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1. Introduction

The perfect numbers, defined by a condition on the sum of the divisors, represented
by a sequence of integers that has been conjectured to have connections with the ideal
characteristics of physical systems. After a geometrical proof by Euclid that an integer
of the form 2P~1(2P — 1), with 2P — 1 being prime, would be perfect number [3], it was
hypothesized later that all perfect numbers were even, every even perfect number equals
2P~1(2P —1) for some prime 2P — 1 and there are infinitely many perfect numbers [28]. The
next perfect numbers were discovered in the early thirteenth century [30]. After a series
of perfect numbers verified only until p = 19 [2], a systematic investiagation of the perfect
numbers began with the letter of Fermat to Mersenne [10] and the following theorems:
2™ — 1 is composite if n is composite; if n is prime, 2" — 2 is a multiple of 2n; if n is
prime and p is a prime divisor of 2" — 1, then p — 1 is a multiple of n [11]. Further
primes of the kind 2P — 1 were suggested, and it was demonstrated by Euler 23°(23° — 1)
[8] was a perfect number and further the uniqueness of 2P~1(27 — 1) for every even perfect
number [9]. No new perfect numbers were found until 26°(261 — 1) [31], whereas it had

267 2127 — 1 was a Mersenne prime [21].

been shown that — 1 was not a prime [20] and
Lucas also proved that every perfect number greater than 6 must end in the digits 16, 28,
36, 56, 76 and 96 [22]. The last result led to the conjecture of Catalan that the sequence
(2” —1,2%"-1 1, ) consists of primes for p = 2 [1]. The infinite sequence of even
perfect numbers then would follow from this conjecture and the infinite Catalan sequence.
While 288(289 — 1) was verified as a perfect number in 1911 [32], the use of computers has
been found to be necessary for the larger of the 51 known Mersenne primes and the extent

of this sequence remained to be established.

Further properties of perfect numbers include the form of the prime index p being
1+ T, where T, is a triangular number [6], the equality of 23 + 1 and a perfect number
only for the integer 28 [25], the integrality of the harmonic mean of the divisors [29] and
the proportionality of the number of divisors of a perfect number N to In In N [4].

The Lucas-Lehmer test, together with several characteristics of prime divisors of
Mersenne numbers that are valid for all Lucas sequences, can be used to determine
theoretically whether the integer 2P — 1 is prime. The congruence s,_o =0 (mod 2P — 1),
sp = s2_; — 2 [19][21], is satisfied by the known Mersenne primes, although the difficulty
of the computation increases for large values of n.

The conjecture of the existence of infinitely many Mersenne primes and the problem of
establishing the infinite extent of the sequence of composite Mersenne numbers with prime
indices [7][9][14][18][26][28][40] may be solved without consideration of specific values of
the exponent. The generality of these statements allows for the proofs to be based on
conditions imposed on integers of the same order as the exponents. It is shown in §2, for
example, that all known Mersenne primes greater than 2'9 —1 are shown to have exponents
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of the form p; +p2 — 1 where p; is a Mersenne prime index and ps is a composite Mersenne
number index.

It was hypothesized by Euler and proven by Lagrange that 2P — 1 is a composite
Mersenne number if the prime p has the form 4k+3 and 2p+1 is a prime. An infinite number
of Sophie Germain primes congruent to 3 modulo 4 would imply the existence of an infinite
number of composte Mersenne numbers with prime exponents. The Mersenne numbers also
have a geometrical representation which may be used to derived congruence relations for
compositeness based on the partition of the array representing 2" — 1. The solutions to the
congruence relations yield arithmetical sequences for the exponent. However, the greatest
commom denominator of the initial term and the difference can be equated to ordsm _i (k)
for some m, k, such that none of the integers in the sequence are prime. Nevertheless,
this allows a characterization of the set of exponents greater than 6 of composite Mersenne
numbers. The congrence relations for 2P1+P2=1 — 1 provide a further indication of the
existence of infinitely many composite Mersenne numbers with prime exponents.

Given a set of Mersenne prime indices of the form 4k + 3, conditions on the next prime
of this kind are given in §4. A proof of the existence of infinitely many Mersenne primes is
given in §5. The existence of a finite number of prime solutions to af (™ —b/(™) = 0 (mod n)
when f(z) does not have a zero at x = 1, is used to develop an algorithm for locating
the next Mersenne prime based on the intersections of polynomials at prime arguments.
The approximation of 2¥ — 1 by rational-coefficient polynomials is used to determine the
asymptotic density of Mersenne primes, proving the infinite extent of the sequence of such
primes.

2. The Exponents of Mersenne Numbers and Arithmetical Progressions

There are two infinite sequences, of Mersenne numbers of odd index, and primes, in
the arithmetical progression 6n + 1, n € Z™, and the coincidences of these two sequences
determine whether the set of even perfect continues indefinitely.

