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Miegunyah Specialist Lectures: Biomedical Modelling 

John R. Terry 

Outline for the week 

Ø  TODAY: Introduce some areas and ideas where mathematical modelling 
may be of use biologically or medically. Highlight some challenges. Introduce 
some core principles of dynamic modelling. [SOLVE A DIFFERENTIAL EQN] 
 
Ø  TOMORROW: Introduce some core theories and techniques (mainly 
bifurcations, networks and graph theory)  
 
Ø  THURSDAY: Focus on the human brain and neurological disease 
 
Ø  FRIDAY: Focus on the endocrine axes and the human stress response 
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Some interesting textbooks 

Why biomedical modelling? 

Ø  Our ability to collect higher quantities and higher qualities of biological 
and clinical data has increased dramatically; particularly in the past 20 years 
 
Ø  These data often span several spatial and/or temporal scales of 
description 
 
Ø  For many chronic conditions, data are collected at regular intervals 
(e.g. bloods, ECG, EEG, fMRI, biopsies etc.) 
 
Ø  In this context, many diseases should be considered DYNAMIC 
 
Ø  Processes varying over time specific to each individual 
 
Ø  Mathematical models are therefore ideal to study these processes 
 
Ø  Computational techniques are also essential to mine BIG DATA 
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What is a mathematical model? 

Ø  The OED states: “a simplified or idealised description put forward as a 
basis for empirical understanding” 
 
Ø  Box: “All models are wrong but some are useful” 
 
Ø  Einstein: “Make everything as simple as possible, but no simpler” 
 
Ø  Should somehow allow us to comprehend critical features of the system 
without worrying about the “small details” 
 
Ø  Simulating computationally a model should be more efficient then  
constructing a real-life prototype or studying the system directly 
 
Ø  In general a mathematical model is a trade-off between simplicity and 
accuracy 

What do we really mean by a DYNAMIC disease? 

Ø  A condition whose symptoms and progression vary over time, or whose 
symptoms themselves are dynamic 
 
Ø  Diabetes (HbA1c (measure of average blood glucose concentration varies 
over time and in response to meds or diet)) 
 
Ø  Parkinson’s Disease (tremor and rigidity believed to be caused by a  
pathological oscillation of around 20Hz in the basal ganglia. Can be relieved 
by high frequency stimulation of this brain region.) 
 
Ø  Cardiac arrhythmias (can be chronic or transient. A pacemaker can control 
symptoms or shock the heart back into sinus rhythm). 
 
Ø  Epilepsy (seizures: a transient loss of (some) cognitive functioning) 
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Diabetes: Controlling blood glucose levels 

Ø  HbA1c level above 6.5 defines diabetes 
 
Ø  1st Challenge: What is the cause of elevated glucose levels?  

 - Loss of insulin producing cells (in the pancreas) 
 - Loss of sensitivity to insulin 

 
Ø  First line treatment could be diet, then second and third line drugs or insulin 
tablets, before direct insulin injections   
 
Ø  2nd Challenge: Which treatment when? 

Diabetes: Controlling blood glucose levels 

Ø  Scientists at Exeter have identified some key genes responsible for  
susceptibility to diabetes 
 
Ø  Could these genes suggest the most appropriate treatment? 
 
Ø  Have longitudinal database of several thousand patients 
 
Ø  Could machine learning help reveal hidden patterns? 
 
Ø  Metformin has been suggested as an anti-ageing drug! 
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Metformin: An anti-ageing compound? 

New Scientist 

Scientific 
American 

Side-effects of drugs can be 
beneficial!  
 
e.g. Viagra was designed as a drug 
to treat heart disease! 

Dynamics of hormone pulsing (health) 
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Dynamics of hormone pulsing (disease) 

Windle RJ et al. 2001, Journal of Neuroendocrinology, 13, 905-911 

Epilepsy: Dynamics over spatial and temporal scales 

Single Unit Population 
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Seizure Evolution 

2-4Hz Spike-Wave Discharge - “textbook” rhythm  
Electroencephalography: 

Basic Principles and Clinical 
Applications 

Niedermeyer and Lopes da Silva 

Patient 1 

Petit-Mal Sonata: Predominant 
EEG seizure patterns in CAE 

Sogawa, Moshé et al. 

Introduction Exposition Development Recapitulation Coda 

Patient 1 

Patient 2 
Petit-Mal Sonata: Predominant 
EEG seizure patterns in CAE 

Sogawa, Mosche et al. 

