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Abstract:

SomequestionsconcerningtheidealBose—Einsteingasarereviewedandexaminedfurther.Thebulk behaviorincluding the
condensationphenomenonis characterizedby thethermodynamicalproperties,occupationsof the statesand theirfluctuations,
andthepropertiesof the densitymatrices,including thediagonalandoff-diagonallong rangeorders.Particularattentionis focused
on the differencebetweenthe canonicalandgrandcanonicalensemblesanda caseis madethat the latter doesnot representany
physicalsystemin thecondensedregion.Thepropertiesin a finite regionarealsoexaminedto studytheapproachto thebulk
limit and secondlyto derivethe surfacepropertiessuchasthe surfacetension(dueto theboundary).This is mainly donefor the
specialcaseof a rectangularparallelopiped(box) for variousboundaryconditions.Thequestionof the asymptoticbehaviorof the
fluctuationsin the occupationof thegroundstatein thecondensedregionin the canonicalensembleis examinedfor thesesystems.
Finally, thelocal propertiesnearthewall of a half infinite systemarecalculatedanddiscussed.The surfacepropertiesalsofollow
this wayandagreewith thestrictly thermodynamicresult.Although it is not intendedto be a completereview,it is largely self-
contained,with the first sectioncontainingthebasicformulasanda discussionof somegeneralconceptswhich will beneeded.
Especiallydiscussedin detailaretheextraconsiderationsthat areneededin thermodynamicsandstatisticalmechanicsto include
thesurfaceproperties,and thequantumhierarchyof thedensity matricesandlocal conservationlaws. In theconcludingremarks
severalproblemsarementionedwhichneedfurtheranalysisandclarification.

0. Introduction

0.1. Historical remarks

We begin with a brief sketchof the history of the ideal Bose—Einsteingas,in which we explain
what it is andwhy it hasbeen(andstill is) of interest.

The origins of the ideal Bosegasgo backto 1924,whenit was shownby Bose [1] that the
Planckblackbodyradiationlawcanbe derivedfrom the statisticalmechanicsof light quanta
(photons),if thenumberof statesin an energyintervalarecountedin away that acknowledges
theidentity of theparticlesdifferently from the prescriptionof Boltzmann.Einstein [2—4] saw
that this was “basedupon the hypothesisof a far-reachingformalanalogybetween[light] radia-
tion and [particulate] gas” * andbelievedthatanalogyto be “a completeone”, so that the count-
ing methodof Boseshouldapply to a systemof non-interactingparticlesas well as to photons.
Themethodof countinghassincebeenknownas the Bose—Einstein(BE) statisticsand thesystem
of non-interactingparticlesobeyingthem is knownas the ideal Bose—Einsteingas,or ideal Bose
gas,which we abbreviateIBG.

Einsteincalculatedthe thermodynamicpropertiesof the IBG, andfound that theyapproach
thoseof the classicalideal gasin the high temperature,low densitylimit. He alsofound that the
specificheattendsto zeroin the low temperaturelimit, satisfyingthe principle of Nernst(unlike
the classicalideal gas).Most remarkably,he found that the equationsdo not allow for densities
greaterthana critical (number)density

2 3/2

(0.1)

which dependsonly uponthe temperature,T, andthemassof a singleparticle, besidesthecon-
stantsof Planck,12, andBoltzmann,k. He assertedthatwhenthedensityis madegreaterthanp~,

* This quotationis from thesecondpaperof Einstein [3], which hasbeendiscussed(andpartly translatedinto English) by

Klein [5J.Many aspectsof thehistoryof theIBG,especiallyasrelatedto thecontributionsof PaulEhrenfest,aregivenin
anotherarticleof Klein’s [101.
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Fig. 0.1. Thepressureplottedasa functionof thevolume per particlescaledby Pc(T) (to be definedin section2) andpc(T).

all additionalparticles(perunit volume) go into the groundstatewheretheydo not contribute
to thethermodynamicalpropertiesof thesystem— the so-calledBosecondensation.Thus the iso-
therm of the equationof state(the pressure,p, versusthe reciprocalof the density,lip, atcon-
stantI) is flat for p > p~,asthe plot in fig. 0.1 shows.In this region the systemactsjust like a
saturatedgasandcondensedphasein equilibrium,wherethat condensedphasehasno volume.
Einsteinbelievedthat theseeffects mightbe importantat very low temperaturesfor thosesub-
stancesthat remaingaseous— mostnotably helium.

It shouldbe addedthat in 1926Fermi [6,7] suggestedthat the quantummechanicaltheoryof
an ideal gascould be derivedusinga differentmethodof counting— laterknownas the Fermi—
Dirac (FD) statistics— by generalizingthe exclusionprinciple that Pauli devisedfor thestatesof
atomicelectronsto a systemof particles.Theso-calledideal Fermi gasthat resultsalsobehaves
like the classicalgasin the high temperature,low densitylimit, andalsosatisfiesNernst’s principle,
as doesthe IBG, but hasno phasetransition.

With theintroductionof wavemechanics,it was shownin 1926 by Heisenberg[8] andDirac
[9] that the two kinds of statisticscorrespondto the completelysymmetric(for BE) andcom-
pletelyanti-symmetric(for FD) wavefunctions,and in fact no othersymmetry(with respectto
the interchangeof the particles)is possiblefor identicalparticlesbecauseof the probabilisticinter-
pretationof the wavefunctions.

The wavefunctionsfor theideal gasesshowquite clearly that therearespatialcorrelationsin
the system.Indeed,the BE statisticsthemselvesimply that the particlesarenot statisticallyinde-
pendent,as was recognizedby EhrenfestandEinstein [10]. Thus the gasescontaina detailed
structure,dueto the statisticsonly, which is totally absentin the classicalideal gas.

Ofcourseit wasfound that thereareparticlesrepresentingeachof the two statistics,andthat
the appropriatechoice is determinedby the particle’sspin. Particleswith half integralspin, suchas
electrons,are fermions(which obeyFD statistics),while particleswith integralspin, suchas
photonsandmostatomsandmolecules,arebosons(BEstatistics).We shall restrictourselvesto
the BE gas,andnot pursuethe FD line of developmentfurther.

Einstein’sargumentfor the condensationof the IBG was criticisedby Uhlenbeck[11] on the
groundthat the exactequations,beforeanycontinuumapproximationis made,allow for all pos-
sible densities,and furthermoreimply that therecanbe no singularity in the equationof state.
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This was not clearedup until ten yearslater(seeKahnandUhlenbeck[12]) whenit was realized
that the discussionof the condensationrequiresthat the bulk limit be takenin which the number
andvolume aremadeinfinite, with the densityNI V fixed. (We shallexplainthis furtherin
section2. This is usuallycalledthe thermodynamiclimit, but as we shallexplainthatnameis
misleading.)

The relationshipof the Bose—Einsteincondensationto the generalproblemof condensation
was a new sourceof interestin the IBG. During the 1930’s theclassicalandquantumstatistical
mechanicaltheoriesof interactinggasesweredeveloped,in a parallelform, by Mayer [1 31,Kahn
andUhienbeck[121, andothers“, in termsof the so-calledclusterexpansionsof the various
thermodynamicfunctions.However,for anynon-trivial potentialonly the first few coefficients
canbe calculated,so in practicethe formulasonly representthe correctionsto the ideal gaslaw
for a dilute gas,andcannotbe usedto explainthe condensationphenomenon.Thereis however
a formalsimilarity betweenthe fugacity expansionsof the IBG andthe clusterexpansions,and
sincethe IBG is a systemin which the condensationcanmoreor lessbe understood,the Bose
condensationwas usedas a modelfor the discussionof a generalphasetransitionby the above-
mentionedauthors.

Interestin the IBG was greatlystimulatedwhen London [14—17] usedit as amodelto explain
the superfluidtransitionin liquid helium (Isotope4 — thusbosons).After helium was liquefied in
1908 by KamerlinghOnnes(at 4.2°K), it slowly becameclearthatat about2.17°K(~T~)another
phasetransitionoccurs— betweentwo liquids. First, singularitiesin the thermodynamicproper-
ties werenoticedby Onnes,Keesomandothersin the years1911—1932,andthenin 1936—1938
the extraordinarydynamicalpropertieswerediscoveredby Keesom,Kapitza,Allen and their co-
workers‘~. Londonbelievedthat this was essentiallya manifestationof the Bose—Einsteincon-
densation,eventhoughfor a liquid suchas helium the intermolecularforcesarequite strongand
in no sensecanit be consideredto be an ideal gas.First of all, he notedthat thepredictedtransi-
tion temperatureT~for an ideal gasof the samedensityandmolecularweightas helium (given by
eq. (0.1)) was3.1°K— of the sameorderat T~.Also, the specificheatsof the two systemswere
sçmewhatsimilar. But mainly, he suggestedthat the conceptof condensationinto a singleparticle
statecould explainthe apparentlydissipationlessflow of liquid helium whichoccursundercer-
tain circumstances.Tisza [20, 21] followed this hypothesisto proposethe “two-fluid” pheno-
menologicaltheoryof superfluidhelium, latermademorecompleteby Landau.In this model,
thesuperfluidcarriesno entropy,just like the condensateof the IBG, andin fact it hasbeen
foundthat the functionaldependenceof the superfluidfraction in helium upon TITX is very close
to thatof the condensatefraction of the IBG upon T/TC.

