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1 Introduction

The 3 − 2 − 1 Euler angles are one of the most widely used parameterisations of
rotations. O’Reilly gives a history on page 184 of [4]. This review will give an
overview of the important feautures of this set of Euler angles, and show that they
are the ones used in [2] and [3].

Let {E1,E2,E3} be a basis for a fixed spatial frame, and let {e1, e2, e3} be a
basis for a body frame. The 3 − 2 − 1 Euler angles provide an orthogonal matrix
Q which maps {E1,E2,E3} to {e1, e2, e3} ,

{E1,E2,E3}
Q

−−−−−→ {e1, e2, e3}

by breaking the action of Q up into three steps

{E1,E2,E3} −→ {a1, a2, a3} −→ {b1,b2,b3} −→ {e1, e2, e3} ,

where {a1, a2, a3} and {b1,b2,b3} are intermediate frames of reference.

2 Map from Ej to aj : the yaw rotation

In this section the details of the map

{E1,E2,E3}
L(ψ,E3)

−−−−−→ {a1, a2, a3}

are constructed using the rotation tensor

L(ψ,E3) = (I −E3 ⊗E3) cosψ + Ê3 sinψ + E3 ⊗ E3 , (2.1)

where
(a⊗ b) c := (b · c) a , a,b, c ∈ R

3 ,
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ψ , yaw
θ , pitch

φ, roll

Figure 1: Schematic of the yaw-pitch-roll motion in terms of the Euler angles ψ , φ
and θ .

and

â :=




0 −a3 a2

a3 0 −a1

−a2 a1 0



 . (2.2)

The hat-matrix has the property that

â b = a× b , a,b ∈ R
3 .

The rotation (2.1) is a counterclockwise rotation about the Z−axis as shown schemat-
ically in Figure 1.

The new basis is

a1 = L(ψ,E3)E1 = E1 cosψ + E3 × E1 sinψ

a2 = L(ψ,E3)E2 = E2 cosψ + E3 × E2 sinψ

a3 = L(ψ,E3)E3 = E3 .

Using the identities

E1 ×E2 = E3 , E3 ×E1 = E2 , E2 × E3 = E1 ,

the matrix representation of the map is




a1

a2

a3



 =




cosψ sinψ 0

− sinψ cosψ 0
0 0 1








E1

E2

E3



 .

This is the first equation of (6.23) on page 184 of [4].
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3 Map from aj to bj : the pitch rotation

In this section the details of the map

{a1, a2, a3}
L(θ,a2)

−−−−−→ {b1,b2,b3}

are constructed using the rotation tensor

L(θ, a2) = (I− a2 ⊗ a2) cos θ + â2 sin θ + a2 ⊗ a2 , (3.3)

where
a2 = −E1 sinψ + E2 cosψ .

The new basis is

b1 = L(θ, a2)a1 = a1 cos θ + a2 × a1 sin θ

b2 = L(θ, a2)a2 = a2

b3 = L(θ, a2)a3 = a3 cos θ + a2 × a3 sin θ ,

with matrix representation,



b1

b2

b3



 =




cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ








a1

a2

a3



 .

This is the second equation of (6.23) on page 184 of [4].

4 Map from bj to ej : the roll rotation

In this section the details of the map

{b1,b2,b3}
L(φ,b1)

−−−−−→ {e1, e2, e3}

are constructed using the rotation tensor

L(φ,b1) = (I − b1 ⊗ b1) cosφ+ b̂1 sinφ+ b1 ⊗ b1 , (4.4)

where
b1 = a1 cos θ − a3 sin θ .

The new basis is

e1 = L(φ,b1)b1 = b1

e2 = L(φ,b1)b2 = b2 cosφ+ b1 × b2 sinφ

e3 = L(φ,b1)b3 = b3 cosφ+ b1 × b3 sinφ ,

with matrix representation,



e1

e2

e3



 =




1 0 0
0 cosφ sinφ
0 − sin φ cosφ








b1

b2

b3



 .

This is the third equation of (6.23) on page 184 of [4].
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5 The composite rotation from Ej to ej

In this section the details of the map

{E1,E2,E3}
L(φ,b1)L(θ,a2)L(ψ,a3)

−−−−−−−−−−−−−−−→ {e1, e2, e3}

are constructed. Using the above results




e1

e2

e3



 =




1 0 0
0 cos φ sinφ
0 − sin φ cos φ








cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ








cosψ sinψ 0

− sinψ cosψ 0
0 0 1








E1

E2

E3





=




cos θ 0 − sin θ

sinφ sin θ cosφ sin φ cos θ
cos φ sin θ − sinφ cosφ cos θ








cosψ sinψ 0

− sinψ cosψ 0
0 0 1








E1

E2

E3





=




cos θ cosψ cos θ sinψ − sin θ

sin φ sin θ cosψ − cosφ sinψ sinφ sin θ sinψ + cos φ cosψ sin φ cos θ
cosφ sin θ cosψ + sin φ sinψ cosφ sin θ sinψ − sinφ cosψ cosφ cos θ








E1

E2

E3



 .

