
NOTES ON GALOIS MODULES

HENRI JOHNSTON

Abstract. These notes accompany the course Galois Modules given during Lent term
2011 in Cambridge. Though there are many kinds of Galois module, the main topic in
this course is the additive Galois module structure of rings of integers. The exact topics
to be covered will depend on the interests and background of the audience; first courses
in Galois theory, number fields, and commutative algebra will be assumed. Please do
email me at H.Johnston@exeter.ac.uk with questions, comments, or corrections.

1. Introduction

1.1. What is a Galois module?

Definition 1.1. Let G be a group. A G-module is an abelian group on which G acts
compatibly with the abelian group structure. More precisely, a left G-module consists
of an abelian group M on which G acts on the left such that g · (a + b) = g · a + g · b.
Alternatively, one may think of M as a left Z[G]-module.

Definition 1.2. A Galois module is a G-module where G is the Galois group of some
extension of fields.

Examples 1.3. Let L/K be a Galois extension of number fields with Galois group G. The
following are all examples of Galois modules:

(i) the field L;
(ii) the ring of integers OL;

(iii) any G-stable ideal I of OL;
(iv) the group of units O×L ;
(v) the class group Cl(OL);
(vi) E(L), the L-rational points of an elliptic curve E defined over K.

In this course, we shall mainly concentrate on (ii) above, though we may also briefly
discuss some of the other examples. We do not always consider Galois modules as (left)
Z[G]-modules, but rather work over some ring containing Z[G]. Note that there are many
interesting examples of Galois modules where G is infinite (e.g. in Iwasawa theory), but
in the in this course, G will always be finite.

1.2. The Normal Basis Theorem.

Theorem 1.4 (The Normal Basis Theorem). Let L/K be a finite Galois extension of
fields with Galois group G. Then there exists an element α ∈ L such that the Galois
conjugates of α form a K-basis for L. In other words, L = K[G] · α and so L is a free
K[G]-module of rank 1. Such an α is called a normal basis generator of L over K.

This is in some sense the best possible result on the additive Galois module structure of
field extensions that one could possibly hope for. Though we shall be mainly concerned
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with the arithmetic setting, note that L/K can be any finite Galois extension of fields in
the above.

Remark 1.5. Suppose α ∈ L such that L = K[G] · α and let β ∈ L. Then L = K[G] · β
if and only if there exists u ∈ (K[G])× such that β = u · α.

1.3. Normal Integral Bases. In an attempt to formulate an integral version of the
Normal Basis Theorem in the arithmetic setting, we make the following definition.

Definition 1.6. Let L/K be a finite Galois extension of number fields or p-adic fields
with Galois group G. Then we say that L/K has a normal integral basis (NIB) if there
exists an element α ∈ OL such that the Galois conjugates of α form an OK-basis of OL,
or equivalently, OL is a free OK [G]-module of rank 1.

The naive integral analogue of the Normal Basis Theorem does not hold in general;
indeed, determining whether a normal integral basis exists is a difficult problem in general.
In this course, we shall consider several special cases. The first major result concerning
the existence of NIBs is the following.

Theorem 1.7 (The Hilbert-Speiser Theorem). Let K be a finite abelian extension of
Q. Then K/Q has a normal integral basis if and only if K/Q is tamely ramified, or
equivalently, there exists n ∈ N odd and square-free such that K ⊆ Q(ζn).

In fact, it is always the case that if L/K has a normal integral basis, then L/K must
be (at most) tamely ramified. Though the converse is not true in general for number
fields, it does hold when L/K is an extension of p-adic fields (Noether’s Theorem).

For a wildly ramified Galois extension L/K, it turns out to be more appropriate to
work over a ring other than the standard group ring OK [G]. The associated order AL/K
is defined to be the subring of K[G] of all elements stabilising OL. Since AL/K = OK [G]
precisely when L/K is tamely ramified, the following important result can be seen as a
generalisation of the Hilbert-Speiser Theorem.

Theorem 1.8 (Leopoldt’s Theorem). Let K be any finite abelian extension of Q. Then
OK is a free AK/Q-module of rank 1. Moreover, one can construct an explicit generator
α ∈ OK such that OK = AK/Q · α.

Recall that the Kronecker-Weber Theorem says that a number field K is abelian over
Q if and only if K is contained in some cyclotomic field. Thus Leopoldt’s Theorem can be
seen as an integral refinement of the Kronecker-Weber Theorem, in that latter describes
abelian extensions of Q, whereas the former gives explicit descriptions of their rings of
integers.

1.4. Brief outline of course. We shall prove the Hilbert-Speiser Theorem and Leopoldt’s
Theorem; on the way, we shall cover module theory over Dedekind domains, relative dis-
criminants, arithmetic disjointness, basic properties of NIBs, group algebras, lattices,
orders, Lagrange resolvents, and associated orders. We shall also discuss local freeness
and prove Noether’s criterion, Abhyankar’s Lemma, surjectivity of the trace map in tame
extensions and further properties of tame extensions. Other possible topics include, but
are not limited to, genus, Roiter’s Lemma, locally free class groups, and maximal orders
(these shall depend on the interests and background of the audience). At the end, we
shall survey some of the major results of the theory (proofs omitted).
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2. Proof of the Normal Basis Theorem

We follow the expositions given in [Led05, §1.10] and [Coh07, §3.2]. For alternative
proofs see [Jan96, Appendix A], [Lan02, VI, §13], or [Ble07].

Theorem 2.1 (Dedekind Indepedence Theorem). Distinct field automorphisms of a field
L are linearly independent over L.

Proof. Let σ1, . . . , σn ∈ Aut(L) be distinct. We wish to show that a map of the form
x 7→ a1σ1x+ · · ·+ anσnx with ai ∈ L cannot be the zero map unless a1 = · · · = an = 0.

We proceed by induction on n. The case n = 1 is clear, and so we suppose n > 1.
Assume a1σ1x + · · · + anσnx = 0 for all x ∈ L. Since σ1 6= σ2, there exists b ∈ L such
that σ1b 6= σ2b. Then for all x ∈ L we have

a1σ1bσ1x+ · · ·+ anσ1bσnx = 0 and

a1σ1bσ1x+ · · ·+ anσnbσnx = 0.

These give

a2(σ1b− σ2b)σ2x+ · · ·+ an(σ1b− σnb)σnx = 0 for all x ∈ L.
By induction, ai(σ1b − σib) = 0 for i = 2, . . . , n. In particular, a2 = 0. By induction
again, a1 = a3 = · · · = an = 0. �

Theorem 2.2 (Normal Basis Theorm - cyclic case). Let L/K be a Galois extension of
fields with cyclic Galois group G = 〈σ〉 of order n. Then there exists an element α ∈ L
such that {α, σ(α), σ2(α), . . . , σn−1(α)} is a K-basis for L.

Remark 2.3. In particular, the cyclic case covers the case where L and K are finite fields.

Proof. The map σ : L → L can be considered as K-linear transformation. Since σn is
the identity map, the minimum polynomial mσ(X) of σ divides Xn − 1. However, the
n elements σi for 0 ≤ i ≤ n − 1 are distinct, so they are K-linearly independent by the
Dedekind Independence Theorem. Hence mσ(X) = Xn − 1. Since [L : K] = n it follows
that the characteristic and minimal polynomials of σ are equal. So by standard linear
algebra (see for example [Coh07, Theorem 3.2.5]) there exists a cyclic vector; that is,
there exists α ∈ L such that {α, σ(α), σ2(α), . . . , σn−1(α)} is a K-basis for L. �

Lemma 2.4. Let L/K be a finite Galois extension of fields with Galois group G =
{σ1, . . . , σn}. Then a1, . . . , an is a K-basis for L/K if and only if det(σi(aj)) 6= 0.

Proof. Let A = (σiaj). If a1, . . . , an is not a K-basis for L, then we can write c1a1 + · · ·+
cnan = 0 for some c1, . . . , cn ∈ K, not all zero. Then A(c1, . . . , cn)t = 0, and so detA = 0.

Conversely, assume that a1, . . . , an is a K-basis for L. If detA = 0 there exist
d1, . . . , dn ∈ L, not all zero, with At(d1, . . . , dn)t = 0, i.e., with d1σ1ai + · · ·+ dnσnai = 0
for all i. This implies that d1σ1x + · · · + dnσnx = 0 for all x ∈ L, contradicting the
Dedekind Independence Theorem. Thus, detA 6= 0. �

Proposition 2.5 (Algebraic Indepedence of Automorphisms). Let L/K be a finite Galois
extension of fields with Galois group G = {σ1, . . . , σn}. Suppose that K is infinite. Let
f ∈ L[X1, . . . , Xn] and suppose that f(σ1α, . . . , σnα) = 0 for all α ∈ L. Then f is the
zero polynomial.

Proof. Let a1, . . . , an be a K-basis for L and let A = (σiaj). Thus A is invertible by
Lemma 2.4. Write α = y1a1 + · · · + ynan for indeterminates y1, . . . , yn ∈ K. Then
f(σ1α, . . . , σnα) = f(Ay) = g(y1, . . . , yn) for y = (y1, . . . , yn)t and some g ∈ L[X1, . . . , Xn].
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The assumption is that g(y1, . . . , yn) is zero on Kn, from which it follows that g is the
zero polynomial. Hence f is also the zero polynomial. �

Proof of the Normal Basis Theorem. By Theorem 2.2 and Remark 2.3, we can assume K
to be infinite. Write G = {σ1, . . . , σn} and Xi = Xσi . Let f(X1, . . . , Xn) = det(Xσiσj).
Then f(1, 0, . . . , 0) is the determinant of a permutation matrix and hence is non-zero.
Thus f is not the zero polynomial and so by Proposition 2.5 there exists α ∈ L with
f(σ1α, . . . , σnα) = det(σiσjα) 6= 0. The result now follows from Lemma 2.4. �

3. Lattices and Orders

The main reference for this section is [Rei03, §8]; also see [FT93, Chapter II]. Let R
denote a noetherian integral domain with field of fractions K. Assume R 6= K.

3.1. Lattices. Let V be a finite-dimensional vector space over K.

Definition 3.1. An R-lattice in V is a finitely generated R-submodule M in V such that
K ·M = V , where K ·M = SpanK(M). (Some authors say that M is a full R-lattice.)
An R-lattice M is said to be a free R-lattice if it is free as an R-module.

Remarks 3.2. (i) K ·M = V is equivalent to M containing a K-basis of V .
(ii) R-lattices exist: if V = ⊕iKxi, then M = ⊕iRxi is a free R-lattice in V .

Examples 3.3. The following are examples of R-lattices.

(i) Let K be a number field. Then OK is a free Z-lattice in K. A nonzero ideal I of
OK is an OK-lattice in K, and is free if and only if I is principal.

(ii) Let L/K be a finite extension of number fields. Then OL is an OK-lattice in L,
but is not necessarily free.

Lemma 3.4. Let M and N be a pair of R-lattices in V . Then there exists a nonzero
r ∈ R such that r ·M ⊆ N .

Proof. Since N contains a K-basis for V , it is clear that for each x ∈ M there is a
nonzero rx ∈ R such that rx · x ∈ N . But M is finitely generated as an R-module, say
by x1, . . . , xn. Setting r = rx1 · · · rxn gives the desired element. �

Lemma 3.5. Let M be an R-module in V . Then M is an R-lattice in V if and only if
there exist free R-lattices F ′, F ′′ in V such that F ′ ⊆M ⊆ F ′′.

Proof. Suppose M is an R-lattice in V . By Remark 3.2(ii) M contains a K-basis {xi}
of V , so we can set F ′ = ⊕iRxi. By Lemma 3.4 there exists a nonzero r ∈ R such that
r ·N ⊆ F ′, so we may set F ′′ = r−1 · F ′.