0.2. Furtherdevelopments

We haveseenthat the motivationsfor the earlywork on the IBG were,first, to furnish a quan-
tum mechanicaltheory of anideal gasandto studyits consequences;second,to studythe Bose
condensationas a modelfor a generalphasetransition;andthird, to understandthe superfluidity
in liquid helium. Recentwork hasfocusedon the understandingof the theoryof quantumstatis-
tical mechanics,in which theIBG playsa fundamentalrole,but mostof the interesthasstemmed

* For a more completelist of references,seethereviewarticleof deBoer [181.

** For a muchmore detaileddescriptionof liquid helium, with a historyof theexperimentaldiscoveries,seeLondon [17], also
Putterman[19].
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from the Londonhypothesisaboutthe relationwith helium. The desirehasbeento understand
both the thermodynamicand dynamicalproperties,andit hasbeenhopedthat the IBG servesas
asortof paradigmfor the interactingbosongas.

Therelation of the Bosecondensationto a generalphasetransitionhasnot beenpursued,since
it is now believedthat the mechanismof thesetwo transitionsis different,at leastin termsof the
analyticpropertiesof the fugacity expansionsat thepoint of condensation‘i’.

To prove the relationshipof Bosecondensationto the superfluidityof helium, the meaningof
Bosecondensationfor an interactingsystemmustfirst be clarified. This wasdoneby Penroseand
Onsager[23, 24], who showedthat in ageneralsystemthe phenomenonof Bosecondensationis
evidencedby the occurranceof off diagonallong rangeorder(ODLRO) in the first densitymatrix,

p1fr’r”), by which it is meantthat p1(r’r”) doesnot vanishwhenr’ is infinitely far from r”, but
goesto aconstantvaluewhich is calledthe ODLRO. ThenYang [25] developedthe ideafurther
to include the ODLROof all of the reduceddensitymatrices.He proposedthat the superfluid
densityis equalto thesthroot of the valueof the ODLRO of the s-reduceddensitymatrix
p5(r’

5, r”3), in the limit s -÷ o~.The truthof this conjecturehasnot yet beendetermined.
We shall notattempt to give a thoroughreviewof the morerecentliterature,but shallmention

a few paperswith somebrief remarksin the text whenrelevant.

0.3. Motivation andsummaryof thisarticle

Thegoalof this studyis to give asurveyof thepropertiesof the IBG. We shall not makeany
comparisonswith the propertiesof helium,which areknownto be quite different.We do believe,
however,that the mechanismof the Bosecondensationis the root of thesuperfluidity in liquid
helium,but that theresolutionof this questionrequiresmorecompletesolutionof the interacting
gasthanhasbeendoneso far. The completestudyof the IBG representsa first stepin that direc-
tion.

We will be especiallyinterestedin the thermodynamicalproperties,the densitymatricesand
distribution(correlation)functions,theaverageoccupationsof the singleparticlestatesandthe
fluctuationsaboutthoseaverages.We will also discussthe surfacepropertiesandthe localhydro-
dynamicalproperties.

Many of the propertieshavealsobeenderivedby otherauthors.The desirehereis to give a sys-
tematicself-containedderivation,basedon a single formalism,that ties the knownresults(and
manymethods)together,andfills in somegaps.In the courseof this discourse,somebasicques-
tions comeup, suchas the questionof the significanceof differentensembles,which we also
discuss.

In section2 we considerthe propertiesof the gasin the infinite volume limit, namelythe bulk
properties.We presenta systematicderivationof all of the propertieswithin the canonicalen-
semble.Although it maybe redundantto go throughall of the stepsfor both the densitymatrices
andthe thermodynamicalproperties(sincethe thermodynamicalpropertiesarewell knownand
furthermorecanbe derivedfrom the densitymatrices),we calculateall of the propertiesin a
parallelmannerto makethe proceduremorelucid.

Our emphasisin the secondsectionis on the densitymatrices,which representthecomplete
descriptionof the system.To makethe calculationin the canonicalensemblewe follow a proce-

* SeeUhlenbeckand Ford [22] p. 58.
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duregiven previouslyby oneof us (M.K.) which hasnot beenpublisheduntil now ‘I’S Consequent-
ly all of the detailsof this methodarepresentedhere.We discussthe resultingdensitymatrices
anddistribution functions,especiallywith regardto their behaviorin thecondensedregionand
the insightstheygive into the natureof the Bosecondensation.We alsoverify that somegeneral
relationsaresatisfied,suchas the generalfluctuation-compressibilityformula.

In the courseof the calculationsomegeneratingfunctionsareintroducedwhich areessentially
equivalentto the grandcanonicalquantities.An examinationof thesequantitiesshowsthat some
of them(notablythe fluctuationsin the ground state)differ in the canonicalandgrand canonical
ensembles,andthis leadsus to questionthevalidity andsignificanceof the grandcanonicalen-
semble.

In the third sectionwe concentrateon the thermodynamicalpropertiesof an IBG in afinite
system.The motivationis to includethe asymptoticcorrectionsto prove first of all thecondensa-
tion in a “royal” way in which theleadingcorrectiontermsaregiven. This exhibitsthereforethe
approach to the bulk limit. A secondreasonis to study the leadingcorrectiontermsthemselves,
which arethe surfacepropertiesof thesystem(suchas the surfacedensityandthe surfacetension).
For thesepurposeswe first give a completeanalysisof the grandpartition functionof the IBG for
a gasconfinedin a rectangularparallelopipedbox. This was partly inspiredby the work of
GreenspoonandPathria [29—311andis relatedto someotheranalyses,as will be notedin the
text. The derivationgiven hereincludesall numbersof dimensionsandthe threeboundarycondi-
tions, Dirichiet (‘I’ —~ 0), Neumann(a’I’/an -~ 0), andperiodic (‘I’(r1 = 0) = ‘I’(r1 = L~)and
(a’I’/ari)r.o = (a’I’/arj)r..L. for eachfundamentaldirection1), andwe believeis straightforward
andfree of arbitraryassumptions.Thenwe showhow theseresultscanbe usedto discussthe
canonicalpartition function(of the finite system)as well, both in the condensedandnon-
condensedregions.

In the fourth sectionwestudy in detail for the finite systemthe fluctuationof theoccupation
of the groundstate,mainly for thepurposeof seeingwhetherandhowthe differentbehaviorof
the canonicalandgrandcanonicalensemblealreadyshowsup for the finite system.Our results
for the fluctuationsin the canonicalensemblearein agreementwith Hauge[32].

In the fifth sectionwe returnto the densitymatrices,but now to discusstheir propertiesnear
a surface.To do this we calculatethemfor a half infinite systemneartheboundary.This allows
the discussionof the local densityandpressurevariationsneara wall, the relationto the pressure
tensorand thehydrostaticequilibrium. We verify the so-calledBakker formularelatingthesurface
tensionwith the variationof the parallelandnormalpressure,andwe alsoverify the thermody-
namicrelationbetweenthe surfacetensionsandthe surfacedensity.Most of the resultsin this
sectionwe believeare new.

In the concludingremarksseveralproblemswill be mentionedwhich needfurtheranalysisand
clarification.

We beginin the first sectionwith a reviewof the mathematicalandphysicalformalismthat is
followed. We developthe formal relationof the thermodynamicalensemblesandthe density
matrices,andexhibit the simplificationswhenthe expressionsarespecializedto the IBG. Certain
topicsthat arenot well known aredescribedin moredetail, suchas theextraconsiderationsthat
mustbe madein thermodynamicsandstatisticalmechanicswhenthe surfacepropertiesarein-

* This work hasbeenpresentedin public lecturesand discussedin the literatureby Cannon[26], Lewis andPulé [27], and

Putterman[19].
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cluded,andthe quantumhierarchyof the densitymatricesandtheconservationlaws. Thehier-
archyis presentedbecauseit is of generalinterestto clarify certainpoints,althoughonly theex-
pressionfor the pressuretensor,which is derivedfrom it, is actuallyneededfor this work.