Since 6n + 1 can be factorized only if n has the form 6xy + (z +y) with z,y € Z* [22],
the Mersenne number 2P — 1 is prime only if it equals 6n+1, n = 6zy+ (x +y) + 2z, z # 0,
with 6zy + (z + y) + 2z # 62’y + (2/ + 3/) for any integers 2/, y’. Given the condition
2P —1 = (62 £ 1)(6y + 1), consider two primes p; and ps such that

2P (621 + 1) = (6.’1?1 + 1)(62/1 + 1) = 6h1 +1 h1 = 6l‘1y1 + (1171 + yl)

2.1
2p2 — (622 + 1) = (633'2 + 1)(6y2 + 1) = 6h2 + 1 h2 = 633'23/2 + (1132 + y2) ( )
Multiplying these two integers gives

Qp1tP2 —(621+1)(62’2+1)—(62’1+1)(6h2+1)—(622+1)(6h1+1) = (6h1+1)(6h2+1) (2.2)

2



or equivalently
2P 2=t = [3(hy + 21) + 1)[6(ha + 22) + 2] (2.3)

If z,= 0, and 2P* — 1 is prime, while 2y is set equal to zero, 2’2 — 1 is allowed to be
composite,

2Pl [6((1—71) 214+ (1—y2) 1 +(1—3) he)+1] = 6(3(h1+21) ha+71h1 +7221 +73h2) +1
(2.4)
for some fractions v1,72,73 with 3(hy + z1)he + y1h1 + Y221 + y3he = 62"y £ (2 y'),
2’y € Z. The Mersenne number 2P17P2=1 — 1 is prime if there is no solution to Eq.(2.4)
with 71 = 790 = v3 = 1. If p; is a given Mersenne prime index, it can be conjectured that
p1 — 1 may be expressed as the difference between two primes p and py, since an even
integer 2N equals p — py if 2(N + ps) is given by the sum of the two primes p, po.

The estimated number of prime pairs (p,p + 2N) with p < z is conjectured to be

x p—1
7T2N($) ~ 202 (log I)Q 1:12: p— 5 (25)
p|N

where C3 is the twin-prime constant [] ., (1 — ﬁ) [27][39], and

x log log x
< 6. —_— _— .
ma(z) < 6.836C, (log 7)? [1 + 0 ( log & >} (2.6)

Theorem. Every finite even positive integer 2N can be expressed as the difference between
two primes if the Goldbach conjecture is valid.

Proof. For any even integer 2N, N > 2, there exist two primes q1, ¢2 2N = q1 + ¢
when the Goldbach conjecture [9] is correct. This equality implies a relation of the form
2N = @1 — 2, @1, G prime, for some N < N, since 2(N —q2) = q1 — q2. It may be assumed
that this property holds for all integers 1 < N < N and that the lesser prime in each of
the differences is bounded above by 2N — 2. The existence of a prime pair with a difference
equal to an arbitrary even integer shall be demonstrated by induction on N.

AN +2=q — o +2=2N+2— 2

- - - (2.7)
=q3+qu—20=(—q@+k) — (G2 —q+k)

Since g3 + g4 = q1 + @2 + 2, the indices can be chosen such that g3 > ¢; and ¢4 < @2 + 2
or q1 > q3 > G2, q4 > G2 + 2 unless g3 = q1, g1 = G2 + 2. If the equalities are valid, then
2N —2 = g3 —q4. Continuing this process with 2N +2 replaced by 2N +2¢, ¢ > 2, it follows
that the equalities would imply that all even integers less than 2N can be expressed as
differences between pairs of primes even when arbitrarily large values of N are chosen by
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subtracting 2¢g¢ from an arbitrarily large integer N’ = ¢5 + ¢¢. Consequently, the equalities
would imply that every even integer is equal to the difference between two primes.

Suppose then that the first set of inequalities holds. Then ¢g3—g2—1 > 0 and go—q4+1 >
0. Since

IN+2=(gs— @+ k+kK)—(fo—qu+k+k) (2.8)

and Go —qu+k+ kK =G+ ki +k — (g2 — k2), k1 + ko = k, k1, k2, k' can be chosen such
that q4 — ko = Go + k1 + k' — P with go + k1 + &’ and p» prime, since g4 + ko < 2N and the
difference between two primes fixes k1 + k’. Then, k' can be adjusted to fix g3 — go + k + &’
to be prime. It follows that 2N +2 = ¢3 — Go + k + k' — Do is a difference between two
primes, with py < 2N.

If g3 < 1, @4 > G2 + 2, consider the equality
IN=q —@+2=(Q+q+k+k +2)—(u—G@+Ek+E) (2.9)

Asqu— G+ k+k = (qa+ki+k)— (g2 — k) and g — ks is an even integer less than 21V,
G2 — ko = q4 + k1 + k' — p3 where ps3 is prime and kq + &’ is adjusted to render ¢4 + k1 = K/
to be prime. Then k' also can be chosen such that q; + g4 + k + &’ + 2 is prime.

By induction, it follows that any even integer is the difference between two primes.
|

It follows that the conjecture for primes of the form 4k — 1, such that there would exist
a prime 4k’ 4+ 1 with the the difference 2 - (4k” + 1) being any given even number [12], is
valid.

