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We examine some results and techniques of analytic number theory which have application.
or potential application. in mathematical physics. We consider inversion formulae for lattice
sums. various transformations of infinite series and products, functional cquations and scaling
refations, with selected applications in clectrostanies and statistical mechanics. [n the analysis,
the Mellin transform and the Riemann zeta functuon play a key role.

1. Introduction

This puper was stimulated by a brief note of Chen [1], which attracted some
interest. Chen showed how to effect the asymptotic solution of several standard
inverse problems in statistical physics by inveking the M&bius inversion
formula, an apparently obscure result of algebraic number theory. The corner-
stonc of Chen’s analysis is equivalent to the assertion that, under modest
hypotheses on the functions « and 8, if

alx) = i Blax) forallx >0, {1.1)

n=1
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then

Blx)= i win) e(nx) forallx > (), (1.2)

where the Moébius function p(n) is defined by

1, n=1,
u(ny=1{(—1)". ifnhasrdistinct prime factors , (1.3)
0. otherwise . :

To number theorists this key result in Chen is wtterly trivial and well known,
and Chen [2] subsequently noted that the rather circuitous original derivation
of eq. {2) can be replaced by appeal to theorem 270 in ref. [3], yet to physicists
not famiiiar with analysis buried in the classics like Titchmarsh [4] or Hardy
and Wright [3| some ncw magical tools seemed to have been invented. Indced
the Editor of Nature suggested [5] that by so calling in the treasure-trove of the
old world some new insights into physics might become accessible.

fo fact the resurgence of interest in classical analysis and in number theoretic
fermulae is of fairly long standing [6-8]. It is represented by the work of
Andrews and of Askey on g-series and generalised hypergeometric functions
[9]. in Rogers-Ramanujan relations [10], in the popularity of Ramanujan’s
notebooks, which have finally become availabte [11], in work of Glasser and
Zucker [12] on applications of number theory to the calculation of lattice sums,
in a re-evaluation of R.B. Dingle’s contribution to asymptotics [13], in
Coxeter’s astonishing results on sphere packing (discussed by Dyson [14]), in
random walks with infinite variance [15], conferences on analytic number
theory in physics. and the very beautiful work of the School associated with
Dingle’s student Berry at Bristol [16-19).

A paper of Dyson [i4] is a classic and deep exposition of the kind of
tantalising insights that might be coming into sight. To the average or garden
variety physicist or chemist unfamiliar with what Dyson in his paper calls
“unfashionable pursuits™, these matters are a deep mystery. The language of
mathematicians is almost deliberately obscure in its pursuit of exactness, and
designed to admit only the anointed to its hallowed halls of revealed truth. In
fact all mathematics is a tautology, and all physics uses mathematics to look in
diffcrent ways at a fundamental problem of philosophy — how to bridge the
discrete and continuous. Much of the work discussed that skirts around the role
of number theory in physics pays lip service to motivation through calling in
physical problems, ¢.g. Brownian motion, distribution of ¢igenvalues of ran-
dom matrices, whatever, but really represents mathematicians in search of an
application. Although an exception can be found in the work of Berry, this
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for those values of s for which the integral converges, and by analytic
continuation ¢lsewhere. The Mellin inversion formula [24] establishes sufficient
conditions for the inversion of the transform (1.5) by the contour integral

iz

f(x)=ﬁ f 1 fin)ds, (1.6)

o =

where the contour of integration is the line Re(s) = c. with ¢ chosen so that the
original integral defining the Mellin transform converges adequately for all
points on the contour, In particular, the usual gamma function is the Melkin

transform of the function e ™, i.c.,

x

J"(s)=f)r""c"r dx {Re(s)>0) (1.7)
[l
and so for any real, positive c,

c+in

. 1 .

e = o | x I(s)ds . (1.8)
The Ricmann zeta function can also be expressed in terms of a Mellin
transform. If we multiply eq. (1.7) by n ", take t = x/n as a new integration
variable and sum over 2 from ] to =, we find that

L)Y () :f L;%i_r =—(s— I)J £ log(l ~e ') de (Re(s)>1).

