𝑘 + 𝑙) − 𝛽𝑘𝜔 = 0. (6.116a)

or, written differently,

𝑘 + 𝛽
2𝜔


+ 𝑙 =  𝛽2𝜔


+ 𝜔

 − 𝑓
𝑐 . (6.116b)
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Fig. 6.11Wavepropaga ondiagrams for Rossby-gravitywaves, obtainedusing (6.116). The
topfigure shows the diagram in the low frequency, Rossbywave limit, and the bo omfigure
shows the high frequency, gravity wave limit. In each case the the locus of wavenumbers
for a given frequency is a circle centered at   (/, ) with a radius  given by
(6.117), but the approximate expressions differ significantly at high and low frequency.
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Fig. 6.12 Dispersion rela on for Rossby-gravity waves, obtained from (6.129)with   .
for three values of . There a frequency gap between the Rossby or planetary waves and
the gravity waves. For the stra fied mid-la tude atmosphere or ocean the frequency gap
is in fact much larger.

This equation may be compared to (6.105): noting that 𝑘 = 𝑓 /𝑔𝐻 = 𝑓 /𝑐, the two
equations are identical except for the appearance of a term involving frequency on last term
on the right-hand side of (6.116b). The wave propagation diagram is illustrated in Fig. 6.11.
The wave vectors a a given frequency all lie on a circle centered at (−𝛽/2𝜔, 0) and with
radius 𝑟 given by

𝑅 =  𝛽2𝜔

+ 𝜔

 − 𝑓
𝑐 

/

, (6.117)

and the radiusmust be positive in order for thewaves to exist. In the low frequency case the
diagram is essentially the same as that shown in Fig. 6.8, but is quantitatively signi icantly
different in the high frequency case. These limiting cases are discussed further in section
6.7.1 below.

To plot the full dispersion relation it is useful to nondimensionalize using the following
scales for time (𝑇), distance (𝐿) and velocity (𝑈)

𝑇 = 𝑓 , 𝐿 = 𝐿 = 𝑘 = 𝑐/𝑓, 𝑈 = 𝐿/𝑇 = 𝑐, (6.118a,b)

so that, denoting nondimensional quantities with a hat,

𝜔 = 𝜔𝑓, (𝑘, 𝑙) = (𝑘, ̂𝑙)𝑘 , 𝛽 = 𝛽𝑓


𝑐 = 𝛽 𝑓𝐿

= 𝛽𝑓𝑘 . (6.119)
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The dispersion relation (6.116) may then be written as

𝜔 − 1 − (𝑘 + ̂𝑙) − 𝛽
𝑘
𝜔 = 0 (6.120)

This is a cubic equation in 𝜔, as might be expected given the governing equations (6.114).
We may expect that two of the roots correspond to gravity waves and the third to Rossby
waves. The only parameter in the dispersion relation is 𝛽 = 𝛽𝑐/𝑓 = 𝛽𝐿/𝑓. In the atmo-
sphere a representative value for 𝐿 is 1000 km, whence 𝛽 = 0.1. In the ocean 𝐿 ∼ 100km,
whence 𝛽 = 0.01. If we allow ourselves to consider ‘external’ Rossby waves (which are of
some oceanographic relevance) then 𝑐 = 𝑔𝐻 = 200ms and 𝐿 = 2000km, whence
𝛽 = 0.2.

To actually obtain a solution we regard the equation as a quadratic in 𝑘 and solve in
terms of the frequency, giving

𝑘 = −
𝛽
2𝜔 ±

1
2 

𝛽
𝜔 + 4(𝜔

 − ̂𝑙 − 1)
/

. (6.121)

The solutions are plotted in Fig. 6.12, with 𝛽 = 0.2, and we see that the waves fall into two
groups, labelled gravity waves and planetary waves in the igure. The gap between the two
groups of waves is in fact still larger if a smaller (and generally more relevant) value of 𝛽 is
used. To interpret all this let us consider some limiting cases.

6.7.1 Special cases and proper es of the waves

We now consider a few special cases of the dispersion relation.

(i) Constant Coriolis parameter

If 𝛽 = 0 then the dispersion relation becomes

𝜔 𝜔 − 𝑓 − (𝑘 + 𝑙)𝑐 = 0, (6.122)

with the roots
𝜔 = 0, 𝜔 = 𝑓 + 𝑐(𝑘 + 𝑙). (6.123a,b)

The root𝜔 = 0 corresponds to geostrophicmotion (and, since𝛽 = 0, Rossbywaves are
absent), with the other root corresponding to Poincaré waves, considered in chapter 3.
Note that 𝜔 > 𝑓 .

(ii) High frequency waves

If we take the limit of 𝜔 ≫ 𝑓 then (6.116a) gives

𝜔
𝑐 − (𝑘

 + 𝑙) − 𝛽𝑘𝜔 = 0. (6.124)

To be physically realistic we should also now eliminate the 𝛽 term, because if 𝜔 ≫ 𝑓
then, from geometric considerations on a sphere, 𝑘 ≫ 𝛽𝑘/𝜔. Thus, the dispersion
relation is simply 𝜔 = 𝑐(𝑘 + 𝑙). These waves are just gravity waves unin luenced
by rotation, and are a special case of Poincaré waves.
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Rossby and Gravity Waves

• Generically speaking, Rossby-gravity waves are waves that arise under the combined ef-
fects of a potential vorticity gradient and strati ication. Sometimes the de inition is re-
stricted to a wave on a single branch of the dispersion curve connecting Rossby and Grav-
ity waves. In mid-latitudes Rossby waves and gravity waves are well separated with dis-
tinct physical mechanisms

• The simplest setting in which such waves occur is in the linearized shallow water equa-
tions which may be written as a single equation for 𝑣, namely

1
𝑐
𝜕𝑣
𝜕𝑡 +

𝑓
𝑐
𝜕𝑣
𝜕𝑡 −

𝜕
𝜕𝑡 ∇

𝑣 − 𝛽𝜕𝑣𝜕𝑥 = 0. (RG.1)

• If we take both 𝑓 and 𝛽 to be constants then the equation above admits of plane-wave
solutions with dispersion relation

𝜔 − 𝛽𝑘𝑐


𝜔 = 𝑓 + 𝑐(𝑘 + 𝑙). (RG.2)

• In Earth’s atmosphere and ocean it is common, especially in mid-latitudes, for there to be
a frequency separation between two classes of solution. To a good approximation, high
frequency waves satisfy

𝜔 = 𝑓 + 𝑐(𝑘 + 𝑙). (RG.3)
These are gravity waves and which in this context, because of the presence of rotation,
are known as Poincaré waves. The low frequency waves satisfy

𝜔 = −𝛽𝑘𝑐
𝑓 + 𝑐(𝑘 + 𝑙)

= −𝛽𝑘
𝑘 + 𝑘 + 𝑙

, (RG.4)

where 𝑘 = 𝑓 /𝑐, and these are called Rossby waves or planetary waves.

• Rossby-gravity waves also exist in the strati ied equations. Solutions may be found be
decomposing the vertical structure into a series of orthogonal modes, and a sequence of
shallow water equations for each mode results, with a different 𝑐 for each mode. Solu-
tions may also be found if 𝑓 is allowed to vary in (RG.1), at the price of some algebraic
complexity, as discussed in chapter ??.
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(iii) Low frequency waves

Consider the limit of 𝜔 ≪ 𝑓. The dispersion relation reduces to

𝜔 = −𝛽𝑘
𝑘 + 𝑙 + 𝑘

. (6.125)

This is just the dispersion relation for quasi-geostrophic Rossby waves as previously
obtained — see (6.63) or (6.90). In this limit, the requirement that the radius of the
circle be positive becomes

𝜔 < 𝛽
4𝑘

. (6.126)

That is to say, the Rossby waves have a maximum frequency, and directly from (6.125)
this occurs when 𝑘 = 𝑘 and 𝑙 = 0.