Since it can be established for any even number 2n that there are pairs of primes
differing by 2n, the pair (p,p2) can be presumed to exist. Indeed, if p — p; is set equal
to po — p3 for primes po, p3 > 3, a relation of form Eq.(2.4) cannot be satisfied because
division by additional powers of 2 yields a fractional term, and, if p;, p are odd primes,
p3 # 2. Therefore, p must have the form p; + po — 1. This property can be verified for the
following pairs of prime indices (p1, p2):

(3,11); (7,11): (3,29); (19, 43); (31, 59); (61, 47); (61, 67); (89, 433); (61, 547);
(607,673); (607, 1597); (2203, 79); (2281, 937); (2281, 1973); (2203, 2221); (4253, 5447);
(4253, 6961); (2281, 17657); (89, 21613); (2281, 20929); (3217, 41281); (9941, 76303)
(607, 109897): (44497, 87553); (23209, 192883); (132049; 624791); (19937, 839497)
(132049, 1125739); (86243, 1312027); (86243, 2889979); (21701, 3049677);

(3071377, 3901217); (216091, 13250827); (110503; 20885509); (1257787, 22778797);
(110503, 25874449); (3217, 30399241); (3021377, 20561281)
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The prime pairs (p1,ps) with 2Pt — 1, 2P2 — 1 and 2P1™P2~1 — 1 prime, {(2,2); (3, 3);
(3,5); (7,7); (5,13); (3,17); (7,13); (13,19); (31,31)} complement the larger set when p; +
py—1=3,57,13,17,19,31,61.

One subset of the composite Mersenne numbers of the form 2P*TP2=1 — 1 can be
constructed from the integer solutions to the following sets of equations

hi = 6z1y1 + (21 + v1) hy = 6z2y2 + (72 + y2)
w1 + wg = 3(301 +y1 + 21)($2 + y2) + (2?1 +y1 + 21) + (302 + y2) (2~10)
wiwy = 18x1y172y2 + 3x1y1 (w2 + y2) + 3w2y2 (1 + Y1 + 21) + (w191 + T2y2)

hi = 6x1y1 — (1 + 1) ho = 6x2y2 + (T2 + y2)
w1 +we = =3(x1 +y1 — 21) (2 + y2) + 6(x1y1 + T2y2) — (1 + Y1 — 21) + (T2 = Y2)

wiwy = 18x1y122y2 + 321y — (2 +y — 2) — 3woye (21 +y1 — 21) + (1yy1 + 22y2)
(2.11)

hi = 6x1y1 + (21 + 1) hay = 6z2y2 — (72 + ¥y2)
wy +wp = —=3(x1 +y1 + 21) (T2 + y2) + 6(z1y1 + T2y2) + (21 + Y1 + 21) — (T2 + y2)

wiwy = 18x1y172y2 — 3x1y1 (22 + y2) + 3w2y2 (1 + Y1 + 21) + (2191 + T2y2)
(2.12)

hy = 6x1y1 — (1 +91) hy = 6x2ys — 922 + Y2)
wy 4 wa = 3(w1 +y1 — 21) (w2 +y2) — (1 +y1 + 21) — (w2 +y2) (2.13)
wiwy = 18T1y122Y2 — 3x1y1 (22 + y2) — 3x2y2(21 +y1 — 21) + (T1y1 + T2Y2)

Consider the equations determined by the equations v + v = hy + 21 + he and uv =
%(h — 1+ 2z1)hs. These two conditions imply

2?2 — Q(hl + 21+ hz)u + (hl + Zl)hz =0 (2.14)

and

1
u = 5 [hl + 21 + hg + \/(hl + 21+ h2)2 - 2(h -1 + Zl)hg] (215)

Then wu is integer only if (h — 1+ 21)? + h3 is the square of an integer. Since Pythagorean
triples are multiples of the triples (3 + 2n,4 + 6n + 2n?2, 5+ 6n + 2n?), there is no solution
for hy + z1 and ho as both integers must be odd.

More generally,
u+v=rK1(h1 + 21)he + K2(h1 + 21 + ho)

(2.16)
uv = I'ig(hl + Zl)hg + /<Q4(h1 + 21 + hz)

with



K1+ 6k =3
Ko + 6!@4 =1 (217)

K1, K2, K3, K4 € Q

Integrality of u and v requires that k1 (hy + 21 )ha + k2 (h1 + 21 + he) and 3_6"“ (h1+2z1)ha+
%(hl + 21 + ho) are integer, while [r1(hy + 21)ha + ka(h1 + 21 + ho)]*—

4 [3_6%1 hi+z1)he + 1_6Kl (h1 + 21 + hg)} is the square of an integer.

Additional constraints can be placed on h — 1 + z1, ho as the equality of 6[3(h +
21)ha + (hy + 21) + ho] + 1 and 2P~ 1+P2=1 — 1 would imply congruence conditions. First,
after division by 2, it follows that either h — 1+ 2z — 1 = 0 (mod 4), ho = 5 (mod 8);
hi+ 2z =5 (mod 8), ho =0 (mod 4); hy + 21 = 1 (mod 4), ha = 3 (mod 4); hy + 21 =
3 (mod 4), hy =1 (mod 4). Since 3(hy + 21)ha + (b1 + 21) + ha = £=L (mod 27), n even

3
and 3(h — 14 z1)ha + (h1 + 21) + ha = 225=2 (mod 2"), n odd.

