
ON RIESZ MEANS OF THE COEFFICIENTS OF THE
RANKIN-SELBERG SERIES
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Abstract. We study ∆(x; ϕ), the error term in the asymptotic formula for∑
n≤x cn, where the cn’s are generated by the Rankin-Selberg series. Our main

tools are Voronöı–type formulas. First we reduce the evaluation of ∆(x; ϕ) to that
of ∆1(x; ϕ), the error term of the weighted sum

∑
n≤x(x − n)cn. Then we prove

an upper bound and a sharp mean square formula for ∆1(x; ϕ), by applying the
Voronöı formula of Meurman’s type. We also prove that an improvement of the
error term in the mean square formula would imply an improvement of the upper
bound of ∆(x; ϕ). Some other related topics are also discussed.

1. Introduction and statement of results

Let ϕ(z) be a holomorphic cusp form of weight κ with respect to the full modular
group SL(2,Z), and denote by a(n) the n-th Fourier coefficient of ϕ(z). We suppose
that ϕ(z) is a normalized eigenfunction for the Hecke operators T (n), i.e.

a(1) = 1

and

T (n)ϕ = a(n)ϕ

for every n ∈ N. Rankin [?] and Selberg [?] independently introduced the function

Z(s) = ζ(2s)

∞∑

n=1

|a(n)|2n1−κ−s,

where ζ(s) is the Riemann zeta-function. In the half plane σ = Re(s) > 1 the
function Z(s) has the absolutely convergent Dirichlet series expansion

Z(s) =
∞∑

n=1

cnn
−s (1.1)

with

cn = n1−κ
∑

m2|n

m2(κ−1)|a(n/m2)|2.

Deligne’s estimate |a(n)| ≤ n(κ−1)/2d(n) (cf.[?]), where d(n) is the number of positive
divisors of n, implies

cn = O(nε). (1.2)

1



Here and in what follows ε denotes an arbitrarily small positive number which is
not necessarily the same at each occurrence.

Rankin [?] considered the analytic behaviour of Z(s), and consequently he ob-
tained ∑

n≤x

cn =
1

6
π2κR0x + ∆(x;ϕ)

with

∆(x;ϕ) = O(x3/5) (1.3)

for any x > 1, where

R0 =
12(4π)κ−1

Γ(κ+ 1)

∫∫

F

yκ−2|ϕ(z)|2dxdy,

the integral being taken over a fundamental domain F of SL(2,Z). Selberg [?] also
sketched briefly how to get these results. We will give an alternative proof of (??),
in the frame of our method, in §4.

The first author [?, Theorem 5] proved ∆(x;ϕ) = Ω±(x3/8), and conjectured that

∆(x;ϕ) = O(x3/8+ε). (1.4)

However, no improvement of (??) has been known after Rankin and Selberg. The
reasons for this are, broadly speaking, of “global” and “local” nature. The “global”
reason is that the generating function Z(s) of cn, given by (1.1), does not seem
representable as a square of a “nice” Dirichlet series. This was discussed on p. 156
of [9]. The “local” reason is that, via Theorem 1 and Lemma 2 (with ρ = 1, N = x)
below, the problem of the estimation of ∆0(x;ϕ) is reduced to the problem of the
estimation of exponential sums of the form

Σ(M) :=
∑

M<m≤M ′≤2M

cm exp
(
8πi(xm)1/4)

)
(1 �M � x).

It seems that at present one can only trivially estimate Σ(M) as Σ(M) �M , which
vitiates the efforts to improve (1.3).

The purpose of the present paper is to study ∆(x;ϕ) by the method of Voronöı-
type formulas. We consider the Riesz mean of the type

Dρ(x;ϕ) =
1

Γ(ρ + 1)

∑

n≤x

(x− n)ρcn

for any fixed ρ ≥ 0, and define the error term ∆ρ(x;ϕ) by

Dρ(x;ϕ) =
π2κR0

6Γ(ρ+ 2)
xρ+1 +

Z(0)

Γ(ρ + 1)
xρ + ∆ρ(x;ϕ). (1.5)

Clearly we have

∆ρ+1(x;ϕ) =

∫ x

0

∆ρ(t;ϕ)dt. (1.6)
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Since
∆(x;ϕ) = ∆0(x;ϕ) + Z(0),

hereafter we will discuss ∆0(x;ϕ) instead of ∆(x;ϕ).
The Voronöı-type infinite series expression for ∆ρ(x;ϕ) can be obtained in a

standard way, but we find that the Voronöı series for ∆0(x;ϕ) diverges. This phe-
nomenon makes the study of ∆0(x;ϕ) quite difficult.