The frequency gap

The maximum frequency of Rossby waves is usually much less than the frequency of the
Poincaré waves: the lowest frequency of the Poincare waves is 𝑓 and the highest frequency
of the Rossby waves is 𝛽/2𝑘 . Thus,

Low gravity wave frequency
High Rossby wave frequency =

𝑓
𝛽/2𝑘

= 𝑓
2𝛽𝑐 . (6.127)

If 𝑓 = 10 s, 𝛽 = 10m s and 𝑘 = 1/100km (a representative oceanic
baroclinic deformation radius) then 𝑓/(𝛽/2𝑘) = 200. If 𝐿 = 1000km (an atmospheric
baroclinic radius) then the ratio is 20. If we use a barotropic deformation radius of 𝐿 =
2000km then the ratio is 10. Evidently, for most midlatitude applications there is a large
gap between the Rossby wave frequency and the gravity wave frequency. Because of this
frequency gap, to a good approximation Fig. 6.12 may be obtained by separately plotting
(6.123b) for the gravity waves, and (6.125) for the Rossby or planetary waves. The differ-
ences between these and the exact results become smaller as 𝛽 gets smaller, and for the
Rossby waves are in fact less than the thickness of the line on the plot shown.

Finally, we remark that a ‘Rossby-gravity wave’ is sometimes de ined to be the wave
on a single branch of the dispersion curve that connects Rossby waves and gravity waves,
depending on the value of the wavenumber. The equatorial beta plane does support such
a wave — the ‘Yanai wave’ derived in chapter ?? and shown in Fig. ??. However, in the mid-
latitude system above there is no such wave; rather, there are Rossby waves and gravity
waves, separated by a frequency gap.

6.7.2 Planetary geostrophic Rossby waves

Agoodapproximation for the large-scale ocean circulation involves ignoring the time-derivatives
andnonlinear terms in themomentumequation, allowingevolutiononly tooccur in the ther-
modynamic equation. This is the planetary-geostrophic approximation, introduced in sec-
tion 5.2 204, and it is interesting to see towhat extent that system supports Rossbywaves.10
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Fig. 6.13 The locus of points on planetary-
geostrophic Rossby waves. Waves of
a given frequency all have the same -
wavenumber, given by xxx

It is easiest just to begin with the linear shallow water equations themselves, and omitting
time derivatives in the momentum equation gives

− 𝑓𝑣 = −𝜕𝜙𝜕𝑥 , 𝑓𝑢 = −𝜕𝜙𝜕𝑦 , (6.128a,b)

𝜕𝜙
𝜕𝑡 + 𝑐

 𝜕𝑢𝜕𝑥 +
𝜕𝑣
𝜕𝑦  = 0. (6.128c)

From these equations we straightforwardly obtain

𝜕𝜙
𝜕𝑡 −

𝑐𝛽
𝑓

𝜕𝜙
𝜕𝑥 = 0. (6.129)

Again we will treat both 𝑓 and 𝛽 as constants so that we may look for solutions in the form
𝜙 = 𝜙 exp[i(𝒌 ⋅ 𝑥 − 𝜔𝑡)]. The ensuing dispersion relation is

𝜔 = −𝑐
𝛽
𝑓
𝑘 = −𝛽𝑘𝑘

(6.130)

which is a limiting case of (??) with 𝑘, 𝑙 ≪ 𝑘 . The waves are a form of Rossby waves with
phase and group speeds given by

𝑐 = −
𝑐𝛽
𝑓
, 𝑐 = −

𝑐𝛽
𝑓
. (6.131)

That is, the waves are non-dispersive and propagate westward. Eq. (6.129) has the general
solution 𝜙 = 𝐺(𝑥 + 𝛽𝑐/𝑓𝑡), where 𝐺 is any function, so an initial disturbance will just
propagate westward at a speed given by (6.131), without any change in form.
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Fig. 6.14 The westward propaga on of planetary-geostrophic Rossby waves. The circular
lines are isobars centered around high and low pressure centres. Because of the varia on
of the Coriolis force, themass flux between two isobars is greater to the south of a pressure
center than it is to the north. Hence, in the le -hand sketch there is convergence to the
west of the high pressure and the pa ern propagates westward. Similarly, if the pressure
centre is a low, as in the right-hand sketch, there is divergence to the west of the pressure
centre and the pa ern s ll propagates westward.

Note inally that the locus of wavenumbers in 𝑘–𝑙 space is no longer a circle, as it is for
the usual Rossbywaves. Rather, since the frequency does not depend on the 𝑦-wavenumber,
the locus is a straight line, parallel to the𝑦-axis, as in Fig. 6.13. Waves of a given frequency all
have the same 𝑥-wavenumber, given by 𝑘 = −𝜔𝑓 /(𝑐𝛽) = −𝜔𝑘/𝛽, as shown in Fig. 6.13.

Physical mechanism

Because the waves are a form of Rossby wave their physical mechanism is related to that
discussed in section 6.4.3, but with an important difference: relative vorticity is no longer
important, but the low divergence is. Thus, consider low round a region of high pressure,
as illustrated in Fig. 6.14. If the pressure is circularly symmetric as shown, the low to the
south of H in the left-hand sketch, and to the south of 𝐿 in the right-hand sketch, is larger
than that to the north. Hence, in the left sketch the low converges at W and diverges at
E, and the low pattern moves westward. In the low depicted in the right sketch the low
pressure propagates westward in a similar fashion.

6.8 ♦ THE GROUP VELOCITY PROPERTY

We now return to a more general discussion of group velocity. Our goal is to show that the
group velocity arises in fairly general ways, not just from methods stemming from Fourier
analysis or from ray theory. In a purely logical sense this discussion follows most naturally
from the end of the section on ray theory (section 6.3), but for most humans it is helpful to
have had a concrete introduction to at least one nontrivial form of waves before consider-
ing more abstract material. We irst give a simple and direct derivation of group velocity
that valid in the simple but important special case of a homogeneous medium.11 Then, in
section 6.8.2, we give a rather general derivation of the group velocity property, namely that
conserved quantities that are quadratic in the wave amplitude— that is,swave activities—
are transported at the group velocity.
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6.8.1 Group velocity in homogeneous media

Consider waves propagating in a homogeneous medium in which the wave equation is a
polynomial of the general form

𝐿(𝜓) = 𝛬  𝜕𝜕𝑡 ,
𝜕
𝜕𝑥 𝜓(𝑥, 𝑡) = 0. (6.132)

where 𝛬 is a polynomial operator in the space and time derivatives. For algebraic simplicity
we restrict attention to waves in one dimension, and a simple example is 𝛬 = 𝜕(𝜕)/𝜕𝑡 +
𝛽𝜕/𝜕𝑥 so that 𝐿(𝜓) = 𝜕(𝜕𝜓)/𝜕𝑡 + 𝛽𝜕𝜓/𝜕𝑥 . We will seek a solution of the form [c.f.,
(6.4)]

𝜓(𝑥, 𝑡) = 𝐴(𝑥, 𝑡)e(,), (6.133)

where 𝜃 is the phase of the disturbance and 𝐴(𝑥, 𝑡) is the slowly varying amplitude, so that
the solution has the form of a wave packet. The phase is such that 𝑘 = 𝜕𝜃/𝜕𝑥 and 𝜔 =
−𝜕𝜃/𝜕𝑡 , and the slowly varying nature of the envelope 𝐴(𝑥, 𝑡) is formalized by demanding
that

1
𝐴
𝜕𝐴
𝜕𝑥 ≪ 𝑘, 1

𝐴
𝜕𝐴
𝜕𝑡 ≪ 𝜔, (6.134)

The space and time derivatives of 𝜓 are then given by

𝜕𝜓
𝜕𝑥 = 

𝜕𝐴
𝜕𝑥 + i𝐴

𝜕𝜃
𝜕𝑥  e

 = 𝜕𝐴𝜕𝑥 + i𝐴𝑘 e
 , (6.135a)

