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ABSTRACT

The mechanism of the development and maintenance of the zonal circulation of the atmosphere is dis-
cussed from the point of view of vorticity transfer by atmospheric disturbances. Because the disturbances
with vorticity concentrations are unable to stay in equilibrium in a non-uniform field of absolute vorticity,
they are displaced by masses of air from other latitudes. These disturbances seek the latitudes where the
absolute vorticity equals their own, resulting in a transfer of vorticity against the absolute vorticity gradient.
The meridional gradient of vorticity is increased within the region where the disturbances are active and
decreased beyond, respectively creating westerly and easterly currents in these regions. The process is also
discussed by using harmonic solutions of the vorticity equation.

The time required for the creation of strong zonal currents is estimated, and it is found to be of the order
of three weeks, agreeing with statistical results.

Simple expressions for the distributions of the mean seasonal zonal winds are derived; they fit the obser-
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vations closely.

1. Introduction

When the motions of the atmosphere are smoothed
by taking averages along latitude circles to eliminate
the transient irregularities, we obtain zones of wester-
lies and easterlies, the so-called prevailing zonal winds.
Since one effect of ground friction is to destroy the
existing flow, the maintenance of these zonal winds,
in a steady state, against surface friction requires a
transfer of westerly zonal angular momentum from
the zones of easterlies into the zones of westerlies, as
has been discussed by many meteorologists in recent
years (Jeffreys, 1926; Starr, 1948). However, these
zonal wind systems are by no means steady. They
go through unceasing changes in both intensity and
location, more or less in a cyclic manner, fluctuating
around certain mean states. Only when a very long
period is considered can these systems be taken as
steady. During the periods when these zonal cir-
culations are strengthening, more westerly angular
momentum must be transferred from the zones of
easterlies into the zones of westerlies to overcompen-
sate the frictional losses. The reverse is true when the
zonal circulations are weakening. Thus, this transfer
of angular momentum is essential for the formation
and development of the zonal wind systems.

The problem can also be discussed from the point
of view of transfer of vorticity. Since a jet stream of
westerlies is characterized by relative cyclonic vor-
ticity to the north and anticyclonic vorticity to the
south, a strengthening of the jet requires a change of

1 The research resulting in this work has been sponsored in part

by the Geophysical Research Directorate of the Air Force Cam-
bridge Research Laboratories.

vorticity in excess of that which is necessary to balance
the destruction by friction. Discussion of the main-
tenance of the mean zonal motions by considering the
vorticity balance is merely a different representation
of the angular-momentum balance, since vorticity is
but an expression of the wind distribution. However,
the process can be more readily discussed from the
point of view of vorticity transfer, theoretically speak-
ing, because the vertical component of the absolute
vorticity, or absolute potential vorticity, of an element
of air is conservative for large-scale atmospheric
motions, at least as a first approximation.

In a previous paper (Kuo, 1950a), the writer ex-
plained this vorticity transfer by motions of atmos-
pheric vortices which result from the existence of a
“force”” on the vortices, the force arising from the
non-uniform distribution of the absolute vorticity. By
“atmospheric vortex’ we mean a mass of air with a
certain amount of uniformly distributed relative vor-
ticity. The dimensions are therefore smaller than those
of ordinary cyclones, and cyclones and anticyclones
can be taken as aggregations of these vortices. The
present paper is an extension of that study, intended
to elucidate further the physical process of this vor-
ticity transfer and to derive the mean seasonal wind-
distribution in accordance with this process. The
vorticity transfer will also be discussed briefly by
considering the solution of the simple vorticity equa-
tion. The dynamic aspects of the general circulation
in relation to the meridional angular-momentum trans-
fer and the change of the kinetic energy of the mean
zonal flow have been discussed in another paper (Kuo,
1950Db).
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2. Development of zonal winds and the process of
meridional vorticity transfer

When the equation of zonal motion is combined
with the continuity equation, we obtain the following
equation for the zonal angular momentum:

d(pu)  (pu?)  I(puv cos® ¢)
a Cos ¢ +
N cos ¢ ¢
d(puw
+ @ cos ¢ —— — afpv cos ¢ n
9z
p
= — — —aF,

oY al; Ccos ¢.