However we can reduce, to some extent, the problem of evaluating ∆0(x;ϕ) to
that of evaluating ∆1(x;ϕ), for which the Voronöı series converges.

Theorem 1. If
∆1(x;ϕ) = O(xα) (1.7)

for some α ≥ 0, then we have

∆0(x;ϕ) = O(x
α
2 ). (1.8)

Conversely, if
∆0(x;ϕ) = O(xβ) (1.9)

for some β ≥ 3/8, then we have

∆1(x;ϕ) = O(x
β
3
+1). (1.10)

This result shows the importance of the study of the function ∆1(x;ϕ) (see the
Remark at the end of §3). We will see in Lemma 1 below that the Voronöı series for
∆ρ(x;ϕ) converges only for ρ > 1/2. Therefore the situation of the convergence of
the Voronöı series for ∆1(x;ϕ) is similar to the classical error term

∆(x) =
∑

n≤x

d(n) − x log x− (2γ − 1)x

in the Dirichlet divisor problem (see Chapter 3 of [?]), where γ is Euler’s constant.
Many deep information on ∆(x) was obtained by the use of the Voronöı formula
for ∆(x), so we can expect that the Voronöı formula for ∆1(x;ϕ) will also provide
various information on ∆1(x;ϕ). Combining (??) with the second half of Theorem
1, we obtain the following

Corollary. For any x > 1 we have

∆1(x;ϕ) = O(x6/5). (1.11)

(See the Remark after Lemma 2.)

We shall also prove a result on the mean square of ∆1(x;ϕ), contained in

Theorem 2. For any X > 1 we have
∫ X

1

∆1(x;ϕ)2dx =
2

13
(2π)−4

( ∞∑

n=1

c2nn
−7/4

)
X13/4 + F1(X;ϕ) (1.12)

with
F1(X;ϕ) = O(X3+ε). (1.13)
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The estimate (??) suggests that perhaps the true form of F1(X;ϕ) is

F1(X;ϕ) = X3P (logX) +O(Xθ), (1.14)

where P (y) is a certain polynomial of y which may be identically equal to zero, and
θ ≤ 3. In this paper we cannot prove any improvement on (??), but we shall prove

Theorem 3. If we assume (??), then we have

∆1(x;ϕ) = O(xmax(9/8, θ/3+1/5)). (1.15)

Therefore, if we could reduce the exponent of X in (??), then, via Theorem 3 and
Theorem 1, we could improve the classical estimate (??).

In Section 2 we shall prove the Voronöı–type formulas for ∆1(x;ϕ), both of the
infinite series type (Lemma 1) and of the truncated type (Lemma 2). To prove
Theorem 2, we shall use both of these two lemmas. If we use Lemma 2 only and
apply the method of proof of Theorem 13.5 of [?], we obtain (??) with the weaker
error estimate

F1(X;ϕ) = O(X25/8+ε).

To obtain the sharper estimate (??), we should combine Lemmas 1 and 2 by ap-
pealing to Meurman’s method [?]. Theorem 2 is the analogue of the mean square
formula ∫ X

1

∆(x)2dx =
1

6π2

( ∞∑

n=1

d(n)2n−3/2
)
X3/2 +O(X log5X)

originally due to Tong [?], and Meurman [?] gave a simpler proof of this result.
The asymptotic formula (??) implies ∆1(x;ϕ) = Ω(x9/8), but the stronger result

∆1(x;ϕ) = Ω±(x9/8) follows by applying the general result of Ivić (Theorem 1 of
[?]). In fact, this result implies that there exist two positive constants B1, B2 such
that every interval of the form [x, x + B1x

3/4] for large x contains two points x1, x2

for which ∆1(x1;ϕ) > B2x
9/8
1 and ∆1(x2;ϕ) < −B2x

9/8
2 hold. Hence it is a plausible

conjecture that
∆1(x;ϕ) = O(x9/8+ε).