𝜕𝜓
𝜕𝑡 = 

𝜕𝐴
𝜕𝑡 + i𝐴

𝜕𝜃
𝜕𝑡  e

 = 𝜕𝐴𝜕𝑡 − i𝐴𝜔 e
 , (6.135b)

so that the wave equation becomes

𝛬𝜓 = 𝛬  𝜕𝜕𝑡 − i𝜔,
𝜕
𝜕𝑥 + i𝑘𝐴 = 0. (6.136)

Noting that the space and time derivative of𝐴 are small compared to 𝑘 and𝜔we expand
the polynomial in a Taylor series about (𝜔, 𝑘) to obtain

𝛬(−i𝜔, i𝑘)𝐴 + 𝜕𝛬
𝜕(−i𝜔)

𝜕𝐴
𝜕𝑡 +

𝜕𝛬
𝜕(i𝑘)

𝜕𝐴
𝜕𝑥 = 0. (6.137)

The irst term is nothing but the linear dispersion relation; that is 𝛬(−i𝜔, i𝑘)𝐴 = 0 is the
dispersion relation for plane waves. Taking this to be satis ied, (6.137) gives

𝜕𝐴
𝜕𝑡 −

𝜕𝛬/𝜕𝑘
𝜕𝛬/𝜕𝜔

𝜕𝐴
𝜕𝑥 =

𝜕𝐴
𝜕𝑡 +

𝜕𝜔
𝜕𝑘

𝜕𝐴
𝜕𝑥 = 0. (6.138)

That is, the envelope moves at the group velocity 𝜕𝜔/𝜕𝑘 .
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6.8.2 ♦ Group velocity property: a general deriva on

In our discussion of Rossby waves in section 6.6 in (6.104) we showed that the energy of
the waves is conserved in the sense that

𝜕𝐸
𝜕𝑡 + ∇⋅ 𝑭 = 0, (6.139)

where 𝐸 is the energy density of the waves and 𝑭 is its lux. In (6.104) we further showed
that, when averaged over a wavelength and a period, the average lux, 𝑭, was related to
the average energy, 𝐸, by 𝑭 = 𝒄𝐸. This property is called the group velocity property
and it is a very general property, not restricted to Rossby waves or even to energy. In the
previous section we gave a more general derivation valid in homogeneous media. In fact,
the property is still more general and it holds for almost any conserved quantity that is
quadratic in the wave amplitude, and we now demonstrate this in a rather general way.12 A
quantity that is quadratic and conserved is known as a wave activity. (The corresponding
local quantity, such as the wave activity per unit volume, might strictly we called the wave
activity density.) The group velocity property is useful because if we can determine 𝒄 then
we know straightaway how wave activities propagate. Energy itself can be a wave activity
but is not always. In a growing baroclinic wave energy is drawn from the background state;
however,wewill see in chapter10 that even in a growingbaroclinic disturbance it is possible
to de ine a conserved wave activity.

♦ The formal procedure

The derivation, which is rather formal, will hold for waves and wave activities that satisfy
the following three assumptions.
(i) The wave activity, 𝐴, and lux, 𝑭, obey the general conservation relation

𝜕𝐴
𝜕𝑡 + ∇⋅ 𝑭 = 0. (6.140)

(ii) Both the wave activity and the lux are quadratic functions of the wave amplitude.
(iii) The waves themselves are of the general form

𝜓 = 𝜓e(𝒙,) + c.c., 𝜃 = 𝒌 ⋅ 𝒙 − 𝜔𝑡, 𝜔 = 𝜔(𝒌), (6.141a,b,c)

where (6.141c) is the dispersion relation, and 𝜓 is any wave ield. We will carry out
the derivation in case in which 𝜓 is a constant, but the derivation may be extended to
the case in which it varies slowly over a wavelength.

Given assumption (ii), the wave activity must have the general form

𝐴 = 𝑏 + 𝑎e(𝒌⋅𝒙) + 𝑎∗e(𝒌⋅𝒙), (6.142a)

where the asterisk, ∗, denotes complex conjugacy, and 𝑏 is a real constant and 𝑎 is a complex
constant. For example, suppose that 𝐴 = 𝜓 and 𝜓 = 𝑐e(𝒌⋅𝒙) + 𝑐∗e(𝒌⋅𝒙), then we
ind that (6.142a) is satis ied with 𝑎 = 𝑐 and 𝑏 = 2𝑐𝑐∗. Similarly, the lux has the general
form

𝑭 = 𝒈 + 𝒇e(𝒌⋅𝒙) + 𝒇∗e(𝒌⋅𝒙). (6.142b)
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where 𝒈 is a real constant vector and 𝒇 is a complex constant vector. The mean activity and
mean lux are obtained by averaging over a cycle; the oscillating terms vanish on integration
and therefore the wave activity and lux are given by

𝐴 = 𝑏, 𝑭 = 𝒈, (6.143)
where the overbar denotes the mean.

Now formally consider a wavewith a slightly different phase, 𝜃+i 𝛿𝜃, where 𝛿𝜃 is small
comparedwith 𝜃. Thus, we formally replace𝒌 by𝒌+i 𝜹𝒌 and𝜔 by𝜔+i 𝛿𝜔where, to satisfy
the dispersion relation, we have

𝜔 + i 𝛿𝜔 = 𝜔(𝒌 + i 𝜹𝒌) ≈ 𝜔(𝒌) + i 𝜹𝒌 ⋅ 𝜕𝜔𝜕𝒌 , (6.144)

and therefore
𝛿𝜔 = 𝜹𝒌 ⋅ 𝜕𝜔𝜕𝒌 = 𝜹𝒌 ⋅ 𝒄 , (6.145)

where 𝒄 ≡ 𝜕𝜔/𝜕𝒌 is the group velocity.
The new wave has the general form

𝜓 = ( 𝜓 + 𝛿 𝜓)e(𝒌⋅𝒙)e𝜹𝒌⋅𝒙 + c.c., (6.146)
and, analogously to (6.142), the associated wave activity and lux have the forms:

𝐴 = 𝑏 + 𝛿𝑏 + (𝑎 + 𝛿𝑎)e(𝒌⋅𝒙) + (𝑎∗ + 𝛿𝑎∗)e(𝒌⋅𝒙)e𝜹𝒌⋅𝒙 (6.147a)

𝑭 = 𝒈 + 𝛿𝒈 + (𝒇 + 𝛿𝒇)e(𝒌⋅𝒙) + (𝒇∗ + 𝛿𝒇∗)e(𝒌⋅𝒙)e𝜹𝒌⋅𝒙 , (6.147b)

where the 𝛿 quantities are small. If we now demand that 𝐴 and 𝑭 satisfy assumption (i),
then substituting (6.147) into (6.140) gives, after a little algebra,

(𝒈 + 𝛿𝒈) ⋅ 𝜹𝒌 = (𝑏 + 𝛿𝑏)𝛿𝜔 (6.148)
and therefore at irst order in 𝛿 quantities, 𝒈 ⋅ 𝜹𝒌 = 𝑏𝛿𝜔. Using (6.145) and (6.143) we
obtain

𝒄 =
𝒈
𝑏 =

𝑭
𝐴
, (6.149)

and using this the conservation law, (6.140), becomes

𝜕𝐴
𝜕𝑡 + ∇⋅ (𝒄𝐴) = 0. (6.150)

Thus, forwaves satisfying our three assumptions, the lux velocity—that is, the propagation
velocity of the wave activity — is equal to the group velocity.

