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Chapter

9𝟑𝟒
Circulation, Vorticity and
Other Miscellany

T is is a short supplementary chapter to Essentials containing
miscellaneousmaterial on vorticity, potential vorticity and the cir-
culation theorem written at about the same level as the original

book. At the end of the chapter I also give an alternate derivation of the
quasi-geostrophic equations. Other material (e.g., gradient wind balance)
may be added in due course — this is a living document. There is some
repetition of material in order to avoid toomuch cross-referencing to the
original book, but the chapter is not self-contained, nor are all derivations
carried out in full detail. Occasionally we make reference to the Mother
book, Atmospheric and Oceanic Fluid Dynamics, or AOFD, and that book
has a more complete treatment of vorticity than will be found here. Ref-
erences to such things as (E6.17) refer to equations in Essentials whereas
references such as (V.4) refer to equations in this chapter.

If you have any requests for material, or comments on this material,
email me!

V.1 Vorticity and Circulation

V.1.1 Preliminaries

Vorticity, 𝝎, is defined to be the curl of velocity and so is given by
𝝎 ≡ ∇ × 𝒗. (V.1)

Circulation,𝐶, is defined to be the integral of velocity around a closed fluid
loop and so is given by

𝐶 ≡ ∮𝒗 ⋅ d𝒓 = ∫
𝑆
𝝎 ⋅ d𝑺, (V.2)

where the second expression uses Stokes’ theorem and 𝑆 is any surface
bounded by the loop. The circulation around the path is equal to the in-
tegral of the normal component of vorticity over any surface bounded
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V.1 Vorticity and Circulation 3

by that path. The circulation is not a field like vorticity and velocity;
rather, we think of the circulation around a particular material line of
finite length, and so its value generally depends on the path chosen. If 𝛿𝑆
is an infinitesimal surface element whose normal points in the direction
of the unit vector �̂�, then

�̂� ⋅ (∇ × 𝒗) = 1
𝛿𝑆
∮
𝛿𝑟
𝒗 ⋅ d𝒓, (V.3)

where the line integral is around the infinitesimal area. Thus at a point
the component of vorticity in the direction of 𝒏 is proportional to the
circulation around the surrounding infinitesimal fluid element, divided
by the elemental area bounded by the path of the integral. A simple test
for the presence of vorticity is to imagine a small paddlewheel in the flow;
the paddle wheel acts as a ‘circulation-meter’, and rotates if the vorticity
is non-zero. Vorticity might seem to be similar to angular momentum,
in that it is a measure of spin. However, unlike angular momentum, the
value of vorticity at a point does not depend on the particular choice of an axis of
rotation; indeed, the definition of vorticity makes no reference at all to an
axis of rotation or to a coordinate system. Rather, vorticity is a measure
of the local spin of a fluid element.

V.1.2 Vorticity Equation

Wemayderive an evolution equation for vorticity by taking the curl of the
momentum equation which, for a compressible fluid in a non-rotating
frame of reference, is

∂𝒗
∂𝑡
+ (𝒗 ⋅ ∇)𝒗 = −1

𝜌
∇𝑝 + 𝑭 (V.4)

where 𝑭 represents all forcing and dissipation terms. Using the vector
identity 𝒗 × (∇ × 𝒗) = ∇(𝒗 ⋅ 𝒗)/2 − (𝒗 ⋅ ∇)𝒗, we write the above equation as

∂𝒗
∂𝑡
+ 𝝎 × 𝒗 = −1

𝜌
∇𝑝 − 1
2
∇𝒗2 + 𝑭, (V.5)

Taking the curl of (V.5) gives the vorticity equation

∂𝝎
∂𝑡
+ ∇ × (𝝎 × 𝒗) = 1

𝜌2
(∇𝜌 × ∇𝑝) + ∇ × 𝑭. (V.6)

With some manipulation of vector identities (see AOFD for details) we can
write this equation as

∂𝝎
∂𝑡
+ (𝒗 ⋅ ∇)𝝎 = (𝝎 ⋅ ∇)𝒗 − 𝝎∇ ⋅ 𝒗 + 1

𝜌2
(∇𝜌 × ∇𝑝) + ∇ × 𝑭. (V.7)

or as
D�̃�
D𝑡
= (�̃� ⋅ ∇)𝒗 + 1

𝜌3
(∇𝜌 × ∇𝑝) + 1

𝜌
∇ × 𝑭, (V.8)

where �̃� ≡ 𝝎/𝜌.
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w

Fig. V.1: The tilting of vor-
ticity. Suppose that the vor-
ticity, 𝝎 is initially directed
horizontally, as in the lower
figure, so that 𝜔𝑧, its vertical
component, is zero. The ma-
terial lines, and therefore also
the vortex lines, are tilted by
the positive vertical velocity
𝑤 thus creating a non-zero
vertically oriented vorticity.

This mechanism is important
in creating vertical vorticity

in the atmospheric boundary
layer, and is connected to the
𝛽-effect in large-scale flow.

Terms in the Equation

The third term on the right-hand side of (V.7), as well as the second term
on the right-hand side of (V.8), is variously called the baroclinic term, the
non-homentropic term, or the solenoidal term. The solenoidal vector, 𝑺𝑜, is
defined by

𝑺𝑜 ≡
1
𝜌2
∇𝜌 × ∇𝑝 = −∇𝛼 × ∇𝑝. (V.9)

where 𝛼 = 1/𝜌. A solenoid is a tube directed perpendicular to both ∇𝛼
and ∇𝑝, with elements of length proportional to ∇𝑝 × ∇𝛼. If the isolines
of 𝑝 and 𝛼 are parallel to each other, then solenoids do not exist. This
occurs when the density is a function only of pressure, for then

∇𝜌 × ∇𝑝 = ∇𝜌 × ∇𝜌 d𝑝
d𝜌
= 0. (V.10)

Using the fundamental thermodynamic relation (see AOFD for the deriva-
tion), the solenoidal vector may also be written as

𝑺𝑜 = −∇𝜂 × ∇𝑇. (V.11)

where 𝜂 is the entropy and 𝑇 the temperature. (This form can be useful
when deriving potential vorticity conservation, which we come to later.)
Evidently the solenoidal term vanishes if: (i) isolines of pressure and den-
sity are parallel; (ii) isolines of temperature and entropy are parallel; (iii)
density, entropy, temperature or pressure are constant. A barotropic fluid
has by definition 𝜌 = 𝜌(𝑝) and therefore no solenoids. A baroclinic fluid
is one for which ∇𝑝 is not parallel to ∇𝜌. From (V.8) we see that the baro-
clinic term must be balanced by terms involving velocity or its tendency
and therefore, in general, a baroclinic fluid is a moving fluid, even in the
presence of viscosity.
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Fig. V.2: A vertical veloc-
ity, 𝑤, stretches the cylinder.
Vorticity is tied to material
lines and so is amplified in
the direction of the stretch-
ing. However, because the
volume of fluid is conserved,
the end surfaces shrink, the
material lines through the
cylinder ends converge and
the integral of vorticity over a
material surface (the circula-
tion) remains constant.