In view of Theorem 1, this conjecture would imply

∆0(x;ϕ) = O(x9/16+ε),

which is still far from the conjectural bound (??).
In the last section we shall consider another type of Riesz means, namely the

logarithmic means

D̃ξ(x;ϕ) =
1

Γ(ξ + 1)

∑

n≤x

cn logξ(
x

n
) (ξ ≥ 0), (1.16)

and we shall discuss some consequences of a recent result of Vorhauer [?].
The second and third authors would like to thank Professor Shigeru Kanemitsu

for valuable suggestions and Miss Yumiko Ichihara for useful discussions.
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2. Voronöı-type formulas

There are several papers which study Voronöı-type formulas for fairly general
classes of zeta-functions. Here we shall apply a result of Hafner [?] to our ∆ρ(x;ϕ).
The function Z(s) is holomorphic on the whole complex plane except for a simple

pole at s = 1 with the residue
1

6
π2κR0. Moreover, it satisfies the functional equation

Γ(s+ κ− 1)Γ(s)Z(s) = (2π)4s−2Γ(κ− s)Γ(1 − s)Z(1 − s) (2.1)

(see Theorem 3 of Rankin [?]). Therefore we can apply Theorem A, Theorem B and
Lemma 2.1 of Hafner [?] with (in Hafner’s notation)

a(n) = b(n) = cn, λn = µn = 4π2n,

φ(s) = ψ(s) = (2π)−2sZ(s), ∆(s) = Γ(s+ κ− 1)Γ(s),

σa = σ∗
a = 1, N = 2, α1 = α2 = 1, α = 2,

β1 = κ− 1, β2 = 0, r = 1, S = {0, 1},
D = C\S, a = 0, s0 = 1, t0 = κ− 1,

µ = κ− 3/2, h = 4, θρ = 3ρ/4 + 3/8, βρ = −κ− ρ/2 + 1/4.

(Note that in Hafner’s paper, the meaning of βρ is different from that of βν.) The
explicit values of µ and h can be found in Chandrasekharan-Narasimhan [?], which
are

µ = 1/2 +

N∑

ν=1

(βν − 1/2)

and

h = 2 exp

{
− 1

α

( N∑

ν=1

αν logαν − α logα
)}

in Hafner’s notation. The correct value of e0(ρ) in Hafner’s Lemma 2.1 should be

e0(ρ) =
(
2α/h

)ρ(
2/hπ

)1/2
.

Let L be the oriented polygonal path with vertices −i∞, −iT, b− iT, b+ iT, iT,
and i∞ in that order, where b and T are real numbers satisfying b > κ−1, T > κ−1,
and b is not an integer. Define the integral

fρ(y) =
1

2πi

∫

L

Γ(s+ κ− 1)Γ(s)

Γ(2 + ρ− s)Γ(κ− s)
y1+ρ−sds

for y > 0. Hafner’s results imply then

Lemma 1. We have

∆ρ(x;ϕ) = (4π2)−(2ρ+1)

∞∑

n=1

cnn
−ρ−1fρ(16π4nx) (2.2)
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for x > 0, where the infinite series on the right-hand side converges for ρ > 1/2
uniformly on any finite closed x–interval. Moreover we have

d

dx
fρ+1(x) = fρ(x) (2.3)

and

fρ(y) = (2π)−1/2y3ρ/4+3/8 sin(4y1/4 + (3/4 − ρ/2)π)

+O(y3ρ/4+1/8) +O(y1+ρ−b) (2.4)

for ρ ≥ 0.

For our purpose it is also necessary to prove the truncated Voronöı-type formula
for ∆ρ(x;ϕ). The result is the following

Lemma 2. Let N � 1, x > 1, and 0 ≤ ρ ≤ 1. Then we have

∆ρ(x;ϕ) = (2π)−ρ−1x3ρ/4+3/8
∑

n≤N

cnn
−ρ/4−5/8 sin(8π(nx)1/4 + (3/4 − ρ/2)π)

+O(x3ρ/4+1/4N−ρ/4+1/4+ε) +O(x3ρ/4+3/4+εN−ρ/4−1/4). (2.5)

Remark. If we choose ρ = 1 and N = x3/5 in (??), we can get immediately

∆1(x;ϕ) � x6/5+ε.