Here u, v and w are the zonal, meridional and vertical
components of the wind velocity, p is the density,
o the pressure, f the Coriolis parameter, F, the east-
ward component of the frictional force per unit
volume, a¢ the radius of the earth, A the longitude and
¢ the latitude. Since we are mainly concerned with
the maintenance and development of the mean zonal
circulation, we may integrate this equation over the
entire column of the atmosphere and also along the
whole latitude circle. Then the terms involving the
vertical velocity and the pressure gradient disappear.
We also assume that there is no net flow of mass
across the latitude wall, which must be true when a
long period is considered. Thus, (1) gives

a 00 27
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(2a)

which shows that the rate of change of the total zonal
angular momentum is equal to the rate of convergence
of the meridional transport of angular momentum
minus the frictional loss. This equation can also be
used to discuss the balance of the total vertical com-
ponent of the vorticity over the polar cap beyond
latitude ¢, since it is connected with the total zonal
momentum by the following relation:

f{ldV—fVvath
f f f " alo(em)/on

— J(pu cos ¢)/d¢ | dp dX dz

f f pua cos ¢ d\ ds.

Here V denotes the total volume of the atmosphere
north of ¢, and & = v X pvx is the vorticity of the
horizontal momentum vector pva. To facilitate the
discussion, we expand the right-hand side of (2a) and

JOURNAL OF METEOROLOGY

VoLUME 8

divide by a cos ¢. This gives
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dv d(u cos ¢)
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is the vertical component of the relative vorticity
(hereafter simply called ‘“‘vorticity”). In (2b), the first
term in the last member is a flow of vorticity across
the boundary, while the other terms may be consid-
ered as representing a generation of vorticity along
the boundary, since they do not disappear when a
rigid wall is placed along the boundary. It is seen that
the change of the total vorticity within the region
depends only upon the changes on the boundary,
which is as should be expected since the total vorticity
is merely the circulation around the boundary.

For this particular study, the effect of the variation
of density along a latitude circle is small and can
safely be neglected. The divergence term can also be
neglected, except for the generation of local vorticity
concentrations, which occur mainly in a random
manner. This approximation is especially desirable for
our theoretical discussions, and is permissible since no
mean mass divergence can exist for a long period of
time and since the magnitude of divergence is much
smaller than that of vorticity. Thus, (2b) reduces to

a1
ff pud\ds = f———dV
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which shows that the rate of increase of the mean zonal
momentum, within the above approximations, is equal
to the northward transfer of cyclonic vorticity minus
the frictional loss. It may also be noted that the
earth’s rotation has no direct effect upon this change,
although it may affect the momentum or vorticity
transfer indirectly.

(20)
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Each of the velocity components may be broken
down into a mean value and a deviation from it,
u=a+u,v=0+9 and ¢ = { + ¢/, where the
bars denote averages along the latitude circle. Then
the northward vorticity transfer is divided into two
different processes: an eddy transfer, represented by
the quantity g~ fom fg*™'¢’ d\ dp, and a transfer given
by 27g! fom5¢ dp, which may be called the transfer by
meridional cells. To discuss the vorticity transfer pro-
duced by this latter process, let us assume that we
have a simple cell with a lower and an upper branch.
Since there is no net transfer of mass across the
latitude circle, 5, Ap, = — D, Aps, where the subscripts
denote the values in the lower and the upper branches,
respectively. Therefore, the vorticity transfer pro-
duced by this meridional cell is given by

o
f Fdp = 0 Ape (B — ).
L]

Now §, — &1 has opposite signs on the two sides of a
jet and is zero at the latitude where the zonal winds
are strongest. Since the frictional loss of the zonal
momentum is highest within the region of strongest
zonal winds and is of the same sign on the two sides
of a jet, it seems quite difficult to explain the main-
tenance of zonal circulations by the presence of any
simple meridional cells. Even if it is assumed that
there are two meridional cells, one on each side of the
jet, and that they are working in opposite directions,
so that each one gives a positive contribution, the
effect is still zero or small in the region of strongest
zonal winds. The negative effect of the transfer pro-
duced by the direct meridional cell to the south of the
jet of westerlies is also shown in the computations by
Yeh (1951). The order of magnitude of the divergence
effect in the meridional cells can also be estimated
from the values of the meridional velocity given by:
Yeh: do/dy =~ 0.36 X 10-% sec! at 35°N. If @, — %
= 10 m/sec and Ap; = 100 mb, the zonal acceleration
produced by this term is +3.5 cm sec™! day~!, which
is much smaller than that given by the vorticity
transfer term. Therefore, the mean divergence can
safely be neglected. From these considerations, it
seems that the large-scale eddy motions must be
mainly responsible for the required momentum or vor-
ticity transfer, as is also suggested by the actual
computations (Starr, 1951; Starr and White, 1951).

