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Dedicated to Alexandre Grothendieck on his 60th birthday.

Il en est qui, face a cela, se contentent de hausser les epaules d'un air deabuse et de parier qu-il n'y a rien a tirer de taut cela sauf des reves. Ils oublient, ou ignorent, que notre science, et toute science, serait  bien peu de choses, si depouis ses origines elle n'avait ete nourrie des reves et des visions de ceux qui s'y adonnet avec passion --- A. Grothendieck [O, p. 18]

There are people who, faced with this, are content to shrug their shoulders with a disillusioned air and to bet that all this will give rise to nothing, except dreams. They forget, or ignore, that our science, and every science, would amount to little if since its very origins it were not nourished with the dreams and visions of those who devoted themselves to it. --- A. Grothendieck

The development of theoretical physics in the last quarter of the twentieth century is guided by a very romantic system of values. Aspiring to describe fundamental processes at the Planck scale physicists are bound to lose any direct connection with the observable world. In this social context the sophisticated mathematics emerging in string theory ceases to be only a technical tool needed to calculate some measurable effects and becomes a matter of principle.

Today at least some of us are again nurturing an ancient Platonic feeling that mathematical ideas are somehow predestined to describe the physical world, however remote from reality their origins may seem to be.

From this viewpoint one should perversely expect number theory to become the most applicable branch of mathematics.

Indeed, one clearly discerns the trend to at least include number theory into the universe of discourse of modern theoretical physics.

The author of these notes was amazed and pleased by the discovery that in order to calculate the Polyakov measure in string theory one can use Faltings' calculation of a specific number theoretical function called "height" (c.f. [1, 2, 3]).

Sasha Polyakov told me that after Falting's talk at the Berkeley International Congress of Mathematicians Ed Witten bought all the books in number theory at a bookshop across the road. (I did not check this with Ed = se non e vero, e ben trovato).

Therefore it is high time to present some musings of a professional number theorist and an amateur-physicist on the controversial subject of arithmetical physics.

First of all, can one calculate anything physical by unambiguously number theoretical means? I believe that the answer should be affirmative. Look at one of the beautiful formulas discovered by Euler:

pi^2/6 = Product over primes of 1/(1 - p^2)         (1)

The r.h.s. unmistakably belongs to number theory: primes p = 2, 3 ... are one of its main concerns. I dare say that the l.h.s. involving pi is a physical constant though it may need some arguing to convince the reader. in fact, pi can be (and has been) measured, just like the water boiling temperature or the Earth Equator length. One may say that Euclidean geometry where pi appears as a mathematical constant is actually kinematics of ideal solids valid in the macroscopic approximation of a flat gravitational vacuum.

In order to understand (1) better it is useful to recall some facts on primes. Classically, a prime number p is defined as a positive integer having no divisors except of 1 and itself. Each integer can be decomposed into a product of primes in a unique way; there are infinitely many primes; they are distributed quite irregularly; the simplest asymptotic formula for the number of primes not exceeding N is N/log(N).

This is not however the viewpoint we need here.

A modern explanation of the role of primes is given by Ostrowski's theorem: primes describe all reasonable ways to define a notion of continuity on the set of rational numbers Q (in addition to the traditional one).

To be precise, define a function |a|_p of a in Q by |a|_p = p^(-n), if a = (p^n)(c/d) where c, d are integers nondivisible by p. It verifies the usual properties of a norm: |ab|_p = (|a|_p)(|b|_p), |a + b|_p < = |a|_p + |b|_p (in fact, even < = max(|a|_p, |b|_p), the so called non-Archimedean triangle inequality. Therefore, it defines on Q a topology in which a_i ---> 0 if |a_i|_p ---> 0. This topology is called the p-adic one. Addition and multiplication being continuous p-adically, one can define in a standard way the notion of a Cauchy sequence and the set of limits of such sequences which are called p-adic numbers.

The set of p-adic numbers is a new analog of the set of reals R which can also be constructed in this way with the help of the usual absolute value |a| which is conveniently denoted |a|_infinity. Ostrowski's theorem says that any norm, or valuation, on Q defines the same topology as | |_infinity or | |_p for some priem p.