1
(L.9)

The Riemann zeta function is the classic example of a Dirichlet series
Y._ia,n " If such a series converges at s = s,,, it converges to a holomorphic
function for Re(s — 5,) > 0.

2, Inversion formulae

Taking the Mellin transforms of both sides of eqs (1.1} and (1.2), we find
that thesc equations underlying Chen’s analysis reduce to

a(s) = {(5) B(s) (2.1)
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B 1n eq. (2.6) is xVinteger, by analogy with egs (1.1) and (1.2), we scek an
inversion formula of the form

Bx)= 2 wk)alxvk) forallx>0. (2.7)

k=1

Taking Mellin transforms of egs (2.6) and (2.7). we find them to be equivalent
provided that

- . ]

oo k= et ml) ) (2.8)

kot m i)

We can now expand the right-hand side in powers of k™% and equatc
coefficients of &7 to deduce the value of w(k) for k as large as our paticnce
permits.

We illustrate the technique for two examples where the summation variables
are drawn from sets of points on the two-dimensional square lattice.

Example (I). A quadrant of the square lattive. Let

alx)= > BlxVm™ + n%) forallx >0, (29

mon =10

where the prime denotes the omission of the term cotresponding tom=n =0
from the sum. The cocfficients w(k) in the inversion formula (2.7) are given by

- = -1
> owkyk = ( Z'“ (m*+ pty Z) . (2.10)
In table 1, we show the vaiues of (k) for k& = 30. These can be generated on
paper by brute force in a few minutes. In table I, we illustrate the inversion
tormula for the case S(x)=e™ " For this choice of 8(x), the function ce(x) is
casily evaluated numericaily. We now attempt to recover (x) using eq. (2.10}.
The results are shown in table I1. It will be seen from table 17 that unless x is
very small, only a few terms need to be taken to ensure an accurate 4pproxi-
mation to B{x).

Inspection of table 1 reveals some striking properties of the sequence wlk).
After 2 fairly innocuous beginning [w(1) =1, w(2)= 1, w(3)=0, .. ] the
values ) and — { are taken rather often, while

W)= (=132 =234, (2.11)

We seck an explanation for this. If we write A(z) = a(~'Z) and B{z) = B(v7).
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with a =20 and b =0, then eq. (2.12) becomes

Alx)= 2 2 ri(n) w(k) Alknx). (2.13)

e=1 k=1

and if by d | m we mean that d is a divisor of m (where 1 and m are regarded as
divisors of m). then we may write

A(x) = Z > ri(m/d) w(d) Almx) . (2.14)

e [
We now sec that the coefficients w(k) must be chosen such that

P afl)=1, (2.15)
and for m =2,

2 ritmid) w(d)=0. (2.16)

dm

Since rJ (1) =2, we infer at once that w(1) = 3, while eq. (2.16) furnishes us
with a recurrence relation, from which the entrics in table I are easily
calculated, as an alternative to the brute force calculation described in section
2. Moreover. the values of w(k) for many values of &k can be written down at
once. Consider the case in which p is an odd prime number. Setting m = p in
eq. {2.16), since the divisors are 4=1 and d =p, we have r;(p) w(1) +
r (N w(p)=10, and since w(1)=1and r, (1)=2,

w(p)=—~iri(p). (2.17)

It is trivial to verify that a prime of the form 4m + 3 cannot be expressed as a
sum of two integral squares. It can be shown (ref. [3], pp. 218-219) that a
prime number of the form 4m + 1 can be expressed as a sum of two integral
squares in only one way, apart from the sign of the integers and their order in
the sum, so that if p=4m+ 1 is prime, then r, ( p)=2. Hence for any odd
prime p,

1
=3, p=dm+1,
“’(”)“{U, p=dm+3. (2.18)

We can determine (k) for many other values of £, For example, if p and p’
are distinct odd primes, then
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PR a(s)
B(s)= ALC5s) £(%s) {(2.26)

The function L(z) (denoted by B(z) in some texts) has been extensively studied

[27]. Tt governs the distribution of prime numbers in the progression 4m + 1

and 4m + 3. Its values are known for the odd positive integers, for example

L{1) = 1w and L(3)= £, while L{2) =~ 0.916 defines Catalan's constant,
Te effeet the inversion of eq. (2.22) as a double sum, we write