The authorsaregrateful to Prof. E.G.D.Cohenfor manyhelpful discussionsandcriticisms
during the courseof this work. Oneof us (R.Z.) would especiallylike to thankhim for his en-
couragementandunfailingsupport.

1. Preliminaries

1.1. Introduction; basicassumptions

As mentionedin the generalintroduction,ourmain concernis the discussionof the equilibrium
propertiesof an ideal Bosegasof N non-interactingspinlessparticlesin avesselof volume Vand
of a given shape.In this sectionwe collect andpartially derivethe necessaryformulaefrom quan-
tum statisticalmechanicsandthermodynamicswhich arerequiredin the discussionsof the follow-
ing sections.

For a generalnon-idealBosegasthe stateof thesystemis describedin the Schrödingerpicture
andin configurationspaceby the wavefunction‘I’(r’~,t) which satisfiesthe Schrödingerequation:

hi a’I,(r~’,t) H(pN, rN) ~P(riV,t), (1.1)at
wherer’~mr1, r2, ... rN, 8/er” a/ar1, ... alarN, the Hamiltonianoperatoris given by:

P(pN,rN)~J _+t(r~)+~~t(r1), (1.2)
1=1 2m i=l

with ~, = (fl/i)a /ar1, * andwherethe assumptionof Bose—Einsteinstatisticsrequiresthat the
wavefunction‘I’ mustbe a symmetricfunctionof r1, r2, ... FN. BecauseH is a symmetricoperator
in p~andr. it follows that if ‘I’ is symmetricat t = 0, it will remainsymmetricfor t> 0. An ideal
Bosegasis definedby the assumptionmint 0. We considerthat 0ext includesonly the potential
of the wall of a vessel,andthat that wall is describedby aninfinite potentialjump (a “hard wall”),
so that ~ canbereplacedby the requirementthat ‘I’ -~ 0 at the wall (Dirichlet boundarycondi-
tion). We shallalsosometimesconsiderthe Neumann(a’I’/an -* 0) andperiodicboundarycondi-
tions which areof computationalandmathematicalinterest,but areof less physicalsignificance.

To describethe thermodynamicalandother equilibriumpropertiesof a Bosegas,we assume
that theyfollow from the usualrulesof quantumstatisticalmechanics,which we describein the
following sections.Especiallywepostulatethat theproperdescriptionof the gasin contactwith
avery largeheatreservoirof temperatureT follows from the so-calledcanonicalensemble,in
which eachenergystate~I1E(rN)of the gasoccurswith the probabilitye~’/Z,wherei3 1 /kT and

Z~Ee’~, (1.3)

* By a/ar1 we meanthegradientwith respectto r~.
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is the so-calledpartitionfunction. Note that for an ideal Bosegasthereis no mechanismwhich
could insurethe approachto the canonicalequilibrium state;this becomesthereforea realpostu-
late dueto the fact that the ideal gasmustalwaysbe consideredas a limiting case.

1.2. Quantummechanicalensemblesanddensity matrices*

The time evolutionof ~I1(rN,t) is given by the Schrödingerequation(1 .1). To eachobservable
propertyof the systemcorrespondsa Hermitianoperatoro(pN, ~ t) andthe averagevalueof
manymeasurementsof thatproperty(or the expectationvaluein the state‘I’) is given by:

= f drl\~P*(rN,t) Ô~P(r~V,t), (1.4)

in which tP(rN, t) is assumedto be normalizedto unity. In analogywith classicalstatisticalme-
chanicswedefine a statisticalensembleas a collectionof identicalsystems(describedby the same
HamiltonianoperatorH) which arein differentstates I~~(rN,t) occurringwith a given probability
P~.Theensembleaverageof the expectationvaluesis given by:

((0)) = ~Pcs’~0)cc= ~Pa fdi I~Jr~(rN,t) Ô ‘I’~(r”~,t). (1.5)

It combinesthe quantummechanicalandthe statisticalaverageandis thereforedenotedby two
brackets.We associatewith ((0)) the macroscopicmeasurementof theproperty 0 in the given en-
sembleandat a given time. Note that we havedenotedfor simplicity the differentmembersof
the ensembleby adiscreteindex a. This is of coursenot necessaryandalsocontinuousdistribu-
tionsof statesmaybe considered.

Another wayof writing (1 .5) is obtainedby introducingthe so-calleddensitymatrix. Suppose
onedevelops~I1~(rl~T,t) in a completeorthogonalsetof functionsu1(rN) accordingto:

Wa(rN, t) = ~anj(t) u1(r”). (1.6)

Of course:

aaj(t) = f dr~”u”(r”) I1~(rN,t), (1.7)

andbecauseof the normalizationof ‘I’s onehas:

~I~ia~1(t)I2=l , (1.8)

Ia~1(t)I
2is the probability that in the state‘I’~,the observabledescribedby the functions

is in the statej. Introducingthe densitymatrix:

p
11(t) ~Pna~i(t)aaj(t), (1.9)

thenclearly the diagonalelementp11(t) is the probability that for the ensemblethe observablede-

* Formore detaifsseeTolman [33]; comparealsodeBoer [181.
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fined by the functionsu1 is in the statej. Usingthe expansion(1.6),onecanthenwrite theen-

sembleaverage((0)) as given by (1.5) in the form:
((0)) = ~ O~pkj(t) Tr Op , (1.10)

jk

where

0/k fdrlvu;(rN) Ô u,~(r~~r), (1.11)

is the matrix elementof the observable0 in the “representation”as definedby the setof func-
tions u1(r”~).Oneeasilyverifiesthe following simplepropertiesof the densitymatrix p.1(t):

a)p11(t) is Hermitian: p~(t)= p11(t) . (1.12)

b)~p11(t)~Trp~I~P0l. (1.13)

c) The ensembleaverage((0))(l.10) is independentof therepresentation(~the setu.). The
changeof representationwill changep to:

p’”S
1pS, (1.14)

whereS is a unitary matrix, andsincealso 0’ = 5_i OS it follows that:

TrO’p’TrOp. (1.15)

d) Especiallythe expression(1.5) for ((0)) canbe lookedupon as Tr Op in coordinaterepresen-
tation with:

p(r”~,r1~N,t) = ~P~~T!~(r”N,t) ~I,
0(r1~~r,t) , (1.16)

and

O(r1N, r~1N) ô (-i! ~-~-—, r’N) ~(rl~V~~rl~N), (1.17)
1

so that:

((0)) = Tr Op fdrlN ~ r”~~~)p(r”N,r”; t)

= fdr’N [o(~._~__ ,r”~) p(r’N,r”N;t)] . (1.18)
1 ar” ~

We will usethislast form mostof the time. Note that it alsofollows directly from (1 .5).
The time developmentof the densitymatrix is governedby the quantummechanicalLiouville

equation,which in the coordinaterepresentationhasthe form:

(Ili ~-_+ £N) p(r’N, r”~ t) = 0 , (1.19)

with
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(1.20)
\i ar”~ \1 ar” /

It is a direct consequenceof the Schrddingerequation(1 .1). In generalmatrix form this canbe
written as:

hi~-~pH—Hp~[p,H], (1.21)

whichis clearlyanalogousto the classicalLiouville equation:

ap~1/at=—{p~1,H~1}, (1.22)

wherethe curly bracketsdenotethe Poissonbrackets.
In generalthe densitymatrix (just as ~o~1in the classicaltheory)will dependon time. Again,

just as in the classicaltheory,the p will be stationaryin time if p dependsonly on constantsof
themotion.Especiallyif p is a functionof the HamiltonoperatorH thenthe densitymatrix will
not dependon time andcanbe written in the form:

p(r”r”) = ~ P~’1~(r””’)~J~(r) (1.23)

wherethe sumgoesoverall eigenvaluesof H andwhere~JfE(rI~T)arethe eigenfunctionsfulfilling
the time independentSchrödingerequations:

(1.24)

This densitymatrix representsan ensembleof states‘T/ Efr”
T) exp(—iEt/h)with weights~

The canonicaldensitymatrix, which as mentionedin the introductionwe assumeto describe
the thermodynamicalequilibrium stateof the systemin contactwith a heatreservoir,is a special
caseof (1.23) for which~E = e’~/Zwith Z = ~ ~ Thereareof courseotherstationaryen-
sembleswhich areusedto describeotherphysicalsituations,like the so-calledgrandensemble
which will be introducedin thenextsubsection.