Of course, the properties of Q_p are in many ways different from those of R. The main reason is that the topology of Q_p is quite unlike that of R: p-adic numbers form a Cantor set, or a "fractal" [4]. Nevertheless, many chapters of classical calculus and geometry were developed over p-adic numbers. For a beautiful introduction see [5].

The physical world as we know it can be described very efficiently by mathematics based on R (and its further extension C, complex numbers). Recently it was suggested that at the Planck scale a p-adic topology may become more relevant [6]. This however raises a question: why should one particular p be physically marked? Isn't it more reasonable to  believe in a democracy of all available topologies? (Or at least of all p-adic ones since R is certainly "the first among equals" being defined by the only Archmedean norm.).

It appears that Euler's identity (1) and a whole series of similar facts can be explained in a way furnishing a very suggestive picture of some such democracy.

Let us start with the almost evident formula |a|_infinity = Product over p (|a|_p)^(-1). It means that knowledge of the ordinary absolute value of a rational number is equivalent to that of all p-adic absolute values simultaneously. or, totally democratically, product over v |a|_v = 1 where v = infinity or p = 2, 3, 5, .... Formulas of this kind abound in number theory and are called product formulas, reciprocity laws, etc.

In the last product formula we considered a rational number a in turn as a real, 2-adic, 3-adic, ... number. Let us introduce more generally the set of infinite vectors (a_infinity, a_2, a_3, ... , ) where a_infinity is in R and a_p is in Q_p. Such a vector, with a restriction |a_p|_p = 1 for all sufficiently large p, is callled an adele. This term was coined by Claude Chevalley around 1940, together with the world idele meaning invertible adele (i.e. a_v nonzero for all v, |a_p|_p = 1 for large p). Etymology of these words is doubtful; idele presumably stems from ideal while adele means additive idele. Anyway, among number theorists these are now common words.

Let us know imagine the first steps of mathematics in which the notion of a real number is replaced by that of adele. An adele a = (a_v) has components, real one a_infinity and p-adic ones for alll p's. The set of all adeles is a topological ring A_Q with component-wise addition and multiplication. Its topology combines Archimedian and fractal properties. Rational numbers Q are imbedded into A_Q diagonally: a ---> (a, a,  a, ...). A simple but important observation is that Q in A_Q is a discrete subgroup, like Z in R. In other words, a sequence of rational numbers cannot converge in all v-adic topologies simultaneously (e.g., if it converges to zero p-adically for all p's, it must consist of infinitely growing integers).

Recalling that  R/Z = U(1) is a circle, we arrive at the notion of adelic circle:

A_Q/Q = (R x product over p of Z_p)/Z       (2)

whjere Z_p is the set of p-adic integers (a in Z_p <---> |a|_p < = 1). We see from (2) that the adelic circle is a mixture of U(1) and a compact topologically totally discontinuous group which can be also described as a "lattice approximation limit" for U(1), i.e. lim <---n Z/nZ. Thus we encounter again the Archimedean and fractal properties combined in one object. Fourier analysis based on A_Q/Q rather than U(1) ties together in a nice way the usual and finite Fourier transforms: c.f. Tate's thesis [7].

Going one step further we may define the simplest non-commutative adelic groups SL_2(A_Q) which is essentially the set of infinite matrix vectors

{ (a_v b_v c_v d_v) in SL_2(Q_v) | v = infinity, 2, 3, 5, ...}

such that (a_v), (b_v), (c_v), (d_v) are adeles. Again, SL_2(Q) is discrete in SL_2(A_Q). With the help of a left invariant differential form on SL_2 and norms |a|_v we can define a left invariant measure dm =  dm = product over v of dm_v on SL_2(A_Q)in the same way as on its classical component SL_2(R). If we normalize the measure dm by the condtiion integral over SL_2(A_Q)/SL_2(Q) dm = 1 and then calculate this integral componentwise we get finally a beautiful explanation of (1):

1 = integral over SL_2(A_Q)/SL_2(Q) dm = [ integral over SL_2(R)/SL_2(Z) dm_infinity] x Product over p integral over SL_2(Z_p) dm_p ,   (3)

integral over SL_2(R)/SL_2(Z) of dm_infinity = pi^2/6,  integral over SL_2(Z_p) of dm_p = 1 - p^(-2) (4).