3. Meridional vorticity transfer by atmospheric vortices

Although a strictly theoretical study of the eddy
vorticity transfer requires solution of the dynamic
equations, the tendency of this transfer can be dis-
cussed more readily. The generation of vorticity is
governed by the general vorticity equation, which can
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a¢ Jw 9v dw du
——+w. vZ + Zvy-oh  —— — — —
dx 9z dy 9z
e @
= S 4+ n¥ 4+ vp— >
9z

in which Z is the absolute vorticity, .S the solenoid
term and » and », are the coefficients of virtual vis-
cosity. From (3), it can be seen that the local vorticity
can change either by advection or by production due
to effects of vertical motion, solenoids, or divergence.
It may also be mentioned that, when » varies from
place to place, viscosity can also be a source of
vorticity. However, although these factors may be
important for the generation of strong vorticity con-
centrations in some small regions, they occur more or
less in a random manner and give no direct contribu-
tion to the change of vorticity in large areas, especially
when averages over entire latitude circles are involved.
It can be shown that, for the large-scale motions in
the upper troposphere and stratosphere where the
general circulation is clearly defined, the solenoid term
and the terms involving the wvertical velocity are
smaller than the term with horizontal divergence; this
horizontal divergence term is itself at least one order
of magnitude smaller tHan the term representing the
horizontal advection of absolute vorticity and there-
fore can be neglected, as we are not concerned with
the local generation of vorticity. It may also be men-
tioned that, if the mean motion of the entire column
of the atmosphere is considered, the terms involving
vertical velocity can be eliminated by using the equa-
tion of the integrated vorticity of momentum ¢;. Thus,
the tendency of the vorticity transfer for the large-
scale motions in the upper atmosphere can be studied
by employing the simple vorticity equation, neglecting
all the other terms except the horizontal advection,
— 2wt E@Q + vd—g—o = 0, (4)
ot dx dy dy
where Z, is the absolute vorticity of the basic zonal
flow. This equation, multiplied by 2 cos ¢ and then
integrated over the area bounded by two latitude
circles along which the meridional velocity vanishes,
gives, after neglect of higher-order small terms,

o B[ [ emean - [ [0

This equation is exact if the motion is nondivergent
and horizontal, and if the earth is treated as a plane
or cylinder. It shows that the sign of I'(dv/d?) is that
of the gradient of the absolute vorticity of the basic
flow; this term has been interpreted as a ‘“‘force’ on
atmospheric vortices which drives cyclonic vortices
toward regions of higher absolute vorticity and anti-

cospdA. (5)
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cyclonic vortices toward regions of lower absolute
vorticity. It can also be interpreted simply as the
correlation between ¢ and dv/dt for the region; there-
fore, it represents a tendency of vorticity transfer in
the direction opposite to the gradient of the absolute
vorticity. Thus, in an atmosphere in which the abso-
lute vorticity increases with latitude, if concentrations
of vorticity are produced there will be a tendency to
produce a northward transfer of vorticity. This will
result in a redistribution of the existing vorticity
and a corresponding change of the zonal winds. How-
ever, it should be mentioned that, if the nondiver-
gent approximation is to hold exactly, the integral
ffvi cos ¢ d4 vanishes when integrated over the whole
area. But, according to (5), this requires the presence
of extreme values of Z, somewhere in the region, so
that dZ,/d¢ changes sign at some latitude. From this
consideration, it may be inferred that, if the atmos-
phere is to start from relative rest or a weak zonal
motion (so that the absolute vorticity increases with
latitude at every point), disturbances produced with
vorticity concentrations must be associated with diver-
gence. Only when extreme values of the absolute
vorticity already have been produced can the vorticity
transfer proceed exactly nondivergently. Thus, for the
case we have been discussing, the disturbance will not
only produce a northward vorticity transfer but will
also create a maximum and minimum of absolute
vorticity along some northern and southern latitude;
this results in the creation of a westerly current be-
tween, and easterly currents outside, these latitudes.
The importance of the existence of these extreme
values of the absolute vorticity can also be seen from
(2¢), which shows that to increase or maintain the
equatorial easterly current against ground friction
requires a southward transfer of vorticity across the
equator; this is only possible when the absolute vor-
ticity has a minimum north of the equator and a
maximum to the south, if the transfer is governed by
(5). The mean velocity profile near the tropopause
level actually shows this kind of vorticity distribution,
which suggests that the required transport of vorticity
is mainly accomplished in the upper levels.