It should be stressed that this estimate, slightly weaker than (??), is obtained with-
out the use of (??).

The formula (??) can be shown in a standard way (cf. Chapter XII of Titch-
marsh [?] or Chapter I of Jutila [?]). By the same method it is possible to prove
the truncated Voronöı-type formula for ρ > 1, but with somewhat different error
estimates.

Now we sketch the proof. The starting point is the formula

Dρ(x;ϕ) = Iρ(x; 1 + δ) +O(xρ+ε) +O(T−ρ−1xρ+1+ε), (2.6)

where T > κ− 1, δ is a small positive number with δ > ε, and

Iρ(x; c) =
1

2πi

∫ c+iT

c−iT

Γ(s)

Γ(s+ ρ+ 1)
Z(s)xs+ρds. (2.7)

We can show (??) by substituting (??) into the right-hand side of (??), changing
the order of integration and summation, and evaluating each integral by residue
calculus. Here (and later in the proof) we always use the estimate (??).

Next, we replace the path of Iρ(x; 1 + δ) by the rectangle joining the points
1+ δ− iT, −δ− iT, −δ+ iT, and 1+ δ+ iT . The integrals over the horizontal sides
of the rectangle can be estimated by using the convexity estimate

Z(σ + it) = O(|t|2(1+δ−σ)) (−δ ≤ σ ≤ 1 + δ, |t| ≥ 1),
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hence we obtain

∆ρ(x;ϕ) = Iρ(x;−δ) +O(xρ+ε + T−ρ−1xρ+1+δ + T 1−ρ+4δxρ−δ). (2.8)

We then substitute the functional equation (??) into the integrand of Iρ(x;−δ), and
use the expression (??) to obtain

Iρ(x;−δ) = −2πixρ+1
∞∑

n=1

cnJρ(n)

with

Jρ(n) =

∫ −δ+iT

−δ−iT

Γ(κ− s)Γ(1 − s)

Γ(s+ κ− 1)Γ(s+ ρ+ 1)
(16π4nx)s−1ds.

Without loss of generality we may assume that N ∈ N. Then we choose
T = 2π(x(N + 1/2))1/4 and use Lemma 4.3 of Titchmarsh [?] to find that

Jρ(n) = O

(
(nx)−1−δT 1−ρ+4δ

((
log

n

N + 1/2

)−1

+ 1
))

for n ≥ N + 1. In case n ≤ N we replace the path of Jρ(n), with the error

O

(
n−1x−ρ/4−3/4N−ρ/4+1/4

{( n
N

)−δ

+
( n
N

)µ((
log

N + 1/2

n

)−1

+ 1
)})

,

by the polygonal path with vertices µ− i∞, µ− iT, −δ − iT, −δ + iT, µ+ iT, and
µ+ i∞ in that order, where µ is a real number satisfying µ > 1/4. It is easily seen
that the resulting integral is equal to 2πi(16π4nx)−ρ−1fρ(16π4nx). Hence we get

Iρ(x;−δ) = (2π)−4ρ−2
∑

n≤N

cnn
−ρ−1fρ(16π4nx)

+O(x3ρ/4+1/4N−ρ/4+1/4+δ) +O(x3ρ/4+3/4+δN−ρ/4−1/4).

Now we apply (??) to the right-hand side, and then substitute the resulting ex-
pression into (??). Lastly putting δ = 2ε, we obtain the assertion of Lemma 2.

Remark. From the case ρ = 0 of (??), we can easily deduce
∫ X

1

∆0(x;ϕ)2dx = O(X2+ε). (2.9)

The first author [?, Theorem 5] proved this estimate by a different method based
on the reflecton principle. It is also possible to show (??) by applying a general
theorem of Chandrasekharan-Narasimhan [?]. By an argument analogous to that
given in pp. 60-61 of [?], we see that the estimate ∆0(x;ϕ) = O(xθ/3) would follow
if one could prove ∫ X

1

∆0(x;ϕ)2dx = O(Xθ). (2.10)

In particular we could improve (??) if (??) with θ < 9/5 would hold.
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3. Proof of Theorem 1

First we consider the sum of cn in short intervals. For this purpose we quote the
following result of Perelli [?].