Suppose conversely that here exist free R-lattices F ′, F ′′ in V such that F ′ ⊆M ⊆ F ′′.
Then an R-basis of F ′ is a K-basis of V contained in M , so by Remark 3.2(ii) the
condition K ·M = V is satisfied. Since M is an R-submodule of F ′′, which is finitely
generated, M must also be finitely generated because R is noetherian. �

3.2. Torsion-free modules. Let M be an R-module. We say that m ∈ M is an R-
torsion element if there exits non-zero r ∈ R such that rm = 0. The set of all R-torsion
elements of M is called the R-torsion submodule of M , and is the kernel of the R-
homomorphism M → K ⊗R M , m 7→ 1 ⊗ m (see localisation of rings and modules in
commutative algebra). We call M R-torsion-free if M contains no torsion element other
than 0. In this case, we may identify M with its image 1⊗M in K ⊗RM ; we may then
write K ⊗RM in the simpler form K ·M , where K ·M denote the set of all finite sums
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{
∑
aimi | ai ∈ K,mi ∈ M} (this is compatible with the definition given above in the

case of lattices).

Remark 3.6. We may now consider any finitely generated torsion-free R-module M as an
R-lattice via the embedding M → K ⊗R M . Note that conversely, every R-lattice is a
finitely generated torsion-free R-module.

Definition 3.7. Let M be finitely generated R-module (not necessarily torsion-free).
Then we define rankR(M) to be dimK(K ⊗RM). This is less than or equal to the size of
a minimal R-generating set of M , with equality if and only if M is free as an R-module.

3.3. Orders. Let A be a finite-dimensional K-algebra. (Recall that a K-algebra A is
a ring with a ring homomorphism from K to the centre of A. Such a homomorphism
permits us to view A, and all A-modules, as K-vector spaces.)

Definition 3.8. An R-order in the K-algebra A is a subring Λ of A, having the same
unity element of A, and such that Λ is an R-lattice in A.

Remark 3.9. Note that Λ is both left and right noetherian, since Λ is finitely generated
over the noetherian domain R.

Examples 3.10. The following are examples of R-orders.

(i) If A = Matn×n(K), then Λ = Matn×n(R) is an R-order in A.
(ii) Let R be a Dedekind domain, and let L be a finite separable extension of K. Let

S denote the integral closure of R in L. Then S is an R-order in L. In particular,
if R = Z then OL is a Z-order in L.

(iii) Let a ∈ A be integral over R, i.e., a is a zero of a monic polynomial over R. Then
the ring R[a] is an R-order in the K-algebra K[a].

(iv) Let G be a finite group. Then the group ring R[G] is an R-order in the group
algebra K[G].

Definition 3.11. Let M be any R-lattice in A. Then we define the left order of M in A
as Al(A;M) = {x ∈ A | x ·M ⊆M}.

Proposition 3.12. Let M be a R-lattice in A. Then Al(A;M) is an R-order in A.

Proof. Clearly A := Al(A;M) is a subring of A, and is an R-module. We need to check
that A is a R-lattice in A. For each y ∈ A, yM is an R-lattice in the K-vector subspace
yA of A (this inclusion is strict if y is a zero-divisor in A). Since M ∩yA is an R-lattice in
yA, Lemma 3.4 shows that there exists a nonzero r ∈ R such that r ·yM ⊆M ∩yA ⊆M .
Thus ry ∈ A, which proves that K ·A = A. Next, there exists a nonzero s ∈ R such that
s · 1A ∈ M . Therefore A · (s · 1A) ⊆ M , whence A ⊆ s−1M . Since R is noetherian and
s−1M is an R-lattice, this implies that A is finitely generated as an R-module. Therefore
A is an R-order in A. �

3.4. The associated order.

Definition 3.13. Let L/K be a finite Galois extension of number fields or p-adic fields
with group G. We define the associated order of L/K to be

AL/K := Al(K[G];OL) = {x ∈ K[G] | xOL ⊆ OL}.

Remark 3.14. We make the following observations.

(i) We always have OK [G] ⊆ AL/K .
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(ii) If OL is free over AL/K , then it must be free of rank 1 and so there exists α ∈ OL
such that OL = AL/K · α. Such an α always generates a normal basis for L/K,
i.e. L = K[G] · α.

(iii) By the normal basis theorem, L is isomorphic to K[G] as a K[G]-module. Via
this isomorphism, we can identify OL with an OK-lattice M in K[G]. Hence
AL/K = {x ∈ K[G] | xM ⊆M}, so by Proposition 3.12, is an OK-order in K[G].

Proposition 3.15. Let L/K be a finite Galois extension of number fields or p-adic fields
with Galois group G. If OL is free over an OK-order Γ in K[G], then Γ = AL/K.

Proof. If OL = Γ · α is free of rank one as a left Γ-module with basis α for some α ∈ OL,
then L = K[G] · α is a free left K[G]-module with basis α. Let x ∈ AL/K . Then
xα ∈ OL = Γ · α, so xα = yα for some y ∈ Γ. Since α is a basis, we must have x = y.
Hence AL/K ⊆ Γ. Now let γ ∈ Γ. Then γ · OL = γ · (Γ · α) = (γΓ) · α ⊆ Γ · α = OL and
so γ ∈ AL/K . Hence Γ ⊆ AL/K . Therefore Γ = AL/K . �

Example 3.16. Consider the extension Q(i)/Q. This is wildly ramified at 2 and has Galois
group G = {1, σ}, where σ is the restriction of complex conjugation. The ring of integers
of Q(i) is Z[i]. Let e1 = 1+σ

2
and e−1 = 1−σ

2
. Then e1 and e−1 map Z[i] to Z[i], so are

in the associated order AQ(i)/Q. Since Z[e1, e−1] = Ze1 ⊕ Ze−1 is the maximal order in
Q[G], we have AL/K = Z[e1, e−1]. Moreover, Z[i] is a AQ(i)/Q-module with basis α = 1 + i
since e1α = 1 and e−1α = i. (Note that by Proposition 3.15, this again shows that
AQ(i)/Q = Z[e1, e−1].)

Remark 3.17. AlthoughAL/K is the onlyOK-order in K[G] over whichOL can possibly be
free, there may be orders in other algebras over which OL is free. For example, suppose
that AL/K = OK [G] (we shall see that this is the case precisely when L/K is tamely
ramified). If OL is free over OK [G] (necessarily of rank 1), then OL is also free over Z[G]
(a Z-order in Q[G]) of rank [K : Q] (this is because OK is free over Z of rank [K : Q], so
OK [G] is free over Z[G] of rank [K : Q]). Note that it could be the case that OL is free
over Z[G] but not over OK [G].

4. Lattices over Dedekind domains

4.1. Dedekind Domains. We shall assume the material presented in the second lecture
of Teruyoshi Yoshida’s class field theory course (a typed-up version can be found in the
preliminaries section of [Yos10b]). Alternatively, see [FT93, Chapter II].

4.2. Lattices over Dedekind domains. Let O be a Dedekind domain and let K be its
field of fractions. For any maximal ideal p of O, write Op for the the completion lim←−O/p

n

of O at p. Let Kp be the field of fractions of Op. For any O-module M , we write Mp for
Op⊗OM , and Vp = Kp⊗K V for any K-vector space V . These are consistent as the map
Op ⊗O V → Kp ⊗K V , λ⊗O v 7→ λ⊗K v is an isomorphism.

Let M be an O-lattice in a K-vector space V . Let F ′, F ′′ be free O-lattices in V , with
F ′ ⊆ M ⊆ F ′′, on bases say {v′i}, {v′′i } of V . Then for each maximal ideal p of O, we
have free Op-modules F ′p, F

′′
p and bases {1⊗v′i}, {1⊗v′′i } of Vp. Since completion is exact,

F ′p ⊆Mp ⊆ F ′′p , and so we view Mp as an Op-lattice in Vp.

Lemma 4.1. Let M and N be a pair of O-lattices in V . Then for almost all p Mp = Np.

Proof. By Lemma 3.5 there exist free O-lattices F ′, F ′′ in V such that F ′ ⊇ M and
N ⊇ F ′′. Let α be an automorphism of the K-vector space V , mapping a basis of F ′

onto a basis of F ′′. For almost all p, the matrix representing α has p-integral entries and
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a p-unit determinant. For all such p, F ′p = F ′′p ; hence Mp ⊆ Np. Similarly, for almost all
p, Np ⊆Mp. This then establishes the result. �

Let M,N be O-lattices in V . Torsion-free finitely generated modules over a principal
ideal domain are free. It follows that, for each maximal ideal p, Mp and Np are free
Op-modules of the same rank. Therefore there exists an automorphism αp of Vp with
αp(Mp) = Np. This automorphism is unique modulo AutOp(Np); hence its determinant
is unique modulo O×p , and so the ideal

[Mp : Np] := Op det(αp)

is a uniquely uniquely defined fractional ideal of Op. By Lemma 4.1, we know that
[Mp : Np] = Op for almost all p. Therefore there is a unique fractional ideal [M : N ] such
that

[M : N ]p = [Mp : Np].

If there is any possibility of confusion concerning the Dedekind domain in question, we
write [M : N ]O in place of [M : N ]. We refer to the above construction as the generalised
module index.

Remark 4.2. The definition of [M : N ] does not require that N ⊆M or M ⊆ N . Observe
that for any p, in the special case that Np ⊆ Mp, the index [Mp : Np] (which is some
non-negative power of pOp) is uniquely determined by the usual group index |Mp/Np|,
which is some power of p where p is the unique rational prime lying above p. However,
even if N ⊆M , it is not generally the case that [M : N ]O is determined by |M/N |.

Remark 4.3. If a is a fractional ideal of O, then [O : a] = a. In the case that O = Z and
N ⊆M , we have [M : N ]Z = |M/N |Z.

Theorem 4.4. (i) Every fractional O-ideal a is projective over O.
(ii) The non-zero, torsion-free, finitely generated O-modules are precisely those sat-

isfying M ∼= F ⊕ a with F free (possibly zero), and a a fractional O-ideal. In
particular, they are projective.

(iii) Let M be an O-lattice in the K-vector space V . Choose a free O-lattice F con-
tained in V , and define the class c(M) ∈ cl(O) (the so-called Steinitz invariant)
as the class of the ideal [F : M ]; c(M) is independent of the choice of F .

(iv) c(M1 ⊕M2) = c(M1)c(M2) and c(a) = a · PO (the usual ideal class of a). These
two properties determine c.

(v) M ∼= N if and only if rankO(M) = rankO(N) and c(M) = c(N).

Proof. Omitted. See [FT93, II.4.13]. �

Remark 4.5. Let L be a finite separable extension of K and let OL denote the integral
closure of O in L. Let M be an O-lattice in V . Once can show that the map

OL ⊗OM → L⊗K V, λ⊗O m 7→ λ⊗K m

is an injective homomorphism of OL-modules. Hence we may identify OL ⊗OM with its
image in L⊗K V and view it as a OL-lattice in L⊗K V . If N is another OL-lattice in V
then

[M : N ]OOL = [M ⊗O OL : N ⊗O OL]OL
.

For full details see [FT93, II.4.17].
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4.3. Relative Discriminant. Consider a symmetric, non-degenerate K-bilinear form
on a finite-dimensional K-vector space V

b : V × V −→ K

and let M be aO-lattice in V . In the special case when M isO-free on a basis m1, . . . ,mn,
we define

(1) d(M) = det(b(mi,mj)) · O.

Note that this ideal is non-zero, since b is non-degenerate; furthermore, the right-hand
term is independent of the particular choice of basis; a change of basis is given by a
matrix over O, whose inverse also has entries in O. The determinant is thus in O×.

Let p be a maximal ideal of O. We write bp for the Kp-bilinear form on Vp = Kp⊗K V
given by the rule

bp

(∑
λi ⊗ xi,

∑
µj ⊗ yj

)
=
∑
i,j

λiµjb(xi, yj).

Then bp is again symmetric and non-degenerate. Since Mp = Op ⊗O M is free over Op,
d(Mp) is well-defined.

If M is not O-free, we know from Lemma 3.5 that we can find a free O-lattice F in
V that contains M . By Lemma 4.1 Fp = Mp for almost all p; hence d(Mp) = d(Fp) for
almost all p. Moreover, we have d(F )p = d(Fp). Thus if p does not occur in the prime
ideal decomposition of the fractional ideal d(F ) then d(Fp) = Op. This shows then shows
that d(Mp) = Op for almost all p. It therefore follows that there is a unique O-ideal
d(M), which we call the discriminant of M , such that for all maximal ideals p of O

(2) d(M)p = d(Mp).