Seizure Evolution 

2-4Hz Spike-Wave Discharge - “textbook” rhythm  
Electroencephalography: 

Basic Principles and Clinical 
Applications 

Niedermeyer and Lopes da Silva 
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Could different disorders share common mechanisms?  

French meaning “twisting of the spikes” -  abnormal transient  
arrhythmia that can lead to death 

Spike-wave discharge – a transient seizure lasting up to tens  
of seconds 

Could different disorders share common mechanisms?  

Dynamic equations of motion (variables, parameters) 

Positive and negative feedback 

€ 

τ Time Delays 

A number of ingredients are common when building a model: 

Systems with negative feedback and delay are prone to oscillate 

Mathematical models can help elucidate these mechanisms 
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Time 
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(Cranky old shower) 

Delay! 

The Differential Equation (the foundation of a dynamic model) 

Put simply, a differential equation is a rule f, that describes how a variable 
x or variables x, vary over time t. Typically the rule f also contains parameters 
p that are fixed over time. 

dx
dt

= f (x, p, t)

Here the LHS of the equation read “the rate of change of x with respect to t” 
 
   reflects a vector quantity. That is a set of N quantities,  
 
e.g. x = { x1 , x2 , … , xN } or p = { p1 , p2 , … , pN } 
 
In principle if we also provide a set of initial conditions x(t0) = x0 then the 
“initial value problem” can be solved for all future time t. 
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The Differential Equation (the foundation of a dynamic model) 

dx
dt

= f (x, p)
If the differential equation can be expressed with no explicit dependence on t: 

then we describe the equation as autonomous. 
 
If we can write the system as:   

dx
dt

=Ax + b

where A is a matrix, then we say the system is a linear differential equation. 
 
Otherwise we say the system is a non-linear differential equation. 
 
In general linear equations are easy to solve.  
Most real-world problems are modelled by non-linear equations. 

The Differential Equation (the foundation of a dynamic model) 

For example: 
dx
dt
= ax + b,              x(0) = x0

http://www.mathsisfun.com/calculus/integration-rules.html 
Alternatively – cheat! 
http://www.integral-calculator.com 
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The Differential Equation (the foundation of a dynamic model) 

For example: 
dx
dt
= ax + b,              x(0) = x0

has a solution:  x(t) = (ax0 + b)e
at − b

a

HOWEVER – is this solution the only one? 

Existence and Uniqueness Theorem for IVPs 
 

http://www.sosmath.com/diffeq/first/existence/existence.html 

The Differential Equation (the foundation of a dynamic model) 

-  On the other hand – biomedically interesting equations… 
 

-  Hill (1910) – oxygen binding to hemoglobin 
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The Differential Equation (the foundation of a dynamic model) 

-  On the other hand – biomedically interesting equations… 
 

-  Kermack & McKendrick (1927) – the S-I-R epidemic model 

The Differential Equation (the foundation of a dynamic model) 

-  On the other hand – biomedically interesting equations… 
 

-  Hodgkin & Huxley (1952) – the squid giant axon 
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The Differential Equation (the foundation of a dynamic model) 

These examples have all been non-linear differential equations. 
 
However, in many circumstances we can use a “trick” called the  
linearisation theorem (or the Hartman-Grobman theorem) to help us 
make sense of the behaviour of these more complex systems. 
 
Basically this theorem says that the behaviour of a differential equation 
in a region close to an equilibrium point is qualitatively the same as 
its linear approximation… 

YOU WHAT?! 

What is an equilibrium point and what is a linear approximation? 

The Differential Equation (the foundation of a dynamic model) 

Equilibrium point (also known as a steady-state or fixed point) 
 
x* is an equilibrium point or fixed point of the differential equation: 

dx
dt

= f (x, p)

if f(x*) = 0. 

Recall that the derivative means the “rate of change of x with respect to t” 
 
So if the derivative is 0 at x* this means the system stays at x* for all future 
t. i.e. it’s in equilibrium; fixed; steady… 
 
Example dx

dt
= 3x −1

x = 1/3 is a fixed point 
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The Differential Equation (the foundation of a dynamic model) 

Equilibrium point (also known as a steady-state or fixed point) 
 
x* is an equilibrium point or fixed point of the differential equation: 

dx
dt

= f (x, p)

if f(x*) = 0. 