™ 3, s e

and use eq. (2.3} to deduce that

ﬁ(s)— Ly L“:’)a—(g—) (2.28)

m-ln 1

Inverting the Mellin transform, we deduce that

Blx) = ——Z E(ﬂmMAMauv*ﬂ {2.29)

wm=1n-1

We now need a recipe for computing the coefficients a(m). If o(m) is a
completely multiphicative function of positive integers m and n, in the sense
that

wim) g(n) = ¢lmn), (2.30)

then, where the product over p is taken over all prime numbers,

2 etmym =ll1-e(mp~]™". (231)
m=1 F)
provided that the series on the left-hand side converges absolutely (ref. [28], p.
168). The proof of this is a simple gencralization of the proof of eq. (2.5). If
we write

x

L(s)= > elmym (2.32)

rr=1

then @(2k) = 0 and @(2k — 1) = (—1)* "% It is easily verified that in this case ¢q.
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> r(midy wld)=0, (2.41)

d | m

so that the determination of extravagantly many coefficients is straightforward.

We have not discussed here the generalization of our analysis to higher-
dimensional problems. The basic Mellin transform procedure and subsequent
brute-force determination of the coefficients analogous to w(k) in examples (i)
and (ii} is evidently applicable. For hypcrcubic lattices, we can also exploit
some number-theoretic results, since the number r, (#) of integral solutions of
2+ x3+ .o+ +x = n has been extensively studied, with a classical solution of
Jacobi available for the cases k =2, 4, 6 and 8, and sclutions of Ramanujan
and others covering even k for k=24 (ref. |26], ch. IX}. For odd k., the
analysis is more difficult, but some references can be found in pp. 157-158 of
ref. [26].

3. Tautologies

Consider now the generalised zeta function, defined for Re(s)>1 and
0<a=1 by the serics

s, a)= i (n+a)". (3.1)

n=u

With this definition,

f(s. 1) = g(s). (3.2)

We claim that the definition of {(s, a} is equivalent to the theory of integration
[29] and therefore the calculus. To see this, note that from the binomial
theorem

* — V(s + + —1Na"
a5 GG D st D
m=0 m.n

, (3.3)

so that inserting this into the summand in eq. (3.1) and interchanging the
orders of summation, we have the identity

fs.a)=a "+ L(s)~sal(s+ 1)+ %‘i (s +2)

_sls ¥ )5 +2)a’

20 fs+3)y+ -, (3.4)
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(s a)—a = i w(n) E {(—1)"¢(s + m) Jg{('_:+ m+ 1) (s),a"

n=1 n m=h n m!

(3.10)
If we replace s by s + 1 in eg. (1.9}, we obtain
1 e »
== |r - : 3.11
s+ 1) G j! log(1—e ")dt (3.11)
[}
Now lctting 1 = kx. and summing over k. we produce the identity
S0 ]
(Y s+ =—2 fo‘ "og(1 —e ™) dx (3.12)
w1 1(5) 4
1 [ = . hay
=—— = ; - d 3.13
Iy !1 10g(I[I (1—e )) X ( )
- o H (1-e™™ )dx. (3.14)

This identity (with s replaced by s + m) can now be used, together with eq.
(3.7), 10 eliminate (s +m) {(s + m+1)(s),, from eq. (3.9). When this is
done, the sum over m can be recognized as an exponential, giving

Jf . log l_[ (1-e™™ )dxA
(3.15)

rs) [, a)=a '] = —;

This formula illustrates another connection that will recur below, namely the
intimate connection between the generalised zeta function and Euler’s product

Felx)= ¥ (1-x"). (3.16)

which is central to the theory of partitions and the theory of elliptic modular
functions |26]. We may view eq. (3.15) as a “totem pole” for the higher
transcendental functions, just as the wonderful formula ¢ =-1 may be
reparded as a “totem pole” for the elementary transcendental functions.