If M is actually free, then we may take F = M in the new definition (2), and so verify
that (1) and (2) coincide in this case.

Lemma 4.6. Let M and N be a pair of O-lattices in V . Then d(N) = d(M)[M : N ]2.

Proof. Since d(N)p = d(Np) and since ([M : N ])p = [Mp : Np]p, we may suppose without
loss of generality that O = Op. Let {mi}, {ni} denote O-bases of M,N respectively. If
mi =

∑
aijnj with aij ∈ K, then by bilinearity

det(b(mi,mj)) = det(aij)
2 det(b(ni, nj)).

The result then follows, since by definition [M : N ] = det(aij)O. �

Corollary 4.7. The class of d(M) in the ideal class group Cl(O) is a square.

Proof. By Lemma 3.5, there exists a some free O-module F ⊇ M spanning the same
vector space. However, d(F ) is a principal O-ideal by (1). �

Let L be a finite separable extension of K and let OL denote the integral closure of O in
L. Then b induces a form bL : L⊗KV×L⊗KV → L by the rule bL(l⊗x, l′⊗x′) = ll′b(x, x′).

Lemma 4.8. Let M be an O-lattice in V . Then

d(OL ⊗OM) = d(M)OL
where the left-hand side is the discriminant with respect to bL.
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Proof. The result certainly holds when M is a free OL-module, say on a basis {mi}:
for then {1 ⊗mi} is a free basis of the OL-module OL ⊗O M . Then general result then
follows by the corresponding result for module indices (Remark 4.5) together with Lemma
4.6. �

We apply the above general theory in a special case where L is a finite separable
extension of K and the symmetric bilinear form is given by

tL/K : L× L→ K, (x, y) 7→ TrL/K(xy)

(it is an exercise to check that this is nondegenerate). We define d(L/K) to be the
discriminant of the O-lattice OL with respect to tL/K . Note that d(L/K) is an integral
ideal of O and that by Corollary 4.7 the O-class of d(L/K) lies in Cl(O)2.

Theorem 4.9. Let L/K be a finite extension of number fields or p-adic fields. Then a
prime p of OK ramifies in L/K if and only if p divides d(L/K).

Proof. Omitted. �

5. Arithmetic Disjointness

Definition 5.1. Let L,K be finite extensions of a field F , contained in a separable
closure F of F . Then we say that L and K linearly disjoint over F if L ∩K = F .

Remark 5.2. It is easy to show that L and K linearly disjoint over F if and only if
[L : F ][K : F ] = [LK : F ] if and only if [K : F ] = [LK : L].

Lemma 5.3. Let L,K be finite extensions of a field F , contained in a separable closure
F of F , and let LK denote their compositum in F . Then there is a K-algebra homomor-
phism θ : L ⊗F K → LK with θ(x ⊗ y) = xy. This is an isomorphism if and only if L
and K are linearly disjoint over F .

Proof. ([FT93, (1.49)]). The existence of θ with the given property is a special case of
the universal property of tensor products of commutative algebras; one can also check
the existence of θ directly. It is clear that θ is surjective once one notes that LK =
SpanF ({xy | x ∈ L, y ∈ K}). So viewing θ as an L-linear map, θ will be bijective if and
only if dimL(L ⊗F K) = [LK : L]. But dimL(L ⊗F K) = [K : F ], so the result now
follows from Remark 5.2. �

Theorem 5.4. Let F be a number field or a p-adic field. If L,K are linearly disjoint
finite extensions of F , in a separable closure of F , and if (d(L/F ), d(K/F )) = OF , then

OLK = OL · OK := SpanOK
({xy | x ∈ OL, y ∈ OK}) ∼= OL ⊗OF

OK .

Proof. ([FT93, (2.13)]) Set N = LK. Clearly OL · OK ⊆ ON . Via the identification
L⊗F K ∼= N of Lemma 5.3, we identify OL ⊗OF

OK with OL · OK . In the same way, we
view ON as an OF -lattice in L⊗F K which contains OL⊗OF

OK . It suffices to show that
p - [ON : OL ⊗OF

OK ]OF
for each maximal ideal p of OF . Given such a p, by hypothesis,

p is coprime to at least one of d(L/F ), d(K/F ); so suppose without loss of generality
that p - d(L/F ). By the index formula of Lemma 4.6,

(3) [ON : OL ⊗OF
OK ]2OK

= dN/K(OL ⊗OF
OK)dN/K(ON)−1

where dN/K denotes the discriminant with respect to TrN/K . Since TrN/K identifies with
TrL/F ⊗ Id on L ⊗F K, we can apply Lemma 4.8 to deduce that dN/K(OL ⊗OF

OK) =
dL/F (OL) · OK , which is coprime to p. However, dN/K(ON) ⊆ OK . Therefore, because
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the left-hand term in (3) is integral, it must be coprime to p. Hence [ON : OL⊗OF
OK ]OF

is coprime to p. Since this holds for all p, the result is shown. �

Definition 5.5. In the situation of Theorem 5.4, we say that L and K are arithmetically
disjoint over F .

Example 5.6. Let n,m ∈ N be coprime. Then L := Q(ζn) and K := Q(ζm) are arithmeti-
cally disjoint over F := Q. Hence LK = Q(ζnm) andOLK = OL⊗ZOK = Z[ζn]⊗ZZ[ζm] =
Z[ζnm]. In this way, one can reduce the proof that for every n ∈ N, the ring of integers
for Q(ζn) is Z[ζn], to the prime power case. (Note that for this particular case, one
only needs the absolute discriminants and the usual group indices, rather than the more
general machinery we have developed above.)

Remark 5.7. If F is a p-adic field, then L and K are arithmetically disjoint over F if and
only if L/F is unramified and ([L : F ], [K ′ : F ]) = 1 where K ′/F is the maximal unram-
ified subextension of K/F (or the same holds with L and K swapped). In particular, if
L/F is unramified and K/F is totally ramified, then L and K are arithmetically disjoint
over F .

Remark 5.8. The condition that (d(L/F ), d(K/F )) = OF says that no prime of OF
ramifies in both L/F and K/F . It may be the case that L/F and K/F have a common
subextension unramified at all finite primes, so one cannot in general drop the linear
disjointness assumption. However, the linear disjointness assumption is automatically
satisfied (assuming (d(L/F ), d(K/F )) = OF ) in the following cases:

(i) F = Q (since Q has no non-trivial extensions unramified at all finite primes);
(ii) [L : F ] and [K : F ] are relatively prime;

(iii) a finite prime of F is totally ramified in either L/F or K/F .

5.1. Aside: unramified extensions. Let K be a number field and let H be its Hilbert
class field, i.e. the maximal abelian extension of K unramified at all primes (including
finite primes). Recall from class field theory that Cl(OK) ∼= Gal(H/K) via the isomor-
phism [p] 7→ Frob(p). Hence if Cl(OK) is trivial, K has no abelian unramified extension;
in fact, it follows that K has no soluble unramified extension (more generally, no G-Galois
unramified extension where G has a non-trivial abelian quotient). However, it could be
the case that Cl(OK) but that K has an unramified extension with simple Galois group.

Example 5.9. The following example is due to Artin. Let L be splitting field of X5−X+1
over Q and let K = Q(

√
19 · 151). Then one can show that L is an A5-extension of K

and that Cl(OK) is trivial. See [Neu99, VI.7, Exercises 2-6].

Remark 5.10. Analogous statements hold if one allows ramification at the infinite primes;
the Hilbert class field and the class group are replaced by their ‘narrow’ analogues. For
example, Q(

√
3) has class number 1, but its narrow class number is 2; Q(

√
3, i)/Q(

√
3)

is unramified at all finite primes but is ramified at both real primes.
Hence if L/F is a soluble extension and the narrow class number of F is 1, then L/F has

no subextension unramified at all finite primes; so for any K/F with (d(L/F ), d(K/F )) =
OF , L and K are arithmetically disjoint over F .

6. Structural results for Normal Integral Bases

Proposition 6.1. Let L/K be a finite Galois extension of number fields or p-adic fields.
Let F be an intermediate field between L and K with F/K Galois. If α generates a
normal integral basis for L/K, then TrL/F (α) generates a normal integral basis for F/K.
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Proof. Let G = Gal(L/K), H = Gal(L/F ) and G = Gal(F/K) ∼= G/H.
Let x ∈ OF . As x ∈ OL and OL = OK [G] · α, there exist unique elements c(g) ∈ OK

such that x =
∑

g∈G c(g)g(α). Since x ∈ F , for every h ∈ H we have h(x) = x. Thus

h(x) =
∑
g∈G

c(g)hg(α) =
∑
g∈G

c(h−1g)g(α).

By uniqueness of the c(g), we deduce that c(h−1g) = c(g) for all g ∈ G and h ∈ H. For
each σ ∈ G, fix a lift σ̃ ∈ G. Then

x =
∑
g∈G

c(g)g(α) =
∑
σ∈G

∑
h∈H

c(hσ̃)hσ̃(α) =
∑
σ∈G

c(σ̃)
∑
h∈H

hσ̃(α)(4)

=
∑
σ∈G

c(σ̃)σ̃(TrL/F (α)) =
∑
σ∈G

c(σ̃)σ(TrL/F (α)),

where the penultimate equality uses that H is normal in G. �

Corollary 6.2. If L/K has a normal integral basis, then TrL/F (OL) = OF . In particular,
TrL/K(OL) = OK.

Proof. Clearly, TrL/F (OL) ⊆ OF . Let x ∈ OF . Then from equation (4) above we have

x =
∑
σ∈G

c(σ̃)
∑
h∈H

hσ̃(α) =
∑
σ∈G

c(σ̃)TrL/F (σ̃(α)) = TrL/F (
∑
σ∈G

c(σ̃)σ̃(α)),

where the last equality uses that TrL/F is F -linear. Since
∑

σ∈G c(σ̃)σ̃(α) ∈ OL we now
have x ∈ TrL/F (OL). �

Remark 6.3. We have shown that if K ⊆ F ⊆ L is a tower of number fields with L/K
and F/K Galois, then L/K has a NIB implies that F/K has a NIB. However, it is not
true that L/K has a NIB implies that L/F has a NIB. For example, let L = Q(ζ7),
F = Q(

√
−7) and K = Q. Then L/K has a NIB generated by ζ7, but L/F has no NIB

(for a proof of this, see [Bri87]).

Proposition 6.4. Let F be a number field or a p-adic field, and let L and K be arith-
metically disjoint extensions of F . Suppose that L/F is Galois with group G.

(i) Suppose α ∈ OL such that OL = OF [G] · α. Then OLK = OK [G] · α.
(ii) Further suppose that K/F is Galois with group H and there exists β ∈ OK such

that OK = OF [H] · β. Then OLK = OF [G×H] · αβ.

Proof. (i) We have OK ⊗OF
OL = OK ⊗OF

OF [G] · α. The result now follows from the
canonical identifications OK ⊗OF

OL = OLK and OK ⊗OF
OF [G] = OK [G].

(ii) We have OL = OF [G]·α and OK = OF [H]·β. The result follows from the canonical
identifications OL ⊗OF

OK = OLK and OF [G]⊗OF
OF [H] = OF [G×H]. �

Remark 6.5. Let L,K and F be as above. If LK/F has a NIB, then by Proposition 6.1,
L/F and K/F also have NIBs; this is in some sense the ‘converse’ of (ii). However, the
‘converse’ of (i) does not hold in general for number fields, i.e. if LK/K has a NIB, it
does not necessarily follow that L/F has a NIB.

Proposition 6.6. Let n ∈ N be odd and square-free and let K ⊆ Q(ζn). Then K/Q has
a normal integral basis generated by TrQ(ζn)/K(ζn).
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Proof. Let p be an odd prime and let ζ = ζp be a primitive p-th root of unity. Then
the ring of integers of Q(ζ) is Z[ζ], which has Z-basis 1, ζ, ζ2, . . . , ζp−2. Since ζ is a unit,
ζZ[ζ] = Z[ζ] and so ζ, ζ2, . . . , ζp−1 is also a Z-basis of Z[ζ]. However, these are precisely
the Galois conjugates of ζ, and so ζ generates a NIB of Q(ζ)/Q.