For a barotropic fluid (and therefore with no solenoidal term) the vor-
ticity equation takes the simple form,

D�̃�
D𝑡
= (�̃� ⋅ ∇)𝒗. (V.12)

If the fluid is also incompressible, meaning that ∇ ⋅ 𝒗 = 0, then we have
the even simpler form,

D𝝎
D𝑡
= (𝝎 ⋅ ∇)𝒗. (V.13)

When expanded into components, the terms on the right-hand side of
(V.12) or (V.13) can be divided into ‘stretching’ and ‘tipping’ (or ‘tilting’).
These terms can be illustrated if we consider one component, for example
the vertical component, of (V.13), namely

D𝜔𝑧
D𝑡
= (𝝎 ⋅ ∇)𝑤

= 𝜔𝑥 ∂𝑤
∂𝑥
+ 𝜔𝑦 ∂𝑤
∂𝑦
+ 𝜔𝑧 ∂𝑤
∂𝑧

(V.14)

The first two terms on the right-hand side give rise to the tilting of vor-
ticity, with one component of vorticity essentially being converted to an-
other, as illustrated in Fig. V.1. The stretching of vorticity arises from the
last term on the right-hand side, namely

D𝜁
D𝑡
= 𝜁∂𝑤
∂𝑧
, (V.15)

where, as is conventional, 𝜁 is the vertical component of the vorticity, 𝜔𝑧
and we omit the other terms. If the vertical velocity 𝑤 increases in the 𝑧-
direction then the fluid lines are ‘stretched’ and the vorticity is amplified,
as illustrated in Fig. V.2.

V.1.3 Vorticity in Two-dimensional Flow

Let us suppose that there is flow only in a single plane, the 𝑥–𝑦 plane,
with no flow in the normal direction (the 𝑧-direction). The fluid velocity
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in the plane, 𝒖, is 𝒖 = 𝑢𝐢 + 𝑣𝐣, and the velocity normal to the plane, 𝑤, is
zero. Only one component of vorticity is non-zero and this is

𝝎 = 𝐤(∂𝑣
∂𝑥
− ∂𝑢
∂𝑦
) . (V.16)

That is, in two-dimensional flow the vorticity is perpendicular to the ve-
locity. We let 𝜁 ≡ 𝜔𝑧 = 𝝎 ⋅ 𝐤. Both the stretching and tilting terms vanish
in two-dimensional flow, and the two-dimensional vorticity equation be-
comes, for incompressible flow,

D𝜁
D𝑡
= 0, (V.17)

where D𝜁/D𝑡 = ∂𝜁/∂𝑡 +𝒖 ⋅∇𝜁. That is, in inviscid two-dimensional flow vor-
ticity is conserved following the fluid elements; each material parcel of fluid
keeps its value of vorticity even as it is being advected around. Further-
more, specification of the vorticity completely determines the flow field.
To see this, we use the incompressibility condition to define a streamfunc-
tion 𝜓 such that

𝑢 = −∂𝜓
∂𝑦
, 𝑣 = ∂𝜓

∂𝑥
, 𝜁 = ∇2𝜓. (1.18a,b,c)

Given the vorticity, the Poisson equation (V.18c) can be solved for the
streamfunction and the velocity fields obtained through (V.18a,b), and
this process is called ‘inverting the vorticity’.

V.2 Vorticity Equation in a Rotating Frame

V.2.1 The General Form

Let us denote the velocity and vorticity in the absolute frame by 𝝎𝑎 and
𝒗𝑎, and in the rotating frame by 𝝎𝑟 and 𝒗𝑟. The quantities are related by

𝝎𝑎 = 𝝎𝑟 + 2𝜴, 𝒗𝑎 = 𝒗𝑟 + 𝜴 × 𝒓, (V.19)

where 𝒓 is the position vector relative to the axis of rotation. (The absolute
velocity is also sometimes referred to as the inertial velocity.) Now, the
momentum equation in the rotating frame of referencemay be written as

∂𝒗𝑟
∂𝑡
+ (2𝜴 + 𝝎𝑟) × 𝒗𝑟 = −

1
𝜌
∇𝑝 − ∇(𝛷 + 1

2
𝒗2𝑟) , (V.20)

where potential 𝛷 contains the gravitational (𝒈) and centrifugal ( forces
and we neglect viscosity. Take the curl of this equation, using the vector
identity

∇× [(2𝜴+𝝎𝑟) × 𝒗𝑟] = (2𝜴+𝝎𝑟)∇⋅ 𝒗𝑟 + (𝒗𝑟 ⋅ ∇)(2𝜴+𝝎𝑟) − [(2𝜴+𝝎𝑟) ⋅ ∇]𝒗𝑟,
(V.21)

and noting that ∇ ⋅ (2𝜴 + 𝝎) = 0, we obtain the vorticity equation

D𝝎𝑟
D𝑡
= [(2𝜴 + 𝝎𝑟) ⋅ ∇] 𝒗 − (2𝜴 + 𝝎𝑟)∇ ⋅ 𝒗𝑟 +

1
𝜌2
(∇𝜌 × ∇𝑝). (V.22)
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If the rotation rate, 𝜴, is a constant then D𝝎𝑟/D𝑡 = D𝝎𝑎/D𝑡 where 𝝎𝑎 =
2𝜴+𝝎𝑟 is the absolute vorticity. The only difference between the vorticity
equation in the rotating and inertial frames of reference is in the presence
of the solid-body vorticity 2𝜴 on the right-hand side. The second term
on the right-hand side may be folded into the material derivative using
mass continuity, and after a little manipulation (V.22) becomes

D
D𝑡
(𝝎𝑎
𝜌
) = 1
𝜌
(2𝜴 + 𝝎𝑟) ⋅ ∇𝒗𝑟 +

1
𝜌3
(∇𝜌 × ∇𝑝). (V.23)

Note that it is the absolute vorticity, 𝝎𝑎, that now appears on the left-hand
side. If 𝜌 is constant, 𝝎𝑎 may be replaced by 𝝎𝑟.