Here (3) is established in the same way as (2), the Archimedian part of (4) is proved by the Poisson summation trick, and the p-adic part of (4) follows from the fact that SL_2 over a finite field of p elements consists of p^3 - p points, so that the relative amount of points in SL_2(Z_p) with respect to (Z_p)^3 is just 1 - p^(-2). Now we can see the following pattern:

* (at least some) essential notions of real and complex calculus and geometry have their adelic counterparts;

* adelic objects have a strong tendency to be simpler than their Archimedian components, e.g., the adelic fundaemntal domains of arithmetical discrete subgroups of semisimple groups usually have volume 1 (the Siegel - Tamagawa - Weil philosophy, c.f. [15])

* due to this fact and to product formulas like (2) or (3) embodying the idea of democracy for all topologies, information on the real component of an adelic object can be read off either from this real component or from the product of p-adic components for all p's.

With some strain, one can generalize and state the following principle which is the main conjecture of this talk:

On the fundamental level our world is neither real, nor p-adic, it is adelic. For some reasons reflecting the physical nature of living matter (e.g. the fact that we are built of massive particles), we tend to project the adelic picture onto its real side. We can equally well spiritually project it upon its non-Archimedian side and calculate most important things arithmetically.

The relation between "real" and "arithmetical" pictures of the world is that of complementarity, like the relation between conjugate observables in quantum mechanics.

Of course, one is not obliged to take this metaphysics seriously. A skeptical reader can still use it as a guiding principle in a mathematical study of the structure of string theory.

I shall describe below some recent work which seems promising in this respect.

To start with, a reinterpretation of the calculation of Polyakov's measure in [1] shows [3] that if we take a point x of the moduli space M_g which has algebraic coordinates, then the density of this measure with respect to a  a canonical one equals the inverse Archimedian part of a function called the height of x.

A remarkable property of the height compatible with our philosophy is that it is defined by a product of factors corresponding to all valuations of a field in which the coordinates of x lie.

I conjecture that one can define on the space of adelic points of a universal moduli space an adelic Polyakov measure whose Archimedian component is the ordinary Polyakov measure. Hopefully, the corresponding total adelic volume would be computable as in (3), (4), thus giving an arithmetical expression of the string partition function.

If this hope comes true we shall be able to speak on adelic strings with some justification. Of course, the main reason for believing in this is the remarkable appearance in string theory of algebraic varieties (moduli spaces), and measures on them (Mumford forms) which are intrinsically defined over the integers and not just over R or C.

In order to explain some details we need an extension of the picture we worked with up until now. Number theory studies not only rational numbers Q but all algebraic numbers Q^bar, i.e., roots of polynomials with rational coefficients. It is convenient to work with smaller number fields K, i.e. with finite-dimensional Q-subspaces of Q^bar containing 1 and closed under multiplication. For such a field K one can prove a generalization of the Ostrowski theorem, describing all valuations of K. Since Q is contained in K, each such valuation w induces on Q a valuation v which is equivalent either to | |_infinity or | |_p. We say that w extends, or divides v. Now the following facts are true: a) each valuation of Q extends to a finite number of valuations of K; b) valuations extending | |_infinity correspond to various embeddings of K into complex numbers. After this theorem has been proved, one can define w-adic numbers K_w, adeles A_K, ideles J_K and all the other objects we considered previously "over Q".

Suppose now we have a linear space L over K endowed with norms ||  ||_w, one for each valuation w of K, such that ||a*l||_w = (|a|_w)(||l||_w) for all a in K, l in L and ||l||_w = 1 for almost all w if l is nonzero. We can then define the height of l in L by the formula

h(l) = product over w of ||l||_w.

From the product formula product over w of |a|_w = 1 for a in K one sees that h(l) in fact depends only on the ray Kl in L, i.e., the height is a function on the projective space associated with L.