Let n ∈ N be odd and square-free. We shall show that Q(ζn)/Q has NIB generated by
ζn. Write n = pm where p is and odd prime; then m is odd, square-free and coprime to
p. By the above Q(ζp)/Q has a NIB generated by ζp, and we can suppose by induction
that Q(ζm)/Q has NIB generated by ζm. Noting that Q(ζp) and Q(ζm) are arithmetically
disjoint over Q (see Example 5.6) and that Q(ζp)Q(ζm) = Q(ζn), we may apply Proposi-
tion 6.4(ii) to show that ζpζm generates a NIB for Q(ζn)/Q. However, ζpζm is a primitive
nth root of unity (irrespective of the choices of ζp and ζm). Hence ζn generates a NIB for
Q(ζn)/Q (this does not depend on the choice of ζn as all such choices are conjugate).

The result now follows by applying Proposition 6.1. �

6.1. Aside: power integral bases. Let L/K be a finite extension of number fields or
p-adic fields. We say that L/K has an power integral basis (PIB) if there exists θ ∈ OL
such that OL = OK [θ]. If K is a p-adic field then such a θ always exists (see [FT93,
p.136-137]). Note that the analogue of the Normal Basis Theorem here is the Primitive
Element Theorem.

It is tempting to believe that every extension of number fields has an PIB because this
is true for some of the main examples of extensions of number fields, namely cyclotomic
and quadratic extensions of Q. However, there are many extensions of number fields
without an PIB. One can construct counterexamples as follows.

Proposition 6.7. Let L/K be a finite Galois extension of number fields with Galois
group G. Suppose there is a non-ramified prime ideal P of OL with the property that
NormL/Q(P) < [L : K]. Then L/K has no PIB.

Proof. Suppose for a contradiction that there exists θ ∈ OL with OL = OK [θ]. Then by
the pigeonhole principle, there exist distinct γ, δ ∈ G with γ(θ) ≡ δ(θ) mod P. Now

dL/K(OK [θ]) = NormL/K(f ′(θ))OK =
∏
τ 6=σ
τ,σ∈G

(τ(θ)− σ(θ))OK

where f is the minimal polynomial of θ over K and f ′ is its formal derivative (see [FT93,
III.2.20]); hence p := P ∩ OK must divide dL/K(OK [θ]). However, by Theorem 4.9
p - d(L/K), since p is non-ramified in L/K; therefore by the index formula Lemma 4.6,

p ⊇ [OL : OK [θ]]2OK
= dL/K(OK [θ])d(L/K)−1,

contradicting OL = OK [θ]. �

Example 6.8. Let K denote the unique cubic subfield of Q(ζ31). Then 2 is non-ramified

in Q(ζ31)/Q and 25 ≡ 1 mod 31. Thus 2
31−1

3 ≡ 1 mod 31, so 2 is a cube mod 31;
hence 2 splits completely in K/Q (see [Dok10, Theorem 61] or [FT93, V.1]). In other
words, we have the prime factorisation 2OK = P1P2P3 (with Pi’s distinct), and so
NormK/Q(P1) = 2 < 3 = [K : Q]; therefore K/Q has no PIB by Proposition 6.7. The
same reasoning applies to the cubic subfield of Q(ζp) where p is any prime satisfying p ≡ 1

mod 3 and 2
p−1
3 ≡ 1 mod p, the first few examples of which are p = 31, 43, 107 and 127.

Remark 6.9. In fact, a result of Marie-Nicole Gras says that for a cyclic extension K/Q
of prime degree ` ≥ 5 the ring of integers OK cannot have an PIB unless 2` + 1 = p is
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prime and K = Q(ζp)
+, the maximal real subfield of Q(ζp) (see [Gra86]; the proof uses

the explicit version of Leopoldt’s Theorem).

Hence we see that in some sense NIBs are better behaved than PIBs: if K ⊆ F ⊆ L is
a tower of number fields with L/K and F/K Galois then L/K has a NIB implies F/K
also has a NIB; however, the analoguous result does not hold for PIBs. Note that the
existence of either a NIB or a PIB does not imply the existence of the other.

7. The Trace map and Tame Extensions

Definition 7.1. Let L/K be a finite extension of number fields or p-adic fields. Let p
be a maximal ideal of OK and let pOL = Pe1

1 · · ·P
eg
g be the prime factorisation in OL

(so g = 1 if K is a local field and e1 = · · · = eg if L/K is Galois). Let p be the residue
characteristic of OK/p. We say that Pi is wildly ramified in L/K if p | ei; otherwise
we say Pi is tamely ramified in L/K (this includes the case ei = 1). We say p is wildly
ramified in L/K if any of the Pi are wildly ramified; otherwise we say p is tamely ramified
in L/K. Finally, we say L/K is tamely ramified if all maximal ideals of OK are tamely
ramified in L/K.

Proposition 7.2. Let L/K be a finite extension of number fields or p-adic fields. Then
TrL/K(OL) is an ideal of OK. Suppose further that L/K is Galois and let p be a maximal
ideal of OK. Then p | TrL/K(OL) if and only if p is wildly ramified in L/K.

Proof. The first assertion is clear. Since L/K is Galois we have a decomposition pOL =
(P1 · · ·Pg)

e in OL. Let Li = OL/Pi, K = OK/p, and p = char(Li) = char(K).
Let α ∈ OL. The multiplication by α map mα : OL → OL induces K-linear trans-

formations mα : OL/pOL → OL/pOL and mαi
: Li → Li where α = α + pOL and

αi = α + PiOL. As Li-vector spaces, we have

Li = OL/Pi
∼= Pi/P

2
i
∼= · · · ∼= Pe−1

i /Pe
i

(see [FT93, II.1.16]). Choose an K-basis Bi of OL/Pe
i as follows: choose a basis of

Pe−1
i /Pe

i , extend it to Pe−2
i /Pe

i , extend again to Pe−3
i /Pe

i , and so on.
By the Chinese Remainder Theorem we have a canonical ring isomorphism OL/pOL ∼=
⊕gi=1OL/Pe

i ; we henceforth identify the two K-algebras so that ∪iBi is a K-basis of
OL/pOL. With respect to ∪iBi, the matrix of mα is block upper-diagonal, where each of
the eg blocks correponds to the endomorphism mαi

on Li ∼= Pj−1
i /Pj

i for some i and j
with 1 ≤ i ≤ g and 1 ≤ j ≤ e. Therefore in K we have

(5) TrL/K(α) = e

g∑
i=1

TrLi/K
(αi).

Suppose p is wildly ramified in L/K, i.e. p | e. Then for any α ∈ OL, equation (5)

shows that TrL/K(α) = 0 in K and hence p | TrL/K(α)OK . Therefore p | TrL/K(OL).

Suppose that p is tamely ramified, i.e. p - e. Since L1/K is separable, there exists β1

such that TrL1/K
(β1) 6= 0. By the Chinese Remainder Theorem we can choose β ∈ OL

with β ≡ β1 mod P1 and β ≡ 0 mod Pi for i 6= 1. Then TrL/K(β) = eTrL1/K
(β1) 6= 0

in K. Therefore p - TrL/K(β)OK and so p - TrL/K(OL). �

Corollary 7.3. If L/K is a finite Galois extension of number fields or p-adic fields, then
L/K is tamely ramified if and only if TrL/K(OL) = OK.
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Corollary 7.4. Let L/K is a finite Galois extension of number fields or p-adic fields. If
L/K has a NIB then L/K must be tamely ramified.

Proof. Combine Corollaries 6.2 and 7.3. �

8. Proof of the Hilbert-Speiser Theorem

One of the most important results of class field theory is the following.

Theorem 8.1 (The Kronecker-Weber Theorem). Every finite abelian extension of Q is
contained in a cyclotomic field.

Proof. Omitted. This is a special case of the theorems of class field theory - see [Yos10b].
For a direct proof, see [Gre74, Gre75],[Was97, Chapter 14] or [SD01, §20]. �

Definition 8.2. Let K be a finite abelian extension of Q. The conductor of K is the
smallest integer n such that K ⊆ Q(ζn).

Remark 8.3. For any m odd, we have Q(ζm) = Q(ζ2m). Hence if K is a finite abelian
extension of Q with conductor n, then n 6≡ 2 mod 4.

Theorem 8.4 (The Hilbert-Speiser Theorem). Let K be a finite abelian extension of Q
of conductor n. Then K/Q has a normal integral basis if and only if K/Q is tamely
ramified, or equivalently, n is odd and square-free. Furthermore, when this is the case,
one can take α = TrQ(ζn)/K(ζn) to be a generator.

Proof. We follow the proof given in [Ere, I.1.2]. Let n be the conductor of K. We shall
show that the following are equivalent.

(i) n is odd and square-free.
(ii) K/Q has a NIB generated by α = TrQ(ζn)/K(ζn).

(iii) K/Q is tamely ramified.

That (i) implies (ii) is the content of Proposition 6.6. That (ii) implies (iii) is a direct
consequence of Corollary 7.4. Thus it remains to show (iii) implies (i).

Suppose that K/Q is tamely ramified. Let p be an odd prime dividing n and write
n = mpr with p not dividing m. The prime p does not ramify in Q(ζm) and in fact
N := K ∩ Q(ζm) is the maximal subfield of K in which p is unramified. The field N
is also the fixed field of the inertia group Ip of any prime of OK above p. Since K/Q
is tamely ramified, then we have just shown that p - [K : N ] = |Ip|. Hence K is
contained in the fixed field of the p-Sylow subgroup of Gal(Q(ζn)/N). If r > 1 then
[Q(ζn) : Q(ζpm)] = pr−1, so K is contained in Q(ζpm) and p2 - n. In the same way, one
shows that n is odd (the inertia group of primes above 2 is a 2-group). �

Remark 8.5. The above proof is still valid if (ii) is replaced with ‘K has a NIB’- the
argument does not depend on the particular choice of generator.

Remark 8.6. Let K be a finite abelian extension of Q of conductor n. In the proof above,
we showed directly that if K/Q is tame then n is odd and square free. We showed the
converse via results on NIBs and traces. However, this can also been shown directly as
follows. For p an odd prime, Q(ζp)/Q is ramified only at p and is of degree p− 1; hence
Q(ζp)/Q is tame. Since the compositum of tame extensions is tame, we see that Q(ζn)/Q
and hence K/Q are also tame.
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9. Local Tame Extensions

9.1. Unramified Extensions.

Proposition 9.1. Let L/K be a finite unramified extension of p-adic fields. Then L/K
has a normal integral basis.

Proof. Let P and p denote the maximal ideals of OL and OK , respectively. Let L =
OL/P and K = OK/p be the residue fields of L and K, respectively. Since L/K is
unramified, L/K is Galois (see [Fis10, Corollary 6.4]) and there is natural identification
of G := Gal(L/K) with Gal(L/K); furthermore, pOL = POL.

By the Normal Basis Theorem L/K has a normal basis generated by some α ∈ L. Let
α be any lift of α to OL and let M = OK [G] ·α. Then M is an OK-submodule of OL and

M

pM
= K[G] · α = L =

OL
POL

=
OL
pOL

.

Hence OL = M +pOL and so by Nakayama’s Lemma we have OL = M := OK [G] ·α. �

9.2. Totally and tamely ramified extensions.

Proposition 9.2. Let K be a p-adic field and let L/K be a totally and tamely ramified
extension of degree e.

(i) There exists a prime element π of K such that L = K( e
√
π).

(ii) Assume further that L/K is Galois. Then K contains the eth roots of unity and
is a cyclic Kummer extension with Kummer generator e

√
π.