Since this vorticity transfer is of fundamental im-
portance in the development and maintenance of the
zonal wind systems, let us consider an example through
which it can be accomplished. To simplify considera-
tions, we assume that the atmosphere is at relative
rest and that disturbances with vorticity concentra-
tions are produced through a divergence effect in a
zonal belt. Since the mass distribution does not change,
the total divergence along any latitude circle must be
zero. Therefore, equal amounts of cyclonic and anti-
cyclonic vorticity will be produced along the same
latitude circle, which excludes the possibility of having
systematic sources of vorticity. Thus, the subsequent
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changes of the meridional distribution of vorticity can
be produced only through some sorting process that
accumulates cyclonic and anticyclonic vortices along
different latitudes, as is suggested by (5).

To facilitate the discussion, we assume the disturb-
ances are restricted to a belt from ¢; to ¢,. However,
since these vortices are not able to stay in equilibrium
as they are produced in the non-uniform field of abso-
lute vorticity, they tend to seek latitudes where the
absolute vorticity of the environment equals their
own. Let us assume that an anticyclone is produced
along the northern latitude ¢; and a cyclone along the
southern latitude ¢, as indicated by A’ and C’ in
fig. 1. This is possible if these vortices take their rela-
tive deficit and excess of vorticity from the entire
mass of fluid along the latitude circle, or from a large
segment of it, without producing another compen-
sating cyclone along ¢ and anticyclone along ¢;.
Therefore, the vorticity of the surrounding fluid along
¢» must have increased and that along ¢, decreased,
although probably only slightly, since the total vor-
ticity along the entire latitude circle was not changed
by the divergence effect. For simplicity, we also
assume that a cyclonic vortex C and an anticyclonic
vortex A (of equal mass and equal but opposite rela-
tive vorticity ==2w,) are produced along latitude ¢,
halfway between ¢; and ¢., while the vorticity of the
surroundings does not change. Latitude ¢y may be
taken as the latitude around which the disturbances
have been most active.

After these vortices have been produced, they are
driven by a ‘“force” toward the latitudes where the
absolute vorticity of the new surroundings equals their
own, and they will remain there. Suppose A’ and C’
are able to stay at ¢, when they have been displaced
to this latitude, with C at ¢, and A at ¢;. The mass
distribution is preserved if it is assumed that all these
vortices have the same mass. After these displace-
ments, equilibrium has been restored, with a resulting
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transfer of vorticity from ¢, to ¢.. An increased vor-
ticity gradient occurs within this region of active
disturbance and a decreased vorticity gradient beyond.
Corresponding to this change of the vorticity distri-
bution, a mean zonal westerly current will develop
between ¢y and ¢, and easterly currents beyond. Thus,
the motion of these vortices has the effect of trans-
ferring zonal momentum into this belt, as is required
for maintenance and development of the westerly wind.

To compute the change of the vorticity distribution
produced by this process, we suppose the mass of each
vortex is m while the total mass in the belt occupied
by the vortex is (# + 1)m. The relative vorticity of
the vortices A’ and C’ are —2w and + 2w, and those
of C and A are 2wo and — 2wy, respectively. Thus, the
absolute vorticity of A’ is Z, — 2w, where Z; is the
initial absolute vorticity at ¢,. Since A’ is able to stay
in equilibrium with its new surroundings when it has
been displaced toward ¢, where the absolute vorticity
remains Zy, we must have

Zy — 20 = Zo+ (dZ/dy)L — 20=2,,

where dZ/dy is the initial gradient of absolute vorticity
and L the distance between ¢o and ¢.. Thus, we have

@Z/dy)L = 2w.- (6)

It has been assumed that each of the vortices A’
and C’ takes its respective deficit and excess of vor-
ticity from the entire surrounding fluid along the
latitude circles; therefore, the vorticity of the remain-
ing fluid along ¢» must have increased by 2w/z and
that along ¢, decreased by 2w/#, leaving no change
along ¢g. Since C is to be displaced to ¢, and stay
there, we must have

2w = (AZ/dy)L + 20/n = (1 + n1)20w. (7

Thus, after completion of this exchanging process, the
vorticity gradient between ¢o and ¢. has increased,
and the resulting gradient of absolute vorticity is
given by

(dZ)' dZ+2w 1+1 az g
dy/; dy anL ( 'n) dy ®
The increase of vorticity along ¢; also results in a
decrease of the vorticity gradient between ¢, and the
pole in the amount (2w/zna)(i7 — ¢2) 1, if we assume
the decrease is gradual. A similar decrease also takes
place between ¢, and the equator.