Based on the pairwise relations between Mersenne prime indices, a sum extended over
a set of such integers can be derived. Since p], = pi. + p; — 1 for some composite Mersenne
number index pr. and £ < n and pg. — 1 may be expressed either as the sum of two even
integers that are differences between a Mersenne prime index and a composite Mersenne
index, or the sum of two primes by the Goldbach conjecture, the process can be iterated
until all of the addends are either Mersenne prime indices, with either sign, or twice the
previous index or +1.

The relations in Appendix A have a form similar to the equations for the sequence or
primes [44][45]
pon =1Lt p1£pat... £pop—2+pPon—1 (2.18)
Dont1 = L Ep1 £ po = ... £ poy 1 + 2p2p.

The equations are also consistent with the estimate of the number of Mersenne primes
with index p between x and 2z [16][47]. It is possible also to extend the sequence of
Mersenne prime indices by forming combinations having the form in Eq.(2.18) and using
any of the various test to verify that 2P — 1 is prime.

3. Congruence Relations for Mersenne Prime Indices of the Form 4k + 3

Let p = 3 (mod 4) be a Mersenne prime index [45] such that

p+1

<1 +2\/5> + (1 _2\/3> =0 (mod p) (3.1)




or equivalently
p+1

(1+2\/5> +<1—2\/5> . (32)

for some K. The congruence

o'+t p/41
1+v5) ° 1-v5) °
V5 - V5 =0 (modp) (3.3)
2 2
for some prime p’ > p with p’ = 3 (mod 4) is equivalent to
VB g B e
1++v5 1—+5
= Konp™ 4
() () o
= =
Since <1+2‘/5> + (1_2\@) is integer for odd p,

p’+1 p/+1 p+1

SN Vs T (1-vE) T (14vE) T
Sornon(45) (59 (149

Suppose for arbitrarily large x that the function

= (557) (7)) (5T) e e

can be approximated by a polynomial of degree N

anzN + ...+ a1z + ag (3.7)

such that the polynomial takes the same values as f(x) at N + 1 integer points including
prime values less than or equal to p’. The existence of a prime p’ satisfying the congruence
conditions determined by solutions to the equation

Konp™ + o4 Koup' = () + kap (3.8)
Since f(z) equals ayx™ + ... + a1x + ag at x = p’, the congruence
ap+ Kip=0 (mod p) (3.9)
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is required. The constant term may be adjusted through the choice of the polynomial
anz® + ... + a1z + ap or equivalently the number of points of equality, N 4+ 1. As the
Lagrangian interpolation polynomial is

N
n=0
L,(z) = = i()x ;, N (3.10)
N
P(x) = H (x — )
n=0

For the function

1—’_\/5 x4
2

(57 (5 (5 e

the Lagrangian interpolation would be

Doy I (1+f> ( 5)—

n n#Em

(3.12)

p+1

1-v5) ~
2 2
The congruence condition is now

ZHf[_ﬂ(Hf) (2«s>—
)T]—FKlpEO (mod p')

n n#Em
(1+\/5>p7+1<1\/5
2
(3.13)

2
Given the congruence relation for p’ to be a Mersenne prime index, Eq.(3.13) implies

[1 -y H ]Klp =0 (modp) (3.14)

n n;ém

when ) (w — )) p is an integer. However, since {z,} should contain p’ for consistency

with the Mersenne prime index congruence condition for p’, this relation leads to no further
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constraints on p’. It shall be shown nevertheless that a set of interpolating polynomials
may be used to determine the existence of successively larger Mersenne primes.

4. On a Polynomial Algorithm for Generating Mersenne Primes

The solutions to the equation a/(™) = b/ (mod n) for an integer-valued function f(n)
also must satisfy a(?~D9()+F(1) _ p(n=Dg()+f1) = /1) _ pf(1) = 0 (mod n), when n is
prime, ged(a,n) = ged(b,n) = 1 and g(n) is an integer defined by f(n) = (n—1)g(n)+ f(1).
If f(n) is a polynomial with integer coefficients, f(n) = Y_,~,axn®, with a; = 0 for k
greater than a finite lower bound, -

) = £) 0= 1) (P4 G W= 14 W= 02+ ) (0)
and g(n) is integer since

%f(e)(l) :I;)%ak(k+£)(k+£—1)...(k+1) (4.2)

Given that f(1) and f(n) are integer, an integer g(n) can be found such that f(n) =
f(1) 4+ (n—1)g(n) (mod n). Then

ol = pf () = of WD+ (=Dgm)+Kn _ pf()+n=Dg(m)+Kn = o fM+E _ pf+E (104 )
(4.3)
With an appropriate choice of g(n), K can be bounded. It follows that the solutions to
the congruence relation af(™ — /(™) =0 (mod n) is a bounded set, given by the solutions
to af(WHK _ pf(W+K =0 (mod n). A rational-coefficient polynomial f(n) which does not
take integer values at all n, but which is integer at an arbitrarily large number of prime
arguments, is sufficient for the proof. For a given polynomial function f(n) and a non-zero
value of f(1), there are a finite number of prime divisors of af M+E — pf(W+K and primes
such that afMW+K — pf(+K =0 (mod p). Unless the function f(r) has r = 1 as a zero,
a’™ = /™ (mod n) has a finite number of prime solutions when f(r) is a polynomial
with integer coefficients [28][29]. There, there must be an infinite number of primes such
that
al ) — pfP) £ (mod p) (4.4)