Proof. Let πL and πK be prime elements of L and K, respectively. Then πL generates
L over K as K(πL) ⊆ L has ramification index e = [L : K]. Furthermore, we have
πeL = uπK for some u ∈ O×L . Let L and K be the residue fields of L and K, respectively.
As L/K is totally ramified, we have L = K, so there exists v ∈ O×K with u = v in L (in
fact, one can take v to be a (|K| − 1)st root of unity.) The element α := vπK/π

e
L has

residue class α = 1 ∈ L, so we can apply Hensel’s Lemma to the polynomial Xe − α,

which has a root 1 ∈ L that is simple as the derivative eX
e−1

does not vanish outside 0.
Hence there exists β ∈ O×L such that βe = α. Now

(βπL)e = βeπeL = απeL =
vπK
πeL

πeL = vπK ,

so we have L = K(πL) = K(βπL) = K( e
√
vπK).

Since L/K is totally ramified, its Galois group G is equal to the inertia group IP, where
P is the maximal ideal of OL. As L/K is tamely ramified, [Fis10, Theorem 6.11] now

shows that there exists an injection G = IP ↪→ L
×

= K
×

. Hence G is cyclic of degree e
and K contains the eth roots of unity. Since the polynomial Xe − 1 is separable over K,
these roots of unity can be lifted to OK by Hensel’s Lemma. Therefore L/K is Kummer
(see [Yos10a, Lecture 17]) with Kummer generator e

√
π as in part (i). �

Example 9.3. The pth cyclotomic extension Qp(ζp) is totally ramified of degree p−1 over
Qp and can we written as Qp(ζp) = Qp( p−1

√
−p). To see this, consider the prime element

πL = 1− ζp ∈ L = Qp(ζp) and compute the residue class of u−1 = p/(1− ζp)p−1 in L as

p

(1− ζp)p−1
=

p−1∏
i=1

1− ζ ip
1− ζp

=

p−1∏
i=1

i−1∑
j=0

ζjp ≡ (p− 1)! ≡ −1 ∈ L = K = Fp
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using the identity ζp ≡ 1 ∈ L and Wilson’s Theorem. Thus one can take v = −1 in the
preceding proof. Note that Qp does indeed contain the (p− 1)st roots of unity and that
Qp(ζp) is a cyclic Kummer extension with Kummer generator p−1

√
−p.

Proposition 9.4. Let K be a p-adic field and let L/K be a totally and tamely ramified
Galois extension of degree e. Then L/K has a normal integral basis.

More precisely: by Proposition 9.2, there exists a prime element πL of L such that
πeL = πK, a prime element of K. Then for any choice of ui ∈ O×K, α :=

∑e−1
j=0 ujπ

j
L

generates a NIB for L/K.

Proof. First note that since L/K is totally ramified, we have OL = OK [πL] (see [Fis10,
Theorem 6.6]). Let G = Gal(L/K). Then we are reduced to showing that the matrix
sending the OK-basis {1, πL, . . . πe−1

L } to {g(α)}g∈G is invertible over OK .
By Proposition 9.2, L/K is a cyclic Kummer extension of degree e with Kummer

generator πL. Let σ be any generator of G. Then there exists a primitive eth root of
unity ζ such that σ(πL) = ζπL. For 0 ≤ i ≤ e− 1, we have

σi(α) =
e−1∑
j=0

ujσ
i(πL)j =

e−1∑
j=0

ujζ
ijπjL.

Hence setting A = (ujζ
ij)0≤i,j≤e−1 gives

(α, σ(α), . . . , σe−1(α)) = (1, πL, . . . , π
e−1
L )A.

Since A has coefficients in OK , we are reduced to showing that det(A) ∈ O×K . Now

(6) det(A) = (
e−1∏
k=0

uk) det(B) where B = (ζ ij)0≤i,j≤e−1.

But B is a Vandermonde matrix, so

(7) det(B) =
∏

0≤i<j≤e−1

(ζj − ζ i) = ζm
∏

0≤i<j≤e−1

(ζj−i − 1) for some m ∈ N.

Now consider

f(X) := Xe−1 +Xe−2 + · · ·+X + 1 =
e−1∏
k=1

(X − ζk).

For 1 ≤ k ≤ e− 1, we see that (1− ζk) divides f(1) = e. However, since L/K is tamely
ramified, e is relatively prime to the residue characteristic of K. Hence for 1 ≤ k ≤ e−1,
we have (1− ζk) ∈ O×K ; thus by (7) det(B) ∈ O×K , and so by (6) det(A) ∈ O×K . �

9.3. Split tame extensions.

Theorem 9.5. Let L/K be a finite tame Galois extension of p-adic fields. Then L/K
has a normal integral basis.

Proof. We shall follow the proofs of [ET92, Lemma 3.2] and [Kaw86].
Let e be the ramification degree of L/K and let L′/L be the unique unramified extension

of degree e (see [Fis10, Corollary 6.4]). The extension L′/K is tame due to multiplicativity
of ramification degrees in towers. Let L′0 be the maximal unramified subextension of
L′/K. Then L′0/K is Galois (see [Fis10, Corollary 6.4]). By again considering ramification
degrees, we see that L′/K is the compositum of L/K and L′0/K. Hence L′/K is Galois
as it is the compositum of two Galois extensions (see [Yos10a, Lemma 23.2]). We shall
show that L′/K has a NIB.
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Let πK be a prime element of K, let q = |K| and let f = [L : K]. By a minor
adaptation of the proof of Proposition 9.2(i), there exists a prime element πL of L and a
(qf − 1)-st root of unity v such that

(8) πeL = vπK .

Write (qef − 1) = (qf − 1)(qf(e−1) + · · ·+ qf + 1). Now

qf(e−1) + · · ·+ qf + 1 ≡ 1 + · · ·+ 1 = e mod (qf − 1).

Furthermore, as L/K is tame, the ramification group of L/K embeds into L
×

(see [Fis10,
Theorem 6.11]); hence e divides qf − 1. Therefore qef − 1 is divisble by (qf − 1)e and so
there exists a (qef − 1)-st root of unity u in L′0 such that v = ue. Let πL′ = u−1πL. Then
πL′ is a prime element of L′ and by (8) we have πeL′ = πK .

Letting K ′ = K(πL′) we see that L′/K is the compositum of the maximal unramified
subextension L′0/L and the totally ramified extension K ′/K. Let G = Gal(L′/K), let
Γ = Gal(L′/K ′) and let I = Gal(L′/L′0) be the inertia subgroup of G. Note that K ′ and
L′0 are linearly disjoint over K and I ∩ Γ is trivial.

L′

L′0

I

K ′

Γ

K

This situation is sometimes referred to as L′/K being a split extension. We remark that
K ′/K need not be Galois.

Let τ be a generator of I and let σ be the (arithmetic) Frobenius element of Γ. Then
τ is of order e and σ is of order ef . By Proposition 9.1 there exists a normal integral
basis of L′0/K generated by some β ∈ OL′0 . By Proposition 9.4 we see that, in particular,

α :=
∑e−1

i=0 π
i
L′ generates a NIB for L′/L′0. Therefore

OL′ =
e−1⊕
i=0

τ i(α)OL′0 =
e−1⊕
i=0

ef−1⊕
j=0

τ i(α)σj(β)OK .

Since β is in L′0, the fixed field of I = 〈τ〉, we have τ(β) = β. Since α is in K ′, the fixed
field of Γ = 〈σ〉, we have σ(α) = α. Therefore τ iσj(αβ) = τ i(α)σj(β) for all i and j;
hence αβ generates a NIB of L′/K. By Proposition 6.1, TrL′/L(αβ) generates a NIB for
L/K. �

Remark 9.6. The extension L′/K in the proof of Theorem 9.5 is referred to as ‘split’
because the group extension

(9) 1 −→ I −→ G
ρ−→ G/I −→ 1

is split, that is, there exists a group homomorphism λ : G/I → G such that ρ ◦ λ is the
identity map on G/I. To see this, let ∆ = Gal(L′/K ′) = Gal(L′/K) = Gal(L′0/K). As
L′/K ′ is unramified, there is a natural identification of Γ with ∆. However, there is also
a natural identification of ∆ with G/I. Hence there exists an injective map λ : G/I ↪→ G
with image Γ. In fact, since I ∩Γ is trivial, the natural projection ρ : G→ G/I restricted
to Γ is also injective, and so λ can be chosen such that ρ ◦ λ is the identity map on G/I.

Suppose conversely L/K is a finite tame Galois extension with Galois group G and
inertia subgroup I, and that the corresponding that the group extension (9) is split.
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Then there exists a group homomorphism λ : G/I → G such that ρ ◦ λ is the identity
on G/I; let J be the image of λ in G and let F be the fixed field of J . Let L0/K be the
maximal unramified subextension of L/K; then L0 is the fixed field of I. Now I ∩ J is
trivial and F and L0 are linearly disjoint over K. We have the following field diagram.

(10) L

L0

I

F

J

K

Since L0 is the maximal unramified subextension of L/K and L0 ∩ F = K, we see that
F/K is totally ramified and hence L/F is unramified. Note that F/K need not be Galois
and that image of the splitting λ and hence its fixed field F need not be unique.

Example 9.7. Let F = Q7( 3
√

7) and L0 = Q7(ζ342). As Q7 contains the sixth roots of
unity, F/Q7 is a totally and tamely ramified Galois (in fact Kummer) extension of degree
3. Since 342 = 73−1, we see that L0 is the unique unramified extension of Q7 of degree 3.
Let L be the compositum of L0 and F . Then Gal(L/Q7) ∼= C3×C3, so L/Q7 has precisely
four intermediate fields; call these M1,M2,M3 and M4. Note that the compositum of any
two distinct Mi’s is L. Without loss of generality, suppose M1 = L0 and M2 = F . Since
M1 is the unique unramified extension of Q7, we see that Mi/Q7 is totally ramified and
L/Mi is unramified for i = 2, 3, 4; hence, in order to show that L/Q7 is split, we could
have taken F to be Mi for any i = 2, 3, 4. This example also shows that the compositum
of two totally ramified extensions need not be totally ramified.

Remark 9.8. Let L/K be a finite tame split Galois extension with Galois group G and
inertia subgroup I. We can use Remark 9.6 to give an explicit description of G. Suppose
that L0, F, I and J are as in (10). Let e = [L : L0] = |I| and f = [L : F ] = |J |. As L/K
is tame, I is cyclic; let τ be a generator of I. As L/F is unramified, J identifies naturally
with ∆ := Gal(L/K) = Gal(L/F ) = Gal(L0/K); hence J is cyclic generated by σ, the
element corresponding to the (arithmetic) Frobenius σ in ∆.

Let q = |K| and let z be a primitive (qe − 1)-st root of unity in L. Then L0 = K(z).
Since F/K is totally and tamely ramified, by Proposition 9.2(i) there exists a prime
element π of F such that πe is a prime element of K. Note that π is also a prime element
of L and by Proposition 9.2(ii) π is a Kummer generator for L/L0; hence τ(π) = tπ for
some primitive e-th root of unity t. Clearly we have σ(π) = π and τ(z) = z.

Since σ is the (arithmetic) Frobenius of L/K, we have σ(x) = xq for every x ∈ L. As
the (qf − 1)-st roots of unity are distinct in L, we conclude that σ(z) = zq. Now τ fixes
(powers of) z, so we have στσ−1(z) = z. Furthermore, στσ−1(π) = στ(π) = σ(tπ) = tqπ.
However, we also have τ q(z) = z and τ q(π) = tqπ; therefore στσ−1 = τ q since elements
of G are determined by their action on z and π.

We conclude that G = 〈τ, σ | τ e = σf = 1, στσ−1 = τ q〉.

9.4. The associated order.

Proposition 9.9. Let K be a p-adic field and let L/K be a finite Galois extension
with group G. Let AL/K = {x ∈ K[G] | xOL ⊆ OL} be the associated order. Then
AL/K = OK [G] if and only if L/K is tamely ramified.
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Proof. Suppose that L/K is tamely ramified. Then by Theorem 9.5, OL is free of rank
1 over OK [G]. However, by Proposition 3.15, AL/K is the only OK-order in K[G] over
which OL can possibly be free. Therefore AL/K = OK [G].