Since the moduli space M_g is in fact defined by algebraic equations with integer coefficients we can embed M_g into such a projective space. If this embedding is constructed with the help of Mumford's determinant vector bundles, we obtain in this way the height connected with the Polyakov measure.

The total height, unlike its Archimedian part, is defined only for those points with algebraic coordinates, which, although dense in M_g, do not look very appealing physically. However, in a recent work [8] it was established that just these points appear in a natural way as lattice points in a string lattice approximation scheme.

The situation is as follows. In string lattice approximation one replaces a smooth Riemann surface, i.e., a world sheet with metric ds^2 by a triangulated metric surface which is essentially given by combinatorial data listing, say, the vertices and lengths of arcs connecting some pairs of vertices. This is a two-dimensional version of the Regge calculus in general relativity.

Consider now only equilaterally triangulated compact oriented surfaces with all arcs of length 1 (changing this value leaves the surface in the same conformal class). One easily proves that such a surface is endowed with a complex structure compatible with the metric (first delete vertices then extend the obtained complex structure which is possible because the sum of the angles at each vertex equals n*pi/3 for an integer n). Therefore such a surface defines a point in M_g. The main theorem of [8] foreseen by A. Grothendieck [0] states that in this way we obtain precisely all algebraic points. Thus the number theoretic picture reflects very well a combinatorial-metric picture. An outstanding problem now is establishing further ties between these two descriptions, in particular, calculating height in metric terms.

We now come to the last point in our discussion.

The most extensive generalization of Euler's formula (1) is connected with calculation of adelic volume of homogenous spaces of the type H(A_K)/H(K) where H is a semisimple algebraic group and K is an algebraic number field. (We treated briefly the case H = SL_2). Similar calculuations for other kinds of algebraic varieties such as M_g present great difficulties. Why can we then hope to deal arithmetically with M_g?

A possible way out is remarkably connected with a new approach to another baffling property of the Polyakov partition function,namely, that it is inherently a perturbative expansion. It was suggested by several authors that one should work instead with a sort of universal moduli space M^ embodying all M_g's (and something else).

In [9], motivated by this idea and operator approach, I conjectured that this M^ should be a homogenous space with respect to the Virasoro algebra.

This conjecture was recently proved by four groups [10] - [14]. They all use the same basic construction due to Sato and Segal-Wilson. In this construction, M^ is an infinite Grassmannian and the "moduli part" of M^ parametrizes triples (X, p, z) where X is a complex Riemann surface, p a point on it and z a local coordinate at this point.

If one succeeds to define the nonperturbative path integral as an integral over M^ it may well become accessible to the arithmetical treatment. To this end we shall need an extension of the Tamagawa-Weil theory to infinite dimensional groups, like the Kac-Moody ones and GL(infinity). (By the way, vol(SL(n, R)/SL(n, Z)) = zeta(2)....zeta(n) has a well defined limit for n---> infinity. Is it possible to obtain it as a volume for n = infinity?)

In conclusion I would like to describe very briefly some preoccupations of number theorists which may be relevant to the program of arithmetization of physics.

Number theory has its own Grand Unification Group: it is the so-called Galois group G = Gal(Q^bar/Q) which consists of all permutations of algebraic numbers among themselves conserving algebraic relations between them with rational coefficients. It is an infinite topological group of "fractal" type whose structure is very complex and in some sense embodies all arithmetics, if one takes into account also some canonical central extensions of its subgroups, the so-called Weil groups. To illustrate this assertion, we only note that the maximal abelian quotient G^ab is just product over p (Z_p)* so that the primes appear again in a completely unexpected way, essentially as generators of G^ab. in studying the representations of G and its closed subgroups, a number theorists meets with automorphic and modular functions in much the same way (or rather, a dual one) as the physicist studying the representations of Kac-Moody and Virasoro algebras. A series of deep conjectures due to Langlands [14] connect the representation theory of G with that of groups H(A_K) via modular forms and their Mellin transforms.

I sincerely hope that such remarkable coincidences are not fortuitous.

Finally, I am pleased and proud to dedicate this note to Alexandre Grothendieck whose insights immensely influenced mathematics and start to influence physics as well.
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