By manipulating the inversion formulae (2.1) and (2.2), which reduce to the
tautology
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integration variable produces an inverse Mellin transform which can be recog-
nized as x '"*$(1/x), so that the Riemann relation (3.21) implies eq. (3.22).
There are eight different proofs of the Riemann relation in ref. [4]. One of
these commences with eq. (3.22), so that eq. (3.22) implies the Riemann
relation (3.21). It is purely a matter of taste which of the two formulac is the
mare fundamental, and each can be derived in other ways apparently without
reference to the other.

In section 8, we uncover some further tautologies, atising from the equiva-
lence of certain sums of delta functions with divergent sums of cosines,
interpreted within the sense of Lighthill's presentation of generalized functions.
The simplest prototype of these results is the identity (ref. [31], pp. 67-68)

i Ma—my= 2 & (3.24)

m=—x

This is the generalized function statement of the Poisson summation formula

m=—"

i 4P(m)= :i_ jP(x)cz'""‘idx, (3.25)

and is equivalent to the classical formula for the determination of the co-
efficicnts in a Fourier series. Either of egs. (3.24) or (3.25) can be used to
derive the Riemann relation (3.21) and the theta function transformation
(3.22). Bellman [21], pp. 34-36, has obtained the Poisson summation formula
as a consequence of the Riemann relation, remarking that this “shows what is
so often true in analysis, namely that it is not easy to distinguish between the
general and the particutar”. The Riemann relation, the theta function trans-
formation, Poisson’s summation formula and the key results of the theory of
Fourier series are all manifestations of the same tautology.

4. Prime and natural gases

In the preceding discussion, we have been preoccupied with the Riemann
zeta functiop (1.4), Euler's infinite product representation of it, (2.5), and
some consequences, producing connections with Euler's product (3.16) and
other fruitful mathematical tautologies. Here we wish to make contact with
physics. with examples drawn from statistical mechanics. The Riemann zeta
function is paramount in the statistical mechanics of Bose-Einstein gases {32]
and in the examples which follow it is also pre-eminent. Some of these
considerations have been anticipated by Mackey [33] and by Julia [34, 35}, and
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- 1 1

| = =2 5t R s 47

0g () =2 I o =2 5+ R (4.7)
where

- 1

Ri=2 X —m (4.8)

is holomorphic for Re(s) > 3. Indeed (ref. [36], p. 5), for Re(s) =1,
_ )
RN = 557 (4.9)

so that |R (s)| < £(2) = En” for Re(s) = 1. It is interesting to note that, in the
spirit of the tetem pole (3.15).

; # = "24 # log {(ns) (4.10}
(ref. [4], p. 12). Thus we find that as Bg,— 1",
S exp(—pe,) =2 p% ~log £(fe;) ~logl(Be, —1) '] (4.11)

Once again there is a maximum allowable temperature T, . given by eq. (4.5)
above. Since the singular behaviour at T, is weaker than that for the natural
gas. the corresponding thermodynamic properties will have weaker {though
more exotic) singular behaviour. The singularity in the partition function is
weaker for the prime gas as a direct consequence of the asymptotic density of
the prime numbers. Since the number w(x) of prime numbers less than or equal
to x grows as x/logx, from the prime number thcorem [4, 36], the single
particle density of states for the prime gas is effectively 1/log x, while that for
the natural gas is unity.

At this point it is of more than passing interest to ask if any physical system
can exhibit a maximum allowable temperature. Hagedorn [37] has developed a
fuscinating statistical-thermodynamic ““fireball” model of hadron (elementary
particle) physics and a maximum allowable temperature arises for comparable
reasons as in the prime and integer gases. In particle physics, the maximum
allowable temperature has become known as the Hagedorn temperature, and it
appears in all fundamental microscopic theories of hadron physics. We briefly
re-encounter hadron physics in a different context in section 6 below.

Proceeding now to quantum statistical mechanics, the canonical partition
function for a gas of non-interacting, non-number-conserved particles with
single particle spectrum e, is
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log Qp(T) = g m2=| mﬂf" g Z=1 mnzmﬂf” {4.18)
= {(Be,) — {(2B5s) + R3(Bey) , (4.19)

where R,(s) is holomorphic for Re(s) =1 and rcadily bounded. It will come as
no surprisc to the reader that for both the boson and fermion natural gases, the
Hagedorn phenomenon again appears. We remark that to obtain precise
resuits for the thermodynamic functions near the Hagedorn temperature, we
need an expansion of {£(s) in the vicinity of s =1, viz.