Write this as
e = QTE .

Then

Q =




cos θ cosψ sin φ sin θ cosψ − cosφ sinψ cosφ sin θ cosψ + sinφ sinψ
cos θ sinψ sinφ sin θ sinψ + cos φ cosψ cosφ sin θ sinψ − sinφ cosψ
− sin θ sinφ cos θ cosφ cos θ



 .

(5.5)
To see that this is the correct Q , construct Q directly.

6 Direct construction of Q

By definition
Q = L(φ,b1)L(θ, a2)L(ψ,E3) .

In order to construct a matrix representation of the composite rotation, use the
property of rotation tensors

L(θ,Rb) = RL(θ,b)RT .

when R is any proper rotation. Define

A3 = L(ψ,E3) , A2 = L(θ,E2) , A1 = L(φ,E1) .

Then
L(θ, a2) = L(θ,A3E2) = A3A2A

T
3 ,
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and
L(φ,b1) = L(φ,L(θ, a2)a1)

= L(θ, a2)L(φ, a1)L(θ, a2)
T

= A3A2A
T
3 L(φ, a1)A3A

T
2 AT

3

= A3A2A
T
3 L(φ,A3E1)A3A

T
2 AT

3

= A3A2A
T
3 A3A1A

T
3 A3A

T
2 AT

3

= A3A2A1A
T
2 AT

3 .

Hence

Q = A3A2A1A
T
2 AT

3 A3A2A
T
3 A3 = A3A2A1 =

(
AT

1 AT
2 AT

3

)T
.

with matrix representation

Q =








1 0 0
0 cosφ sinφ
0 − sin φ cosφ








cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ








cosψ sinψ 0

− sinψ cosψ 0
0 0 1








T

,

confirming the form of Q .

7 Angular velocities

To compute angular velocities start with the representation

Q = A3A2A1 =




cosψ − sinψ 0
sinψ cosψ 0

0 0 1








cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ








1 0 0
0 cos φ − sin φ
0 sinφ cosφ



 ,

and use the properties

Ȧ1A
T
1 = φ̇ Ê1 , Ȧ2A

T
2 = θ̇ Ê2 , Ȧ3A

T
3 = ψ̇ Ê3 .

Now differentiate Q,

Q̇ = Ȧ3A2A1 + A3Ȧ2A1 + A3A2Ȧ1 .

The body angular velocity is

Ω̂b := QT Q̇

= AT
1 AT

2 AT
3

(
Q̇

)

= AT
1 AT

2 AT
3

(
Ȧ3A2A1 + A3Ȧ2A1 + A3A2Ȧ1

)

= ψ̇AT
1 AT

2 Ê3A2A1 + θ̇AT
1 Ê2A1 + φ̇ Ê1 .
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But
AT

1 Ê2A1 = ̂(AT
1 E2) ,

and
AT

1 E2 =
[
(I − E1 ⊗E1) cosφ− sinφÊ1 + E1 ⊗ E1

]
E2

= E2 cosφ− sin φE1 ×E2

= E2 cosφ−E3 sinφ .

Similarly

AT
2 Ê3A2 = ̂(AT

2 E3) ,

and
AT

2 E3 =
[
(I− E2 ⊗ E2) cos θ − sin θÊ2 + E2 ⊗ E2

]
E3

= E3 cos θ − sin θE2 × E3

= E3 cos θ −E1 sin θ .

Continuing

AT
1 AT

2 Ê3A2A1 = ̂(AT
1 (E3 cos θ −E1 sin θ) ,

and

AT
1 (E3 cos θ − E1 sin θ) = −E1 sin θ + cos θAT

1 E3

= −E1 sin θ + cos θ(E3 cos φ− E1 × E3 sin φ)

= −E1 sin θ + cos θ(E3 cos φ+ E2 sinφ)

= −E1 sin θ + E2 cos θ sinφ+ E3 cos θ cosφ .