V.2.2 The Vertical Component of the Vorticity Equation

In large-scale dynamics, the most important, although not the largest,
component of the vorticity is often the vertical one, because this contains
much of the information about the horizontal flow. We can obtain an
explicit expression for its evolution by taking the vertical component of
(V.22), but this requires some care. An alternative derivation begins with
the horizontal momentum equations,

∂𝑢
∂𝑡
− 𝑣(𝜁 + 𝑓) + 𝑤∂𝑢

∂𝑧
= −1
𝜌
∂𝑝
∂𝑥
− 1
2
∂
∂𝑥
(𝑢2 + 𝑣2) (V.24a)

∂𝑣
∂𝑡
+ 𝑢(𝜁 + 𝑓) + 𝑤∂𝑣

∂𝑧
= −1
𝜌
∂𝑝
∂𝑦
− 1
2
∂
∂𝑦
(𝑢2 + 𝑣2), (V.24b)

or, equivalently,
∂𝑢
∂𝑡
+ 𝑢∂𝑢
∂𝑥
+ 𝑣∂𝑢
∂𝑦
+ 𝑤∂𝑢
∂𝑧
− 𝑓𝑣 = −1

𝜌
∂𝑝
∂𝑥
, (V.25a)

∂𝑣
∂𝑡
+ 𝑢 ∂𝑣
∂𝑥
+ 𝑣 ∂𝑣
∂𝑦
+ 𝑤∂𝑣
∂𝑧
+ 𝑓𝑢 = −1

𝜌
∂𝑝
∂𝑦
, (V.25b)

where we no drop the subscript 𝑟 on variables measured in the rotating
frame. Cross-differentiating either of the above pairs of equations gives,
after a little algebra,

D
D𝑡
(𝜁 + 𝑓) = −(𝜁 + 𝑓) (∂𝑢

∂𝑥
+ ∂𝑣
∂𝑦
) + (∂𝑢
∂𝑧
∂𝑤
∂𝑦
− ∂𝑣
∂𝑧
∂𝑤
∂𝑥
)

+ 1
𝜌2
(∂𝜌
∂𝑥
∂𝑝
∂𝑦
− ∂𝜌
∂𝑦
∂𝑝
∂𝑥
) .

(V.26)

We interpret the various terms as follows:

D𝜁/D𝑡 = ∂𝜁/∂𝑡+𝒗⋅∇𝜁. Thematerial derivative of the vertical component
of the vorticity.

D𝑓/D𝑡 = 𝑣∂𝑓/∂𝑦 = 𝑣𝛽. The 𝛽-effect. The vorticity is affected by the
meridional motion of the fluid, so that, apart from the terms on the
right-hand side, (𝜁+𝑓) is conservedonparcels. Because theCoriolis
parameter changes with latitude this is like saying that the system
has differential rotation.
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−(𝜁 + 𝑓)(∂𝑢/∂𝑥 + ∂𝑣/∂𝑦). The divergence term, which gives rise to
vortex stretching. In an incompressible fluid this may be written
(𝜁 + 𝑓)∂𝑤/∂𝑧, so that vorticity is amplified if the vertical velocity
increases with height, so stretching the material lines and the vor-
ticity.

(∂𝑢/∂𝑧)(∂𝑤/∂𝑦) − (∂𝑣/∂𝑧)(∂𝑤/∂𝑥). The tilting term, whereby a verti-
cal component of vorticity may be generated by a vertical velocity
acting on a horizontal vorticity.

𝜌−2 [(∂𝜌/∂𝑥)(∂𝑝/∂𝑦) − (∂𝜌/∂𝑦)(∂𝑝/∂𝑥)] = 𝜌−2𝐽(𝜌, 𝑝). The solenoidal
term arising when isosurfaces of pressure and density are not par-
allel.

In large-scale atmospheric and oceanic applications the second and
third terms on the right-hand side of (V.26) are normally smaller than the
other terms and the equation becomes

D
D𝑡
(𝜁 + 𝑓) = −(𝜁 + 𝑓) (∂𝑢

∂𝑥
+ ∂𝑣
∂𝑦
) . (V.27)

This is the starting point for many additional approximations commonly
made in geophysical fluid dynamics. The most severe approximation is
to assume there is no vertical motion at all, as we now see.

Two-dimensional and shallow water vorticity equations

In an inviscid two-dimensional incompressible flow, all of the terms on
the right-hand side of (V.26) vanish and we have the simple equation

D(𝜁 + 𝑓)
D𝑡
= 0, (V.28)

implying that the absolute vorticity, 𝜁𝑎 ≡ 𝜁+𝑓, is materially conserved. If
𝑓 is a constant then D𝑓/D𝑡 = 0 and background rotation plays no role. If
𝑓 varies linearly with 𝑦, so that 𝑓 = 𝑓0 + 𝛽𝑦, then (V.28) becomes

∂𝜁
∂𝑡
+ 𝒖 ⋅ ∇𝜁 + 𝛽𝑣 = 0, (V.29)

which is known as the two-dimensional 𝛽-plane vorticity equation.
For inviscid shallowwater flow the horizontal divergence is non-zero

and we easily find. can show that (see also Chapter 4)

D(𝜁 + 𝑓)
D𝑡
= −(𝜁 + 𝑓) (∂𝑢

∂𝑥
+ ∂𝑣
∂𝑦
) . (V.30)
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V.3 Kelvin’s Circulation Theorem

Kelvin’s circulation theorem states that under certain circumstances the
circulation around a material fluid parcel is conserved; that is, the circu-
lation is conserved ‘moving with the flow’. The primary restrictions are
that body forces are conservative (i.e., they are representable as poten-
tial force), that the flow be inviscid, and that the fluid is barotropic with
𝜌 = 𝜌(𝑝). Of these, the latter is the most restrictive for geophysical fluids
(note that gravity can be written as a potential 𝒈 = −∇𝜙 where 𝜙 = −𝑔𝑧).
A constant density, inviscid flow satisfies these conditions.