for any function f(r) which does not have a zero at r = 1. Indeed, af®) —b/®) £ 0 (mod p)
if it is prime. Choosing functions fy, £ = 1,2, 3, ..., such that f;(p;) = f;(p;) it follows that

afee) _ pfe(pe) £0 (mod py) (4.5)

for po > Ny, p' # afe®o) — pfe(Pe) A set of functions {f,} with this property exists
since the space of fractional-coefficient polynomials is lim,,_, Q™. A bound on fy(1)+ K,
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can be obtained since the constraint on the polynomial fixes a single coefficient, and it
implies the existence of an upper limit on the prime divisors of aft(MW+EKe — pfe(D+Ke gych
that Ny < oo for all £. The integers K, are less than p,, and moreover, the function f,
may be chosen through the method of Lagrangian interpolation to have K, < K, where
K is a fixed upper bound as increasingly large primes p, are chosen. As supyN; < oo,
al®) —pI®) £ 0 (mod p') for all primes p’ > supyNy, f(p) = fo(pe). Therefore, the primes
satisfying a/®) —bf(?) = (mod p) and the prime divisors of a/ () —pf(P) will have an upper
bouund of sup, Ny, with the exception of af(®) —bf(P) if it is prime. The function f,(x) also
should be selected such that it equals a prime at an arbitrary number of prime values of
the argument. It can be obtained from a mapping of an arbitrary number of prime values
to a subset of the arguments at which an irreducible integer-valued polynomial is prime,
which can be achieved through Lagrangian interpolation (3.10). For example, polynomials
such as ax +b, gcd(a,b) = 1, take prime values at an infinite number of integer arguments,
whereas there exists a value of ¢ such that the number of prime values of z* + ¢, k > 2,
is greater than any given finite lower bound [16][46]. An upper bound for the number of
prime values of an irreducible polynomial for arguments less than = has been found [19],
and the derivation can be extended to give a lower bound that tends to infinity as z — oc.
Regarding the set of Mersenne primes as a Diophantine set, there exists a representation
of these positive integers by a degree-914 polynomial in seven variables and a degree-26
polynomial in thirteen variables [21][41]. Suppose f(x,) = p,, v = 1,2,3, ..., where the
set {p,} is arbitrarily large and perhaps infinite and f(z) = >, -, axz”. If a subset of
the primes {p,} does not coincide with the sequence of Mersenne prime indices, it can
be mapped to this set of indices through a Lagrange interpolation function. If the set
{z,} is infinite, there is a function h., such that ho(p,) = x, for an infinite set of primes
{p,}. This function may be approximated by a polynomial of arbitrarily large but finite
degree h(x) = 3, <, brx® with rational coefficients which is bounded at finite values of the
argument, since otherwise it would be discontinuous, and maps p, to x, for a given number
of v. The polynomial f = foh, such that f(p,) = f(h(p,)) = f(x,) = pl,, als has rational
coefficients ¢, = Z?:o a;by—; and can be selected to belong to the set of functions {f;}
which have prime values at an arbitrarily large number of prime arguments. When the set
{z,} is arbitrarily large but finite, the polynomial h and the function h., can be chosen
to coincide. The integer fo(pe) is a Mersenne prime index if the functions can be chosen
such taht f;(p;) = fe(pe) and {p1,po2,...} represents the entire set of primes. It follows

that fl = fO hy {2737 57} - {pllupéapgu }7 f2 = f o hy : {375777} - {p/17p/27p£37}7

fs = fohg :{5711,..} — {p|,p5 05, ...},... . The range of values of the exponent
for a® —b* # 0 (mod p), p > supeNy, is given by N e»  fo(p) = Nefe(p) since the
p>supzNZ

functions must satisfy f;(pi) = f;j(p;). It us not allowed to use another set of functions
to determine the congruence relations for an exponent outside of this range because the
theorem is applicable to af (™) — b/(") for each function f and arbitrary integer values of
f. Specifically, the use of an alternative set of functions {f}} would shift the value of
supeNy to supy N4, and it would not be necessarily possible to bound the prime divisors
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of a®) —pF®) [Py = {f, i, ..}

Thus, for this set of primes p;, but not for every prime, a/¢®¢) — bfe(P2) does not have a
proper divisor larger than a fixed bound sup,Ny,. For Mersenne numbers with prime index,
M, = 29 — 1, the existence of divisors p; < supyN, is feasible only if 2kq + 1 < sup,N,.
Thus, if ¢ > %, the functional set {f;} exists and f;(p;) = q Vpg, of a™ — b™ for
all n [Z, n > 2, is consistent with the existence of a prime divisor a — b < N, for all .
However, if a = 2, b =1, the divisor is a — b = 1. Since 29 — 1 # 0 (mod n) for all n > 1,
n # 29 — 1, the only integer divisors of 29 — 1 are 1 and 29 — 1, and 29 — 1 is prime.