Although the changes in the vorticity gradients
produced by a single exchange will be small when # is
large, a large change can result if the process con-
tinues; and a maximum of absolute vorticity can be
created along ¢» and a minimum along ¢, with a
strong vorticity gradient between them and a reversed
gradient beyond.

The intensity of the resulting changes depends upon
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the intensity, size and number of vortices that have
been produced. However, there must be an upper limit
of vortex size and intensity; above this limit, the
assumption that the vortices A’ and C’ take their
deficit and excess of vorticity from the entire latitude
circle will not be valid. That is to say, when the
intensity of A’ is too high, the increase of vorticity
must also be very high in the immediate surroundings;
therefore, the surrounding fluid will also tend to move
away without resulting in an increase of mean vor-
ticity along ¢s.

After this maximum and minimum of absolute vor-
ticity has been created along the latitudes ¢, and ¢,
further perturbations will enhance these extreme
values. Actually, there would exist a tendency for the
vortices to oscillate about their equilibrium positions,
because they arrive at these points with finite veloci-
ties. However, the steep absolute vorticity gradient
between ¢; and ¢. prevents these vortices from crossing
the latitude ¢o, unless the meridional velocity they
have achieved is high enough. Therefore, compara-
tively thorough mixing will take place in the regions
to the north and south of ¢, resuiting in a higher
temperature gradient and a correspondingly large ver-
tical wind shear in the vicinity of this latitude. Since
the sign of the mean meridional temperature gradient
reverses above the tropopause, the maximum zonal
wind will occur at the tropopause level. This, together
with the absolute vorticity gradient around latitude ¢,
gives a zonal-wind profile of the jet stream type.

When a maximum and a minimum of absolute vor-
ticity exist along latitudes ¢, and ¢,, a southward trans-
port of vorticity in the regions north of ¢, and south of
¢1 is possible, and the maintenance of the equatorial
easterlies can also be explained.

It should be pointed out that the presence of con-
centrations of perturbation vorticity does not neces-
sarily require the presence of closed streamlines, since
the stream pattern is determined to a large extent by
the basic current. Thus, wave disturbances may also
have vorticity concentrations and, therefore, may pro-
duce a meridional vorticity transfer if the troughs and
ridges are properly tilted, as will be discussed briefly
in the following section by employing the solutions of
the linearized vorticity equation.

4. Vorticity transfer according to solutions of the
vorticity equation

When the motion is assumed to be horizontal and
nondivergent, it can be described by the equation
expressing the conservation of absolute vorticity of an
air element. The motion is further assumed to be a
superposition of a small perturbation on a purely zonal
basic current U, which depends on » only. For this
motion, a perturbation stream-function ¢ can be intro-

]
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duced, defined by

u = — ay/dy, v = dY/ox. %
Since the perturbation is assumed to be small, the
vorticity equation can be linearized and written
a
~+U-) 2¢+————o (10)
ol
Without losing generality, we assume that the pertur-

bation stream-function is represented by the sum of a
number of harmonic perturbations of the form

¥ = B(y) e*=en, (11)
in which % is real and positive, representing the wave
number, while ¢ may be complex. The real part of ¢
gives the phase velocity, and the imaginary part gives
the amplifying factor for the particular wave. Since
(10) is linear, the harmonic perturbations are inde-
pendent of each other; therefore, their effect can be
studied separately. Substitution of (11) into (10) re-
duces it to an ordinary differential equation in ®:

(U ~ o) (d*@/dy? — k@) + (dZo/dy)® = 0. (12)

It is also assumed that the meridional velocity van-
ishes along the two boundaries ¥y = y; and y = 9,
which may be taken as the equator and the pole for
this particular study. Thus, every component har-
monic solution ®; must satisfy (12) and the conditions
$; = 0 at the boundaries.