To prove the theorem, we begin with the inviscid momentum equa-
tion,

D𝒗
D𝑡
= −1
𝜌
∇𝑝 − ∇𝛷, (V.31)

where ∇𝛷 represents the conservative body forces on the system. Apply-
ing the material derivative to the circulation, (V.2), gives

D𝐶
D𝑡
= D
D𝑡
∮ 𝒗 ⋅ d𝒓 = ∮(D𝒗

D𝑡
⋅ d𝒓 + 𝒗 ⋅ d𝒗)

= ∮[(−1
𝜌
∇𝑝 − ∇𝛷) ⋅ d𝒓 + 𝒗 ⋅ d𝒗]

= ∮−1
𝜌
∇𝑝 ⋅ d𝒓,

(V.32)

using (V.31) and 𝐷(d𝒓)/𝐷𝑡 = d𝒗, where d𝒓 is the line element and with
the line integration being over a closed, material, circuit. The second and
third terms on the second line vanish separately, because they are exact
differentials integrated around a closed loop. The term on the last line
vanishes if the density is constant or, more generally, if the density is a
function of pressure alone (see section (4.3.2) in AOFD to prove that). Equa-
tion (V.32) becomes

D
D𝑡
∮ 𝒗 ⋅ d𝒓 = 0. (V.33)

This is Kelvin’s circulation theorem. In words, the circulation around a ma-
terial loop is invariant for a barotropic fluid that is subject only to conservative
forces. Using Stokes’ theorem, the circulation theorem may also be writ-
ten as

D
D𝑡
∫
𝑆
𝝎 ⋅ d𝑺 = 0. (V.34)

That is, the area integral of the normal component of vorticity across any
material surface is constant, under the same conditions. This form is both
natural and useful, and it arises because of the way vorticity is tied to ma-
terial fluid elements. Kelvin’s circulation theorem is a conservation law
that is unique to fluids. Unlike, say, the conservation of energy, it has
no analogue in solid body mechanics. Potential vorticity conservation,
which we come to later on, is an extension of circulation conservation.
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Stretching and circulation

Let us informally consider how vortex stretching and mass conservation
work together to give the circulation theorem. Let the fluid be incom-
pressible so that the volume of a fluid mass is constant, and consider a
surface normal to a vortex tube, as in Fig. V.2. Let the volume of a small
material box around the surface be 𝛿𝑉, the length of the material lines be
𝛿𝑙 and the surface area be 𝛿𝐴. Then

𝛿𝑉 = 𝛿𝑙 𝛿𝐴. (V.35)

Because of the frozen-in property, the vorticity passing through the sur-
face is proportional to the length of the material lines. That is, 𝜔 ∝ 𝛿𝑙,
and

𝛿𝑉 ∝ 𝜔𝛿𝐴. (V.36)
The right-hand side is just the circulation around the surface. Now, if
the corresponding material tube is stretched 𝛿𝑙 increases, but the volume,
𝛿𝑉, remains constant by mass conservation. Thus, the circulation given
by the right-hand side of (V.36) also remains constant. In other words,
because of the frozen-in property vorticity is amplified by the stretching,
but the vortex lines get closer together in such away that the product𝜔𝛿𝐴
remains constant and circulation is conserved.

Baroclinic Circulation

In baroclinic flow, the circulation is not generally conserved, and from
(V.32) we have

D𝐶
D𝑡
= −∮ ∇𝑝
𝜌
⋅ d𝒓 = −∮ d𝑝

𝜌
, (V.37)

and this is sometimes called the baroclinic circulation theorem.
There are a some manipulations of this that will be useful when con-

sidering potential vorticity. The fundamental thermodynamic relation
states that 𝑇 d𝜂 = d𝐼+𝑝 d𝛼, where 𝜂 is entropy and 𝛼 = 𝜌−1. We therefore
have

𝛼 d𝑝 = d(𝑝𝛼) − 𝑇 d𝜂 + d𝐼, (V.38)
and the first and last terms on the right-hand side will vanish upon inte-
gration around a circuit. The solenoidal term on the right-hand side of
(V.37) may therefore be written as

𝑆𝑜 ≡ −∮𝛼 d𝑝 = ∮𝑇 d𝜂 = −∮𝜂 d𝑇 = −𝑅∮𝑇 d log𝑝, (V.39)

where the last equality holds only for an ideal gas. Using Stokes’ theorem
to the first equality in (V.37), 𝑆𝑜 can also be written as

𝑆𝑜 = −∫
𝑆
(∇𝛼 × ∇𝑝) ⋅ d𝑺 = −∫

𝑆
(∂𝛼
∂𝑇
)
𝑝
(∇𝑇 × ∇𝑝) ⋅ d𝑺 = ∫

𝑆
(∇𝑇 × ∇𝜂) ⋅ d𝑺.

(V.40)
The rate of change of the circulation across a surface depends on the ex-
istence of this solenoidal term (Fig. V.3).
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Fig. V.3: Solenoids and
the circulation theorem.
Solenoids are tubes perpen-
dicular to both ∇𝛼 and ∇𝑝,
and they have a non-zero
cross-sectional area if isolines
of 𝛼 and 𝑝 do not coincide.
The rate of change of circula-
tion over a material surface
is given by the sum of all the
solenoidal areas crossing the
surface. If ∇𝛼 × ∇𝑝 = 0 there
are no solenoids.However, even if the solenoidal vector is in non-zero, circulation is

conserved if the material path is in a surface of constant entropy, 𝜂, and if
D𝜂/D𝑡 = 0. The solenoidal term then vanishes and, because D𝜂/D𝑡 = 0,
entropy remains constant on that same material loop as it evolves. This
result gives rise to the conservation of potential vorticity, discussed in
Section V.4.

V.3.1 Circulation in a Rotating Frame

The absolute and relative velocities are related by 𝒗𝑎 = 𝒗𝑟 + 𝜴 × 𝒓, so that
in a rotating frame the rate of change of circulation is given by

D
D𝑡
∮(𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = ∮[(

D𝒗𝑟
D𝑡
+ 𝜴 × 𝒗𝑟) ⋅ d𝒓 + (𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒗𝑟] .

(V.41)
But ∮𝒗𝑟 ⋅ d𝒗𝑟 = 0 and, integrating by parts,

∮(𝜴 × 𝒓) ⋅ d𝒗𝑟 = ∮{d[(𝜴 × 𝒓) ⋅ 𝒗𝑟] − (𝜴 × d𝒓) ⋅ 𝒗𝑟}

= ∮{d[(𝜴 × 𝒓) ⋅ 𝒗𝑟] + (𝜴 × 𝒗𝑟) ⋅ d𝒓}.
(V.42)

The first term on the right-hand side is zero and so (V.41) becomes

D
D𝑡
∮(𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = ∮(

D𝒗𝑟
D𝑡
+ 2𝜴 × 𝒗𝑟) ⋅ d𝒓 = −∮

d𝑝
𝜌
, (V.43)

where the second equality uses the momentum equation. The last term
vanishes if the fluid is barotropic, and if so the circulation theorem is

D
D𝑡
∮(𝒗𝑟+𝜴×𝒓)⋅d𝒓 = 0, or D

D𝑡
∫
𝑆
(𝝎𝑟 + 2𝜴)⋅ d𝑺 = 0, (V.44a,b)

where the second equation uses Stokes’ theorem and we have used ∇ ×
(𝜴×𝒓) = 2𝜴, and where𝝎𝑟 = ∇×𝒗𝑟 is the relative vorticity. These results
could have easily been guessed: the term 𝒗𝑟 + 𝜴 × 𝒓 is just the absolute
velocity, and the term 𝝎𝑟 + 2𝜴 is just the absolute vorticity. That is, the
results in the rotating frame just use the absolute velocity and vorticity.
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Material line 
(initial)

Material line 
(later)

Cap

Stir∞ ∞∞ ∞

Absolute vorticity, 
increasing poleward

C

Fig. V.4: Sketch of the ef-
fects of a midlatitude dis-

turbance on the circulation
around the latitude line C. If
initially the absolute vortic-
ity increases monotonically
poleward, then the distur-
bance will bring fluid with

lower absolute vorticity into
the cap region. Then, using

Stokes theorem, the velocity
around the latitude line C

will become more westward.