6.9 ENERGY PROPAGATION OF POINCARÉ WAVES

In the inal section of this chapter we discuss the energetics of Poincaré waves, and show
explicitly that the energy propagation occurs at the group velocity. (Poincaré waves were
irst introduced in section 3.7.2 and the reader may wish to review that section before con-
tinuing.) We begin with the one-dimensional problem as this shows the essential aspects
and the algebra is a little simpler.
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6.9.1 Energe cs in one dimension

The one-dimensional (i.e., no variations in the 𝑦-direction), inviscid linear shallow-water
equations on the 𝑓-plane, linearized about a state of rest, are

𝜕𝑢
𝜕𝑡 − 𝑓𝑣 = −𝑔

𝜕ℎ
𝜕𝑥 ,

𝜕𝑣
𝜕𝑡 + 𝑓𝑢 = 0,

𝜕𝜂
𝜕𝑡 = −𝐻

𝜕𝑢
𝜕𝑥 . (6.151a,b,c)

To obtain the dispersion relation we differentiate the irst equation with respect to 𝑡 and
substitute from the second and third to obtain

𝜕𝑢
𝜕𝑡 − 𝐻𝑔

𝜕𝑢
𝜕𝑥 + 𝑓


 𝑢 = 0, (6.152)

whence, assuming solutionsof the form𝑢 = Re 𝑢𝑒(), weobtain thedispersion relation

𝜔 = 𝑓 +𝐻𝑔𝑘. (6.153)

This is immediately recognizable as a special case of the two-dimensional dispersion rela-
tion. An interesting property of this equation is obtained by differentiating with respect to
𝑘, giving 2𝜔𝜕𝜔/𝜕𝑘 = 2𝑘𝐻𝑔 or

𝑐 =
𝐻𝑔
𝑐
, (6.154)

where 𝑐 = 𝜕𝜔/𝜕𝑘 and 𝑐 = 𝜔/𝑘 are the group and phase velocities, respectively. Using
(6.153) and (6.154) the ratio of the group and phase velocities is found to be

𝑐
𝑐
= 𝐿𝑘
1 + 𝐿𝑘

, (6.155)

where 𝐿 = 𝑔𝐻/𝑓 is the deformation radius. This ratio is always less than unity, tending
to zero in the long-wave limit (𝑘𝐿 ≪ 1) and to unity for short waves (𝑘𝐿 ≫ 1).

The energy equations are obtained bymultiplying the three equations of (??) by 𝑢, 𝑣 and
𝜂 respectively, and adding, to give

𝜕𝐸
𝜕𝑡 +

𝜕𝐹
𝜕𝑥 = 0, (6.156a)

where
𝐸 = 1

2(𝐻𝑢
 +𝐻𝑣 + 𝑔𝜂), 𝐹 = 𝑔𝐻𝑢𝜂, (6.156b)

are the energy density and the energy lux, respectively. Note that in the linear approxi-
mation the energy is transported only by the pressure term, whereas in the full nonlinear
equations there is also an advective transport.

The group velocity property

To specialize to the case of propagating waves we need to average over a wavelength and
use the phase relationships between 𝑢, 𝑣 and 𝜂 implied by the equations of motion. Writing
𝑢 = Re 𝑢𝑒(), and similarly for 𝑣 and 𝜂, we have

𝑣 = −i𝑓 𝜂
𝐻𝑘 , 𝑢 = 𝜔 𝜂

𝐻𝑘 . (6.157a,b)
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The kinetic energy, averaged over a wavelength, is then

KE = 1
2𝐻(𝑢

 + 𝑣) = 1
4(𝜔

 + 𝑓) 𝜂


𝐻𝑘 =
1
4
𝜔 + 𝑓
𝜔 − 𝑓𝑔𝜂

 (6.158)

using (6.157) and the dispersion relation, with the extra factor of one half arising from the
averaging over a wavelength. Similarly, the potential energy of the wave is

PE = 1
2𝑔𝜂

 = 1
4𝑔𝜂

 (6.159)

Thus, the ratio of kinetic to potential energy is just

KE
PE

= 𝜔 + 𝑓
𝜔 − 𝑓 = 1 +

2
𝑘𝐿

(6.160)

using the dispersion relation, and where 𝑙 = 𝑔𝐻/𝑓 is the deformation radius. Thus, the
kinetic energy is always greater than the potential energy (there is no equipartition in this
problem), with the ratio approaching unity for small scales (large 𝑘).

The total energy (kinetic plus potential) is then

KE+ PE = 1
4 

𝜔 + 𝑓
𝜔 − 𝑓 + 1𝑔𝜂

 = 1
2
𝜔
𝑘𝐻 𝜂

 = 1
2
𝑐
𝐻 𝜂

, (6.161)

again using the dispersion relation. The energy lux, 𝐹, averaged over a wavelength, is

𝐹 = 𝑔𝐻𝑢𝜂 = 1
2
𝑔𝜔
𝑘 𝜂 = 1

2𝑔𝑐 𝜂
. (6.162)

From (6.161) an (6.162) the lux and the energy are evidently related by

𝐹 = 𝐻𝑔
𝑐
𝐸 = 𝑐𝐸 , (6.163)

using (6.154). That is, the energy lux is equal to the group velocity times the energy itself.
Note that in this problem there is no lux in the 𝑦 direction, because 𝑣 and 𝜂 are exactly out
of phase from (6.157a).

6.9.2 ♦ Energe cs in two dimensions

The derivations of the preceding section carry through, mutatis mutandis, in the full two-
dimensional case. Wewill give only the key results and allow the reader to ill in the algebra.
As derived in section 3.7.2 the dispersion relation is

𝜔 = 𝑓 + 𝑔𝐻(𝑘 + 𝑙). (6.164)

The relation between the components of the group velocity and the phase speed is very
similar to the the one-dimensional case, and in particular we have

𝑐 =
𝜕𝜔
𝜕𝑘 = 𝑔𝐻

𝑘
𝜔 = 𝑔𝐻

𝑐
, 𝑐 =

𝜕𝜔
𝜕𝑙 = 𝑔𝐻

𝑙
𝜔 = 𝑔𝐻

𝑐
. (6.165)
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The magnitude of the group velocity is 𝑐 ≡ |𝒄| = (𝑐 + 𝑐
)/. The magnitude of the

phase speed, in the direction of travel of the wave crests, is 𝑐 = 𝜔/(𝑘 + 𝑙)/ (note that
in general this is smaller than the phase speed in either the 𝑥 or 𝑦 directions, 𝜔/𝑘 or 𝜔/𝑙).
Thus, we have

𝑐 = (𝑔𝐻)
𝑘 + 𝑙
𝜔 = (𝑔𝐻)

𝑐
, 𝒄 = 

𝑔𝐻
𝑐𝐾

𝒌, (6.166)

which is analogous to (6.154). The ratio of themagnitudes of the group and phase velocities
is, analogously to (6.155),

𝑐
𝑐
= 𝑔𝐻
𝑐

= 𝐿𝐾
1 + 𝐿𝐾

, (6.167)

where 𝐾 = 𝑘 + 𝑙. As in the one-dimensional case the group velocity is large for short
waves, in which rotation plays no role, and small for long waves.

The energy equation is found to be

𝜕𝐸
𝜕𝑡 + ∇⋅ 𝑭 = 0 (6.168a)

with
𝐸 = 1

2(𝐻𝑢
 + 𝐻𝑣 + 𝑔𝜂), 𝐹 = 𝑔𝐻(𝑢𝐢 + 𝑣𝐣)𝜂. (6.168b)

From the equations of motion the phase relations between the ields are found to be

𝑣 = 𝜔𝑙 − i𝑘𝑓
𝐻𝐾 𝜂, 𝑢 = 𝜔𝑘 − i𝑙𝑓

𝐻𝐾 𝜂, (6.169)

so that the kinetic energy is given by, similar to (6.158),

KE = 1
2𝐻(𝑢

 + 𝑣) = 1
4(𝜔

 + 𝑓) 𝜂


𝐻𝑘 =
1
4
𝜔 + 𝑓
𝜔 − 𝑓𝑔𝜂

, (6.170)

and the potential energy by
PE = 1

2𝑔𝜂
 = 1

4𝑔𝜂
 (6.171)

The ratio of the kinetic and potential energies is given by

KE
PE

= 𝜔 + 𝑓
𝜔 − 𝑓 = 1 +

2
𝐾𝐿

(6.172)

The total (kinetic plus potential) energy is given by

𝐸 = KE+ PE = 1
4 

𝜔 + 𝑓
𝜔 − 𝑓 + 1𝑔𝜂

 = 1
2
𝜔
𝐾𝐻 𝜂

 = 1
2
𝑐
𝐻 𝜂

, (6.173)

The energy lux, 𝑭, averaged over a wavelength, is

𝑭 = 𝑔𝐻𝒖𝜂 = 1
2

𝑔𝜔
𝑘 + 𝑙 𝜂

𝐤 = 1
2
𝑔𝜔
𝐾 𝜂

𝒌, (6.174)

using (6.169) and where 𝒌 = 𝑘𝐢 + 𝑙𝐣 is the wavevector of the wave.
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From (6.173) and (6.174), and using (6.166), the lux and the energy are found to be
related by

𝑭 = 𝒄𝐸 . (6.175)

That is, the energy lux is equal to the group velocity times the energy itself.