The classification of polynomial and exponential functions may be used to prove the
conjectured density of Mersenne primes. Let
sn: It —{0,1}
sn(®) = xp([f(n+ 2)])
Sk I' 5 R,
(4.6)

T+n
ZlSiSN Xp(ﬂ((n) :
Yizien Y5

DY (P, f;N) =

where 1, 11, 15 are weighting functions and yp is the characteristic function for the set
of prime numbers. It will be seen that the correct choice for v is usually

maz{log 2, logy} f€ !
w y = { po 4.7
() y feFe, (4.7)
where
== {ay* —|—Za1y ca>0, k>k >...>ky,>0[f(0)>0, f(0)>0, f/>0

1" is monotonically increasing}
Fiop =L+ fy); k>0, f e Fpyu{0}}
(4.8)
This convention has been defined previously [28] except for a change in the lower bounds
for f(0) and f’(1) in Eq.(4.8). Then, given that 2¥ —1 € F7,, switch on editor mode




and

xp([f(n)])
Sy = S}@(O) = Z — (4.10)
1<n<N
If Di;;gr(P, 2Y — 1; N) is defined with the weighting functions v1(y) = max{log 2, log y}
and ¥ (y) =y,

Dy = (log DD(P,:N)(0) = (1og 2) | 32 2 ) 5 xel))
1<n<N 1<n<N (411)
SN

xp(n)
1<n<N n

= (log 2)

Since > p<n % =log log N + o(1) [27], and the probabilistic value of the density of the

p prime

Mersenne prime indices [38] would be given by

SN e
lim = 4.12
N=eo log N  log 2 ( )
D3, is approximately 67% for known large Mersenne prime indices [37].
D3y log log N

A proof of ‘ — 67’ < € for arbitrarily large N would provide the actual

log N
approximate value of the density of the Mersenne primes and the existence of arbitrarily
many primes of this kind. If an irreducible rational-coefficient polynomial is chosen to
approximate 2Y — 1 over a certain interval, the weighting factor should be changed to
¥(y) =y, yielding

Sn (P, f) 1 p— p(p)

lmn o0 - 4.13
TN Tog(N) T deg FAL TP 419

where p(p) is the number of solutions to f(n) = 0 (mod p) [34]. When p increases, the
number of solutions to f(n) = 0 (mod p), 1 < n < N, decreases rapidly and, as many
of the terms in the product in Eq.(4.13) have the form p%l, approximate equality of
de; 711, P ;f (1” ) with the coefficient l:’% may be obtained. The function 2¥ — 1 may be
approximated by rational-coefficient polynomials of given order only over an inteval which

includes the known Mersenne primes, whereas a method of intersecting polynomials at the
next Mersenne prime described previously would be required for an approximation of the
function throughout that value.

To determine the prime distribution of a function [f(z + n)], the following intervals

shall be defined. . )
Ln=1[f"(p)—n, f " (p+1)—n) peP

. (4.14)
Ip;;; =1,,N[a,b].
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pe(Ipy) ~ (T 0+ 1) —n) = (F ) —n) = |f" o+ 1) — f ' (p)|

-|[ e+ e A+ G reE D -2 ] - )
=y w + e+
(4.15)
the Lebesgue measure of Ig,l;, which is not empty if P,(a,b) = {p € P|f(n+a) <p <
f(n+b) — 1} contains a prime, is given by
a,by __ 1 *
M(Ip,n) - f’(n + @p) a S 91) S b p S Pn(a> b) (416)

Ppla,b) ={peP|f(n+a)<p< f(n+b) -1}

Using the natural weighting, with 1 (y) = 1, it has been shown that

N
/S"“tP;:U)d:c:Z/lsn daz—z Z 101
n=1 0

n=1peP,(0,1)

= Y U e+e+0m = Y Y )+ 00).

peEP peEP
FO)<p<f(N) FO)<p<f(N)

(4.17)
Suppose that f(y) =2Y — 1. Then

Z Z Fn+ @ Z 7/ Z % = oneditormodety
n>2 P

Pn n>2

(4.18)
It would appear that the index range of the sum is a presumption of the infinite extent
of the sequence of Mersenne primes. However, the sufficiently fine subdivision of the
unit interval, the infinitude of primes, the existence of a prime between a prime between
between f(n+a) and f(n+b) —1 for a < b and sufficiently large n, given that f(n+1) =
2f(n) + 1, and the overlapping of the subintervals [a, b] with the inverse images under of
f~! of the primes and Mersenne numbers leads to the conclusion that the infinite sum
(4.18) is direct evidence of the extent of the Mersenne prime sequence. It would follow
that limy_ oDy — 67% continuously and monotonically, and this limit would be
verification of the density of Mersenne primes.