Lemma 3. Let a and q be co-prime positive integers, N > 0 and Λ(n) the von
Mangoldt function. Then

∑

n≤x
n≡a( mod q)

a(n)2Λ(n) =
xκ

κϕ(q)
+O

(
xκ exp(−c

√
log x)

)
(3.1)

uniformly for q � (log x)N where c is a positive constant depending only on N .

This result refines and generalizes Theorem 2 in Rankin [?]. In Perelli’s paper,
the factor κ−1 in the first term on the right-hand side of (??) is missing. We use
Lemma 3 with q = 1. We note that when q > 1, there is a gap in Perelli’s argument
concerning Siegel’s zero (see p. 177 of [?]), but it was filled in a recent work of
Ichihara [?].

Lemma 4. Let ε be an arbitrary positive number. Then, as x→ ∞,
∑

x−y<n≤x

cn � y (3.2)

uniformly in y for xε < y ≤ x.

Proof. Since cpl � l3 and cn = O(nε) by Deligne’s estimate, we can apply Shiu’s
result [?, Theorem 1] and get

∑

x−y<n≤x

cn � y

log x
exp

(∑

p≤x

cp
p

)
.

¿From (??) with q = 1, we obtain
∑

p≤x

cpp
κ−1 log p =

1

κ
xκ +O(xκ exp(−c

√
log x)

)
,

because ∑

n≤x

a(n)2Λ(n) =
∑

p≤x

a(p)2 log p+
∑

pν≤x
ν≥2

a(pν)2 log p

=
∑

p≤x

cpp
κ−1 log p+O(xκ−1/2 log3 x).

Hence by partial summation, we have
∑

p≤x

cp
p

= log log x +O(1),

and therefore the assertion of the Lemma.
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Proof of Theorem 1. ¿From the definition of ∆0(x;ϕ) and (??) we have, for
xε � H1 ≤ x,

∫ x

x−H1

∆0(t;ϕ)dt−H1∆0(x;ϕ) =

∫ x

x−H1

(1

6
π2κR0(x− t) −

∑

t<n≤x

cn

)
dt

� H2
1 +H1

∑

x−H1<n≤x

cn � H2
1 .

Hence we have

H1∆0(x;ϕ) =

∫ x

x−H1

∆0(t;ϕ)dt+O(H2
1), (3.3)

and similarly

H2∆0(x;ϕ) =

∫ x+H2

x

∆0(t;ϕ)dt+O(H2
2) (3.4)

for xε � H2 ≤ x. From (??), (??) and (??) we obtain

∆0(x;ϕ) =
1

H1 +H2

∫ x+H2

x−H1

∆0(t;ϕ)dt+ O(H1 +H2)

=
1

H1 +H2

(
∆1(x +H2;ϕ) − ∆1(x−H1;ϕ)

)
+O(H1 +H2). (3.5)

Putting H1 +H2 = xα/2 in (??) and using (??) we obtain the first half of Theorem 1.
Next we assume that (??) holds. Then, for 0 < H ≤ x, we have

∆1(x;ϕ) =
1

H

∫ x+H

x

∆1(t;ϕ)dt− 1

H

∫ x+H

x

∫ t

x

∆0(u;ϕ)dudt

=
1

H

∫ x+H

x

∆1(t;ϕ)dt+O(xβH). (3.6)

To estimate the integral on the right-hand side of (??), we split ∆1(t;ϕ) as

∆1(t;ϕ) = δ1(t;N) + EN(t), (3.7)

where, in view of Lemma 1,

δ1(t;N) = (2π)−2t9/8
∑

n≤N

cn
n7/8

sin(8π(nt)1/4 + π/4) (3.8)

and

EN(t) = (2π)−2t9/8
∑

n>N

cn
n7/8

sin(8π(nt)1/4 + π/4) +O(t7/8). (3.9)

The contribution of δ1(t;N) to the right-hand side of (??) is

� x9/8
∑

n≤N

cnn
−7/8 � x9/8N1/8.
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On the other hand, the contribution of EN (t) is, after termwise integration by parts
(which is justified by uniform convergence),

� H−1x15/8
∑

n>N

cnn
−9/8 + x7/8 � H−1x15/8N−1/8 + x7/8.