Notes

1 A useful introduc on to wave mo on, from which this chapter has benefited, can be found in un-
published lecture notes by Chapman et al. (1989). Other usefulmaterial can be found in the ‘further
reading’ sec on below.

2 For example Linear and Nonlinear Waves by G. B. Whitham.

3 For a review of group velocity, see Lighthill (1965).

4 More detailed treatments of ray theory and related ma ers are given byWhitham (1974), Lighthill
(1978) and LeBlond & Mysak (1980).

5 Rossbywaveswere probably first discovered in a theore cal context by ??. He considered the linear
shallow water equa ons on a sphere, expanding the solu on in powers of the sine of la tude, so
obtaining both long gravity waves and Rossby waves. However, the discovery did not garner very
much a en on in the meteorological or oceanographic community un l it was reprised by Rossby
(1939). Rossby used the beta-plane approxima on in Cartesian co-ordinates, and the simplicity
of the presenta on along with the meteorological context lead to the work a rac ng significant
no ce.

6 This non-Doppler effect also arises quite generally, even inmodels in height coordinates. SeeWhite
(1977) and problem 5.5.

7 See Chapman & Lindzen (1970).

8 Following Longuet-Higgins (1964).

9 To read more about this problem, see Paldor et al. (2007) and Heifetz & Caballero (2014).

10 The ensuing waves seem to have been first noted by ?.

11 Following Pedlosky (2003).

12 The form of this deriva on was originally given by Hayes (1977) in the context of wave energy. See
Vanneste & Shepherd (1998) for generaliza ons.

Further reading

Majda, A. J., 2003. Introduc on to PDEs and Waves for the Atmosphere and Ocean.
Provides a compact, somewhat mathema cal introduc on to various equa on sets and their prop-
er es, including quasi-geostrophy.

Problems

6.1 Consider the flat-bo omed shallow water poten al vor city equa on in the form



  
   (P6.1)
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(a) Suppose that devia ons of the height field are small compared to the mean height field, and
that the Rossby number is small (so || ≪ ). Further consider flow on a -plane such that
     where || ≪ . Show that the evolu on equa on becomes


    


    (P6.2)

where      and || ≪ . Using geostrophic balance in the form   / ,
  / , obtain an expression for  in terms of .

(b) Linearize (P6.2) about a state of rest, and show that the resul ng systemsupports two-dimensional
Rossby waves that are similar to those of the usual two-dimensional barotropic system. Discuss
the limits in which the wavelength is much shorter or much longer than the deforma on radius.

(c) Linearize (P6.2) about a geostrophically balanced state that is transla ng uniformly eastwards.
Note that this means that:

       ()  ,
where () is in geostrophic balance with . Obtain an expression for the form of ().

(d) Obtain the dispersion rela on for Rossbywaves in this system. Show that their speed is different
from that obtained by adding a constant to the speed of Rossby waves in part (b), and discuss
why this should be so. (That is, why is the problem not Galilean invariant?)

6.2 Obtain solu ons to the two-layer Rossby wave problem by seeking solu ons of the form

  Re (),   Re (). (P6.3)
Subs tute (P6.3) directly into (6.67) to obtain the dispersion rela on, and show that the ensuing
two roots correspond to the baroclinic and barotropic modes.

6.3 ♦ (Not difficult, but messy.) Obtain the ver cal normal modes and the dispersion rela onship of
the two-layer quasi-geostrophic problem with a free surface, for which the equa ons of mo on
linearized about a state of rest are


 [∇

  ( )]  

   (P6.4a)


 [∇

  ( )  ext]  

  , (P6.4b)

where ext  /().
6.4 Given the baroclinic dispersion rela on,   /(  ), for what value of  is the -

component of the group velocity the largest (i.e., the most posi ve), and what is the corresponding
value of the group velocity?

6.5 ♦ Show that the non-Doppler effect arises using geometric height as the ver cal coordinate, using
the modified quasi-geostrophic set of White (1977). In par cular, obtain the dispersion rela on for
stra fied quasi-geostrophic flow with a res ng basic state. Then obtain the dispersion rela on for
the equa ons linearized about a uniformly transla ng state, paying a en on to the lower boundary
condi on, and note the condi ons under which the waves are sta onary. Discuss.

6.6 (a) Obtain the dispersion rela onship for Rossby waves in the single-layer quasi-geostrophic poten-
al vor city equa on with linear drag.

(b) Obtain the dispersion rela on for Rossby waves in the linearized two-layer poten al vor city
equa on with linear drag in the lowest layer.

(c) ♦ Obtain the dispersion rela on for Rossbywaves in the con nuously stra fiedquasi-geostrophic
equa ons, with the effects of linear drag appearing in the thermodynamic equa on for the
lower boundary condi on. That is, the boundary condi on at    is ()    
where    with  being a constant. You may make the Boussinesq approxima on and
assume is constant if you like.
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It mounts at sea, a concave wall,
Down-ribbed with shine,
And pushes forward, building tall,
Its steep incline.
Thom Gunn, From the Wave.
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adiaba c model of, 906
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form drag in, 907
momentum balance, 900, 901, 903

Acous c-gravity waves, 333–337
Advec ve deriva ve, 4
Anelas c approxima on, 74–78
Anelas c equa ons, 75

energe cs of, 77
Angular momentum, 64

spherical coordinates, 65
Antarc c Circumpolar Current, 897–908
An symmetric turbulent diffusivity, 563
APE, 153
Arnold stability condi ons, 463
Asympto c models

conserva on proper es of, 215
quasi-geostrophy, 216

Atmospheric stra fica on, 658–671
Auto-barotropic fluid, 15
Available poten al energy, 153–157

Boussinesq fluid, 154
ideal gas, 155

Baroclinic adjustment, 667
Baroclinic circula on theorem, 171
Baroclinic eddies, 531–539

effect on Hadley Cell, 609
in atmosphere, 533
in ocean, 536
magnitude and scale, 532

Baroclinic eddy diffusivi es, 566
Baroclinic Fluid, 15
Baroclinic instability, 381, 395–416

beta effect in con nuous model, 419
beta effect in two-layer model, 409
Eady problem, 399
effect of stratosphere, 422
energe cs of, 416
high-wavenumber cut-off, 392, 408, 468,

526
in ocean, 424
interac ng edge waves, 412
linear QG equa ons, 397
mechanism of, 395, 412
minimum shear, 409
necessary condi ons for, 399, 465, 467
neutral curve in two-layer problem, 410
non-uniform shear and stra fica on, 422
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sloping convec on, 395
two-layer problem, 405

Baroclinic lifecycle, 534
Baroclinic lifecycles

in atmosphere, 533
in ocean, 536, 539

Baroclinic term, 164
Baroclinic triads, 524
Barotropic fluid, 15, 20
Barotropic instability, 381
Barotropic jet, 622–632

and Rossby waves, 625
and the EP flux, 629
numerical example, 631

Barotropic triads, 524
Batchelor scale, 504
Batchelor spectrum, 504
Bernoulli func on, 43
Bernoulli’s theorem, 43

and poten al vor city flux, 189
Beta effect, 174, 175

in two-dimensional turbulence, 513
Beta plane vor city equa on, 176
Beta scale, 514, 515
Beta-plane approxima on, 67
Beta-Rossby number, 644, 786
Bjerknes, Jacob, 191
Bjerknes, Vilhelm, 191
Bjerknes-Silberstein circula on theorem, 171
Bolus velocity, 573, 577
Bo om pressure stress, 808
Boussinesq approxima on, 68–74
Boussinesq equa ons, 69

energe cs of, 73
poten al vor city conserva on, 184
rela on to pressure coordinates, 80
summary, 72