Suppose that L/K is wildly ramified. Let πK be a prime element of K. Then by
Proposition 7.2, (πK) divides the OK-ideal TrL/K(OL). Hence 1

πK
TrL/K = 1

πK

∑
g∈G g ∈

AL/K , so AL/K 6= OK [G]. �

Corollary 9.10. Let K be a p-adic field and let L/K be a finite Galois extension with
group G. Then L/K has a normal integral basis if and only if L/K is tamely ramified.

Proof. If L/K is tamely ramified then L/K has a NIB by Theorem 9.5. If L/K is wildly
ramified then OK 6= AL/K by Proposition 9.9 and so OL cannot be free over OK [G] by
Proposition 3.15. �

Remark 9.11. The analogue of Proposition 9.9 holds for number fields. However, the
analogue of Corollary 9.10 does not hold for number fields: tameness is a necessary but
not a sufficient condition for the existence of a normal integral basis.

9.5. Aside: Abhyankar’s Lemma.

Proposition 9.12. Let K be a p-adic field. Let L/K and K ′/K be finite tame Galois
extensions of ramification degrees e and e′, respectively. Let L′ = LK ′ be the compositum
of L and K ′. If e divides e′ then L′/K ′ is unramified.

Proof. Let Γ = Gal(L/K), ∆ = Gal(K ′/K), Σ = Gal(L′/K), and Ω = Gal(L′/K). Then
we have the following field diagram.

L′

L

K ′

Ω

K

Γ

∆

Σ

The map θ : Σ → Γ × ∆ given by σ 7→ (σ|L, σ|K′) is injective as L′ = LK ′. The
compositions of θ with the natural projections onto the factors Γ and ∆ (i.e. σ 7→ σ|L
and σ 7→ σ|K′) are surjective. The same holds with the inertia subgroups Σ0, Γ0 and ∆0

in place of Σ, Γ and ∆.
Let φ : Σ0 � ∆0 denote the surjection given by σ 7→ σ|K′ . Observe that Ω0 = ker(φ)

(in fact, we shall only need Ω0 ⊆ ker(φ)). Hence we need to show that φ is in fact an
isomorphism. Since |∆0| = e′ it suffices to show that |Σ0| divides e′. Note that Σ0, Γ0 and
∆0 are all cyclic since the extensions in question are tame (see [Fis10, Theorem 6.11]).
Now Σ0 can be identified with a cyclic subgroup of Γ0 ×∆0. Since we are assuming that
e divides e′, all elements of Γ0 ×∆0 are of order dividing e′; hence |Σ0| divides e′. �

Remark 9.13. One can use Abhyankar’s Lemma to prove the following result (see [Cor79]).
Let G be any finite abelian group. Then G can be realised as the subgroup of the class
group of a cyclotomic field. So in some sense, class groups can be arbitrarily complicated.

10. Genus and Local freeness

Recall the definitions of Sections 3 and 4. Let O be a Dedekind domain with field of
fractions K. Let Λ be an O-order in a finite-dimensional separable K-algebra.

Definition 10.1. A (left) Λ-lattice is a (left) Λ-module which is an O-lattice.



20 HENRI JOHNSTON

Definition 10.2. Two Λ-lattices M and N are in the same genus, or are locally isomor-
phic, if Mp

∼= Np as Λp-modules for each p; in this case we write M ∨N . We say that M
is locally free over rank n if M ∨ Λ(n).

Remark 10.3. This definition of locally free is different from the one given in [Wad10].

Remark 10.4. If M is a free Λ-lattice of rank n, then M is locally free of rank n.

Remark 10.5. By Lemma 4.1, if M and N are Λ-lattices in the same K-vector space V ,
then Mp = Np for almost all p.

Example 10.6. Let L/K be a finite Galois extension of number fields with group G. Then
OL is a locally free OK [G]-module of rank 1 if and only if OL,p ∼= OKp [G] (as OKp [G]-
modules) for each prime ideal p of OK .

Theorem 10.7. Let L/K be a finite tame Galois extension of number fields with group
G. Then OL is a locally free OK [G]-module of rank 1.

Proof. Let p be a prime ideal of OK . Recall from [Fis10, Theorem 4.9] that there is a
ring isomorphism

L⊗K Kp
∼=
⊕
P|p

LP.

Therefore we have

OL,p := OL ⊗OK
OKp

∼=
⊕
P|p

OLP
.

Recall that G acts transitively on {P|p}. Let GP be the decomposition group of P, i.e.,
GP is the stabiliser of P under the action of G on {P|p}. Fix a P dividing p. Let R be
a set of representatives of the left cosets of GP in G. Then

OKp [G] =
⊕
g∈R

g(OKp [GP]).

We therefore have ⊕
P|p

OLP
∼= OLP

⊗OKp [GP] OKp [G]

as OKp [G]-modules. However, by Theorem 9.5, OLP
is a free OKp [GP]-module of rank

1. Hence OL,p is a free OKp [G]-module of rank 1. Therefore OL is a locally free OK [G]-
module of rank 1. (Note that we have been sloppy about left vs. right modules here.) �

Theorem 10.8 (Roiter’s Lemma). Let M and N be Λ-lattices. Then M ∨N if and only
if for each nonzero ideal I of O, the condition

0 −→M −→ N −→ T −→ 0, I + annO(T ) = O,
holds for some Λ-exact sequence for some Λ-module T .

Proof. Omitted. See, for example, [Rei03, Theorem (27.1)]. �

Corollary 10.9. Let N be a locally free Λ-lattice of rank n. Let S be a finite set of
non-zero primes of O. Then there exists a free rank n Λ-submodule L of N such that
[N : L]O is not divisible by any prime in S.

Proof. In Theorem 10.8 take M = Λ(n) and I =
∏

p∈S p, and let L = im(M → N). The
result follows once one observes that rad([N : L]O) = rad(annO(T )). �
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Corollary 10.10. Let L/K be a finite tame Galois extension of number fields with group
G. Let S be a finite set of non-zero primes of OK. Then there exists α ∈ OL such that
OK [G] · α is a free submodule of OL and no prime in S divides [OL : OK [G] · α]OK

.

Proof. Combine Theorem 10.7 and Corollary 10.9. �

Remark 10.11. It is easy to see that there always exists α ∈ OL such that OK [G] · α is a
submodule of finite index. By the Normal Basis Theorem there exists β ∈ L such that
L = K[G] · β. Write β = γ/δ for some γ ∈ OL and δ ∈ OK , and take α = γ.

11. Structural results for generalised normal integral bases

We follow [BL96, §2]. Let K be a number field or a p-adic field.

Lemma 11.1. Let L1 and L2 be finite Galois extensions of K. Put L = L1L2 and suppose
that L1 and L2 are arithmetically disjoint over K. Then:

(i) We have AL/L2 = AL1/K ⊗OK
OL2 and AL/K = AL1/K ⊗OK

AL2/K.
(ii) If there exists some α1 ∈ OL1 with OL1 = AL1/K · α1, then OL = AL/L2 · α1.

If there also exists α2 ∈ OL2 with OL2 = AL2/K · α2, then OL = AL/K · α1α2.

Proof. This is [BL96, Lemma 5]; the proof is straightforward. �

Now suppose we have finite Galois extensions L/K and L′/K with K ⊆ L ⊆ L′, and
put ∆ = Gal(L′/K), Γ = Gal(L/K) and Σ = Gal(L′/L). Let π : K[∆] → K[Γ] denote
the K-linear map induced by the projection map π : ∆→ Γ.

Lemma 11.2. Suppose that L′/L is tamely ramified and that OL′ = AL′/K · α′ for some
α ∈ OL′. Then AL/K = π(AL′/K) and OL = AL/K · TrL′/L(α).

Proof. By Corollary 7.3, we have TrL′/L(OL′) = OL. Note that TrL′/L =
∑

σ∈Σ σ is central
in K[∆] since Σ is normal in ∆. Hence

OL = TrL′/L(OL′) = TrL′/L(AL′/K · α) = AL′/K · TrL′/L(α) = π(AL′/K) · TrL′/L(α).

That AL/K = π(AL′/K) now follows from Proposition 3.15. �

12. Leopoldt’s Theorem

For every k ∈ N choose a primitive k-th root of unity ζk ∈ C in such a way that for

all k, l ∈ N with k | l we have ζ
l/k
l = ζk (for example, one can take ζk = exp(2πi/k)).

Let this choice be fixed for the rest of this section. For each n ∈ N, we let Q(n) = Q(ζn)
denote the nth cyclotomic field.

12.1. Sums of roots of unity.

Lemma 12.1. Let p be a prime, a, b, k ∈ Z and k ≥ 1. Then

pk−1∑
t=0

ζa+bt
pk

=

{
ζa
pk
pk if vp(b) ≥ k,

0 otherwise.

Proof. Straightforward. �

Lemma 12.2. Let p be a prime, n,m ≥ 1 (n ≥ 2 if p = 2) and 0 ≤ k ≤ n+m. Then

TrQ(pn+m)/Q(pn)(ζpk) =

{
ζpkp

m if k ≤ n,
0 otherwise.
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Proof. We have

TrQ(pn+m)/Q(pn)(ζpk) =

pm−1∑
i=0

σ1+ipn(ζpk) = ζpk

pm−1∑
i=0

ζ ip
n

pk

where σi is the automorphism of Q(ζpn+m) = Q(pn+m) mapping ζpn+m 7→ ζ ipn+m (and so

ζpk 7→ ζ i
pk

). The result now follows from Lemma 12.1. �

12.2. The cyclotomic case.

Proposition 12.3. Let p be a rational prime and let n ∈ N (n ≥ 2 if p = 2). Let
G = Gal(Q(pn)/Q) and let α =

∑n
k=1 ζpk . For 1 ≤ k ≤ n, let ek = p−(n−k)TrQ(pn)/Q(pk).

Then
Z[ζpn ] = AQ(pn)/Q · α and AQ(pn)/Q = Z[G][{ek}n−1

k=1 ].

Proof. Suppose p is odd. By Lemma 12.2 we have

(11) ek(ζpl) =

{
ζpl if 0 ≤ l ≤ k,
0 otherwise.

However, ek(gζpl) = g(ekζpl) for all g ∈ G and all primitive pl-th roots of unity are
G-conjugate. Therefore ek ∈ AQ(pn)/Q for 1 ≤ k ≤ n (note en = 1). Hence

B := Z[G][{ek}n−1
k=1 ] ⊆ AQ(pn)/Q

and so B · α ⊆ Z[ζpn ]. By (11), we have (ek − ek−1)(α) = ζpk for 2 ≤ k ≤ n and so
g(ek − ek−1)(α) = gζpk for 2 ≤ k ≤ n and for all g ∈ G. Similarly, ge1(α) = gζp for all
g ∈ G. Hence Z[ζpn ] ⊆ B · α and therefore Z[ζpn ] = B · α. By Proposition 3.15 we must
have B = AQ(pn)/Q.

The proof for the case p = 2 is similar; one should note that Q(2) = Q and so e1 =
2−(n−1)TrQ(2n)/Q. �

Definition 12.4. For n ∈ N, let r(n) denote the product of all primes dividing n.

Proposition 12.5. Let n ∈ N with n 6≡ 2 mod 4. Let α =
∑

r(n)|d|n ζd. Then Z[ζn] =
AQ(n)/Q · α.

Proof. Use Proposition 12.3 and Lemma 11.1. �

12.3. The general case.

Lemma 12.6. Let K be a finite abelian extension of Q of conductor n. Then Q(n)/K is
tamely ramified at all primes lying above odd rational primes.