1.3. Theconnectionwith thermodynamics

The explanationof the laws of thermodynamicsis quite similar in quantumstatisticalmechanics
as in the classicaltheory ~. The internalenergyU andthe generalizedforcesXk areassociatedwith
the quantumstatisticalaveragesof their respectiveoperators,which in the canonicalensembleare
given by

U(N, T,a
1,a2,...) = ((H)) ~ �~Ee~, (1.25)

Xk(N, T,a1, a2, ...) = (((—aH/aak)))= ~ (—aE/aak)e~. (1.26)

The parametersa1,a2... arethegeneralizedcoordinateswhich characterizethe outsideforce fields.

* Seefor exampleUhlenbeckand Ford [221 ChapterI.
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Sincewe only considerthe wall potentialas an outsidefield, the parametersak describethe
volume andthe shapeof the vesselin which thegasis enclosed.In eachstateof the gasthe force
acting“in the directionak” on the sourcesof the field is (—aE/aak)of whichXk is thecanonical
average.If onechangesthe parametersak the work doneon the gas is thereforegiven by:

(1.27)

If onethendefinesthe entropySby:

S(N, T, a1,a2, ...) = —k ~I~—~--—ln ~-~-— , (1.28)

thenoneprovesthe first andsecondlaw, namely:

~U=TbS+.5W. (1.29)

Of coursethe secondlaw only definesS within an additiveconstant.The valuechosenby the
definition (1.28)gives thecorrectideal gaslimit whenT-÷°°. Note alsothat from (1.28) follows:

SklnZ+U/T, (1.30)

so that the Helmholtz freeenergyF = U — TS is given by:

F(N,T,a1,a2,...)—kTlnZ(N,T,a1,a2,...). (1.31)

The partition functionZ hasthereforethe familiar thermodynamicinterpretation.
Note that theentropyis theensemble“average”of —k ln (e’~/Z),but sincethis containsZ

theentropyis not the quantum-statisticalaverageof anyoperatorandthereforeis not strictly an
observableof the system.Thus theentropy(andconsequentlyall thermodynamicpotentialssuch
as F) is a propertynot of a singlemicroscopicstatebut insteadof the ensembleitself. Note also
that the thermodynamicfunctionsonly dependupon the energylevelsso that the quantum
mechanical“probability” only entersin the specificationof thoselevels.

Although wearepostulatingthatthe canonicalensembleshouldbe usedto find the equilibrium
properties,our calculationswill lead us to the so-calledgrandcanonicalensemble,andtherefore
we alsogive its development.To emphasizethat the averagesin this ensemblearedifferent func-
tions thanin the canonicalensemble,we addthe superscriptgr to the symbolsof the properties.

The grandcanonicalensemblei~a stationaryensemblecomposedof energyeigenstatesof vary-
ing numbersof particles.To makethe dependenceon N explicit we now write EN E(N, T, a1,a2,...),
ZN Z(N, T, a1,a2, ...). In this ensemble,eachenergyeigenstate‘T’EN(r”) exp(iENtilT) is repre-
sentedwith the probability

~-exp(—aN— I
3EN). (l.32a)

~gr

Wherethe normalizationconstant

Zgr(~Ta
1a2 ..) ~II~exp(—aN—IIEN) ~ e°”’ZN , (l.32b)

N,EN N=0

is calledthe grand partition function. Again 13 = 1 /kT, anda will be definedsoon.The role of the
densitymatricesis not quite the samein the grandcanonicalensemble;thereis no completedensity
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matrix sincethenumberof particlesis not fixed. It is necessaryto consideronly the so-calledre-
duceddensitymatrices,as we shalldiscussin section 1 .4. First we concentrateon the thermo-
dynamicfunctions,which only dependupon the energylevels.

Again, the “mechanical”propertiesU andXk arethe quantumstatisticalaveragesof their re-
spectiveoperators,which aregiven by

~ T, a1,a2, ...) = ((~))gr = 1 ~ EN exp(—aN— 13EN), (1.33)
~ N,EN

X~(a,T, a1,a2, ...) = KK ~~gr = Z~N,EN _~N) exp(—aN— I
3EN). (1.34)

The (average)numberof particlesin the systemis associatedwith the quantum-statisticalaverage
of N,

/V~r(~,T,a
1, a2, ...) = ((~))gr = N exp(—aN— f

3EN). (1.35)
~gr N,EN

Then,oneprovesthat the first andsecondlaws of thermodynamicsfor a systemwith a variable
numberof particles

= ~~5g1 + ~ygr + ~~gr , (1.36)

(wherep is the chemicalpotential)is satisfiedif theentropyis definedas

exp(—aN—I3EN) exp(—aN—I3EN)S~(a,T,a
1,a2,...)_k~ ln

N,EN ~gr

= 4 ~ + ~jgr ÷kTln Z~r), (1.37)

andthe associationa = —13p is made.It follows that the thermodynamicpotential~2 U — TS— p/V
is directly relatedto the grandpartition functionas follows:

~ T,a1,a2,...) _kTlnZ~I(a,T, a1, a2,...). (1.38)

Usually the ensemblesareconsideredto be practicallyequivalentfor largesystems,eventhough
theyaremeantto describedifferentphysicalsituations.In fact as we shall showin section3 this
canbe provedin generalin a onephaseregion.Howeverwhenthe systemis in a two phaseregion,
theequivalenceof the two ensemblesbecomesproblematical.We will comebackto this in the
next section,in which thisdifferenceis oneof our main concerns.

1.4. The bulk limit andsurfacecorrections

1.4.1. Thermodynamicalconsiderations
Fora given thermodynamicsystem,therearea setof generalizedcoordinatesa. and forcesX~

such that the work is given by (1.27). Usuallythesecoordinatescharacterizethe boundaryof the
region,especiallythe volume. In fact, almostalwaysthe volume is the only coordinatethatenters
in the work, so that

~5W~—p5V. (1.39)
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This is actuallyvalid in two differentsituations.On onehand,it is rigorously true for anyfinite
systemin which work is only donethroughchangingthe volume(compression),andin which
thereis only oneway to changethatvolume,say by movinga pistonin a cylinder,or by expanding
the boundariesof the systemin all directionswhile keepingthe shapethe same.Thenthe function
p( V, fl is peculiarto that specificsystem.But on theotherhand,if oneassumesthat thesystem
is spatiallyhomogeneous,andthat thereareno effects from the surface,thenthe only (compres-
sion) work cancomefrom changingthevolume,andheretoo the work would be given by (1.39).
Now the functionp candependonly on Tand thedensityp = N! V, andmustbe the samefunc-
tion for systemsof all shapesandsizes.In fact this is usuallyassumed,althoughnot alwaysexpli-
citly stated.This homogeneitypropertyholds empirically for manylargesystemsandsimplifies
their thermodynamicdescription.It is an assumptionanddoesnot follow from thermodynamics.

With the singlework term (1.39) the laws of thermodynamics(allowing for a variationin N)

dUTdS—pdV+pdN, (1.40)

which implies that U is a functionof 5, VandN, and likewiseT, p andp arefunctionsof 5, V
andN sinceT = (a ~/~s)V,N etc. The assumptionof the existenceof the bulk limit implies that U
is a homogeneousfunctionof the first order in 5, VandN so that for anypositivenumberA,

U(XS, A V, AN) = AU(S, V, N). (1.41)

This implies in turn that T, p andp arehomogeneousfunctionsof the zerothorder in 5, VandN;
they do not changeif oneincreasesthe size of thesystemby A, andarethereforecalled intensive
variablesin contrastto the extensivevariablesU, S, V andN. Differentiating (1 .41) with respect
to A andsettingA = 1, this implies

U(S, V, N) = S (~)V,N + (~~J7)
5 ÷N(I~)~~= TS—pV+pN. (1.42)

Thenalso

F—U—TS-—pV+pN, (1.43)

~Z=F—pN——pV. (1.44)

Thus, for a homogeneoussystem,p is the Gibbsfree energyper particle(U — 1’S + pV)/N. An in-
dependentvariablecanbe eliminatedin (1.41)by settingA equalto 1/5, 1/V, or 1/N. The most
commonchoiceis the latter, but it will beconvenientfor the discussionof the surfacetensionto
chooseA = 1/V. Then,

U VU(S/V,l,N/V)— Vu(s,p), (1.45)

wheres S/Vandp N/V. With thesedefinitions,(1.40)and(1 .42)becomerespectively

duTds+pdp, (1.46)

and

ppu—Ts+p. (1.47)

Theseimply the Gibbs—Duhemrelation:
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dppdp+s dT. (1.48)

Then(1.46)canbe viewedas the basic“law” betweenthe variablesu, T, s, p, andp, with p de-
fined by (1.47),or equivalently(1.48)canbeviewed as the basiclawbetweenp, p, p, s, andT,
with(l.47) servingas the definition of u.