Example dx
dt
= 4− x2

x = 2 or -2 are fixed points 

The Differential Equation (the foundation of a dynamic model) 

Okay, so that’s all well and good, but what happens in a neighbourhood 
of the fixed point? 
 
If I don’t start exactly on a fixed point, can I tell what the system will do? 
 
STABILITY of a fixed point 
 
Suppose x* is a fixed point of 

dx
dt

= f (x, p)

then x* is locally stable if: 

∀ε > 0,   ∃δ > 0  s.t.  x0 − x
* < δ      ⇒      x(t)− x* < ε

∀ t > t0

Trick: Differentiate f wrt x. Evaluate it at the fixed point e.g. f’(x*). 
If it’s positive, then x* is unstable. If it’s negative, then x* is stable. 
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The Differential Equation (the foundation of a dynamic model) 

But what if I can’t differentiate or f is complicated? 
 
SOLUTION: Forget maths, and draw stuff instead! 
 
 
 
 
 
 
 
 
 
 
 
 
Qualitative Theory of Differential Equations 

Examples dx
dt
= 3x −1 dx

dt
= 4− x2

The Differential Equation (the foundation of a dynamic model) 

Okay, so equilibrium points seem manageable, but what is a  
linear approximation? 
 
Simple answer: Take your nonlinear system  
 
 
 
and throw away the nonlinear terms within f… 
 
More honest answer: Involves a “series expansion” of your function 
f around the point x* about which you would like to linearise. 
 
Qualitative Theory of Differential Equations 
 
If you can’t draw the solution yourself, have a computer do the  
hard work for you… 

dx
dt

= f (x, p)

(other online plotting tools are available) 
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Building a mathematical model (Biochemical Kinetics) 

Biochemical reactions are continually taking place in all living organisms. 
 
Essential for healthy function, often breakdown in disease. 
 
Almost all reactions involve enzymes: catalysts that act selectively on 
compounds termed substrates. 
 
e.g. In the earlier example of Hill’s work – hemoglobin is an enzyme, 
oxygen is a substrate. 
 
‘Kinetics’ relates to the rates of change in the concentrations of the reactants. 
 
So in principle a differential equation is an appropriate tool to model a  
biochemical reaction. 

Building a mathematical model (Biochemical Kinetics) 

Proposition: The Law of Mass Action states that the rate of reaction is 
proportional to the concentration of the reactants. 
 
Essentially this states that if chemicals A and B combine to produce a chemical 
C through the reaction: 
 
 
 
then the rate of reaction is given by kAB, where A and B now denote  
concentrations of the chemicals.  
 
We may define this mathematically as follows: 
 
 
 
 
 
This is of course only an approximation. Works well when chemical are  
dilute. 
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Building a mathematical model (Biochemical Kinetics) 

There’s no reason why a “back” reaction could not occur.  
 
In fact it’s a consequence of thermodynamic principles that reactions can  
occur reciprocally:  
 
 
 
 
In this case we would use the following equation to model this scenario: 
 
 
 
 
 
 
Note that C = [AB] is often referred to as a complex. 

Building a mathematical model (Biochemical Kinetics) 

The Michaelis-Menten Reaction (aka Michaelis-Menten Kinetics) 
 
One of the most straightforward enzyme reactions. First described in 1913 
(not long after Hill’s work on hemoglobin / oxygen).   
 
Consists of an enzyme E, a substrate S, a complex SE and a product P. 
 
 
 
 
 
 
 
Concentrations of these reactants are typically labelled as follows: 
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Building a mathematical model (Biochemical Kinetics) 

Applying the Law of Mass Action to: 
 
 
 
 
 
 
gives: 
 
 
 
 
 
where: 
 
 
This type of model underpins many of the gene regulation networks and 
endocrine dynamics that we will study on Friday. 

Building a mathematical model (Biochemical Kinetics) 

NOTES: 
 
Not all of the variables are independent. 
 
For example, if we know the value of c, then we can determine p. 
 
Further, the enzyme, E, is a catalyst (e.g. it speeds up a reaction but is not 
used up in the reaction). Therefore its total concentration (free plus combined) 
remains constant.  CONSERVATION 

LAW 
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Building a mathematical model (Biochemical Kinetics) 

NOTES: 
 
Not all of the variables are independent. 
 
For example, if we know the value of c, then we can determine p. 
 