We now find expressions for v and {’ in terms of &.
Since ¢ is complex, we must also take ® as complex,
i.e., & = &, + 1®;, Therefore,

= dY/0x = ik(®, + ;) gkt
= — k[®,sin & + ®; cos £ eteit,

¢ =V = [(&" — k) cos ¢
— (@' — k2®,) sin £]eket,

where the primes denote differentiation with respect
to y, and ¢ = k(x — ¢,£) is the phase angle. The
meridional vorticity transfer produced by this har-
monic is therefore given by

(13)

27
f Ve dE = En[®/'®, — &,d;] et
0 .

d 14
= kr — [®,®] — ®,'®;] eeit, (14)
dy

To determine the sign of this quantity, we multiply
(12) by the conjugate function ®* = &, — 7®;; equat-
ing the real and the imaginary parts separately to zero,
we obtain

d
- |:¢rq)r’ + q>iq)i’]
dy

= I@’[2+[k2—————(uﬁc')%]ld>l% ts)
|lu —¢|* dy
IR PAPR T
PR A
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If we integrate (16) from v; to y; and make use of the
boundary conditions, it is seen that, in order to have
¢; # 0, we must have dZy/dy change sign in the region
(Kuo, 1949). Substituting (16) into (14) we obtain

27
[ o = e
0

kc; dZO
ekeit |¢,‘2.

fu — cl? dy

Thus, the sign of v'{’ is that of —c;dZ,/dy. If we
substitute (17) into (2c) and integrate with respect to
time, with friction neglected, we find

(17)

A = Uy — %y = fvfdt

iz, |®|*
— 4(1 —_ ch t)

dy lu—c|*

(18)

These two equations show that the effect of the
damped disturbances (¢; < 0) is to produce a vor-
ticity transfer in the direction opposite to the absolute
vorticity gradient, an increase of the zonal westerlies
in the region where the absolute vorticity Z, increases
with latitude, and a decrease of the zonal westerlies
in the regions where Z, decreases with latitude. The
effect of the amplified disturbances (¢; > 0) is just the
reverse.

In an atmosphere in which Z, is a monotonically
increasing function of y, it can be shown that all dis-
turbances that are propagated with a phase velocity
¢» = U(ys) at some point y, will be damped out (Kuo,
1950b). Only the very slowly moving disturbances can
remain neutral, and no disturbance can be amplified.
These damped disturbances must be considered as
having been produced by some other process, which
is most probably associated with divergence. The
damped disturbances have the effect of producing a
vorticity transfer against the absolute vorticity gra-
dient, and thereby to increase the westerly current
and create extreme values of the mean absolute vor-
ticity at some latitudes. It should be pointed out that
(17) and (18) cannot be valid at every point for this
case, for the integration along y will give a change of
the total zonal momentum. This slight contradiction
can be avoided if divergence is taken into consideration
in the vicinity of the singular point. If the absolute
vorticity of the basic current has extreme values
initially, this is not necessary, and amplifying disturb-
ances can also exist. The effect of the amplifying
harmonics is to produce a transport of vorticity in the
direction of the absolute vorticity gradient, thereby
decreasing the vorticity gradient and the intensity of
the zonal flow. The resulting change at any moment
depends upon the total effect of all the existing har-
monic disturbances at that moment. This process has
been discussed in another paper (Kuo, 1950b).

It can also be shown that the vorticity transfer
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Fic. 2. (a): Distribution of mean zonal current and absolute vorticity at tropopause level; dashed curve represents zonal winds
at some later time, produced by damped disturbances. (b): Schematic orientation of troughs and ridges (T), meridional distribution

of angular-momentum transfer —7T = pu'v’ cos? ¢, and vorticity transport (arrows) produced by damped disturbances. (c): Same

as (b) for amplified disturbances.

can be discussed in terms of the direction of the
troughs and ridges of the streamlines. The troughs
and ridges are curves along which #" = 0, or the loci
of tan{ = — &;/®,. The angle « which the trough
line makes with the meridian is given by

a& /% — o9 /P — O,/

tanog = — =
dy .2 sec? £ | &2

,» (19a)

which is proportional to the meridional eddy momen-
tum transfer #'v’ (Kuo, 1949, 1950b). From this, we
obtain

d d? d|dl2d
— [&,/® — &,8/] = |‘I’l2_£‘ + kd %, (19b)
dy dy* dy dy

Substituting into (14), we find

27 & d|l1>|2 d&
f V'Y dE = —kw[{@lQ———i— »]- (20)
0 dy* .

dy dy

Since the intensity of the perturbation generally has
its maximum value in the central part of the region,
a positive transfer requires a negative curvature of
the trough, or a trough with its convex side toward
the east. If the momentum transfer is positive to the
south and negative to the north, the second term on
the right of (20) is negative; therefore, a still larger
negative curvature is required to give a positive vor-
ticity transfer. Fig. 2 shows the tilting of the troughs
and directions of the momentum and vorticity transfer
produced by the damped and amplifying disturbances
when the absolute vorticity has maximum and mini-
mum values.