V.3.2 An application to Earth’s Atmosphere

Wnow consider an example of circulation relevant to Eart’s atmosphere,
one that we come back to in Chapter 12 of Essentials. We suppose that
the Earth’s atmosphere is two dimensional (latitude and longitude) and
that absolute vorticity normal to the surface , 𝜁 + 𝑓, where 𝑓 = 2𝛺 sin 𝜗,
increases monotonically poleward. By Stokes’ theorem, the initial circu-
lation, 𝐼𝑖, around a line of latitude circumscribing the polar cap (the red
line in Fig. V.4) is equal to the integral of the absolute vorticity over the
cap. That is,

𝐼𝑖 = ∫
cap
𝝎𝑖𝑎 ⋅ d𝑨 = ∮

𝐶
𝑢𝑖𝑎 d𝑙 = ∮

𝐶
(𝑢𝑖 + 𝛺𝑎 cos 𝜗) d𝑙, (V.45)

where 𝝎𝑖𝑎 and 𝑢𝑖𝑎 are the initial absolute vorticity and absolute velocity,
respectively, 𝑢𝑖 is the initial zonal velocity in the Earth’s frame of refer-
ence, and the line integrals are around the line of latitude. Suppose the
fluid is initally at rest (so that 𝑢𝑖 = 0) and there is a disturbance equator-
ward of the polar cap, and that this results in a distortion of the material
line around the latitude circle 𝐶 (Fig. 12.1).

Since the source of the disturbance is distant from the latitude of in-
terest, if we neglect viscosity the circulation along thematerial line is con-
served, by Kelvin’s circulation theorem, so that the circulation around the
blue line is equal to the circulation around the red line. Now, vorticity
with a lower value is brought into the region of the polar cap — that is,
the region poleward of the latitude line 𝐶. Using Stokes’ theorem again
the circulation around the latitude circle 𝐶must therefore fall; that is, de-
noting later values with a subscript 𝑓,

𝐼𝑓 = ∫
cap
𝝎 fa ⋅ d𝑨 < 𝐼𝑖 , (V.46)

so that
∮
𝐶
(𝑢𝑓 + 𝛺𝑎 cos 𝜗) d𝑙 < ∮

𝐶
(𝑢𝑖 + 𝛺𝑎 cos 𝜗) d𝑙, (V.47)

and thus
𝑢𝑓 < 𝑢𝑖, (V.48)
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�

Fig. V.5: An infinitesimal fluid
element, bounded by two
isosurfaces of the conserved
tracer 𝜒. As D𝜒/D𝑡 = 0, then
D𝛿𝜒/D𝑡 = 0.

with the overbar indicating a zonal average. Thus, there is a tendency
to produce westward flow poleward of the disturbance. This result has
important ramifications for the production of eastward (i.e., or westerly)
winds in the mid-latitude atmosphere.

V.4 Potential Vorticity Conservation

Although Kelvin’s circulation theorem is a general statement about vor-
ticity conservation, in its original form it is not always a practically useful
statement for two reasons. First, it is not a statement about a field, such
as vorticity itself. Second, it is not satisfied for baroclinic flow, such as
is found in the atmosphere and ocean. It turns out that it is possible to
derive a beautiful conservation law that overcomes both of these failings
and one that, furthermore, is extraordinarily useful in geophysical fluid
dynamics. This is the conservation of potential vorticity (PV) introduced
first by Rossby and then in a more general form by Ertel.

V.4.1 PV Conservation from the CirculationTheorem

Barotropic fluids

Let us beginwith the simple case of a barotropic fluid. For an infinitesimal
fluid element we write Kelvin’s theorem as

D
D𝑡
[(𝝎𝑎 ⋅ 𝒏) 𝛿𝐴] = 0, (V.49)

where 𝒏 is a unit vector normal to an infinitesimal surface 𝛿𝐴. This is
just a form of (V.34) applied over a very small surface. Now consider a
volume bounded by two isosurfaces of values 𝜒 and 𝜒 + 𝛿𝜒, where 𝜒 is
any materially conserved tracer, thus satisfying D𝜒/D𝑡 = 0, so that 𝛿𝐴
initially lies in an isosurface of 𝜒 (see Fig. V.5). Since 𝒏 = ∇𝜒/|∇𝜒| and the
infinitesimal volume 𝛿𝑉 = 𝛿ℎ 𝛿𝐴, where 𝛿ℎ is the separation between the
two surfaces, we have

𝝎𝑎 ⋅ 𝒏 𝛿𝐴 = 𝝎𝑎 ⋅
∇𝜒
|∇𝜒|
𝛿𝑉
𝛿ℎ
. (V.50)

Now, the value of 𝛿ℎmay be obtained from

𝛿𝜒 = 𝛿𝒙 ⋅ ∇𝜒 = 𝛿ℎ|∇𝜒|, (V.51)
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Fig. V.6: Geometry of po-
tential vorticity conservation.
The circulation equation is

D[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴]/D𝑡 = 𝑺𝑜 ⋅ 𝒏 𝛿𝐴,
where 𝑺𝑜 ∝ ∇𝜃 × ∇𝑇.