This discussion clearly does not extend to integers of the form a¥ — 1, a > 3, because
these expressions can be trivially factored and the characteristic function s, (z) = xp([f(n
+2)]) then vanishes.
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Appendix. Relations between the Mersenne Prime Indices

It may be verified that each Mersenne prime index can be expressed as a sum containing
other Mersenne prime indices and having a particular choice of signs of the previous indices,
with the possible exception of the previous exponent, which may be multiplied by a factor
of 2. Given that {p/,} is the set of Mersenne prime indices,

Py =2
p'2:1+2
py=1-2+6

py=1-2+3+5

ph=-1-2-3+5+2-7

pg=1-2+3-5+7+13

pr=1-2-3-5+7-1342-17

pg=1—-2-34+5+7—-134+17+19

po=1+2-3-5-7+13+17—-19+2-31

Plo=1+2+3-5+7-13+19+31+61

p1=1-2-3-5+7—-13+17+19-31—-61+2-89

Plo=—-1+243+5-7—-13+17+19— 31— 61 + 87+ 107

Pi3=14+2-3-5+7+13—-17—19+31+61+89+ 107+ 2-127

Pla=1-2+345+7+13+17+19+ 31+ 61 — 89 — 107 4 127 + 521

Pis=14+2+3-54+7—-13—-17—19—31 — 61 — 89 — 107 — 127 + 521 + 2 - 607

Plg=14+24+3+5-7—-134+17+ 19+ 31+ 61 + —89 — 107 — 127 + 521 + 606
+ 1279

plr=1+2-3-5+7+13+17+19 — 31 — 61 + 89 + 107 + 127 — 521 — 607
— 1279 + 2 - 2203

Plg=1+2-3-5-7+13+17—19— 31+ 61+ 89+ 107 — 127 + 521 — 607
— 1279 + 2203 + 2281

Plog=1—-2-3-5+7—-13—-17+19+ 31461 +89 + 107 — 127 — 521 — 607
— 1279 — 2203 4 2281 + 2 - 3217

Py =1+2+3-5—-7T+13+17+ 19+ 31+ 61 + 89 — 107 + 127 + 521 — 607
+ 1279 — 2203 — 2281 + 3217 + 4253

Py =1+2—-345-7—13+17+ 19+ 31461 4 89 + 107 + 127 — 521 + 607
+ 1279 — 2203 + 2281 + 3217 — 4253 + 2 - 4423

poo=—-1+243-5-74+13-17+19 — 31 — 61 + 89 + 107 — 127 — 521 + 607
+ 1279 — 2203 — 2281 + 3217 — 4253 + 4423 + 9689