If the functionalrelationshipbetweenu, s, andp is known(suchas u(s, p)) thenfrom (1 .46)
and (1 .47) theotherthermodynamicvariablesp, T, andp follow. Similarly, if therelation between
p, p, and 1’ is known (suchasp(p, fl) thenfrom (1.47)and (1.48) thevariablesp, s, andu follow.
However,neitherthe functionsu(s, p) norp(p, fl areusuallymeasureddirectly. Instead,one
measuresthe equationof statep(p, Tj. Using the Maxwell relation

(a(s/p)\ = (~P_\ (1 49)
\a(l/p))T ‘~aT1~

which follows from (1.48),s(p, 1) canbe deducedfrom p(p, 1’) exceptfor a functionof the tem-
perature,which canbe determinedby a specificheatmeasurement.Thenall of the thermodynamic
functionsfollow.

This is the usualtheory of bulk thermodynamics.Yet the propertyof homogeneitycannever
be exactly true,as theremustalwaysbe local variationsnearthesurfaceat least.If thesevariations
arerestrictedto within a finite distancefrom the wall thatis smallcomparedwith the size of the
systemandthe local radiusof curvature,thenonewould expectthat the natureof the surface
variationsis the sameall aroundandthat theycontributea correctionto the extensivethermo-
dynamicpropertiesof the systemthat is proportionalto the surfaceareaA. We nowderivethe
variousrelationsbetweenthesebulk andsurfacepropertiesthat follow from the laws of thermo-
dynamics.Theseconsiderationsaresimilar to Gibbs’ theoryof surfacetension~, which dealses-
pecially with the free surfacebetweentwo separatedfluid phases.The surfacecorrectionsthat we
areconsideringcorrespondto the surfacetensionbetweena fluid anda solid wall, which is a less
familiar form of surfacetension.

Thus we assumefirstly thatboth thevolume V andtheareaA play a role in the thermodynam-
ics, sothat the work term is ~ W = —p~V+ y~5A,and‘y is the forceassociatedwith changingthe
areawithoutchangingthe volume — the so-calledsurfacetension.The basiclaw replacing(1 .40) is

dUTdS—pdV+7dA+pdN. (1.50)

It is convenientto introducethe potential~2 U — 1’S — pN, so that

d~T~—SdT—pdV+’ydA—Ndp, (1.51)

and~2= ~2(T,V, A, p). BesidesVandA, ~Zdependsonly upon the intensivequantities1’ andp.
Our secondassumptionis that ~2is a sumof functionsproportionalto the volume andthe area:

~(T, V,A,p) Vw(T,p)+Aw’(T,p). (1.52)

This is an extensionof the bulk homogeneityassumption(1.45),which in termsof the potential
~ isjust the first term above.Of coursethis is meantto hold only in the asymptoticsensewhen
both VandA arevery large.Now it follows from (1.51)and (1.52) that

* Gibbs [34]. A concisetreatmenthasbeengivenby OnoandKondo [35].
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p = —(a~l/aV)T,A~= —~, 1.53

= (afz/aA)T,V~= w’, (1.54)

S= —(ac2/aT)V,A~ = V(ap/afl~+A(—a7/afl~ Vs +As’ , (1.55)

N= —(ac~/ap)T,VA= V(ap/ap)T÷A(a7/ap)T Vp +Ap’, (1.56)

and

dppdp+sdT, (1.57)

—dyp’dp+s’dT. (1.58)

Likewise, all potentialshavea volumepart anda surfacepart.For example,the internalenergy
which is relatedto ~2by U = ~ + 1’S + p/V is given by Vu ÷Au’, whereu andu’ are

u—p+Ts+pp, (1.59)

u’—y+Ts’+p’p. (1.60)

Thesefollow directly from (l.53)—(l.56). As onewould expect,thevolume partsareidenticalto
the bulk properties,as (1.57) is identicalto (1.48). The areapartsactlike anotherphase(although
two-dimensional)with the equationof state(1.58),andlinked to the bulk phaseby the common
1’ andp.

As we haveshown,measuringp(p, T) andc~determinesall of thebulk properties,suchas
p(p, T). Therefore,if onealsomeasuresy(p, 1’) (say), then~y(p,T) follows, andthenusing(1.58)
all of the surfacepropertiescanbe found.

The functionp canbe shownto be the pressurefar from the surface.Oneway to seethis is to
considera boundedsystemthat is enlargedin sucha way that theshaperemainsthe same,so that
both thevolumeandthe surfaceareaof the systemchange.Say6 Vand6A arethe changesof the
volumeandareaassociatedwith a smallelementof the surface.Thenthenormalpressureon the
surfaceis given by

p0——6W/6V—p—y6A/6V, (1.61)

wherewe haveusedthat 6W = —p6V÷‘y6A. A simplegeometricalargumentshowsthat the ratio
of the changeof the areato the changeof thevolume of a smallelementof the surfacewith the
shapeinvariant is given by ~

6A/6V= l/R1+ l/R2 , (1.62)

whereR1 andR2 arethe principleradii of curvatureat thatpoint of the surface.Combining
(1.61)and (1 .62) givesthe Laplaceformulafor the surfacetension— if p is the pressurefar from
the surface.

1.4.2. Statisticalinterpretation
As wehaveshownin section 1 .3, the partition functionsaredirectly relatedto the thermo-

dynamicalproperties.In the canonicalensemble,

~ Seefor exampleLandauand Lifshitz [36] p. 230.
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F—kTlnZ, (1.63)

andin the grandcanonicalensemble,
~7gr= —kTln ~ (1.64)

Theseassociationsare strictly true for a finite system,for which therearealwayssurfaceeffects
due to thediscrete(particulate)natureof matter.To calculatethe bulk thermodynamicproper-
ties, for which thereareno contributionsfrom the surfaceandfor which the condensationis
markedby asingularity in the equationof state,it is necessaryto makethevolumeof the system
infinite with thedensityN/V = p fixed. In this limit the bulk propertiescanbe calculatedfrom
the partition functions:

lim—~lnZf—p+pp, (1.65)

lim ~ , (1.66)

where—p+ pp and_pV dependonly uponp andT. Note that in the grandcanonicalensemble,
theN aboverefersto the averagevalue~gr definedin (1.35).

We call the limit V-÷ °owith N/V = p the “bulk limit” becauseit enablesthe bulk propertiesto
be calculatedfrom the partition functions.We usethis nameratherthanthe morefamiliar
“thermodynamiclimit” becausethe latter gives the misleadingimpressionthat thermodynamics
is only relatedto statisticalmechanicsin that limit, whichis not true.In the caseof thermo-
dynamics,the bulk limit is simplyassumed(namelytheassumptionof homogeneity)while in
statisticalmechanicsit mustbe proven.That proofmustbe carriedout for a particularsystemand
is not simpleto do.

We expectthat thenextleadingtermin the asymptoticexpansionis proportionalto the surface
area,andthat the thermodynamictheoryof the surfacecorrectionsthat wehavepresentedshould
apply. Namely,

—kTln Z (—p + pp)V+ (‘y + p’p)A, (1.69)

—kTln ~gr .~ p~rv+7~r~~ (1.70)

This againrequiresprooffor everysystemunderconsideration,in whichcasethesurfacetension
canbecalculateddirectly from the partition functionsas shownabove.Using (1 .50) onecanalso
write the surfacetensionas follows:

7 = (aF/aA)TVN = (a/aA)T,V,N(—kTin Z), (1.71)

7gr = ~ = (a/aA)PVT(—kTlnZg~). (1.72)

Again the problemariseswhetherthe two ensemblesgive identicalresultsfor the surfacetension

andtheothersurfaceproperties.

1.5. The reduceddensitymatrices, thehierarchy,and thegeneralconservationlaws

In thissubsectionwe go backto the temporaldevelopmentof the generaldensitymatrix of a
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non-idealgas (not necessarilyin equilibrium) as describedby the quantumLiouville equation
(1.19). Our main purposeis to developthe quantummechanicalanalogueof the so-called
B-B-G-K-Y hierarchyof equationsin classicalstatisticalmechanics,andto developthecorrespond-
ing conservationlaws.