We choose 𝒏 = ∇𝜃/|∇𝜃|,
where 𝜃 is materially con-
served, to annihilate the

solenoidal term on the right-
hand side, and we note that
𝛿𝐴 = 𝛿𝑉/𝛿ℎ, where 𝛿𝑉 is
the volume of the cylinder,

and the height of the column
is 𝛿ℎ = 𝛿𝜃/|∇𝜃|. The circu-
lation is 𝐶 ≡ 𝝎𝑎 ⋅ 𝒏 𝛿𝐴 =
𝝎𝑎 ⋅ (∇𝜃/|∇𝜃|)(𝛿𝑉/𝛿ℎ) =
[𝜌−1𝝎𝑎 ⋅ ∇𝜃](𝛿𝑀/𝛿𝜃), where
𝛿𝑀 = 𝜌𝛿𝑉 is the mass of the
cylinder. As 𝛿𝑀 and 𝛿𝜃 are

materially conserved, so is the
potential vorticity 𝜌−1𝝎𝑎 ⋅ ∇𝜃.

and using this expression and (V.50) in (V.49) we obtain

D
D𝑡
[(𝝎𝑎 ⋅ ∇𝜒)𝛿𝑉
𝛿𝜒
] = 0. (V.52)

Now, we are presuming that 𝜒 is conserved on material elements, and
therefore so is 𝛿𝜒 and it may be taken out of the differentiation. Themass
of the volume element 𝜌 𝛿𝑉 is also conserved, so that (V.52) becomes

𝜌𝛿𝑉
𝛿𝜒

D
D𝑡
(𝝎𝑎
𝜌
⋅ ∇𝜒) = 0 (V.53)

or
D
D𝑡
(𝝎 ⋅ ∇𝜒
𝜌
) = 0, (V.54)

Equation (V.54) is a statement of potential vorticity conservation for a
barotropic fluid. The field 𝜒may be chosen arbitrarily, provided that it is
materially conserved.

The baroclinic case

For a baroclinic fluid the above derivation fails simply because the state-
ment of the conservation of circulation, (V.49) is not, in general, true:
there are solenoidal terms on the right-hand side and from (V.37) and
(V.40) we have

D
D𝑡
[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴] = 𝑺𝑜 ⋅ 𝒏 𝛿𝐴, 𝑺𝑜 = −∇𝛼 × ∇𝑝 = −∇𝜂 × ∇𝑇. (V.55a,b)

However, the right-hand side of (V.55a) may be annihilated by choosing
the circuit around which we evaluate the circulation to be such that the
solenoidal term is identically zero. Given the form of 𝑺𝑜, this occurs if the
values of any of 𝑝, 𝜌, 𝜂, 𝑇 are constant on that circuit; that is, if 𝜒 = 𝑝, 𝜌, 𝜂
or 𝑇. But the derivation also demands that 𝜒 be a materially conserved



V.5 Alternative Derivations of Quasi-Geostrophy 15

quantity, which usually restricts the choice of 𝜒 to be 𝜂 (or, more usually
for an ideal gas, potential temperature, 𝜃, since 𝜂 = 𝑐𝑝 ln 𝜃). In the ocean
we often take 𝜒 = 𝑏, the buoyancy. Thus, the conservation of potential
vorticity for inviscid, adiabatic flow in an ideal gas is

D
D𝑡
(𝝎𝑎 ⋅ ∇𝜃
𝜌
) = 0, (V.56)

where D𝜃/D𝑡 = 0. (For diabatic and viscous flow various source terms
appear on the right-hand side.) A summary of this derivation is provided
by Fig. V.6.

V.5 Alternative Derivations of Quasi-Geostrophy

In this section we provide a couple of other ways to derive the quasi-
geostrophic equations, for both the shallow-water equations and the
continuously-stratified Boussinesq equations. The first method begins
with the potential vorticity equation and makes simplifications to it; this
method is revealing of the true essence of quasi-geotrophy. The second
method, which is perhaps more straightforward, begins with the momen-
tum equations and makes approximations to it.

V.5.1 Quasi-Geostrophy from Potential Vorticity

The evolution equation in quasi-geostrophic theory is an approximation
to the evolution of potential vorticity. The correspondence is straightfor-
ward in the shallow water case but less so in the continuously stratified
case – see AOFD for some important caveats. Our derivation will be most
informative for those who have read a more conventional derivation in
Essentials or elsewhere.

Shallow water equations

Thismethod is already described, albeit briefly, in section 5.2 of Essentials.
The potential vorticity equation is

D𝑄
D𝑡
= 0, (V.57)

where

𝑄 = 𝑓 + 𝜁
ℎ
, (V.58)

where ℎ is the fluid thickness. We set bottom topography to zero so that ℎ
is also the height of the free surface, and then let ℎ = 𝐻(1 + 𝜂𝑇/𝐻) where
𝐻 is the mean thickness and 𝜂𝑇 is the deviation height above this level.
We will assume that 𝜂𝑇/𝐻 is small, and, if 𝑓 = 𝑓0 + 𝛽𝑦 and |𝛽𝑦| ≪ 𝑓0, we
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obtain

𝑄 = 𝑓 + 𝜁
𝐻(1 + 𝜂𝑇/𝐻)

(V.59)

≈ 1
𝐻
(𝑓 + 𝜁) (1 − 𝜂𝑇

𝐻
) since 𝜂𝑡 is small, (V.60)

≈ 1
𝐻
(𝑓0 + 𝛽𝑦 + 𝜁 − 𝑓0

𝜂𝑇
𝐻
) since 𝛽𝑦 is small. (V.61)

Because 𝑓0/𝐻 is a constant it has no effect in the evolution equation, and
the quantity given by

𝑞 = 𝛽𝑦 + 𝜁 − 𝑓0
𝜂𝑇
𝐻

(V.62)

is materially conserved. This is the quasi-geostrophic potential vorticity.
We still have two unknowns, 𝜁 and 𝜂𝑇, but these are related by geostrophic
balance. Since |𝑓0| ≫ |𝛽𝑦| we have

𝑓0𝑢 = −𝑔
∂𝜂𝑇
∂𝑦
, 𝑓0𝑣 = 𝑔

∂𝜂𝑇
∂𝑥

or 𝑢 = −∂𝜓
∂𝑦
, 𝑣 = 𝑔∂𝜓

∂𝑥
(V.63)

where 𝜓 = 𝑔𝜂𝑇/𝑓0. The vorticity is thus given by 𝜁 = ∇2𝜓 and (V.62) may
be written as

𝑞 = 𝛽𝑦 + ∇2𝜓 − 𝜓
𝐿2𝑑
, (V.64)

where 𝐿𝑑 = √𝑔𝐻/𝑓0. The quasi-geostrophic evolution equation is then
simply written in the equivalent forms

D𝑞
D𝑡
= 0 or ∂𝑞

∂𝑡
+ 𝑢∂𝑞
∂𝑥
+ 𝑣 ∂𝑞
∂𝑦
= 0 or ∂𝑞

∂𝑡
+ 𝐽𝜓, 𝑞) = 0, (V.65)

where the advecting velocity is the geostrophic one and 𝐽(𝜓, 𝑞) ≡
(∂𝜓/∂𝑥)(∂𝑞/∂𝑦) − (∂𝜓/∂𝑞) (∂𝑞/∂𝑥) is known as the Jacobian of 𝜓 and 𝑞.