£ _ 13k
{(s)= —1—1+ TR AN (4.20)

i K
where v=0.5772 is Euler’s constant. The expansion (4.20) was first published
in 1885 by Stieltjes. It is the Laurent series for the Riemann zeta function, and
so is convergent for all s# 1. The reader is referred o p. 164 of the first
volume of Ramanujan’s notebooks, edited by Berndt [11], for some intriguing
material and accurate numerical values for the first few coefficients ¢,.

In closing this section, we note that if we imitate Planck by neglecting zero
point energy and writing the single.particle spectrum for black body radiation
as

£, = nho , (4.21)

then omitting the ground state n =0, we have for the Bose and Fermi cases
respectively

Qy(T)= H. {t—x"7" t](x) (4.22)
and
oum =Tl a+an -2 (423)

where x = exp(— Bfiw) and F(x) is Euvler’s infinite product (3.16), which we
have alrcady encountered in the totem pole (3.15), which is the cornerstone of
the theory of partitions [26] and which figures prominently in section 6 below.
The study of quantum field theory is sufficiently well advanced that one could
easily approach these problems without explicit reference to the classical
analysis which underlies them, but we feel that one is the poorer if deprived of
the rich mathematical antecedents.
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then

&(x)=g,(x) + g,{x) . (5.8)

Since the series defining g,(x) converges uniformly with respect to s on the
integration contour. we can interchange orders of integration and summation
to obtain

cHix

j (x " —1)A(s) ds l)h(s) ds

g{x)= (¢ =Rels)=0). (3.9)

The interchange is not permissible in the series defining g,(x). but we can
overcome the problem, by obscrving that the integrand has no pole at s — 0,
the pole of h(s) being cancelled by the zero of (x ' —1). Therefore we may
translate the contour to the left to write

L i

g-{x)= E ; j e"(x * = hits) ds (—1<¢ =Rel(s) <), (3.10)
a=1

i

and on the new contour our sum converges uniformly so that we can perform
the interchange to produce

o et vk )
g{x) = — Zm J e (—1< ¢ =Re(s) <0} . (5.11)
We thus deduce that
1 {(x " - DA ds 3
glxy= I J'il-e_" , (5.12)

where the integration contour (traversed anticlockwisc) cneircles the imaginary
axis. The singularities enclosed arc simple poles at s =0 and at s = *2nmi
(n=1,2,...). Summing over the residues we obtain

g(x) = —h(0")logx + 2 hQ2miny(x ™ 1), (5.13)
"n_¢()r
The reader offended by the informality of the argument here will casily supply

the appropriate rigorous argument involving an expanding sequence of rectan-
gles with corners at the points ¢ = (2n + 1)mi, ¢’ = (2n + 1) mi.
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N
N+t 1l)=—"—F7+. 5.18
D= Tt M) (518)

For the special case {(5.15), g(e) = —1, while morc generally g(e) = ~ #(0').
Our analysis therefore produces solutions to the nonlinear difference equation
which, although simple for integer values of ¢, behave somewhat irregularly for
intermediate values of ¢. It is natural to speculate that some other nonlinear
difference equations which produce chaotic solutions may be manifestations of
tautologies in the spirit of eq. (5.13).

6. Euler’s product
Consider now Euler’s product F.(x) defined by eq. (3.16) above and write
f(x) = ~log Fe(x) = — 2 log(1 — x*). {6.1)
k=1

From eq. (3.13),

i) ¢(s) L(s+ 1) =~ i Jx"_'log(l—e ydx (6.2)
k=1
1]
so that
Ie) &) s = )= | %' e *)ax, (6.3)

]

and so by the Mellin inversion formula

fle™)= ﬁ f x'(s) £(s) e + 1) ds (c=Re(s)>1). (6.4)