Considera systemof N particlesin a regionA of volume V, whosedensitymatrix is p(r’1, ... r~,
r’, ... r,;N, A, t) as given by (1.16).The so-calleds-particlereduceddensitymatricesare defined
by *:

r~,r~,... r;N, A, t) (N—s)! /drs+1 f~N

X p(r’1, ... r, ~ ... rN, r’, ... r, r5~1,... TN ;N, A, t) . (1.73)

Forsimplicity we will supressthe dependenceon N, A, andt, anduseas beforethe abbreviated
notationr’

5 r’
1, ... r etc.Note thatpN(r”’, r”~) N!p(r”’, r’~N).Fromthe normalization

~ 1, (1.74)

whichis equivalentto (1.13) it follows that

CA S ( S 5\ ~175J PS.’, I 7\[ ~‘

andthat the successivematricesareinterrelatedby

(N — s)p5(r’
5, r”5) = 1 (r’5, r~

1,r”
5, r

3+1) dr5~1. (1 .76)

The equationsof motion for p~follow from thequantumLiouville equation(1 .19). In thecoordi-
naterepresentationand for a generalHamiltonian

N 2

H(pN,~)~~ ~-+I(r”’), (1.77)
,=j 2m

(wherenow I~containsboth interactionandexternalpotentials)oneobtainsby directly inte-
grating (1.19—20):

Sr a h
2 Ia2 a2 ~

I i~i ~— + ~II~— — —1 I~ (r’5, r”5)
L at j=1 2m \ar’2 a,~”2iJ S

= N! f~_s {~(r’5,~_5) — ~(rflS, ~T_S)} p(r’~, ~ r”5, ~_5). (1.78)
(N—s).A

We haveusedthe abbreviationsrN_s r~
1,... TN anddr”~ dr~.1 drN.

The diagonalelementof thes-particledensitymatrix definesthe so-calleds-particle(reduced)
distributionfunctions.We shall write

~ Thesewerefirst discussedin detailby Husimi [37] anddeBoer [181.
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n3(r
5) p

5(r~,rr). (1.79)

Especiallyn1 (r) is the densityof particlesandf n1 (r) dr = N as follows from (1 .75). By putting
r’
5 = r”5 in (1.78)oneobtainsthe equationsof motion for thedistribution functions.Fors = 1 for

exampleonegets:

an(r) na2 ~
1 ~ —-—~-----~p

1fr’,r”)I =0. (1.80)at 2mi L\ar’
2 ar”2!

This canbe castin the form of acontinuity equation:

(mnl(r)u,~,(r)) 0, (1.81)

wheremn
1(r) is the massdensity(often calledp(r)) and

mni(r)v~~(r)_4[_~-_/51(r,~)], (1.82)

is thea-componentof the momentumcurrent.In (1.81) the sumovera is implied accordingto
the usualconventionwith repeatedindices.We haveintroduced~ accordingto

~1(r,~) p1(r + ~, r — ~) = p1(r’, r”) . (1.83)

That is, ~ is just p1 with thechangeof variables

r = ~ (r’ + r”), ~= r’ — r” . (1.84)

Note that for a singleparticlesystemin apurestate~1i,p1(r’, r”) = ,(,*fr~P)~(,fr~)and(1.82)becomes
the familiar expressionfor the probability currentdensity:

~*(r) ~ti(r)v~,(r)= i— (1~/*(T)~L ~i(r) — ~J.’(r)~_ ~/.I*(r)}. (1.85)

Fora non-idealgasin which the interactionbetweenthe particlesis dueto apair potential‘b(r11)
(wherer11 r1 — r1 I) so that the total potentialis of the form

~ ~fr)÷ ~ ~ex
tfr) (1.86)

1<1=1 1”l

the equations(1.78)canbe furthersimplified. Oneobtains:

(1.87)

(hi ~÷ c~)p
5(r’

5, r”5) = ~ f ~(1r — r
5~1I)— ~(Jr7— r5+11)} p5~1(r’

5,r
5~1,r”

5, r
5~1)dr5~1,

~~ (~~-— a,.112) — cI~ext(r;)+ ~be~c
t(r;’)~ [~(r~) — ~(r~.)]] . (1.88)

This is the hierarchyof coupledequationsfor the densitymatrices,which is the analogueof the
B-B-G-K-Y hierarchyfor thereducedphasespacedistributionsin classicalstatisticalmechanics.
It hasalsorecentlybeengiven by Putterman[191,andhadbeenpartially derivedby Penrose[231
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andFrohlich [381 amongothers~. The first equationis:

ap1(rçr’) h
2 a2 a2

at + ~ ~ — arl2) — ~ext(r;) + ~ext(T~)) p
1(rr’)

— r2 I) — cb(Ir’ — r2])J p2(r’1, r2, r~,r2) ~--~2 (1.89)

Justas in the classicaltheory ~, basicconsequencesof thehierarchy(1.87—1.88)are the
generalconservationlaws of mass,momentumandenergywith thecorrespondingexpressionsfor
the fluxes. The local conservationlaws are:

(1.90)

a a a ,~ext
~ —p~--~, (1.91)

a a av av~ ~ P~, (1.92)
r~ r~ ra

wherep = p(r) is the massdensity,P~= P~(r)is the local stresstensor,e = e(r) is the local specif-
ic energy(energyperunit mass),andJ,,, = Jn(r) is the local currentdensity.Following the usual
conventionin hydrodynamics,weuse in thissectiononly for the massdensitymn1(r) the symbol
p(r) and for thespecificenergythe symbole, whereasin the restof this thesisp will be usedfor
the averagenumberdensityNI V, and � will be usedfor the singleparticleenergylevels.

Thederivationof theconservationlaws from the hierarchyis similar to the classicaltheory,
exceptthatthereis an ambiguityin the expressionsfor the local quantitieswhich is dueto the
non-commutabilityof the operatorswhich enterin their definitions.This requiresan additional
rule, the so-calledWeyl correspondenceof the classicaloperatorsas we shallexplainlater.

The massconservationlaw (1.90) follows from the first hierarchyequation(1.89)as before
with themasscurrent densitygivenby (1.82).Note thatherethereis alreadyan ambiguityin the
definition of pv sinceonecould addanyvectorwhosedivergenceis zero.

Next, the equationof motion for v (that is, the momentumconservationlaw) (1.91)canbe
derivedby taking (h/i)(a/a~)of (1.89) after making the changeof variables(1.84)andagain
letting ~-+ 0. The resultcan be castin the form of (1.91),giving for the stresstensorP~=

P~+ P~,where

k [/h a h aP~(r)=~[~-j-~-~——-mVn(T))~1 ~ Pi(r~~)j (1.93)

P~(r)= ~ ~ RaR~çb’(R) dR dA n2(r + (A — R)~, r+ xi). (1.94)

Thestepsthatgive P,~arestraightforward,andthosethat leadtoP~areidenticalto the classical
derivation,to which the readeris referred~(in fact (1.94)is formally identical to the classicalcx-

~ Also, the hierarchyof equationsof theso-calledWignerdistributionfunctions,whicharea kind of Fourier transformof the
densitymatrices,havebeengivenby Irving andZwanzig [39].

~ SeeUhienbeckand Ford [22] Chapter7.
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pression).Note thatn2(r1, r2) is the two particledistributionfunctiondefinedby (1.79).

Finally, definingthelocal internalenergydensitype = p(~k + �~+ ~ext/m) with:
p�k(r)~L~ mv,3(r)) ~~(r~~)] (1.95)

p e
0(r)= ~f ~(r

12)n2(r1, r2) dr2 , (1.96)

the conservationof energy(1.91)canbe derived.Note that in e” the transportkinetic energy
~pv

2 hasbeensubtractedoff, andonly the internal energydensityentersin (1.95).
To derivethe conservationlaw (1.91)onemustfind the rateof changeof bothek andc~’.The

equationfor &~follows from (1.89) in a way similar to the derivationof the momentumequation.
To find theequationfor c’~the secondhierarchyequation(eq. (1.87—88)fors = 2) is needed.
Thederivationis completelyanalogousto the classicalcase,with the resultthat the energyflux is
asumof the following threeterms:

k [llTa 1 na 2 1
Ja(T)[~ T~ä~~__mvn(r)~ --~--—mvp(r) ~

1(r~~)j~ (1.97)

~(Ir—r I) 1 h aJ~’(r)f R 2 ~ ~ (1.98)

J
02(r)=f ~‘(R)dRf dA[_ -~---——mv~(r)+--——mv~(r)

2R2 ~m 1 a~
1~ 1

R R 1X t2fr~(A — R)-~, r+ A-~; ~1,~2) j , (1.99)
I’

where~2(r1,r2 ~, ~2) p2(r1 + ~ ~, ~2 + ~ ~2 ~1 — ~~ r2 — ~~2), similar to the definition of ~
given by (1.83). In generalwe canwrite theseas:

~ . (1.100)

We now returnto the ambiguitymentionedearlier.To illustratethe problemlet usconsider
only the threelocal quantitiesp(r), p(r) v(r), andp(r) �~ (r) p(r) [ck(r) + ~v(r)