Box ocean models, 839–844
many boxes, 843
two boxes, 839

Breaking waves, 689
Bretherton’s boundary layer, 220
Brewer–Dobson circula on, 749–752, 766, 778
Brunt–Väisälä frequency, 95
Buoyancy frequency, 72, 95

ideal gas, 96

ocean, 96
Buoyancy-driven ocean circula on, 825, 858
Burger number, 200

Cabbeling, 97
Centrifugal force, 53, 54
Chaos, 498
Charney–Drazin filtering, 694
Charney–Drazin problem, 689
Charney–Eliassen problem, 699
Charney–Green number, 420
Charney–Stern–Pedlosky criterion for insta-

bility, 399
Chemical poten al, 17, 18
Circula on, 161–173
Circula on theorem

baroclinic, 171
barotropic fluid, 169
hydrosta c flow, 172

Closure problem of turbulence, 474
Compressible flow, 38
Concentra on and mixing ra o, 11
Convec ve instability, 295
Coriolis accelera on, 53
Coriolis force, 53–54
Coriolis, Gaspard Gustave de, 114
Cri cal layer

Rossby wave absorp on, 687
Cri cal levels, 723
Cyclostrophic balance, 91

Deacon Cell, 894, 904
Deacon cell, 894
Deforma on radius, 139, 140
Diffusion

equa on of, 544
turbulent, 544

Diffusive thermocline, 830, 872–878
Diffusive transport, 544
Diffusivity tensors, 562
Dispersion rela on, 238, 240

Rossby waves, 252
Downward control, 759
Dry adiaba c lapse rate, 98
Dumbbell in beta-plane turbulence, 517

Eady problem, 399–405
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eddy effect on mean flow, 454
secondary circula on, 454

Eddy diffusion, 545
two-dimensional, 553

Eddy transport
and the TEM, 579
velocity, 573

Edge waves, 388, 392
Eady problem, 415
in shear flows, 387

Effec ve gravity, 55
Ekman layers, 101–113

integral proper es of, 105
momentum balance, 104
observed, 111
stress in, 102

Ekman number, 103
Ekman spiral, 107, 110
Eliassen–Palm flux, 434–438

and barotropic jets, 629
and form drag, 454
observed, 655
primi ve equa ons, 671
spherical coordinates, 671

Eliassen–Palm rela on, 435
Energe cs

of quasi-geostrophic equa ons, 227
Energy budget, 40

constant density fluid, 41
variable density fluid, 42
viscous effects, 43

Energy conserva on
Boussinesq equa ons, 73
primi ve equa ons, 62, 116
shallow water equa ons, 137

Energy flux, 260
Rossby waves, 260–261

Energy iner al range
in two-dimensional turbulence, 493

Energy transfer in two-dimensional flow, 487
Enstrophy iner al range, 492
Enstrophy transfer in two-dimensional flow,

487
Enthalpy, 19

ideal gas, 21
Entropy, 16

Equa on of State, 14–15
Equa on of state

fundamental, 16, 20
ideal gas, 14
seawater, 14, 34

Equatorial waves
stratosphere, 723

Equivalent poten al temperature, 100
Equivalent topography, 710
Euler equa ons, 32
Euler, Leonard, 45
Eulerian deriva ve, 4
Eulerian viewpoint, 4
Exner func on, 115, 151

f-plane approxima on, 66
Ferrel Cell, 616–618, 657

eddy fluxes in, 617
surface flow in, 616

Ferrel, William, 618
Field or Eulerian viewpoint, 4
First law of thermodynamics, 17
Fjørto ’s criterion for instability, 394, 465
Fluid element, 4
Fofonoff model, 804
Form drag, 133

and Eliassen Palm flux, 454
at ocean bo om, 808
in ACC, 901, 907

Form stress, 133–134
Four-thirds law, 553
Free-slip condi on, 792
Frequency, 238
fric onal–geostrophic balance, 103
Froude number, 85, 200
Frozen in property of vor city, 166
Fundamental equa on of state, 16, 20

ideal gas, 26
Fundamental postulate of thermodynamics,

16
Fundamental thermodynamic rela on, 18

Gent-McWilliams scheme, 572
Geopoten al surfaces, 57
Geostrophic adjustment, 142–149

energe cs of, 145
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Rossby problem, 143
Geostrophic and thermal wind balance, 87–

94
Geostrophic balance, 88, 132

a varia onal perspec ve, 149
fric onal, 103
in shallow water equa ons, 132
pressure coordinates, 92

Geostrophic contours, 813
Geostrophic scaling, 198

in con nuously stra fiedequa ons, 200
in shallow water equa ons, 198

Geostrophic turbulence, 513
Larichev–Held model, 527
stra fied, 520
two layers, 521
two-dimensional, beta-plane, 513

Gibbs func on, 19
for seawater, 33

Gradient wind balance, 91
Gravity waves, 100, 101

acous c, 333
hydrosta c, 295
stratosphere, 723

Green and Stone turbulent transport, 566
Group velocity, 241–247

property for wave ac vity, 436
Group velocity property, 274–280
Gyres, 781

Hadley Cell, 593–614
angular-momentum-conserving model,

593
effects of eddies on, 609
effects of moisture on, 601
poleward extent, 593
radia ve equilibrium solu on, 601
seasonal effects and hemispheric asym-

metry, 605
shallow water model of, 603
strength of, 593

Hadley, George, 618
Haney boundary condi on, 828, 861
Heat capacity, 21
Held–Hou model of Hadley Cell, 593
Hermite Polynomials, 375

Hide’s theorem, 603, 618
Homentropic fluid, 20
Homogeniza on of a tracer, 558–561
Horizontal convec on, 826–839

maintenance of, 833
Hydrostasy, 13
Hydrosta c approxima on

accuracy, 86
in deriving primi ve equa ons, 61

Hydrosta c balance, 13, 83–87
effects of rota on, 93
effects of stra fica on, 85
scaling and the aspect ra o, 84

Hydrosta c equa ons
poten al vor city conserva on, 185

Hydrosta c internal waves, 295

Ideal gas, 20
enthalpy, 21
equa on of state, 14
fundamental equa on of state, 26
heat capacity, 21
simple and general, 20
thermodynamics of, 24

Impermeability of poten al vor city, 187
Incompressible flow, 38–40

condi ons for, 39
Iner a circles, 115
Iner al oscilla ons, 115, 141
Iner al range

energy in 3D, 480
scaling argument for, 484

Iner al range theory, 478
Iner al ranges

two-dimensional turbulence, 490
Iner al waves, 115, 159
Iner al western boundary currents, 799
Iner al-diffusive range, 505
Inflec on point criterion, 393
Instability

baroclinic, 381, 395
barotropic, 381
Kelvin–Helmholtz, 382
necessary condi ons in baroclinic flow,

399
necessary condi ons in shear flow, 393
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parallel shear flow, 384
Intermediate models, 214
Intermi ency, 485
Internal thermocline, 872–878
Internal waves, 100, 293–295

polariza on proper es, 295
polariza on rela ons, 296
ray, 310
stratosphere, 723
topographic genera on, 322

Inverse cascade, 493
Inversion, 166

of vor city, 166
Inviscidwestern boundary currents, 806–811
Isentropic coordinates, 150–152

and quasi-geostrophy, 225
Boussinesq fluid, 150
ideal gas, 151

Isopycnal coordinates, 150

JEBAR, joint effect of baroclinicity and relief,
810

Jets, 516–517, 622–632
and thepseudomomentumbudget, 627
and the vor city budget, 623
atmospheric, 622
eddy-driven, 622
in beta-plane turbulence, 516
numerical simula on of, 517

Joint effect of baroclinicity and relief, 810
Joint effect of beta and fric on, 518
Jump condi ons, 386
JWKB approxima on, 337
JWKB method, 717