5. Estimation of time needed to build up zonal currents

The time lag between the introduction of the dis-
turbances with vorticity concentrations and the ap-
pearance of a strong westerly current can be estimated
from the preceding considerations, since it can be
taken as the time required by the new vortices to
reach their equilibrium positions. Thus, we wish to
evaluate the time required by the vortex to travel the
distance L between ¢, and ¢, which may be called
the mixing length for the vortex.

To simplify the estimate, let us neglect the spherical
shape of the earth and assume that the surrounding
atmosphere is undisturbed. The latitudinal derivative
of the Coriolis parameter is taken as constant, and
the radius of the vortex is R. The fluid inside the
vortex is supposed to be in solid rotation with angular
velocity w, corresponding to the perturbation vorticity
2w. Under these assumptions, a~'dZ/d¢ = 8, v = wx
and I' = 2xR%. Therefore, (5) gives

d, = dvjdt = 1R%p. (21)

From (6), L = 2»/8, while, on the other hand, we
also have L = 14,72, where T is the time the vortex
requires to travel the distance L. Thus,

T = 4V2/R3, (22)

which is independent of the relative vorticity of the
vortex, but is inversely proportional to the radius
R, If R =200 km and 8 = 1.62 X 10~ m~1 sec™!
(¢0 = 45 deg), T is roughly 20 days, agreeing with
statistical results (Allen and others, 1940; Willett,
1947, Riehl and others, 1950).
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6. Seasonal mean zonal currents resulting from vor-
ticity transfer produced by disturbances

As discussed in the preceding sections, disturbances
with some concentration of vorticity, whatever their
origin, act to transfer vorticity northward under nor-
mal conditions in the atmosphere. This vorticity
transfer has the effect of increasing the vorticity gra-
dient within the region in which the disturbances are
active and decreasing the gradient beyond; it thus
tends to produce a maximum of absolute vorticity
along ¢» and a minimum along ¢;, where the cyclonic
and anticyclonic vortices find their respective positions
of equilibrium, and to develop a strong westerly cur-
rent between these latitudes, with easterlies beyond.
As the intensity and location of these zonal currents
depend upon the intensity and location of the dis-
turbances, they will vary from day to day and from
longitude to longitude. Thus, if seasonal and longi-
tudinal means are considered, the maxima and minima
of absolute vorticity will be greatly reduced and most
probably will disappear; yet, the effect of the vorticity
transfer still must be to increase the vorticity gradient
within the region in which the disturbances have been
active, and to decrease the gradient outside this region.

To derive the zonal wind distribution, we may
assume a plausible distribution of perturbations and
then find the resulting meridional vorticity distribu-
tion when equilibrium is achieved. However, the
general features of the resulting vorticity distribution
can be anticipated without these laborious computa-
tions. Thus, we may start by assuming a plausible
vorticity distribution in accordance with the general
physical process discussed above. Suppose ¢¢ is the
latitude around which the disturbances with vorticity
concentrations have been active during the period,
and ¢, and ¢; are the northern and southern bound-
aries of this belt. This implies that the largest changes
of the mean vorticity will occur along the latter lati-
tudes. The magnitude of these changes will be roughly
proportional to the number and intensity of the vortices
produced; but, as has been mentioned before, there
must be an upper limit above which our assumptions
will not be valid. '

From continuity considerations, we assume that the
change decreases gradually from ¢, to the pole. Thus,
to the north of ¢y we may take a vorticity distribution

- d(@ cos ¢)

{ = —— = B(1 — sin® ¢)Q,

23
a cos ¢ d¢ (23)

where B is a constant determined by the number and
intensity of the vortices, and Q is the angular velocity
of earth’s rotation. The corresponding absolute vor-
ticity gradient is given by :

dZ/d¢ = 29 cos ¢(1 — £B sin? ¢). (24)