Stratified, Boussinesq equations

We will start with (V.56), but restrict attention to a Boussinesq fluid, for
which 𝜌 is a a constant. The PV evolution is then, in a rotating frame of
reference,

D𝑄
D𝑡
= 0, 𝑄 = (𝝎 + 2𝜴) ⋅ ∇𝑏, (V.66)

where 𝑏 = 𝑔 𝛿𝜃/𝜃0 and 𝜃0 is a constant. We shall assume the fluid is in
hydrostatic balance and expanding the derivatives we obtain

𝑄 = (𝝎 + 𝒇) ⋅ ∇𝑏 ≈ (𝜁 + 𝑓)𝑏𝑧 − 𝑣𝑧𝑏𝑥 + 𝑢 + 𝑧𝑏𝑦. (V.67)

where subscripts denote derivative and the last two terms arise from the
horizontal vorticity, with terms involving vertical velocity being absent
in the hydrostatic approximation. These last two terms are in fact usually
small in the atmosphere and ocean and we will ignore them.
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The variation of 𝑏, the buoyancy, is largest in the vertical direction,
and𝜴 also is directed in the vertical direction. We thus write

2𝜴 = 𝑓𝐤 = (𝑓0 + 𝛽𝑦)𝐤 (V.68)

and
𝑏 = 𝑏0(𝑧) + 𝑏′(𝑥, 𝑦, 𝑧, 𝑡). (V.69)

where 𝑏0 is the dominant variability in the vertical and 𝑁2 = d𝑏0/d𝑧 is
the static stability. The potential vorticity is then, approximately,

𝑄 ≈ (𝜁 + 𝑓0 + 𝛽𝑦) (𝑁2 +
∂𝑏′
∂𝑧
)

≈ 𝑓0(𝑁2 +
∂𝑏′
∂𝑧
) + 𝑁2(𝜁 + 𝛽𝑦)

(V.70)

where the approximation on the second line arises because |𝑓0| ≫ 𝜁 (the
small Rossby number assumption) and𝑁2 ≫ ∂𝑏′/∂𝑧. We do not neglect
𝑓0∂𝑏′/∂𝑧 because 𝑓0 is big. Now, 𝑓0𝑁2 is constant in time and in 𝑥 and 𝑦,
so it’s horizontal advection is zero. Furthermore, since the flow is nearly
in geostrophic balance the vertical velocity is very small and we therefore
neglect it. The potential vorticity equation becomes

∂𝑄
∂𝑡
+ 𝒖 ⋅ ∇𝑄 = 0, 𝑄 = 𝑁2(𝜁 + 𝛽𝑦) + 𝑓0

∂𝑏′𝑧
∂,

(V.71)

which can be written as
∂𝑞
∂𝑡
+ 𝒖 ⋅ ∇𝑞 = 0, 𝑞 = (𝜁 + 𝛽𝑦) + 𝑓0

𝑁2
∂𝑏′
∂𝑧
. (V.72)

Equation (V.72) is almost, but not exactly, the same as the quasi-
geostrophic potential vorticity equation (E5.61) given in Essentials,
namely

∂𝑞
∂𝑡
+ 𝒖 ⋅ ∇𝑞 = 0, 𝑞 = 𝜁 + 𝑓 + ∂

∂𝑧
(𝑓0𝑏
′

𝑁2
) . (V.73)

The subtle differences in the last term arise because of our slightly ca-
sual treatment of vertical advection, but nonetheless it is apparent that
the quasi-geostrophic potential vorticity equation is an approximation to
the true potential vorticity.

The terms may all be written in terms of a streamfunction (see page
95 of Essentials):

𝑢 = −∂𝜓
∂𝑦
, 𝑣 = ∂𝜓
∂𝑥
, 𝜁𝑔 = ∇2𝜓, 𝑏′ = 𝑓0∂𝜓/∂𝑧. (V.74)

Thus, we have

D𝑞
D𝑡
= 0, 𝑞 = ∇2𝜓 + 𝑓 + 𝑓20

∂
∂𝑧
( 1
𝑁2
∂𝜓
∂𝑧
) . (V.75)

where
D𝑞
D𝑡
= ∂𝑞
∂𝑡
+ 𝒖 ⋅ ∇𝑞 = ∂𝑞

∂𝑡
+ 𝐽(𝜓, 𝑞). (V.76)

where 𝐽(𝜓, 𝑞) = ∂𝜓/∂𝑥 ∂𝑞/∂𝑦 − ∂𝜓/∂𝑦 ∂𝑞/∂𝑥.
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V.5.2 QG from the Momentum Equation

In this section we derive the quasi-geostrophic equations by making the
main approximations in the momentum equation, rather than in the vor-
ticity equation. We carry through the derivation fairly systematically
in the shallow water equations and then, more briefly, in the stratified
Boussinesq equations. We will use the dimensional form of the equations
in Cartesian co-ordinates on the 𝛽-plane. The three main assumptions
we make are

(i) That the Rossby number is small and the flow is in near geostrophic
balance.

(ii) That variations in the Coriolis parameter are small: |𝛽𝑦| ≪ 𝑓0.
(iii) That scales of motion are similar to the deformation radius. In the

shallow water equations this implies that variations in the height
field are small compared to the mean height, and in the stratified
equations it implies that the variations in buoyancy are small com-
pared to the mean state. (For more discussion of this, see Chapter
6 in Essentials.)

The quasi-geostrophic shallow water equations

With our usual notation the shallow-water momentum equations may be
written as

D𝑢
D𝑡
− 𝑓𝑣 = −𝑔∂ℎ

∂𝑥
, (V.77a)

D𝑣
D𝑡
+ 𝑓𝑢 = −𝑔∂ℎ

∂𝑦
, (V.77b)

where 𝑓 = 𝑓0 + 𝛽𝑦. .We may decompose the velocity field into a
geostrophic flow, 𝒖𝑔 and an ageostrophic flow, 𝒖𝑎, such that 𝒖 = 𝒖𝑔 + 𝒖𝑎.
Since variations in the Coriolis parameter are small, we shall define the
geostophic flow to satisfy

− 𝑓0𝑣𝑔 = −𝑔
∂ℎ
∂𝑥
, and 𝑓0𝑢𝑔 = −𝑔

∂ℎ
∂𝑦
, (V.78a,b)

Subtracting (V.78) from (V.77) gives, without approximation,

D𝑢
D𝑡
− 𝛽𝑦𝑣𝑔 − (𝑓0 + 𝛽𝑦)𝑣𝑎 = 0, (V.79a)

D𝑣
D𝑡
+ 𝛽𝑦𝑢𝑔 + (𝑓0 + 𝛽𝑦)𝑢𝑎 = 0, (V.79b)

The velocity components in the material derivative are the full ones, that
is 𝑢𝑔+𝑢𝑎 and similarly for 𝑣. Equation (V.79) is exactly equivalent to (V.77).