Therefore we obtain from (??) that

∆1(x;ϕ) � x9/8N1/8 +H−1x15/8N−1/8 + xβH.

Choosing N = x
8
3
β−1 and H = x1− 2

3
β, we obtain (??). This completes the proof of

Theorem 1.

Remark. Formula (??) actually says that, in order to improve the estimate (??)
for ∆0(x;ϕ), the only necessary fact is the existence of the points a and b, satisfying
a ≤ x ≤ b, b− a = o(x3/5) and |∆1(b;ϕ) − ∆1(a;ϕ)| = o(x6/5). This is a problem of
local behaviour in short intervals, which is probably more accessible than the global
bound (??).

4. An alternative proof of (??)

It is possible to give a proof of (??) by applying the method of Landau [?] and
Walfisz [?] to our case. The applicability of the Landau-Walfisz method to Rankin-
Selberg series was first mentioned by Golubeva-Fomenko [?], and discussed in detail
by Ichihara [?], in the course of the study of Siegel zeros of the twisted Rankin-
Selberg series. To show (??), it is enough to modify the proof of Theorem 4 in
Golubeva-Fomenko [?], combining with Shiu’s estimate (Lemma 4 in §3). A neces-
sary Voronöı formula, corresponding to (11) of Golubeva-Fomenko [?], is given by
(??).

However, by a somewhat different use of the double integral technique, we can
give a simpler proof of (??). Namely, as an analogue of (??), by using Lemma 4,
we have

∆0(x;ϕ) =
1

H2

∫ H

0

∫ H

0

∆0(x+ t + u;ϕ) dt du+O(H)

=
1

H2

∫ H

0

(∆1(x + u+H;ϕ) − ∆1(x+ u;ϕ)) du+O(H)

for xε ≤ H ≤ x. Now we use Lemma 2 twice with ρ = 1 and N = x + u and
N = x + u+H, respectively, so that the error terms in (2.5) are � x1+ε. We split
the sum in (2.5) at M (1 < M < x). The terms n ≤ M of the sum are estimated
trivially. The terms n > M are estimated by the first derivative test. Hence we
obtain

∆0(x;ϕ) � H−1
(
x9/8M1/8 +H−1x15/8M−1/8 +H2 + x1+ε

)
. (4.1)

Therefore with H = x3/5,M = x3H−4 = x3/5 it follows from (4.1) that

∆0(x;ϕ) � x3/5,
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which is (1.3).

5. Proof of Theorem 2

For the proof of Theorem 2 we need a truncated Voronöı formula of the type given
by Meurman [12]. This is contained in

Lemma 5. For x > 1,M ≥ 2x1/3 and x not an integer, we have

∆1(x;ϕ) = δ1(x;M) +O(x3/2+ε‖x‖−1M−1/2 + x13/8M−3/8+ε + x9/8M−11/40 + x7/8),
(5.1)

where δ1(x;M) is the function defined by (??), and ‖x‖ is the distance of x to the
nearest integer.

Proof. Suppose that x > 1 is not an integer. We have

EM(x) = O
(
x9/8(|S1| + |S2|)

)
+O(x7/8), (5.2)

where EM (x) is defined by (??),

S1 =
∑

n>M

(cn − 1

6
π2κR0)n

−7/8 sin(8π(nx)1/4 + π/4)

and

S2 =
1

6
π2κR0

∑

n>M

n−7/8 sin(8π(nx)1/4 + π/4)

=
1

6
π2κR0 Im

(
eπi/4

∑

n>M

n−7/8 exp(8πi(nx)1/4)
)
.