JOURNAL OF METEOROLOGY

VOLUME 8

From (23), the mean zonal velocity % for ¢ > ¢ is
found to be given by

44 cos ¢/at = B[sin ¢(sin®* ¢ — 4) 4+ 3]. (25)

Around latitude ¢o, where the disturbances are most
active, the separation of the cyclonic and anticyclonic
vortices into higher and lower latitudes increases the
vorticity gradient. We assume that the distance from
¢o to the equator is large enough so that the equator
is not affected. We also take the region between ¢,
and the equator as a whole, and use the expression

Z = 2Qsin ¢ + AQsin ¢ sin (¢ — ¢q) (26)

for 0 < ¢ < ¢, in conformity with the physical process,
discussed above. This expression gives a vorticity gra-
dient greater than 8 between ¢, and 3¢, and smaller
than 8 between ¢y and the equator, while { is zero
at the equator. The value of the constant 4 is to be
determined by the continuity of Z at ¢, and is found
to be B(1 — sin® ¢y)[sin ¢ sin (¢2 — ¢o) J~*. Thus, to
the south of ¢,, the mean zonal velocity is given by
the equation

3 cos p/aQ = 3C — Af{cos ¢, sin® ¢

+ sin ¢ocos® ¢ ], (27)

where C is a constant of integration to be determined
by the continuity of @ at ¢., and therefore depends
upon the values of ¢ and ¢s.

During the winter months, the disturbances (migra-
tory. cyclones and anticyclones) are produced at a
lower latitude, say around 30-35°N; thus, we may
take ¢¢ = 32.5°N. The latitude ¢,, where the cyclonic
vortices produced at ¢, will find their equilibrium
position, depends upon the relative vorticity { = 2w
of the vortices (relative to the surrounding fluid) and
the gradient of the absolute vorticity in the environ-
ment, taken as equal to 8. Therefore, for the same
vortex strength 2w, the distance traveled will be
greater during summer (with a higher ¢,, where 8 is
smaller) than during winter. Thus, if we take the
relative vorticity of the vortex at ¢, to be one-tenth
of the vorticity of the earth’s rotation, { = 2w = /5,
the distance L is roughly equal to 7 deg lat in winter,
with ¢ = 32.5°N. Therefore ¢, = 39.5°N. The con-
stant B is taken to be four-ninths, and the corre-
sponding values of 4 and C in (27) are 4.2578 and
0.7272, respectively. The zonal velocities computed

from (25) and (27), with these constants, are given

by the curve in fig. 3, while the circles are the observed
mean winds at 12 km along 80°W during winter, taken
from Hess's (1948) computations.

During the summer months, the latitude along
which the disturbances are produced shifts farther
north, presumably north of 45°N. If we take ¢ to be
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Fic. 3. Computed zonal winds with ¢o = 32.5, ¢ = 39.5 deg.
Circles are observed mean zonal winds at 12 km along 80°W for
winter (after Hess, 1948).

46°N and the vorticity of the disturbance relative to
the environment to be one-tenth of 2Q again, the
mixing length L will be roughly equal to 9 deg lat,
so that ¢, = 55°N. With the same B, the correspond-
ing constants 4 and C in (27) are 1.5625 and 0.2889,
respectively. The zonal winds, computed from (25)
and (27), with these constants, are given in fig. 4 by
the full curve, while the dashed curve is that for
¢o = 45° (4 = 1.407, C = 0.2642). The circles are
Hess's data at 12 km, and the dots are the observed
mean winds over North America at the average tropo-
pause level given by Willett (1944).

Equations (23) to (27) are designed to describe the
mean seasonal zonal winds, in which the maximum
and minimum of the absolute vorticity have been
canceled out by the meridional shifts of the zone of
disturbances. When individual conditions are consid-
ered, the maximum and minimum of the absolute
vorticity must be pronounced; therefore different ex-
pressions should be used.

Since the motions have been assumed to be purely
horizontal (or along isentropic surfaces) and baro-
tropic, the calculated results are necessarily applicable
only to the given level. But since the vertical variation
of wind is given approximately by the thermal wind
relation, conditions at other levels can be inferred from
conditions at the level under consideration.
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F16. 4. Computed zonal winds for summer; full curve for
¢o = 46, ¢ = 55 deg; dashed curve for ¢o = 45, ¢2 = 55 deg.
Circles are Hess's data for summer; dots are Willett’s data.
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