We now invoke approximations (1) and (2) above. Thus, we ignore the
ageostrophic velocity where it appears alongside a geostrophic velocity
(since |𝒖𝑔| ≫ |𝒖𝑎|), and we ignore 𝛽𝑦 where it appears alongside 𝑓0. We
then obtain

D𝑢𝑔
D𝑡
− 𝛽𝑦𝑣𝑔 − 𝑓0𝑣𝑎 = 0, (V.80a)
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D𝑣𝑔
D𝑡
+ 𝛽𝑦𝑢𝑔 + 𝑓0𝑢𝑎 = 0, (V.80b)

The advecting velocity in the material derivatives is by the geostrophic
velocity. These equations are sometimes called the quasi-geostrophic mo-
mentum equations. The equations are not closed— there are two equations
and four unknowns. Note also that the geostrophic velocity is divergence-
free, but the ageostrophic velocity is not; that is

∂𝑢𝑎
∂𝑥
+ ∂𝑣𝑎
∂𝑦
= −∂𝑤
∂𝑧
,
∂𝑢𝑔
∂𝑥
+
∂𝑣𝑔
∂𝑦
= 0. (V.81)

In the shallow water equations it is more usual to write the mass continu-
ity equation in the form

Dℎ
D𝑡
+ ℎ∇ ⋅ 𝒖 = 0, (V.82)

where ∇ ⋅ 𝒖 = ∂𝑢𝑎/∂𝑥 + ∂𝑣𝑎/∂𝑦 since only the ageostrophic flow has a
divergence.

If we cross differentiate (V.80a) and (V.80b) we obtain, after just a little
algebra, the vorticity equation,

D𝜁𝑔
D𝑡
+ 𝛽𝑣𝑔 = −𝑓0∇ ⋅ 𝒖𝑎 (V.83)

where 𝜁𝑔 is the vorticity of the geostrophic flow, ∂𝑣𝑔/∂𝑥 − ∂𝑢𝑔/∂𝑦. This
equation is essentially the same as (5.22). If we now use (V.82) to evaluate
the divergence term we obtain

D𝜁𝑔
D𝑡
+ 𝛽𝑣𝑔 =

𝑓0
ℎ
Dℎ
D𝑡
. (V.84)

We now use assumption (3), that the variations in ℎ are small, and
replace ℎ by𝐻, the mean fluid depth, in the denominator of the term on
the right-hand side, giving,

D
D𝑡
(𝜁𝑔 − 𝑓0

ℎ
𝐻
) + 𝛽𝑣𝑔 = 0. (V.85)

The final step in the derivation is realise that the height and the veloc-
ity, and thus also the vorticity, and relatd by geostrophic balance, (V.78).
Wemay then conveniently express all of the variables in terms of a stream-
function,

ℎ = 𝑓0𝜓
𝑔
, 𝑢𝑔 = −

∂𝜓
∂𝑦
, 𝑣𝑔 =

∂𝜓
∂𝑥
, 𝜁𝑔 = ∇2𝜓 =

∂2𝜓
∂𝑥2
+ ∂
2𝜓
∂𝑦2
. (V.86)

Equation (V.83) becomes

D
D𝑡
(∇2𝜓 − 1

𝐿2𝑑
𝜓 + 𝛽𝑦) = 0. (V.87)

This is the quasi-geostrophic potential vorticity equation for the shallow
water equations.
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Continuously Stratified, Boussinesq Case

The continuously stratified derivation follows in almost the same way.
The vorticity equation is the same as (V.83), namely

D𝜁𝑔
D𝑡
+ 𝛽𝑣𝑔 = −𝑓0∇ ⋅ 𝒖𝑎, (V.88)

where ∇ ⋅ 𝒖𝑎 = ∂𝑢𝑎/∂𝑥 + ∂𝑣𝑎/∂𝑦. We use the mass continuity equation,
∇ ⋅ 𝒖𝑎 = −∂𝑤/∂𝑧 and (V.88) becomes

D𝜁𝑔
D𝑡
+ 𝛽𝑣𝑔 = 𝑓0

∂𝑤
∂𝑧
. (V.89)

The advecting flow is just the horizontal geostrophic flow, and this equa-
tion is then the same as (5.59).

To eliminate the vertical velocity we begin with the thermodynamic
equation, namely,

D𝑏
D𝑡
= 0 (V.90)

where 𝑏 is the buoyancy, 𝑏 = −𝑔 𝛿𝜌/𝜌0 We now divide the buoyancy into
a mean state and a variation about this:

𝑏(𝑥, 𝑦, 𝑧, 𝑡) = �̃�(𝑧) + 𝑏′(𝑥, 𝑦, 𝑧, 𝑡), (V.91)

In the shallow water derivation we assumed that variations in the height
field were small compared to the mean height; we now assume that vari-
ations in buoyancy are small compared to the mean buoyancy and (V.90)
becomes

D𝑏′
D𝑡
+ 𝑤𝑁2 = 0, (V.92)

where 𝑁2 = ∂�̃�/∂𝑧. The advection in the material derivative are taken
to be only by the geostrophic velocity; there is therefore no vertical com-
ponent, but there is a vertical advection of the mean state, wince 𝑤𝑁2 =
𝑤∂�̃�/∂𝑧. Given this, (V.92) is the same as (5.60).

We now eliminate vertical velocities between (V.89) and (V.92) to ob-
tain, after some algebra,

D
D𝑡
(𝜁𝑔 + 𝑓0

∂𝑏
∂𝑧
) + 𝛽𝑣𝑔 = 0. (V.93)

The final step, analogous to that in the shallow water derivation, is to re-
alize that the velocity and buoyancy field are related through the thermal
wind equation and therefore that both can be related to a streamfunction:

𝑏 = 𝑓0
∂𝜓
∂𝑧
, 𝑢𝑔 = −

∂𝜓
∂𝑦
, 𝑣𝑔 =

∂𝜓
∂𝑥
, 𝜁𝑔 = ∇2𝜓 =

∂2𝜓
∂𝑥2
+ ∂
2𝜓
∂𝑦2
. (V.94)

Using (V.94) in (V.93) we obtain the Boussinesq quasi-geostrophic poten-
tial vorticity equation, namely

D
D𝑡
(∇2𝜓 + ∂

∂𝑧
( 𝑓
2
0
𝑁2
∂𝜓
∂𝑧
) + 𝛽𝑦) = 0. (V.95)
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Notes and References

This material supplements that in Essentials of Atmospheric and Oceanic Dynamics.
.
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