Proof. Let p be an odd prime dividing n. Then we can write n = prm with r ≥ 1 and
p - m. Let N = KQ(pm); then N is an intermediate field between Q(prm) and Q(pm). Since
Gal(Q(prm)/Q(pm)) is cyclic of order pr−1, we see that N must be of the form Q(psm) for
some 1 ≤ s ≤ r. But by definition of conductor we must have N = Q(prm). Now N/K
is tamely ramified at primes above p since Q(pm)/Q is tamely ramfied at p. Therefore
Q(n)/K is tamely ramified at all primes above odd primes dividing n. However, the primes
ramified in Q(n)/Q are precisely those dividing n. Hence Q(n)/K is tamely ramified at
all primes lying above odd rational primes. �

Lemma 12.7. Let K be a finite abelian extension of Q of conductor n. If n is odd or
i ∈ K then Q(n)/K is tamely ramified.
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Proof. By Lemma 12.6 we are immediately reduced to considering primes above 2 in the
case that i ∈ K. In this case, one can give essentially the same proof as that of Lemma
12.6 once one notes that the conductor of K is divisible by 4 and Gal(Q(2r)/Q(4)) is cyclic
of order 2r−2. �

Remark 12.8. The field Q(
√

2) is of conductor 8, but Q(8)/Q(
√

2) is wildly ramified at
(
√

2). More generally, for every n ∈ N the extension Q(2n)/Q is totally wildly ramified
at 2. Hence for any K of conductor 2n with K 6= Q(2n), the extension Q(2n)/K is wildly
ramified at a prime above 2.

Theorem 12.9. Let K be a finite abelian extension of Q of conductor n. Suppose that
either n is odd or i ∈ K. Let α = TrQ(n)/K(

∑
r(n)|d|n ζd). Then OK = AK/Q · α.

Proof. By Proposition 12.5, we have Z[ζn] = AQ(n)/Q · (
∑

r(n)|d|n ζd). By Lemma 12.7

Q(n)/K is tamely ramified. The result now follows from Lemma 11.2. �

Remark 12.10. One can prove Leopoldt’s Theorem for all finite abelian extensions of Q
in almost the same way as above by using the ‘adjusted trace map’ as defined in [Joh06].
Leopoldt gave his original proof in [Leo59]; a simplified approach can be found in [Let90].
These take a different approach to that given here; some of the results are more explicit
and thus are more useful for certain applications.

Remark 12.11. One can give a more explicit description of the associated order by using
Proposition 12.3 and Lemmas 11.1 and 11.2. It is easy to check directly that the associated
order is the integral group ring if and only if n is odd square-free and that in this case we
have

∑
r(n)|d|n ζd = ζn; hence we can recover the Hilbert-Speiser Theorem from Theorem

12.9 using Proposition 3.15 and the fact that a finite abelian extension K/Q is tamely
ramified if and only if it is of odd square-free conductor.

In fact, one can show that the associated order is generated over the integral group
ring by the idempotents eH := |H|−1

∑
h∈H h , where H ranges over all higher (i.e. wild)

ramification groups. This approach was first explored (and pushed further) in [Jac64].

Remark 12.12. There are several relative versions of Leopoldt’s Theorem for absolutely
abelian extensions of Q (i.e. L/K with L/Q abelian). See [CL93], [Ble95], [BL96] and
[Joh08]. Lettl has also shown that for any extension L/K with L/Qp finite abelian, OL
is free over AL/K (see [Let98]). Thus given L/K with L/Q finite abelian, OL is locally
free over AL/K (OL need not be free over AL/K in this case - see Remark 6.3).

13. Maximal Orders

For further details on the material presented here, see [FD93].

Definition 13.1. A unital left R-module is said to be simple if it is nonzero and has no
proper nonzero submodules, semisimple if it is the sum (or equivalently the direct sum)
of simple R-submodules.

Definition 13.2. A ring R is (left) semisimple if the left R-module R is semisimple, i.e.,
if R is the direct sum of minimal (nonzero) left ideals.

Remark 13.3. There is also the notion of ‘right semisimple’. However, one can show that
this coincides with the notion of ‘left semisimple’, so we shall henceforth drop the qualifier
‘left’. One can also show that a ring is simple if and only if it contains no proper nonzero
two-sided ideals.



24 HENRI JOHNSTON

Theorem 13.4 (Wedderburn Decomposition Theorem). Every semisimple ring R is iso-
morphic to a finite direct product of matrix rings over division rings. If R is commutative,
then R is isomorphic to a finite direct product of fields.

Example 13.5. Let K be a field of characteristic 0 and let G be a finite group. Then
Maschke’s Theorem says that the group algebra K[G] is semisimple.

Definition 13.6. Let R be a noetherian integral domain with field of fractions K and
assume R 6= K. Let A be a finite-dimensional K-algebra. Let Λ be an R-order in A. We
say that Λ is maximal if Λ is maximal with respect to inclusion.

Examples 13.7. Let K be a number field and let G be a finite group.

(i) The ring of integers OK is the unique maximal Z-order in K.
(ii) Then group ring OK [G] is a maximal OK-order in K[G] if and only if G is trivial.

(iii) The matrix ring Matn×n(OK) is a maximal OK-order in Matn×n(K). However,
it is not the unique maximal OK-order unless n = 1. For example, let a be a
proper non-zero ideal of OK . Then(

OK a−1

a OK

)
is another maximal OK-order in Mat2×2(K).

Remark 13.8. Let K be a number field or a p-adic field. Let A be a semisimple K-algebra.
Then from the Wedderburn Structure Theorem one can show that there exists a unique
maximal OK-order in A if A is commutative. If A is not commutative then maximal
OK-orders need not be unique, as shown by Examples 13.7(iii).

Example 13.9. Let p be an odd prime. Let g be a generator of Cp and define Q-algebra
homomorphisms by

ε : Q[Cp] −→ Q α : Q[Cp] −→ Q(ζp)
p−1∑
i=0

cig
i 7→

p−1∑
i=0

ci

p−1∑
i=0

cig
i 7→

p−1∑
i=0

ciζ
i
p.

Then the map ϕ : Q[Cp] −→ Q×Q(ζp), x 7→ (ε(x), α(x)) is surjective; injectivity follows
from the fact that both Q-algebras have dimension p. Hence ϕ is an isomorphism.

LetM = ϕ−1(Z⊕Z[ζp]). ThenM is the unique maximal Z-order in Q[Cp] and hence
contains the group ring Z[Cp]. Let β (resp. π) denote the projection of Z[ζp] (resp. of Z)
onto Fp = Z[ζp]/(1− ζp)Z[ζp] = Z/pZ. Then π ◦ ε|Z[Cp] = β ◦ α|Z[Cp] and so

ϕ(Z[Cp]) ⊆ {(x, y) ∈ Z⊕ Z[ζp] | π(x) = β(y)}.
It is straightforward to show that the containment is in fact an equality. Hence

[Z⊕ Z[ζp] : ϕ(Z[Cp])] = [M : Z[Cp]] = p.

Another way to think about this situation is terms of idempotents. Let e1 = 1
p

∑p−1
i=0 g

i

and let e2 = 1 − e1. It is straightforward to check that e2
1 = e1, e2

2 = e2 and e1e2 = 0.
Furthermore, φ(e1) = (1, 0) and φ(e2) = (0, 1). Hence M = Z[G][e1, e2] = Z[G][e1] and
so [M : Z[G]] = [Z[G][e1] : Z[G]] = p.

Remark 13.10. It is often useful to consider maximal orders because they sometimes allow
us to reduce to well-known cases such as rings of integers of number fields. Arbitrary
maximal orders also have nice properties; in particular, they are hereditary, i.e., every
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left ideal of a maximal order Λ is a projective Λ-module. (We shall not prove this; see
[Rei03] for further reading on maximal orders.)

Let R be a noetherian integral domain with field of fractions K. Let n ∈ N and let
Λ = Matn×n(R). Then Λ is an R-order in Matn×n(K). Let elk denote the matrix (xij) ∈ Λ
with xij = 0 for (i, j) 6= (k, l) and xkl = 1.

Proposition 13.11. Let X be a left Λ-module. Then X is free of rank d over Λ if and
only if e11X is free of rank nd as an R-module. Furthermore, suppose {ωj,k | 1 ≤ j ≤
d, 1 ≤ k ≤ n} is an R-basis for e11X. For 1 ≤ j ≤ d, let ωj = e11ωj,1 + · · · + en1ωj,n.
Then X = Λω1 ⊕ · · · ⊕ Λωd.

Proof. Suppose that X is free of rank d over Λ. Then e11 ‘cuts out the first row of each
Λ’ in X ∼= ⊕di=1Λ and so e11X is of the desired form.

Suppose conversely that {ωj,k | 1 ≤ j ≤ d, 1 ≤ k ≤ n} is an R-basis for e11X. Define
ωj for 1 ≤ j ≤ d as above. Clearly Λω1 + · · · + Λωd ⊆ X. For the reverse inclusion
note that X = e11X ⊕ · · · ⊕ ennX because e11 + · · · + enn is the n × n identity matrix
and eiiejj = 0 for i 6= j. Since eiiX = ei1e11e1iX ⊆ ei1e11X, it suffices to prove that
e11X ⊆ Λω1 + · · · + Λωd. This follows from ωj,k = e11ωj,k = e1jωk ∈ Λωk. Therefore
X = Λω1 + · · ·+ Λωd.

For i 6= k we have eiiX = eikekkekiX ⊆ eikekkX and so

dimK ⊗R eiiX ≤ dimK ⊗R eikekkX ≤ dimK ⊗R ekkX.

Hence nd = dimK ⊗R e11X = dimK ⊗R eiiX for 1 ≤ i ≤ n and so dimK ⊗R X =
dimK ⊗R (⊕ni=1eii)X = n2d. However, dimK ⊗R Λωj ≤ dimK ⊗R Λ = n2. This forces
the sum on the right of K ⊗R X = (K ⊗R Λω1) + · · · + (K ⊗R Λωn) to be direct. Since
X embeds into K ⊗R X, this shows that X = Λω1 ⊕ · · · ⊕ Λωd. �

Remark 13.12. For a more general version of this result, see [BJ08, §5].

Example 13.13. Using representation theory, one can show that

Q[A4] ∼= Q⊕Q(ζ3)⊕Mat3(Q).

Let M be the maximal Z-order corresponding to Z ⊕ Z[ζ3] ⊕ Mat3(Z) under this iso-
morphism (note that M is not the unique maximal Z-order in Q[A4], but one can show
that every maximal Z-order in Q[A4] is isomorphic toM.) Let e1, e2, e3 be the primitive
idempotents ofM corresponding to (1, 0, 0), (0, 1, 0), (0, 0, 1) in Z⊕Z[ζ3]⊕Mat3(Z). Let
X be a leftM-lattice. Then X is free of rank 1 overM if and only if eiX is free of rank
1 over eiM for i = 1, 2, 3. Note that each eiX is Z-torsion free since X is a Z-lattice. As
Z and Z[ζ3] are both PIDs, e1X and e2X are both free over e1M and e2M respectively.
Furthermore, e3X is free as a Z-module.

Now assume that Q ⊗Z X ∼= Q[A4]. Then eiX must be free of rank 1 over eiM for
i = 1, 2. Furthermore, e3X must be free over Z of rank 32 = 9. Hence by Proposition
13.11, e3X is free of rank 1 over e3M. Therefore X is free over M.

14. A necessary and sufficient condition for freeness

Let E be a number field and G be a finite group. Let A be any OE-order of full rank
in the group algebra A := E[G], and let M be some maximal OE-order in A containing
A. (In fact, the results of this section still hold when the group algebra E[G] is replaced
by any finite-dimensional semisimple E-algebra.)
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Let X be a (left) locally free A-lattice of rank d. (We shall henceforth drop the qualifier
‘left’.) Then X is a projective A-module (proof omitted). HenceM⊗AX is a projective
M-module and so we may identify M⊗A X with the lattice MX := {

∑r
i=1 λixi | λi ∈

M, xi ∈ X, r ∈ N} of the E-vector space EX ∼= E ⊗OE
X. For each prime p of OE, we

define MpXp analogously.

Proposition 14.1. Let X be an A-lattice. Then X is free of rank d if and only if

(i) X is a locally free A-lattice of rank d, and
(ii) there exist α1, . . . , αd ∈ X such that MX =Mα1 ⊕ . . .⊕Mαd.

Furthermore, when this is the case, X = Aα1 ⊕ . . .⊕Aαd.