2], which arere-
spectivelythe massdensity,momentumdensity,andtotal kinetic energydensity.Onewould like
themto be quantummechanicalaveragesof operatorsof the form Q(pN, rN) similar to the func-
tions cD~i(pN,rh’) which leadto the local classicalquantities.For the massdensityp(r) thereis no
difficulty; thecorrespondingoperatoris clearly

Q(1m~6(r_ri)=O~), (1.101)

wherethe coordinater is a parameterin the operator.However,for the momentumdensity,the
classicalfunctionis

= ~ p~6(r— r
1), (1.102)

which wouldnot itself be an Hermitianquantummechanicaloperator,if p1 and r. weretakento
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beoperators.The sameis true for the kinetic energydensity,for which the classicalfunction is

N

= ~II~—-i— 6(r — r1) . (1.103)
1=1 2m

The operators~(2) andQ~)mustbe Hermitiansothat p v0 andp ~ arereal. Also onemustre-
quire that

fpv0dr=fo~2)dr=E ~, (1.104)

and

fpe~0~dr f(O~~~)dr~ P1 (1.105)
A A t=i2m

Onemight hopethat by properlysymmetrizingthe classicalfunctionsonecould guesstheopera-
tors ~(2) and~(3)• For exampleonemight replacepj~6(r— r.) in (1.102) by

~[~ja6(r—rj)+6(r—rj)~jn] , (1.106)

which in fact leadsto the local momentumdensity(1 .82). Butalreadyfor thelocal energydensity

the summandin (1.103)canbe symmetrizedin differentways,suchas

~ ~— [~6(r — r.) + 6(r — r1)~] , (1.107)

(1.108)

~ ~ [~6(r — r1) + 2~jn6(r— ~ + 6(r — r~)~?]. (1.109)

It canbe verified that eachof theseis Hermitianandalsosatisfies(1.105),yet theygive different
expressionsfor the local kinetic energy.Using (1.18)onefinds respectively:

pe~ ~ + ~ P1fr’,~”)]~.‘ ~ ~= ~ [(~-~~ ~(r,~)] , (1.110)

P~tot ~L~7 ~ p1(r,r ~~r’=r’=r ~2 [ ~ ~1(r~~)j (1.111)

(1.112)

A solutionto the problemis givenby the Weyl correspondencerule (see[401) which definesa
uniqueHermitian quantummechanicaloperatorQ(pN,nV) for eachclassicalfunction O~1(pN,,.N)

It canbe stateddirectly in termsof the quantummechanicalaverageitself as follows (Irving and
Zwanzig[39]): For a given classicalfunction ~~,fr”

T, pN) the correspondingquantumstatistical
average is given by

(O)= fdrN [o~~~ ,rN) ~(rN~N)] . (1.113)
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It shouldbe stressedhoweverthat this correspondenceis ad hoc.For the momentumdensitythis
gives our expression(1.82)and implies in turn that theoperatofis symmetrizedaccordingto
(1.106).For the kinetic energydensity~ it gives the expression(1.112)above,which implies
that the operatoris symmetrizedaccordingto (1.109),andimplies that the local kinetic energy
density is given by the expression (1.95) that we have used ~.

In the following we are only concerned with the equilibrium properties,in which case the
densitymatricesp5(r’

5, n”5 N, A, t) arereplacedby the correspondingcanonicalequilibrium
density matrices p

5(r’
5, r”S; N, A, 1’) which are time independent. The conservationlaws simplify

because the properties are time independentand also becausev = 0. The equation of motion
(1.91) becomes simply the statement of hydrostatic equilibrium:

a a ~extf\—P~(r)= —p(r) — v”. (1.114)
ar~ ar

0 m

Furthermore (1.92) implies that J0 must everywhere be zero.
In the grand canonical ensemble the density matrices are defined as averages of the canonical

reduced density matrices as follows:

p~r(r~s,r”
5 a, A, ~ e~NZ(N,A, T) p

5(r’
5, r”5N, A, fl. (1.115)

N=s Z~r(a A, T)

The role of these density matrices are similar to those of the canonical ensemble. Making useof

the fact that the canonicaldensitymatricessatisfythe equilibrium hierarchy,it can be verified
that the grand canonical ones also satisfy it and lead therefore to the same conservation laws.
Note however that thereis no “complete” densitymatrix in the grandcanonicalensemble.Note
also that p

5~are normalized by

f d,~p~r(~Fsnl~S;a, A, T) = (UN! ~ (1.116)

andinter-relatedby

(_ ~ + ~ — ~)~r~is r”
5 a, A, T) = f p~

1(r’
5,r, r”5, r; a, A, 1’) dr. (1.117)

In (1 . 11 6) andin the following weuseonebracketinsteadof two for simplicity to denotethe

quantumstatisticalaverages.

1.6. Specializationto the ideal Bosegas

Sincethe Hamiltonianof the ideal gasis a sumof singleparticleHamiltonians

(1.118)

* Putterman[19] hasalsoderivedthe conservationlawswith the correspondingexpressionsfor thefluxes,baseduponusing

(1.110) for the definition of thelocal energydensity.
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with

H(p., r1)~ ÷~ext(T) (1.119)

the energyeigenvaluesE andeigenfunctions~ItE(r~V)canall be expressedin the singleparticle
energystates

6k andeigenfunctions~l1k(r)definedby:

HO(p,r)1~k(r)=ek1Pk(r). (1.120)

(This Ek shouldnot be confusedwith the specificenergyof the previoussubsection.)Onegets

E—EflOfll—~nkek, (1.121)

where the occupation numbers n
0, n1, n2,... of thestatesEk satisfy

~I~nk=N. (1.122)

To satisfy the requirement of Bosestatisticsthe ‘
1’E (r”’) must be the symmetrized sum of the

products of the correspondingsingleparticlefunctions~Jk(r),so that

~T~1E(r)=Wnonin2...(r)=~N!fl,fl! p{rN} ~o(~ ~ ..., (1.123)

wherethesumis overall permutationsof the coordinatesr” r
1 ... TN. These~~nl%T) arenormal-

ized to unity in the Pk(r).
With the energylevelsall of the thermodynamicfunctionsfollow. The canonicalpartition func-

tion (1.3) for the IBG is

Z(N,A,fl ~ exp(—13~knkek), (1.124)
{n k}

wherethe summationis over all occupationsets{~k} satisfying(1 .122)andA symbolizesas
beforethe boundaryof the regionandthe outsidefields describedby the parametersa1,a2
Likewise, the internalenergy(1.25)andthe generalizedexternalforcesXk (1.26)become

U(N, A, T) = E (E, n,e1)exp(—13~knkek), (1.125)
{nk }

X1(N,A, 1’) = 2~E1n,(—ae,/aa1)exp(—l3Ek ~k~k)• (1.126)
{ ~k }

The entropyfollows from in Z andU accordingto (1.30).
Theseexpressionsimply evidentlythat the probability for theoccupationset {n0n1 ...} is

~exp(—I3Ek ~k~k) , (1.127)
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so that the averageoccupationnumberof the statec. mustbe given by

n1 exp(—13~knkek), (1.128)
{nk}

andthe correspondingmeansquareoccupationby

= E n? exp(—13~k~k~k)~ (1.129)
Z{flk}

The equilibriumdensitymatrix (1.23) for the IBG is

p(r’N, rUN;N, A, T) = ~ ~ (ruN) ~~0~1...(r’N)exp(—13~k~k ~kY (1.130)

In termsof the singleparticlestatesthis canbe written

p(r”’, r~N;N,A, fl = —4--- ~I) ~ [11exp(—13�k)~(r~) ~kfr), (1.131)
N.Z p{r’N} 1=1 k0

using(1.123)for ‘I’ andelementarycombinatorialidentities.The reduceddensitymatricesthen
follow by direct integration,accordingto (1 .73), andthe following expressionresults:

s N (1.132)
p5(r’

5, r”3N, A, 1) = ~ ~flOfll...(r )‘I~
0~1(r).~-~~ n,!(n—n,)! exp(—13~klmkek),

wherethe set {n1} satisfiesthe restriction~n1 = s, andthe set{n~}satisfiesEn~= N. The~I1~s
arethes-particlewavefunctionsgiven by (1 .123)with N replacedby s. For example,whens = I,
theonlypossibleoccupationsets{n1}arenk=1, n,0(l’�r k)forkO, 1,2, ...,and(l.132)
becomes

p1(r~,r~;N, A, I) = ~ ~r~) ~k(ni) ~ ~k exp(—13~-~l n~~l)= E (nk) ~4(r) ~k(r).