—jx

The only pole of {(s) is at s =1, near which
Hy=(-D"+y+ e, (6.5)

where y= —1I"(1) is Euler’s constant, while f{s) has a simple pole of residue
(—1)%ntats=—n(r=0,1,2,...). The intcgral therefore has a double pole
at 5 = 0 and simple poles at s = *1, The remaining poles of the gamma function
are cancelled by zeros of one or other of the zeta functions, since {{—2n) =0
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applications. The significance of Euler’s product in number theory is discussed
by Hardy [26] (chs. VI and VIIT). Let p,(#) denotc the number of urrestricted
partitions of the integer &, i.¢. the number of ways in which » can be expressed
as a sum of positive integers {not necessarily distinet), without regard to order
and let py(n) denote thc number of partitions of x into- distinct positive
integers. Then it can be shown that

Fe(x) =1+ 2 pu(m ", (6.13)
FE(XZ) _ . "
Fin Lt 2 pulm” (6.14)

and also that
Fo) =1+ z (7l)k(xk{3k vz xk(ik-l):‘Z) ) (6.15)
£-1

The asymptotic forms of p(n} and p, (1) have applications in the theory of the
self-avoiding walk [43] and the spiral self-avoiding walk [44], and cq. (6.11) is
used in the rigorous derivation of these forms [45]. Also, the function
x'"F_(x)" and the coefficients of x in the expansion of Fp(x)™*' appear in
relativistic string theory [46, 47]. Egs. (6.13)-(6.13) are not far from the
theory of the Rogers—Ramanujan identities. which have been found useful
latcly in the analysis of two-dimensional lattice statistical mechanics problems
[10, 48]. The function Fc(x)™' is, to quote Hardy [26], “one¢ of a well-known
class, the eclliptic modular functions, whose properties have been studied
intensively and arc very exactly known . .. These functions all have the same
peculiarities . . . and cxist only inside the [unit] circle . . .”. Ramanujan’s func-
tion 7(n) is defined by the equation (ref. [26], ch. X)

X () = Z (n) x" . (6.16)

and it is satisfying to see from the preceding references that this bizarre
function, for which

2wy =1l-pyp~+pt (6.17)

n-1 P

(where p is a prime number), may have [14] more than recrcational interest.
Other tautologics can be constructed for Euler’s product. It can be shown

(ref. [4], p. 8) that for Re(s) > max|1. Re(a) + L],
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T.(x,2)= Z 21‘, ‘#(nm)‘(* "7 2" exp(— max) . (7.4)
I n=1

We shall not address in detail the justification for the interchange of orders of
summations in double sums, or for the interchange of orders of summation and
integration. Adequate convergence to permit this is cither clear, or secured by
restricting Re(s) to sufficiently large values.

Taking the Mellin transform over x, we have

£

Jx"'T:(x.z)dx:F( E Z ‘“. "f'.),‘ Yl (7.5)

m=1l -1

i

Using ¢q. (7.2), we find that

(o _I0 s § ()
J‘x T.(x,z)dx = 29) > T (7.6)

n-l
i

—1s

Expanding 1/{(2s) as T _| p(m)m ™, we find that

e mwae-row S am > I 77)

[}

—3s

Recognizing m~“n "T(s) £(s) as the Mellin transform of ¥} _, exp(~ m nkx),

WC may now write

Jx“"T:(Jc,z)clszT E:: 2:, m(m) Z (+)

0 -

len

X [exp(—m k)" dx (7.8)

and the sum over # can now be expressed as a logarithm. Inverting the Mcllin
transforms, we deduce that

T.(x,2)=*2 2 pim)log[l = zexp(— m'kx)]. (7.9
k=1 m—1
Recalling eq. {7.3) and exponentiating, we obtain
n [l + |M(m)|2 exp(_mx)lzl _ l_[ l_[ [1 + exp(_mlkx)]ip(m).
k=l m-1

m—1

(7.10)
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j U (x, 2)dx
i
2;!*1

o MM (2!1 + 1)’“

n

* I'(s) &(s) Z i) Z TY (7.17)
; = Zrn]
:J‘ ! E plem) 2 cxp[—(Zrz + Dimx|dx
iJ'x‘_'g’(s) i w(m) 2 % exp[—2m nx| dx {7.18)
m—1 n=]