First we consider S2. By Lemma 4.2 and 4.8 of Titchmarsh [?] we have

∑

M<n≤y

e8πi(nx)1/4 � x−1/4y3/4

for M ≥ 2x1/3. Hence by using partial summation we find that the series S2 is
convergent, so that the decomposition (??) is justified, and

S2 � x−1/4M−1/8. (5.3)

Next we consider S1. Using partial summation, the relation

∑

n≤y

(cn − 1

6
π2κR0) = ∆0(y;ϕ) +O(1),

11



and Rankin’s bound (??), we have

S1 =

∫ ∞

M

(
∆0(y;ϕ) − ∆0(M ;ϕ) +O(1)

)

×
{

7

8
y−15/8 sin(8π(yx)1/4 + π/4) − 2πx1/4y−13/8 cos(8π(yx)1/4 + π/4)

}
dy

=

∫ ∞

M

∆0(y;ϕ)

{
7

8
y−15/8 sin(8π(yx)1/4 + π/4)

− 2πx1/4y−13/8 cos(8π(yx)1/4 + π/4)

}
dy +O(M−11/40 + x1/4M−5/8).

The first term on the right-hand side can be expressed in terms of ∆1(x;ϕ) by using
(??) and integration by parts. Then we apply (1.11) of the Corollary to obtain

S1 = −4π2x1/2

∫ ∞

M

∆1(y;ϕ)y−19/8 sin(8π(yx)1/4 + π/4)dy

+O(x1/4M−17/40 +M−11/40)

= −4π2x1/2
∞∑

k=0

Im
(
eπi/4I(2kM)

)
+O(x1/4M−17/40 +M−11/40), (5.4)

where

I(Y ) :=

∫ 2Y

Y

∆1(y;ϕ)y−19/8 exp(8πi(yx)1/4)dy.

Using the case ρ = 1 of Lemma 2 (with N = Y ) we obtain

I(Y ) �
∑

n≤Y

cnn
−7/8

(
|I+

n (Y )| + |I−n (Y )|
)

+O(Y −3/8+ε)

with

I±n (Y ) =

∫ 2Y

Y

y−5/4 exp(8πi(x1/4 ± n1/4)y1/4)dy.

Since

|I±n (Y )| � Y −1/2|x1/4 ± n1/4|−1,

the contribution of I+
n (Y ) to I(Y ) is O(Y −1/2) and that of I−n (Y ) is

� Y −1/2x−1/8 + Y −1/2
∑

x/2<n<2x

cnn
−7/8 x3/4

|x− n|

� Y −1/2x−1/8 + Y −1/2x−1/8+ε
(
‖x‖−1 + log x

)
.

Therefore

I(Y ) � Y −1/2x−1/8+ε‖x‖−1 + Y −3/8+ε.

12



Thus by (??) we obtain the estimate

S1 � x1/2
(
M−1/2x−1/8+ε‖x‖−1 +M−3/8+ε

)
+ x1/4M−17/40 +M−11/40

� x3/8+ε‖x‖−1M−1/2 + x1/2M−3/8+ε +M−11/40. (5.5)

The assertion (??) follows immediately from (??), (??), (??) and (??).

Proof of Theorem 2. Let X > 1 and M � X2+ε. Then, by the Cauchy-Schwarz
inequality,

∫ 2X

X

∆1(x;ϕ)2dx =

∫ 2X

X

δ1(x;M)2dx (5.6)

+O

((∫ 2X

X

δ1(x;M)2dx
)1/2(∫ 2X

X

EM(x)2dx
)1/2

)

+O

(∫ 2X

X

EM (x)2dx

)
. (5.7)

By an argument similar to the proof of Theorem 13.5 of [?], we obtain
∫ 2X

X

δ1(x;M)2dx =
2

13
(2π)−4

( ∞∑

n=1

c2nn
−7/4

)(
(2X)13/4 −X13/4

)

+O(X13/4M−3/4+ε) +O(X3M ε). (5.8)

As for EM(x), we have by Lemma 2 and Lemma 5,

EM (x) �

{
x7/8 if x5/8+εM−1/2 � ‖x‖,
xM ε otherwise.