Further, the enzyme, E, is a catalyst (e.g. it speeds up a reaction but is not 
used up in the reaction). Therefore its total concentration (free plus combined) 
remains constant.  CONSERVATION 

LAW 

becomes 

Building a mathematical model (Biochemical Kinetics) 

To make further progress here we must “non-dimensionalise” the system. 
 
In general this is a non-unique process consisting of the following steps: 
 
1.  Identify all independent and dependent variables 

 
2.  Replace each with a quantity that has been scaled relative to a  

characteristic unit of measure (that you decide upon!) 
 

3.  Choose the definition of this unit, so that the coefficients of as many 
terms as possible become 1. 
 

4.  Divide through by the coefficient of the highest order polynomial or 
derivative. 
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Building a mathematical model (Biochemical Kinetics) 

becomes: 
 
 
 
 
 

where: 

Building a mathematical model (Biochemical Kinetics) 

Here ε is very small, since the initial amount of the enzyme is tiny in 
comparison to the initial amount of the substrate. 
 
Therefore we can assume that: 
 
 
 
which is known as the quasi steady-state approximation 
 
or in other walks of life a fast-slow decomposition 
(because the rate of change of one process is fast compared to the other) 

dv
dt
= 0
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Building a mathematical model (Biochemical Kinetics) 

How do parameters affect the system behaviour? 

BIFURCATION THEORY 

Bifurcation Theory 

Bifurcation – from the French meaning “splitting in two branches”. 
 
A sudden change in the behaviour of the equation, as a parameter(s) is 
smoothly varied. 
 
Mathematically, the definition sounds far more technical to do with the 
topological equivalence of functions that are “close” to each other in 
some way. 
 
Consider a variation on our old friend from last time: 
 
 
 
 
 
 
 
where λ is a parameter. 

dx
dt
= 4− x2

dx
dt
= λ − x2

dx
dt

= f (x, p)
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Bifurcation Theory 

dx
dt
= λ − x2

Q. How does the behaviour of the system change as we vary λ? 
 
A1. System has equilibrium points x = ± √λ. Linearise around each point. 
Apply stability analysis. See how solutions depend on λ. 
 
A2. Draw some solutions and figure it out… 
 
 
 
 
 
 
 
 
 
We say that the equation undergoes a bifurcation when λ = 0. 

BIFURCATION 
DIAGRAM 

The Saddle-Node bifurcation 

Bifurcation Theory 

dx
dt
= λx − x2

This equation has fixed points at x = 0 and x = λ. 
 
Q. How does the behaviour of the system change as we vary λ? 

The Transcritical bifurcation 
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Bifurcation Theory 

dx
dt
= λx − x3

This equation has fixed points at x = 0 and x = ± √λ. 
 
Q. How does the behaviour of the system change as we vary λ? 

The Pitchfork bifurcation 

Bifurcation Theory 

So, to summarise… 

dx
dt
= λ − x2 dx

dt
= λx − x2

dx
dt
= λx − x3

Saddle-Node Transcritical Pitchfork 

Each equation is called the normal form for each bifurcation. 
 
Put simply, a normal form is the simplest differential equation, which is 
equivalent to all systems exhibiting the bifurcation. 
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Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x

Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x
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Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x

Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x
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Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x

Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x
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Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x

Bifurcation Theory 

What about higher dimensions? 
 
Take a very simple 2-d system: 

dx
dt
= y

dy
dt
= −x
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Bifurcation Theory 

The transition from a steady-state to 
an oscillation. 
 
The Hopf Bifurcation 

dx
dt
= λx + y

dy
dt
= −x +λy

λ = 0 

Formal definition beyond the scope of our time here! 

Bifurcation Theory 

The transition from a steady-state to 
an oscillation. 
 
The Hopf Bifurcation 

dx
dt
= λx + y

dy
dt
= −x +λy

Formal definition beyond the scope of our time here! 

x 

y 

λ 

x 

y 

λ 
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Bifurcation Theory 

So far we have considered local bifurcations. That is, how 
varying parameters lead to changes in behaviour within the 
vicinity of a steady-state. 
 
On the other hand, a global bifurcation is one that is not  
caused by a simple change in stability of a steady-state. 
 
Homoclinic Bifurcation 

Heteroclinic Bifurcation 

Bifurcation Theory 

Computing Bifurcations. As with finding steady-states, finding  
bifurcations explicitly is non-trivial for all but the simplest equations. 
 