1]

where in passing from eq. (7.17) to cq. (7.18). we have replaced
Fis) m™(2Zn+ 1) * and I'(s) m *n ™" respectively by the Mellin transforms of
exp|—(2n + 1)mx] and exp[—2m’nx]. The sums over n can now be evaluated
in terms of logarithms, and if {(s) is expanded in its Dirichlet serics, we can
cxpress the entire right-hand side as a Mellin transform. Inverting this trans-
form, we obtain

x

U.v.2)= 3 2 () log L ESRL M) )

1 -z exp{—mx)
1 - < » ;
5 Z > wlm) log[l - z” exp(—2m nx)| . {(7.19)
=1 u=1
If we return to eqs. {7.3) and (7.6), we have {setting z = 1 and sclecting the
formula for T (x, z))

[74 S tog(ln = lutml exp(-m)] ') ax -

o

ML) ds+ 1)

) (7.20)

If we multiply both sides of this equation by m " and sum over m, we obtain

3

f T 21 2 log{[1 — | ()| exp(—m?nx)] '} dx = I'(s) £(s)} £(s + 1)
{7.21)

ik

Recognizing the right-hand side in terms of the Mellin transform of Euler’s
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H 1:[1 [1= [,u,(m)\z exp(— mnzx)] = kU. 1=z exp(—4&x)] . (7.27)

In the appendix, we summarize some key results from the theory of theta
functions, one of which is the infinite product representation

Bz, )= 0 [1 [1+2¢" ' cos(22) + 4™ 7], (7.28)
n=1
where
o-Tla- g™ (7.29)

n=1

Using eq. (7.27) we can rewrite the last cquation as

o-11 Hllflﬂ(m)lqz’"" : (7.30)

m—1 n=1

The multiplicand in the product (7.28) can be factored as (1 + g et 1+
7 "e ), In each product, we may now use the identity (7.27) with
appropriate identifications of z and &7, giving

T le -3.:)

Oz @)= @ TT T1 (1 w(m)|g*™ ' €)1+ [niomlg

(7.31)
In a similar manner,
iz q)=Q ]_[ H (1- IP’-(n'i)iqu""""_1 e (1 - Iu(m}fq"”’" ! e*”) .
e (7.32)

Similar product representations exists for P {z. q) and &z, ¢), so that in
particular

[Tri- 2¢7" cos(2z) + g™ = H H [n- 2|;_L(m)|q""" cos(22)

n=1 m=1n=1

+ [ p(m) g*™] . (7.33)

Differentiation of the logarithm of eq. (7.33) with respect to z gives, on
cancellation of a factor of 4 sin(2z) common to both sides,
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8. Ewald sums and quasi-crystals

We conclude our discussion of tautologies by neting seme consequences of
the identity

2 [pm|QUmx) = 2 2 wlm) QOm'nx) (8.1)

This identity is easily established by taking Mellin transforms with respect 1o x
and evaluating the series in terms of zeta functions, In the special case
Q(x) = exp(— £x’) cos(x), we obtain

i | w(m)} exp(—m’ex®) cos(mx) = > El wim)exp(—n'n’sx’)

m=1 n—

X cos{m nx) . (R.2)

If we take £ = 0, we have, formally.

2 | (m)]| cos(mx) = > 21 w(m) cos(m’nx) | (8.3)

meln—

The serics do not converge, but may be interpreted in the sense of generalized
functions [31}. From eq. (3.24}, we have

=

”_21 S(y-nm= "zi cos(2wny) , {(8.4)

and setting 2wy = m’x, we have

E'S

e LS (22_)_1
> cos{mnx) = 3 "_2_15 5= )73

71[5) Zia(x—z'"f)—l]. (8.5)

=5 2
2L m 2]

Henee

27

a(x - 2’:?) - 1} . (8.6)

This formula relates a sum of cosines, the Fourier transtorm of a set of delta
functions at selected points where the Mdbius funciion is non-zero, 10 a double
surn of delta functions. This is preciscly the kind of relation that is needed for a
description of quasi-crystalline or other pseudo-ordered structures [50].