Substitute into the expression for the body angular velocity,

Ωb = ψ̇(−E1 sin θ + E2 cos θ sinφ+ E3 cos θ cosφ)

+θ̇(E2 cosφ−E3 sinφ) + φ̇E1

= E1(φ̇− ψ̇ sin θ) + E2(ψ̇ cos θ sinφ+ θ̇ cosφ)

+E3(ψ̇ cos θ cos φ− θ̇ sinφ) .

In [4] the body angular velocity is denoted by ω0R and the above expression for Ωb

agrees with ω0R on page 188 of [4].
In matrix form




Ωb

1

Ωb
2

Ωb
3



 =




1 0 − sin θ
0 cosφ cos θ sinφ
0 − sin φ cos θ cosφ








φ̇

θ̇

ψ̇



 .

Write this is
Ωb = B−1Θ̇ .
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Then

B =




1 sin φ tan θ cosφ tan θ
0 cosφ − sin φ
0 sinφ sec θ cos φ sec θ



 .

As shown below in §9, this expression agrees with [B] := B in [2] and in [3].

8 Small angle approximation

For small angle approximation rewrite the body representation of the angular ve-
locity as 


Ωb

1

Ωb
2

Ωb
3



 =




φ̇

θ̇

ψ̇



 +




0 0 − sin θ
0 cosφ− 1 cos θ sin φ
0 − sinφ cos θ cosφ− 1








φ̇

θ̇

ψ̇



 .

Hence for small angles




Ωb

1

Ωb
2

Ωb
3



 =




φ̇

θ̇

ψ̇



 +




0 0 −θ
0 −1

2
φ2 φ

0 −φ −1
2
θ2 − 1

2
φ2








φ̇

θ̇

ψ̇



 + · · · .

Neglecting the higher order terms, the small angle approximation is




Ωb

1

Ωb
2

Ωb
3



 ≈




φ̇

θ̇

ψ̇



 .

The problem is how to approximate the rotation matrix. The rotation matrix lies
on a manifold so standard linearization will result in a matrix which is no longer a
rotation. Applying the small angle approximation to Q in (5.5)

Qapprox =




1 −ψ θ

ψ 1 −φ
−θ φ 1



 = I + Θ̂ , Θ =




φ

θ

ψ



 .

The problem is that Qapprox is no longer a rotation

(Qapprox)T 6= (Qapprox)−1 .

Using this approximation will give some motion of a vehicle but not a rotation.
There is however a standard way to approximate a rotation matrix using the Cayley
transform. Redefine Qapprox as

Qcayley := (I + 1
2
Θ̂)(I − 1

2
Θ̂)−1 .

Then Qcayley is orthogonal and so is a rotation, and it has the same order of accuracy
as Qapprox .
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In general the angular velocity can be linearized, but extra care is necessary in
linearizing rotations. On the other hand, there is no reason for these linearizations.
In both analysis and numerics it is better to use the exact expressions, even for small
angles..

9 Notation in [3]

On page 222 of [3] the ship translational displacements, denoted by (ξ1, ξ2, ξ3) , in the
steady moving system and the Eulerian angles, denoted by (e1, e2, e3) , are related
by 



ξ̇1

ξ̇2
ξ̇3
ė1
ė2
ė3




=




[R] 0

0 [B]







u1

u2

u3

u4

u5

u6



. (9.1)

This is equation (5) in [3]. In equations (6)-(7) in [3], the matrices [B] and [R] are
defined as follows

[B] =




1 sin e1 tan e2 cos e1 tan e2
0 cos e1 − sin e1
0 sin e1 sec e2 cos e1 sec e2



 ,

and

[R] =




cos e2 cos e3 sin e1 sin e2 cos e3 − cos e1 sin e3 cos e1 sin e2 cos e3 + sin e1 sin e2
cos e2 sin e3 sin e1 sin e2 sin e3 + cos e1 cos e3 sin e1 sin e2 sin e3 − sin e1 cos e3
− sin e2 sin e1 cos e2 cos e1 cos e2



 .

Replacing e1 = φ , e2 = θ , e3 = ψ and ξ1 = q1 , ξ2 = q2 and ξ3 = q3 it is clear (after
correcting two boxed typos in [R] ) that [R] = Q and [B] = B . The first boxed
term should be sin e2 → sin e3 and the second boxed term should be sin e1 → cos e1 .
In (9.1), the angular velocity (u4, u5, u6) is related to the Euler angles by




u4

u5

u6



 = [B]−1




ė1
ė2
ė3



 .

Hence it is clear that u4 = Ωb
1 , u5 = Ωb

2 , u6 = Ωb
3 .
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