Equations that we would test you on in examinations, rather than those 
that we might use to model biomedical problems. 
 
Fortunately techniques exist to compute bifurcations, and how they 
depend on parameters, numerically. 
 
Numerical Continuation 
 
Methods for transforming a non-linear differential equation into a  
computationally tractable problem. 
 
Typically this involves transforming the problem into a “linear algebra” 
problem, and then solving this instead. 
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Bifurcation Theory 

Computing Bifurcations:  

Bifurcation Theory 

Hinke Osinga (Auckland) maintains a  
webpage with links to many continuation  
tools: 
 
http://www.dynamicalsystems.org/sw/sw 
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Graph Theory 

•  Branch of mathematics, credited to Euler in the 18th century. 

Here each land mass is represented by a node, and each bridge an edge 
 
Euler’s solution relates to the graph being connected and to the degree  
of each node.  
To traverse each one once requires either 0 or two nodes with odd degree. 
  
These concepts recur later! 

Graph Theory 

•  What’s the relevance to biomedicine? 

Ashall et al, Science (2009) 
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Graph Theory 

•  What’s the relevance to biomedicine? 

Bullmore & Sporns, Nat Rev Neurosci (2009) 

Graph Theory 

•  What’s the relevance to biomedicine? 
 

•  Idea is that behaviour can be characterised and differentiated 
by properties of the network. That is the nodes and the edges 
between them. 
 

•  Many people refer incorrectly to the edge structure when using 
the word “network”. 
 

•  I will probably make this mistake at least once – bring me up on it! 
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Graph Theory 
There are several common types of graphs: 

Modular / 
Multiscale 

Graph Theory 

There are several properties of graphs that are important: 
 
Clustering Coefficient: How likely are the nearest nodes to each other 
to be connected? The proportion that are, relative to the number 
of connections within the whole network.  
Random = low CC, complex network = high CC 
 
Path Length / Efficiency: The minimum number of edges required to get 
from one node to another. 
Average path length is small for both random and complex networks 
 
Hubs and Centrality: Hubs are nodes with high degree, or high centrality. 
Rank order the path lengths between all pairs in a network. How many pass 
through the node in question. 
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Graph Theory 
There are a number of limitations of standard graph theory: 
 
•  Networks should be static and properties in some sense identical 

•  e.g. all land masses are nodes 
  

•  all bridges are edges 
 
 
 
 

 
•  Is this always the case? 

Graph Theory 
Extensions to standard graph theory: 

weighted 

directed 
weighted, 
directed 

unweighted, 
undirected dynamics on 

networks 

What about 
varying over  
time? 
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Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Correlation 
 
The Pearson Correlation Coefficient  
How related (in a linear sense) are two signals? 

Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Correlation 
 
The Pearson Correlation Coefficient  
How related (in a linear sense) are two signals? 
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Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Correlation 
 
The Pearson Correlation Coefficient  
How related (in a linear sense) are two signals? 

Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Correlation 
 
The Pearson Correlation Coefficient  
How related (in a linear sense) are two signals? 
 
Value could be used to assign a weight to an edge 
between two nodes that generated the signals 
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Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Coherence 
 
Similar to correlation – it’s a measure of linear dependency - 
only in frequency space, rather than time 

http://chrisholdgraf.com/correlation-and-coherence-whats-the-difference/ 

Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Granger Causality 
 

Caveat: This should state “above and beyond using  
information contained in the past history of xj  alone.” 
 
Granger: “The topic of how to define causality has kept philosophers 
busy for over two thousand years and has yet to be resolved. It is a  
deep convoluted question with many possible answers which do not  
satisfy everyone, and yet it remains of some importance. Investigators 
would like to think that they have found a "cause", which is a deep  
fundamental relationship and possibly potentially useful.” 

http://www.scholarpedia.org/article/Granger_causality 
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Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

h2 

Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Mutual Information 

MI can be viewed as the reduction in uncertainty about a 
random variable, given knowledge of the other one.  
 
High MI implies a large reduction in uncertainty, low MI 
is a small reduction and 0 MI means they are independent. 
 
Transfer entropy is similar to MI, but is conditional on a third 
process. It is the expected value of the MI of two variables, 
given the value of a third. 

http://www.scholarpedia.org/article/Mutual_information 
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Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  

Graph Theory 
Inferring a graph from data? 

Frontiers in Neuroscience 8: 405 (2014).  