K41 theory, 477
Kelvin waves, 141, 727
Kelvin’s circula on theorem, 169
Kelvin–Helmholtz instability, 382, 387
Kinema c stress, 103
Kinema c viscosity, 13
Kinema cs

of waves, 238
Kolmogorov scale, 482
Kolmogorov theory, 477–485
Kolmogorov, A. N., 507

Lagrange, Joseph-Louis, 45
Lagrangian deriva ve, 4
Lagrangian viewpoint, 4
Lamb waves, 336
Lapse rate, 98

adiaba c, of density, 27
adiaba c, of temperature, 30
dry adiaba c, 98
ideal gas, 98
of seawater, 35
saturated, 98

Larichev–Held model of geostrophic turbu-
lence, 527

Lifecycle of baroclinic waves, 534
in atmosphere, 533
in ocean, 536, 539

Li ing condensa on level, 99
Lindzen-Hou model of Hadley Cell, 605
Liouville–Green approxima on, 337
Locality in turbulence, 485
Log-pressure coordinates, 81
Lorenz equa ons, 498
LPS model, 879
Luyten–Pedlosky–Stommel model, 879

M equa on, 872
one-dimensional model, 873

Mach number, 40
Macro-turbulence, 513
Main thermocline, 865
Margules rela on, 133
Mass con nuity, 8–11
Mass con nuity equa on

shallow water, 123
Material deriva ve, 4–8

finite volume, 6
fluid property, 5

Material viewpoint, 4
Maxwell rela ons, 18, 20
Meridional overturning circula on, 825

atmospheric, Eulerian, 591
of atmosphere, 591
of ocean, 826, 889

Mid-la tude atmospheric circula on, 632–658
Minimum shear for baroclinic instability, 409
Mixing length theory, 554–558
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Mixing ra o and concentra on, 11
Moist adiaba c lapse rate, 98
Moist convec on

and tropospheric stra fica on, 669
Moisture

effect onpoten al vor city conserva on,
181

effects on Hadley Cell, 601
Momentum equa on, 11–14

in a rota ng frame of reference, 54
shallow water, 122
vector invariant form, 63

Montgomery poten al, 151
Mountain waves, 322
Mul -layer QG equa ons, 213
Munk wind-driven model, 791

Navier Stokes equa ons, 32
Navier, Claude, 46
Necessary condi ons for baroclinic instabil-

ity, 465, 467
Necessary condi ons for instability, 460–468

baroclinic flow, 399
Charney–Stern–Pedlosky criterion, 399,

460
Fjørto ’s criterion, 394, 465
Rayleigh–Kuo criterion, 393, 460
rela on to eddy fluxes, 650
shear flow, 393
use of pseudoenergy, 463
use of pseudomomentum, 460

No-slip condi on, 792
Non-accelera on result, 730
Non-accelera on theorem, 450–454
Non-dimensionaliza on, 44–45

in rota ng flow, 198
Non-homentropic term, 164

Oblate spheroid, 55, 57
Observa ons

Atlan c Ocean, 827
atmosphericmeridional overturning cir-

cula on, 591, 659
atmospheric stra fica on, mean, 660
atmosphericwind and temperature, 589
deep ocean circula on, 825
deep western boundary current, 860

Ekman layers, 111
Eliassen–Palm flux, 655, 657
Eliassen–Palm flux divergence, 656
global ocean currents, 782
main thermocline, 867
North Atlan c, 860
North Atlan c currents, 783
ocean stra fica on, 826
oceanic meridional overturning circula-

on, 826
of the atmosphere, 588
reanalysis, 618
surface winds, 589
zonally averaged atmosphere, 592
zonally averaged zonal wind, 656

Ocean circula on
abyssal, 849
laboratory model of, 844
scaling for buoyancy-driven, 858
wind- and buoyancy-driven, 865
wind-driven, 783
wind-driven abyssal, 889

Ocean currents, 782
Ocean gyres, 781
Outcropping, 881

Parabolic cylinder func ons, 375
Parcel Method, 94–100
Passive tracer, 502–506

in three dimensions, 503
in two dimensions, 504
spectra of, 502

Phase speed, 239, 239–240
Phase velocity, 239
Phillips instability problem, 405
Piecewise linear flows, 385
Plane waves, 238
Planetary waves, 677
Planetary-geostrophic equa ons, 202–207

for shallow water flow, 202
for stra fied flow, 205

Planetary-geostrophic poten al vor city
equa on, 205, 207
shallow water, 205
stra fied, 207

Poincaré waves, 139, 140, 277
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Poincaré, Henri, 157
Polar vortex, 763
Polariza onproper es of internalwaves, 295
Polariza on reta ons, 296
Polytropic fluid, 15
Poten al density, 24, 31, 33

of liquids, 27
Poten al temperature, 24, 30, 31

equivalent, 100
ideal gas, 25
of liquids, 28
seawater, 35

Poten al vor city, 176–191
and Bernoulli’s theorem, 189
and the frozen-in property, 178
Boussinesq equa ons, 184
concentra on, 187
conserva on of, 176
diffusion of, 579
for baroclinic fluids, 178
for barotropic fluids, 177
homogeniza on of, 886
hydrosta c equa ons, 185
impermeability of isentropes, 187
mixing, 666, 667
on isentropic surfaces, 186
planetary-geostrophic, 205
quasi-geostrophic, 218
rela on to circula on, 177
salinity effects, 181
shallow water, 134, 210
shallow water equa ons, 182
substance, 187

Poten al vor city fluxes, atmospheric, 661
Poten al vor city transport

and tropospheric stra fica on, 664
Prandtl number, 504, 829
Predictability, 497–502

of Lorenz equa ons, 498
of turbulence, 499
of weather, 501

Pressure, 12, 18
Pressure coordinates, 79

and quasi-geostrophy, 220
rela on to Boussinesq equa ons, 80

Primi ve equa ons, 61

poten al vor city conserva on, 185
vector form, 63

Pseduomomentum
and hydrodynamic stability, 460

Pseudoenergy, 463
and hydrodynamic instability, 463
and wave ac vity, 464

Pseudomomentum, 435
a wave ac vity, 435
and zonal jets, 627

Pseudomomentum equa on, 435

QBO, 734–747
Quasi-biennial oscilla on, 734–747
Quasi-geostrophic poten al vor city

equa on, 218
rela on to Ertel PV, 224

Quasi-geostrophic turbulence, 520
Quasi-geostrophy, 207–224

asympto c deriva on, 216
buoyancy advec on at surface, 219
con nuously stra fied, 215
energe cs, 227
in isentropic coordinates, 225
informal deriva on, 222
mul -layer, 213–214
pressure coordinates, 220
shallow water, 207
sheet at boundary, 220
single layer, 208
stra fied equa ons, 215–221
two-layer, 211–213
two-level, 221

Radia on condi on, 626
Radia ve and dynamical constraints on strat-

ifica on, 663
Radia ve equilibrium temperature, 588
Radia ve-convec ve model, 660, 662
Radia ve-equilibrium temperature, 660
Radius of deforma on, 139, 140
Random walk, 546
Ray theory, 248–250
Ray tracing, 714, 715
Rayleigh number, 829
Rayleigh’s criterion for instability, 393
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Rayleigh’s equa on, 385
Rayleigh–Kuo criterion, 393, 460
Rays, 250, 310

in internal waves, 310
Reanalysis, 618
Reduced gravity equa ons, 127–129
Refrac ve index, 689
refrac ve index, 679
Rela ve vor city, 172
Residual circula on, 440

and thickness-weighted circula on, 442
atmospheric, mid-la tude, 657
atmospheric, observa ons of, 659
stratospheric, 750