(5.9)

Hence we have∫ 2X

X

EM (x)2dx�
∫

X≤x≤2X
x5/8+εM−1/2�‖x‖

x7/4dx+

∫

X≤x≤2X
x5/8+εM−1/2�‖x‖

(xM ε)2dx

�
∫ 2X

X

x7/4dx+
∑

X−1≤n≤2X+1

M ε

∫

|n−x|�x5/8+εM−1/2

x2dx

� X11/4 +X(X5/8+εM−1/2)X2M ε

� X11/4. (5.10)

Combining (??), (??) and (??), we obtain
∫ 2X

X

∆1(x;M)2dx =
2

13
(2π)−4

( ∞∑

n=1

c2nn
−7/4

)(
(2X)13/4 −X13/4

)

+O(X3+ε). (5.11)

13



Now Theorem 2 follows on replacing X in (??) by 2−jX (j = 1, 2, · · · ) and adding
all the resulting expressions.

6. Proof of Theorem 3

In this section we prove Theorem 3, which is an example of the principle “One
can improve the estimate of some quantity if one can refine the mean square formula
of that quantity.” A simple method which embodies this principle is described on
pp. 60-61 of the first author’s Lecture Notes [?] (see the Remark at the end of §2).
However, this method is not so useful in the case of ∆1(x;ϕ). From the assumption
(??), this method can only deduce

∆1(x;ϕ) = O(xmax(9/8, (1+θ)/3)),

which is non-trivial only if θ < 13/5. Therefore, for larger values of θ, some alter-
native approach is required.

Let us assume that

F1(X;ϕ) = X3P (logX) +O(Xθ)

where P (y) is a polynomial of y of degree `. ¿From (3.6) with β = 3/5 we have

∆1(x;ϕ) =
1

H

∫ x+H

x

∆1(t;ϕ)dt+O(x3/5H) (0 < H ≤ x).

Hence by the Cauchy-Schwarz inequality, we obtain (` ≥ 0)

∆1(x;ϕ)2 � H−1

∫ x+H

x

∆1(t;ϕ)2dt+ x6/5H2

� x9/4 +H−1(F1(x +H;ϕ) − F1(x;ϕ)) + x6/5H2

� x9/4 + x2(log x)` +H−1xθ + x6/5H2

� x9/4 +H−1xθ + x6/5H2.

Taking H = xθ/3−2/5, we obtain

∆1(x;ϕ) � xmax(9/8, θ/3+1/5),

which completes the proof of Theorem 3.

7. A consequence of Vorhauer’s theorem

Finally we study the logarithmic Riesz means (??), which is a special case of the
general Riesz means

Ff (x; ξ) :=
∑

n≤x

f(n) logξ(
x

n
) (ξ ≥ 0),

for a given arithmetic function f(n). As ξ increases, it often happens that the
logarithmic weight smoothes out the irregularities of distribution of f(n), and that
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with increasing ξ one can obtain progressively sharper estimates of the error term
for Ff (x; ξ). A general result for the above Riesz means, which holds for a wide
class of Dirichlet series satisfying a functional equation of the type first considered
by Richert [?], has been obtained recently by Vorhauer [?]. Applying Vorhauer’s
theorem to our case when f(n) ≡ cn, we shall obtain

D̃ξ(x;ϕ) =
1

6
π2κR0 x+ Vξ(x,N) + Rξ(x,N) (7.1)

for any integer N ≥ 1 and any fixed ξ ≥ 0, with

Vξ(x,N) = (2π)−1−ξx(3−2ξ)/8
∑

n≤N

cnn
−(5+2ξ)/8 cos(8π(xn)1/4 + (1/4 − ξ/2)π)

and

Rξ(x,N) = Oε((xN)ε(x(3−ξ)/4N−(1+ξ)/4 + (xN)(1−ξ)/4 + x(1−ξ)/4)).

Note that the formula (??) for ξ = 0 reduces to Lemma 2 with ρ = 0.
Suppose first that 0 ≤ ξ < 3/2. Then by trivial estimation we obtain Vξ(x,N) �

(xN)(3−2ξ)/8. Hence choosing N = x3/5 it follows that

D̃ξ(x;ϕ) =
1

6
π2κR0x +O(x(3−2ξ)/5+ε),

and the error term here is O(x3/8+ε) for 9/16 ≤ ξ < 3/2. One can easily see that

D̃ξ(x;ϕ) =
1

6
π2κR0 x+O(x3/8+ε) (7.2)

holds also for ξ ≥ 3/2. Note that the error term in (??) is the same as the conjectured
bound in (1.4) for the most interesting case ξ = 0.
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