- = M

5 futmlcostmn) = 5 2 wim)| 2
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topology of the Schwarz P minimal surface |56]. The electrostatic potential is
also needed in the derivation of the zero point energy of the syster and in
crystallographic analysis. From eqs. (8.2) and {8.3) we can construct a whole
series of new pseudolattices from the “Mobius theta function™

0z, )= 2 |uim)ig™ cos(2ma) (8.11)

and related scries. Such lattices may also satisfy charge neutrality, since over
long-n-intervals, the number of positive u(n) and the number of negative p(#)
encountered are closely balanced”’. Because of the relation of these pseudo-
lattices to ordinary close-packed Bravais lattices revealed through the infinite
products of scetion 7, we can expeet to find a rich field of applications through
such considerations.

That part of classical analysis which celebrates the propertics of individual
higher transcendental functions has fallen out of favour in recent years, as it
has become more fashionable to speak of the peneral in mathematics, rather
than the particular. For this reason, Ramanujan, this century’s greatest master
of the particular, has not always been ranked as highly as he deserves, Even
G.H. Hardy has remarked that his work would be greater if it were less
strange. The Greek poct Archilochus wrote “The fox knows many things, but
the hedgehog knows one big thing™. Several authors, most notably Sir Isajah
Berlin in an essay on Tolstoy [59], have taken this cryptic statement us the
contrasting of two different styles of thinkers, thase who “relate cverything to
a single central vision” {hedgehogs) and those who “‘pursue many ends, often
urrelated and even contradictory”” (foxes). It is tempting to classify Ramanujan
as a fox.

In this paper, we have pursued a number of mathematical tautologies. As a
consequence of the evolution of accepted mathematical notation, many of the
equations appear at first glance to have little in commeon. However, using the
Mellin transform and the Riemann zeta function as our Rosctta stone. the
simplicity and naturalness of the interrelations becomes apparent. We offer our
analysis as modest support to the conjecture that Ramanujan mav have becn a
hedgehog after all.

** Whether they balance exactly in the limit of an infinitely long interval is a delicate question.
Let M{N)=12,__ . uin). The ussertion that M{NY=0(N"?"") for all £ >0 is precisely cquivalent
(ret. [4]. p. 315) w0 the Riemann hypothesis that all compiex zeros of {(s) lie on the line Reis) = 1.
Edwards [57] (p. 6) has described the proaf or refutation of the Riemann hypothesis as
“unguestionably the most celebrated probiem in mathematics™. If the nonzero values of w(#) were
a seyuence of independent random variables., taking the values 0 and 1 with cqual probability.
then by the law of the itcrated logarithm (ref. [58]. p. 205), we would have lim SUp,. ..

M(N)h/Nloglog N = constant.
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3(z.q)=G 11 [1-2¢" " cos(22) + ¢ 7| . (A.10)
n=1
where
G=I1a-4¢". (A.11)
n=1

The theta functions arc intimately related to the elliptic functions and clliptic
integrals. and in view of the preceding infinite product representations. arc also
relevant to problems in the theory of partitions. (In the notation of section 6,
G = F,(g°)) The many interrelations betwcen the theta functions and the
plethora of transformation formulac have given the topic something of a
mystique. However, these apparent subtlctics are neither more nor less deep
than the tautologies pursued in the present paper. A case in point is the theta
function transformation {**Jacobi's imaginary transformation™)

5

#,(z|7) = (*if)_wexp(;—?) Szt — 117 (A.12)

This formula is equivalent to the assertion that

= %

> exp(m’inT + 2miz) = (~ir)” " 2 expl(z - mmytimr],  (A.13)
a special case of which is eq. (3.22). If we write z = wx and 7 = i, where &> 1),
eq. {A.13) becomes

® =

> exp(—miwe + 2umixy= &' > expl-(wie)x—m)].  (A.14)

1t is easily verificd that in the limit € —0,

e "exp[—(w/e)x —m)')— 8(x — nm). (AT5)

so that the generalized function identity

> Sx-m)= 2 exp(2nmxi) (A.16)
is a special limiting case of the theta-function transformation (A.12). Although
it is more usual to derive the theta function transformation (A.12) from eq.
(A.16) (cf. ref. [31], p. 70), implicitly regarding the general function identity as
the more fundamental formula, we would be equally justified in raking the
theta function identity as fundamental.
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