Resonance of sta onary waves, 701
Reynolds number, 44
Reynolds stress, 475
Reynolds, Osborne, 47
Rhines length, 515
Rhines scale, 514
Rhines–Young model, 811
Richardson’s four-thirds law, 553
Richardson, Lewis Fry, 507
Rigid body rota on, 162
Rigid lid, 125, 128
Rossby number, 87
Rossby wave trains, 704
Rossby waves, 250–266

and barotropic jets, 625
and ray tracing, 715
and turbulence, 514
barotropic, 251, 252, 687
breaking, 689, 750
con nuously stra fied, 256, 689
cri cal layer absorp on, 687
dispersion rela on, 252
energy flux, 260–261
finite deforma on radius, 253
group velocity property, 436
mechanism of, 253
meridional propaga on, 714
momentum transport in, 625
planetary geostrophic, 272
propaga on, 678
reflec on, 262
two layers, 254

ver cal propaga on, 689
Rossby, Carl-Gustav, 230
Rota ng frame, 51–55

Salinity, 14, 34
effect onpoten al vor city conserva on,

181
in box models, 839

Salt, 14
Sandström’s effect, 834, 835
Scale height

atmosphere, 40
density, 27
temperature, 30

Scaling, 44–45
geostrophic, 198
in rota ng con nuously stra fied equa-

ons, 200
in rota ng shallowwater equa ons, 198

Seawater, 14, 33
adiaba c lapse rate, 35
buoyancy frequency, 117
equa on of state, 14, 34
heat capacity, 35
poten al temperature, 35
thermodynamic proper es, 33

Shadow zone, 884
Shallow water

quasi-geostrophic equa ons, 207
Shallow water equa ons

mul -layer, 129
poten al vor city conserva on, 182
reduced gravity, 127
rota on effects, 136

Shallow water model of Hadley Cell, 603
Shallow water systems, 121–138

conserva on proper es of, 134
poten al vor city in, 134

Shallow water waves, 138–142
Shallow-fluid approxima on, 62
Sideways convec on, 826–839

condi ons for maintenance, 834
energy budget, 834
limit of small diffusivity, 837
maintenance of, 833
mechanical forcing of, 838
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phenomenology, 832
Single-par cle diffusivity, 548
Skew diffusion, 563
Skew flux, 563
Sloping convec on, 395
Solenoidal term, 164
Solenoids, 164, 171
Sound waves, 37–38
Southern Ocean, 897
Specific heat capaci es, 21
Spectra of passive tracers, 502
Spherical coordinates, 55–66

centrifugal force in, 55
Squire’s theorem, 426
Stacked shallow water equa ons, 129
Standard atmosphere, 658, 660
Sta c Instability, 94–100
Sta onary phase, 246
Sta onary waves, 699–719

adequacy of linear theory, 705
and ray tracing, 715
Green’s func on, 705
in a single-layer, 699
meridional propaga on, 714
one-dimensional wave trains, 704
resonant response, 701
thermal forcing of, 707

Stokes, George, 46
Stommel box models, 839
Stommel wind-driven model, 784

boundary layer solu on, 787
proper es of, 792
quasi-geostrophic formula on, 786
the nonlinear problem, 797

Stommel, Henry, 821
Stommel–Arons model, 849–858

shallow water version, 855
single-hemisphere, 849
two-hemisphere, 854

Stommel–Arons–Faller laboratorymodel, 844
Stommel–Arons–Faller model, 845
Stra fica on

of the atmosphere, 658
Stra fied geostrophic turbulence, 520
Stratosphere, 589, 658, 748

polar vortex, 763

sudden warming of, 763
Stratospheric dynamics, 748–765
Stress

Ekman layer, 102
kinema c, 103

Stretching, 168
Sudden warming, 763
Super-rota on, 603
Surf zone, 763
Surface dri ers, 554
Surface westerlies, 622
Surface winds

observed, 589
Sverdrup balance, 787
Sverdrup interior flow, 788
Symmetric diffusivity tensor, 562

Tangent plane, 66
Taylor–Proudman effect, 90
TEM equa ons, 439, 441

for primi ve equa ons, 445, 671
Temperature, 18
Thermal wind

in shallow water equa ons, 132, 133
Thermal wind balance, 91

pressure coordinates, 92
Thermobaric parameter, 15
Thermocline, 865–889

advec ve scaling, 869
boundary-layer analysis, 874
diffusive, 830
diffusive scaling, 870
internal, 872
kinema c model, 866
main, 865
one-dimensional model, 873
reduced-gravity, single-layermodel, 880
scaling for, 868
summary and overview, 888
ven lated, 879
wind-influenced diffusive scaling, 870

Thermodynamic equa on, 21–31
Boussinesq equa ons, 71
for liquids, 26, 31
summary table, 29

Thermodynamic equilibrium, 21, 22
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Thermodynamic rela ons, 15–21
Thermodynamics

first law, 17
fundamental postulate, 16

Thermohaline circula on, 825
Thickness, 82
Thickness diffusion, 575, 578
Til ng and pping, 168
Topographic effects

atmospheric sta onary waves, 699
JEBAR, 810
oceanic western boundary current, 806

Tracer con nuity equa on, 11
Tracer homogeniza on, 558
Tradi onal approxima on, 62
Transformed Eulerian Mean, 439–449

and eddy transport, 579
isentropic coordinates, 441
primi ve equa ons, 445, 671
quasi-geostrophic form, 439
spherical coordinates, 671

Transport by baroclinic eddies, 561
Triad interac ons, 475

two-layer geostrophic turbulence, 524
Tropopause, 658–671

defini ons, 658
Troposphere, 589, 658

and moist convec on, 669
and poten al vor city transport, 664
stra fica on, 658, 663, 664, 670
ven la on of, 669

Turbulence, 473
closure problem, 474
degrees of freedom, 484
fundamental problem, 474
predictability of, 497
three-dimensional, 477
two-dimensional, 485

Turbulent diffusion, 544, 545
and the TEM, 579
by baroclinic eddies, 561
in the atmosphere and ocean, 565
macroscopic perspec ve, 558
poten al vor city, 579
requirements for, 556
thickness, 575

two-dimensional, 553
Turbulent diffusivity, 548
Two-box model, 839
Two-dimensional turbulence, 485–497

beta effect, 513
eddy diffusion in, 553
energy and enstrophy transfer, 487
numerical solu ons, 496

Two-dimensional vor city equa on, 165
Two-layer instability problem, 405
Two-layer model

of atmospheric mid-la tudes, 639
Two-layer QG equa ons, 211
Two-level QG equa ons, 221
Two-par cle diffusivity, 551, 553

Unit vectors, rate of change on sphere, 59

Vector invariant momentum equa on, 63
Ven lated pool, 887
Ven lated thermocline, 879–889

reduced-gravity, single-layermodel, 880
two-layer model, 881

Ven lated troposphere, 669
Ver cal coordinates, 78–82
Ver cal vor city equa on, 175
Viscosity, 13

effect on energy budget, 43
Viscous scale, 482
Viscous-advec ve range, 504
Vor city, 161–173

equa on for a barotropic fluid, 164
equa on on beta plane, 176
evolu on equa on, 163
evolu on in a rota ng frame, 173
frozen-in property, 166
in two dimensional fluids, 165
stretching and l ng, 168
ver cal component, 175

Vor city, rela ve, 172
vr vortex, 162

Wave ac vity, 435
and pseudomomentum, 435
group velocity property, 436
orthogonality of modes, 437

Wave breaking, 750
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Wave packet, 244
Wave propaga on, 678
Wave trains, 704
Wave–turbulence cross-over, 514
Wavelength, 239
Waves, 238

acous c-gravity, 333
barotropic Rossby, 251
breaking, 750
frequency, 238
group velocity property, 274
hydrosta c gravity, 295
iner al, 115, 141, 159
Kelvin, 141, 727
kinema cs, 238
Lamb, 336
Poincaré, 139, 140, 277
Rossby, 250
Rossby dispersion rela on, 252
Rossby wave mechanism, 253
Rossby, con nuously stra fied, 256
Rossby, single-layer, 251
Rossby, two-layer, 254
rota ng shallow water, 139

shallow water, 138
sound, 37
wavevector, 238

Wavevector, 238
Weather predictability, 501
Western boundary currents

topographic and inviscid, 806
Western boundary layer, 790

fric onal, 789
iner al, 799

Western intensifica on, 781
Western pool, 886
Wind-driven gyres, 781
Wind-driven ocean circula on, 783–821
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