14



Phs=1+2+3+5+7—13+17—19 — 31 — 61 — 89 — 107 — 127 + 521 + 607
+ 1279 + 2203 4 2281 + 3217 — 4253 — 4423 — 9689 + 2 - 9941
Py =14+2—-3+5+7—13+17+ 19+ 31+ 61 + 89 + 107 + 127 — 521 — 607 + 1279
+ 2203 — 2281 + 3217 — 4253 + 4423 — 9689 + 9941 + 11213
Phs =1+2+3+5—-7—13+17+ 19+ 31 — 61 + 89 + 107 + 127 + 521 + 607
+ 1279 + 2203 + 2281 — 3217 + 4253 + 4423 — 9689 — 9942 — 11213
+ 219937
P =1+2+3—-5—-T7+13+17+19 — 31 — 61 + 89 + 107 — 127 + 521 — 607
+ 1279 + 2203 — 2281 + 3217 + 4253 + 4423 + 9689 + 9941 — 11213 — 19937
+ 21701
Py =14+2434+5+7—13+17+19+ 31+ 61 — 89 — 107 — 127 + 521 — 607
+ 1279 + 2203 + 2281 — 3217 + 4253 + 4423 + 9689 + 9941 — 11213 + 19937
— 21701 + 23209 + 44497
Phs =14+2—-3+5—-7—-13—17—19—31 — 61 — 107 — 127 + 521 + 607
+ 1279 + 2203 + 2281 — 3217 4 4253 + 4423 + 9689 + 9941 — 11213 + 19937
— 21701 + 23209 + 44497
Phog=1+2—-3-5-T74+13+17—19+ 31 — 61 + 89 + 107 + 127 + 521 + 607
— 1279 + 2203 + 2281 + 3217 + 4253 + 4423 + 9689 + 9941 + 11213 — 19937
— 21701 — 23209 — 44497 — 2 - 86243
Pho=14+2+3-5+7+13+17+ 19— 31 — 61 — 89 — 107 — 127 + 521 + 607
+ 1279 — 2203 + 2281 + 3217 + 4253 + 4423 + 9689 + 9941 + 11213 + 19937
+ 21701 — 23209 + 44497 — 86243 + 110503
Py =1—24345—-7—13+17—19+ 31461 — 89 — 107 + 127 — 521 — 607
+ 12179 — 2203 + 2281 — 3217 — 4253 — 4423 4+ 9689 — 9941 + 11213 + 19937
— 21701 4 23209 — 44497 + 86243 + 110503 + 132049 + 2 - 216091
Pho=—-2-3-54+T7+13—-17+19+ 31 — 61 + 89 + 107 + 127 — 521 — 607
+ 1279 — 2203 + 2281 + 3217 — 4253 + 4423 — 9689 + 9941 + 11213 — 19937
+ 21701 + 23209 — 44497 + 86243 + 110503 + 132049 + 2 - 216091
phys=—-1-2-3-5—-7—13—-17+19 — 31 + 61 + 89 + 107 + 127 — 521 + 607
— 1279 + 2203 — 2281 + 3217 + 4253 + 4423 — 9689 — 11213 — 19937
— 21701 — 23209 — 44497 — 86243 — 110503 — 132049 — 216091
+ 2756839
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Py =—-2—-3-5—-T7—134+17—-194 31461 — 89 + 107 4 127 — 521 — 607
+ 1279 — 2203 + 2281 — 3217 + 4253 + 4423 — 9689 + 9941 — 11213 + 19937
— 21701 + 23209 — 44497 4 86243 — 110503 4 132049 + 216091
— 756839 + 2 - 859433
Phs =1—-2—-3+5—-7—13+17+19 — 31 + 61 — 89 + 107 + 127 — 521 + 607
+ 1279 — 2203 — 2281 + 3217 — 4253 — 4423 4 9689 — 9941 — 11213 + 19937
+ 21701 — 23209 — 44497 + 86243 + 110503 + 132049 + 216091
— 756839 — 859433 + 2 - 1257787
Py =—-2+3—-5+7—13+17+ 19+ 31 + 61 + 89 4 107 + 127 — 521 — 607
— 1279 + 2203 — 2281 + 3217 — 4253 + 4423 — 9689 + 9941 + 11213 — 19937
+ 21701 4 23209 — 44497 + 86243 + 110503 + 132049 + 216091
— 756839 — 859433 + 1257787 + 2 - 1398269
phr=—1-2-34+5+7—-13—-17+19+ 31 — 61 — 89 — 107 — 127 + 521 — 607
— 1279 4 2203 + 2281 — 3217 — 4253 — 4423 + 9689 — 9941 + 11213 — 19937
+ 21701 — 23209 — 44497 + 86243 — 110503 + 132049 — 216091
+ 756839 — 859433 — 1257787 — 1398269 + -2 - 2976221
Phs =24+3—5+7+13—17—19 — 31 + 61 4+ 89 — 107 — 127 — 521 — 607
+ 1279 — 2203 4 2281 — 3217 + 4253 — 4423 4+ 9689 — 9941 — 11213 + 19937
— 21701 + 23209 — 44497 4 86243 + 110503 4 132049 + 216091
— 756839 + 859433 — 1257787 — 1398269 + 2976221 — 2 - 3021377
Pho=1+2+3—-5+7+13—17+ 19+ 31 — 61 + 89 — 107 + 127 + 521 + 607
+ 1279 — 2203 4 2281 — 3217 + 4253 — 4423 4 9689 — 9941 — 11213 + 19937
— 21701 — 23209 — 44497 4 86243 — 110503 4 132049 — 216091
+ 756839 — 859433 + 1257787 — 1398269 + 2976221 — 3021277
+2-6972593
Pio=-2-3-5—-T+13+17+19+ 31 — 61 — 89 + 107 + 127 — 521 — 607
— 1279 + 2203 — 2281 + 3217 — 4253 + 4423 — 9689 + 9941 — 11213 + 19937
— 21701 + 23209 — 44497 + 86243 — 110503 4 132049 + 216091
— 756839 — 859433 + 1257787 + 1398269 — 2976221 + 3021377
6972593 + 2 - 134466917
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Py =1+24+3-5—T+13—17+19+ 31 — 61 — 89 + 107 — 127 + 521 — 607
— 1279 + 2203 — 2281 + 3217 — 4253 + 4423 — 9689 + 9941 + 11213 — 19937
+ 21701 4 23209 — 44497 + 86243 — 110503 + 132049 — 216091
+ 756839 — 859433 + 1257787 4 1398269 — 2976221 + 3021377
— 6972593 — 13466917 + 2 - 20996011
Py =2-+34+5—T+13—17+19 — 31 — 61 + 89 — 107 + 127 — 521 — 607
+ 1279 + 2203 + 2281 + 3217 — 4253 + 4423 — 9689 + 9941 + 11213 — 19937
+ 21701 + 23209 — 44497 + 86243 — 110503 — 132049 — 216091
+ 756839 — 859433 + 1257787 — 1398269 + 29763221 + 3021377
+ 6972593 — 13466917 — 20996011 + 2 - 24036583
Pia=1—-2-3—-5+7—134+17—19 — 31 + 61 — 89 + 107 — 127 + 521 + 607
— 1279 + 2203 — 2281 — 3217 + 4253 — 4423 + 9689 — 9941 + 11213 — 19937
— 21701 — 23209 — 44497 — 86243 — 110503 — 132049 — 216091
+ 756839 — 859433 + 1257787 + 1398269 — 2976221 + 31021377
— 6972593 — 13466917 + 20996011 — 24036583 + 2 - 25964951
Piu=2—-3+5—T+13— 17419+ 31+ 61 — 89 — 107 — 127 + 521 + 607
41279 — 2203 — 2281 + 3217 — 4253 — 4423 + 9689 — 9941 + 11213 — 19937
+ 21701 4 23209 — 44497 + 86243 — 110503 — 132049 + 216091
— 756839 + 859433 — 1257787 + 1398269 — 2976221 — 3021377
— 6972593 + 13466917 + 20996011 — 24036583 — 2594951

+ 2. 30402457
(A1)
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