Proof. If X is a free A-lattice of rank d then (i) and (ii) follow trivially.
Suppose conversely that (i) and (ii) hold and let Y = Aα1 ⊕ . . . ⊕ Aαd ⊆ X. Both

X and Y are locally free A-lattices of rank d and so for each non-zero prime p of OE
there exists an isomorphism fp : Yp −→ Xp of Ap-lattices which extends naturally to an
isomorphism fp :MpYp −→MpXp of Mp-lattices. For each p we have

[Xp : Yp]OEp
= [fp(Yp) : Yp]OEp

= detE(f−1
p )OEp .

However, MY = M(Aα1 ⊕ . . . ⊕ Aαd) = Mα1 ⊕ . . . ⊕ Mαd = MX and so each
fp :MpYp −→MpXp =MpYp is in fact anMp-automorphism and therefore also a OEp-
automorphism. Hence detE(f−1

p ) ∈ O×Ep
and so [Xp : Yp]OEp

= OEp for each p. Together
with the fact that Y ⊆ X, this shows that X = Y . �

For simplicity of exposition, we shall now specialise to the case d = 1. The general
rank d case is given in [BJ08, §2].

Corollary 14.2. Let X be an A-lattice. Then X is free of rank 1 if and only if

(i) X is a locally free A-lattice of rank 1,
(ii) there exists β ∈MX such that MX =M · β, and

(iii) there exists λ ∈M× such that α := λβ ∈ X.

Furthermore, when this is the case, X = A · α.

Most of the following notation is adopted from [BB06]. Denote the center of a ring R
by Z(R). Set C := Z(A) and let OC be the integral closure of OE in C. Let e1, . . . , er be
the primitive idempotents of C and set Ai := Aei. Then

(12) A = A1 ⊕ · · · ⊕ Ar
is a decomposition of A into indecomposable ideals. Each Ai is an E-algebra with identity
element ei. By the Wedderburn Decomposition Theorem (Theorem 13.4), the centers
Ei := Z(Ai) are finite field extensions of E via E → Ei, α 7→ αei, and we have E-
algebra isomorphisms Ai ∼= Matni

(Di) where Di is a division ring with Z(Di) ∼= Ei. The
decomposition (12) gives

(13) C = E1 ⊕ · · · ⊕ Er, OC = OE1 ⊕ · · · ⊕ OEr , and M =M1 ⊕ · · · ⊕Mr,

where we have set Mi :=Mei.

Corollary 14.3. Let X be an A-lattice. Then X is free of rank 1 if and only if

(i) X is a locally free A-lattice of rank 1,
(ii) for each i, there exists βi such that MiX =Mi · βi, and
(iii) there exist λi ∈M×

i such that α :=
∑r

i=1 αi ∈ X and αi := λiβi.

Furthermore, when this is the case, X = A · α.
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Let f be any full two-sided ideal of M contained in A. (For example, if A = E[G]
and A = OE[G] then we can take f = |G|M.) Then we have f ⊆ A ⊆ M ⊆ A. Set
M :=M/f and A := A/f so that A ⊆M are finite rings, and denote the canonical map
M→M by m 7→ m. Note that we have decompositions

(14) f = f1 ⊕ · · · ⊕ fr and M =M1 ⊕ · · · ⊕Mr,

where each fi is a non-zero ideal of Mi and Mi :=Mi/fi.
For each i, let Ui ⊂ M×

i denote a minimal set of representatives of the image of the

natural projection πi :M×
i −→Mi

×
, i.e., πi(Ui) = πi(M×

i ) and |Ui| = |πi(M×
i )|.

Corollary 14.4. Let X be an A-lattice. Suppose that

(i) X is a locally free A-lattice of rank 1, and
(ii) for each i, there exist βi such that MiX =Mi · βi.

Then X is free of rank 1 over A if and only if

(iii) there exist λi ∈ Ui such that α :=
∑r

i=1 αi ∈ X and αi := λiβi.

Furthermore, when this is the case, X = A · α.

Proof. If condition (iii) holds, then the result follows immediately from Corollary 14.3.
Suppose conversely that X is free of rank 1 over A. Then by Corollary 14.3 there exist

λi ∈ M×
i such that α ∈ X where α :=

∑r
i=1 λiβi ∈ X. Now identify MX with the

direct product
∏r

i=1MiX. Under this identification, we have α = (λiβi)
r
i=1. Now as f is

a two-sided ideal of A, we have
r∏
i=1

(λi + fi)(βi) ⊆ (λiβi)
r
i=1 +

r∏
i=1

fi(MiX) = α + fMX ⊆ α +X = X.

Thus for each i we can replace λi with any element of (λi + fi) ∩M×
i . Hence we can

suppose without loss of generality that λi ∈ Ui for each i. �

Remark 14.5. Given conditions (i) and (ii), Corollary 14.4 essentially gives a finite number
of checks to determine whether or not X is free over A. In [BJ08], the rank d version of
Corollary 14.4 is given. In the case that the Wedderburn decomposition E[G] ∼= ⊕χMχ

is explicitly computable and each Mχ is in fact a matrix ring over a field, this leads to
an algorithm that either gives elements α1, . . . , αd ∈ X such that X = Aα1 ⊕ · · · ⊕ Aαd
or determines that no such elements exist.

15. Survey of results

15.1. Locally free class groups. We follow the exposition given in [Rei74]. Let R be
a Dedekind domain with field of fractions K, and let Λ be an R-order in a semisimple
finite-dimensional K-algebra A. We shall denote by ClΛ the (locally free) class group of
Λ, to be defined below.

In particular, ClR is the usual ideal class group, consisting of R-isomorphism classes of
fractional R-ideals in K, and where the group operation is determined by multiplication
of fractional ideals. Recall that a (left) Λ-lattice M is said to be locally free of rank n if
M ∨ Λ(n). The locally free rank one Λ-lattices play the role of fractional ideals, and are
called locally free ideals.

We introduce an equivalence relation on the set of locally free Λ-lattices, writingM ∼ N
if there exist non-negative integers r, s such that

M u Λ(r) ∼= N u Λ(s)
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(here u denotes external direct sum). Let [M ] denote the equivalence class of M . Lattices
in the class [Λ] are called stably free. Given two locally free lattices M and M ′, it can be
shown that

(15) M uM ′ ∼= Λ(t) uM ′′

for some locally free ideal M ′′ and some t ∈ Z≥0 (see [Rei03, Theorem (27.4)]). This
permits us to define ‘addition’ of classes, by setting

(16) [M ] + [M ′] = [M ′′]

whenever (15) holds. It also shows that every class is represented by a locally free ideal.
We now define the (locally free) class group ClΛ as the additive abelian group generated

by the classes [M ] of locally free Λ-lattices M , with addition defined by (16). Note that
the identity element of ClΛ is [Λ], the class of all stably free lattices.

Theorem 15.1 (Jordan-Zassenhaus Theorem; see [Rei03, Theorem (26.4)]). Let Λ be as
above and suppose that K is a global field. For each t ∈ N, there are only finitely many
isomorphism classes of left Λ-lattices of R-rank at most t.

Corollary 15.2. If K is a global field, the locally free class group ClΛ is finite.

Now let L/K be a finite tamely ramified Galois extension of number fields with Galois
group G. Recall from Theorem 10.7 that OL is a locally free OK [G]-module of rank
1. Hence we can consider the class [OL] in Cl(OK [G]). It is important to note that
if [OL] is the trivial element of Cl(OK [G]), this does not necessarily imply that OL is
free over OK [G]. Rather, the triviality of [OL] shows that there exists r ∈ N such that
OL⊕OK [G](r) ∼= OK [G](r+1) as OK [G]-modules. (In fact, in this particular case, one can
always take r = 1.)

Indeed in [Cou94], Cougnard gives an example of a tame Galois extension K/Q with
Galois group Q32 (the generalised quaternion group of order 32) such that OK is stably
free but not free over Z[Q32].

15.2. The Eichler condition. Let F be a number field and let A be a central simple
F -algebra. Let H be the skew field of real quaternions. Then we say that A is a totally
definite quaternion algebra if and only if

(i) A is a quaternion algebra, i.e., [A : F ] = 4,
(ii) F is totally real, i.e., every infinite prime of F is real, and

(iii) AP ∼= H for every infinite prime P of F .

We say that A satisfies the Eichler condition relative to OF and write ‘A is Eichler/OF ’ if
and only if A is not a totally definite quaternion algebra (see [CR87, (45.5)(i)] or [Rei03,
(34.4)]). More generally, if A is a finite-dimensional semisimple F -algebra we say that A
is Eichler/OF if and only if each Wedderburn component Ai is Eichler/OFi

, where Fi is
the centre of Ai.

15.3. Locally free cancellation. Let F be a number field and let Λ be an OF -order
in a finite-dimensional semisimple F -algebra A. Then we say that Λ has locally free
cancellation if for any locally free finitely generated left Λ-modules X and Y we have

X ⊕ Λ(k) ∼= Y ⊕ Λ(k) for some k =⇒ X ∼= Y.

In this case, stably free is equivalent to free, i.e., [X] trivial in ClΛ implies that X is free
over Λ. The Jacobinski Cancellation Theorem says that if A is Eichler/OF then Λ has
locally free cancellation (see [CR87, (51.24)]).
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Now let F be a number field and G be a finite group. Let Λ be any OF -order in F [G].
Then by the above Λ has the locally free cancellation property if, for example, F is totally
complex, or G is abelian, dihedral, symmetric, or of odd order.

15.4. Fröhlich’s Conjecture. Martin Taylor proved Fröhlich’s Conjecture in [Tay81b].
For a survey article, see [Tay81a]. We shall state a special case of Fröhlich’s Conjecture.

Let G be a finite group. Then by the Wedderburn Decomposition Theorem,

R[G] ∼=
r⊕
i=1

Matni
(Di) where Di ∈ {R,H,C}.

We say G satisfies condition ? if Di 6= H for each i (this is non-standard terminology!)
Note that condition ? is equivalent to G having no irreducible symplectic characters.

Theorem 15.3 (Fröhlich’s Conjecture - special case). Let L/K be a tame Galois exten-
sion of number fields with group G. Then [OL]2 is trivial in Cl(Z[G]). Furthermore, if G
satisfies condition ?, then OL is free of rank [K : Q] over Z[G].

Remark 15.4. If G satisfies condition ? then, in particular, Q[G] satisfies the Eichler
condition and so Z[G] has the locally free cancellation property. Note that G satisfies
condition ? if, for example, G is abelian, dihedral, symmetric, or of odd order.

15.5. Realisable Classes. Let G be a finite group and K be a number field. We define
the set of realisable classes R(OK [G]) to be the subset of Cl(OK [G]) consisting of the
classes [OL] defined by tame Galois extensions L/K with Galois group isomorphic to G.
Thus the Hilbert-Speiser Theorem can be interpreted as saying that R(Z[G]) is trivial
when G is abelian. Similarly, a consequence of Fröhlich’s conjecture is that R(Z[G])
consists of elements of order at most two, and is in fact trivial when G has no irreducible
symplectic characters.

In the case that G is abelian, McCulloh ([McC87]) gives an explicit description of
R(OK [G]); in particular he shows that shows that R(OK [G]) is a subgroup of Cl(OK [G])
and that each class of R(OK [G]) is realised by infinitely many extensions L/K.
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[Tay81b] , On Fröhlich’s conjecture for rings of integers of tame extensions, Invent. Math. 63
(1981), no. 1, 41–79. MR 608528 (82g:12008)

[Wad10] Simon Wadsley, Commutative algebra, Part III course, Cambridge (2010).
[Was97] Lawrence C. Washington, Introduction to cyclotomic fields, second ed., Graduate Texts in

Mathematics, vol. 83, Springer-Verlag, New York, 1997. MR 1421575 (97h:11130)
[Yos10a] Teruyoshi Yoshida, Galois theory, Part II course, Cambridge (2010).
[Yos10b] , Notes on class field theory, Postech summer school 2010.

Department of Mathematics, University of Exeter, Exeter, EX4 4QF, U.K.
E-mail address: H.Johnston@exeter.ac.uk
URL: http://empslocal.ex.ac.uk/people/staff/hj241/