k0 {n1} —O

(1.133)

The grandpartition functiondefinedin (1.32)becomesfor the IBG:

~ A, 7) = �~e~
1~�I~exp(—1321~knk ~k) = LI E (exp(—a—

N=O {nk} k0 ~k°

k=O —exp(—a—13ek))1. (1.134)

Likewise, oneeasilyverifiesthat the thermodynamicalfunctions(1 .33)—(l .35) for the IBG are
given by the following well knownexpressions:
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N~r(~,A, 7) = ~ <~>~r (1.135)

~ A, 1) = ~ e~(n~)~r, (1.136)

Xpr(a, A, 7) = ~II~(_a�~/aaf)(n~)~t, (1.137)

andthe entropyis given in termsof N5~,~ and~gr accordingto (1.37), andwhere

= (exp(ct~
13~k) —

1)_i , (1.138)

is the grand canonicaloccupationof the statek. The meansquareoccupationis
(~

2)gr= ~ + 2((fl~)~1)2. (1.139)

For the grand canonical density matrices of the IBG one finds

p~(r’5,r”5 a, A, T) = ~ LI p~(r,rf; a, A, 7), (1.140)
P{r’~} i~i

wherethe first densitymatrix is given by the simpleexpression

p~r(T’ r”; a, A, 7) = ~ ~ ~k(r). (1.141)

Evidentlythes-particlegrandcanonicaldensitymatrix is just a symmetrizedsumof productsof
the singleparticledensitymatrix ~.

2. Bulk propertiesof the ideal Bosegas

2.1. Introduction

In this sectionthe bulk properties of the ideal Bose gas are discussed and then derived. Follow-
ing our remarksin section 1 .4.2,thesearefoundby meansof the bulk limit, in which a sequence
of similarsystemsof increasingN and V is consideredwith N/V p fixed, andthe bulk properties
arefound in the limit V-÷°°. In this limit, the Bose condensationwill be evident.As a productof
the calculation,alsothe grand canonicalpropertiesarederived,andit turnsout that someof
themdiffer from the correspondingcanonicalproperties— evenin the bulk limit! The origin and
* Notethat theseresultscanalsobefounddirectly by usingtheconstructionoperatordefinition of thereduceddensitymatrices.

Namely, in termsof the creationandannihilationoperators~I(r)and~it(r) which obey the Bosecommutationrule, andin which
thecoordinater is a parameter,the first two reduceddensitymatricesare:

p
1(r’~,rj)Trpi4’t(r’{)iji(rj), ~

This holdsin both thegrand canonicalandcanonicalensembles,with the appropriatedefinition of thedensityoperator~ and
thetrace(Tr). From this point of view thedensity matricesthemselvescanbethoughtof asquantumstatisticalaveragesof
theseconstructionoperators.Onecan showthat the abovedefinition is identicalto (1.73)and(1.115). For moredetailsseefor
exampledeBoer [41].
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meaningof the unexpecteddifference,which hasalsobeennotedby someotherauthors,will be
discussedin section2.4. Finally, in section2.5, the bulk canonicalpropertiesof a systemwhose
number of dimensions is otherthanthreearebriefly considered.

2.2. Thebulk properties

Here we simply list and discuss the bulk properties of a threedimensionalideal Bosegas.As
onewould expectfor a bulk system,thereareonly two independentthermodynamicvariables,
which we chooseto be p and1’ .~

The pressureandenergydensityaregiven by

kT
P<P~

p(p,T)~u(p,T) (2.1)

A3
whereA2 27rh2/mkT,

= p~(T) ~)/A3 , (2.2)

andfor p < p~,a = a(p, 1’) is the uniqueroot of

p-!-g
312(a). (2.3)

We haveintroducedthe Bosefunctions

g~(a)~ ~ ~-n e~
1, (2.4)

/=1

whosepropertiesare discussedin Appendix2.A.
The equationof state(2.1) is divided into two analyticsegmentsby the densityp~.For ‘> ~

the pressureis independentof the densityandequalto p, = p~(T) kT ~)/A3,while for P < t~

it is foundby eliminatinga between(2.1) and(2.3).The isothermof p versusp, scaledby ~ and

~ is given in fig. 0.1.With this scalingthe isothermsfor all temperaturesfall on this onecurve.
Note that thereis no critical pointbeyondwhich the condensationceasesto occur,andthat the
subscriptc refershereto the point of condensation.OnecanalsodefinethetemperatureT~at
which the condensationoccursfor a givenp, determinedby

pA~= ~), A~= 27rh2/mkT~, (2.5)

which alsodefinesthe thermallengthat condensationA~.The two phaseregionp> p,~corresponds
to T< T~andA> A~.

For low densities~o~ ~ the pressureis given by

p = pkT(l — p....), (2.6)

* The following rhermodynamicalpropertiesareof coursewell known.Comparefor exampleEinstein[2—4], Kahn [42], London

[17] andHuang [43—44].
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andclearlyapproachesthe classicalideal gasbehavioras P/PC -~ 0. As p approachesPC the pressure
reachesPC with zeroslope,andwhen~°> i~the isothermis flat. At PC thereis a discontinuityin
the secondderivative.

In analogyto a regular(first order)phasetransition,wherethereis alsoa horizontalpiecein the
isotherm,astatefor p> p~canbe interpretedas a two phasesystem,with p~non-condensed
particlesof specificvolume 1 /p~andp — PC condensedparticlesof specificvolumezero, in each
unit volume.The fraction of condensedparticlesis therefor~

1 — PC/P= 1 — (T/TC)
312 . (2.7)

That the condensedparticleshaveno volume follows from thefact thattheydo not contribute
to the pressure.This of courseis wherethis transitiondiffers most from the usualones.

The entropydensity(that is, entropyper unit volume)s, Helmholtz free energy density f, and
chemicalpotentialp (~Gibbsfree energyperparticle) aregiven by

s(p,T) = (2.8)
5k ~

—.~-?‘g
512(a)_kTpa, P<PC

f(p, T) = u — 1’s = (2.9)
kT ~

—-—i. ~•(~), P>PC

—kTa, P<PC,

p(p,T) = (f+p)/p = (2.10)
0, P>PC~

wherefor eachof these,a is determinedby (2.3)whenp < PC~Onecanverify that thesesatisfy
thethermodynamicalrelations(1 .46—47).

Note that for a given fixed temperature,whenthe densityis increasedbeyondp~theentropy
densityandalsothe densityof non-condensedparticles( p~)arefixed, while the densityof con-
densedparticles( p — p~)varies.Thereforeonecansay thatthe condensedparticlescarryno
entropy,andthe differencein the specificentropyandspecificvolumeof the two phasessatisfy
the Clapeyronequation,as in a first order transition:

dP~(T)= i.~(s/p) = 5 k~) (2 11)

dT ~(l/p) 2 A
3

Similarly, u, f, andpp dependonly upon 1’ whenp> PC, andthereforethe condensedparticles
do not contributeat all to the thermodynamicalproperties.

Thesefunctionscanalsobe written in termsof T andT~.For example,for theinternal energy
per particlewe have



R.M. Ziff eta!., The ideal Bose—Einsteingas,revisited 197

T>TC,

u/p (2.12)
3 2kT (fl3’2 ~ T< 1’2 ~‘ c

C 2

As T —~ oo, u/p approachesthe classicalvalue~kT. At TC thereis adiscontinuityin the secondderi-
vative.The derivativeof u/p with respectto T is the specificheatper particleat constantvolume
(density),which in termsof 1’ and TC is given by

i~~5~(~) 9 g~(a)

4g
312(a)4g112(a)’ T>TC

c0/k (2.13)
l5(T)

3I2~) T<TC.

/1
T/Tc

Fig. 2.1. Theenergyper particleu/p divided by kT~plottedasa functionof the temperatureT divided by TC, atconstantdensityp.

3

O~4

T/Tc

Fig. 2.2. Thespecificheat at constantdensityc
0/k asa function of T/T~.
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Wehave plotted the energy and specific heat per particle as functionsof the temperaturein figs.
2.1 anJ2.2 respectively.At 1’ = T~,c0/k reaches a maximum value of I 5~)/4~) 1 .926, with
a discontinuityin the first derivativegiven by:

[a(c0/k)1 [a(c~/k)l~ — 27 3 2

La(T/TC)J La(T7~5] - (~)) 3.66, (2.14)

andas T -~ o~,it reachesthe classicalvalue~.

In the bulk limit, the averageoccupationof the lowestsingleparticlestate,divided by the
volume,is given by:

(n0) 0, P<Pc~lim — = (2.15)
v~= V PPC, P>PC.

It is non-zeroonly for ~ ~ On theotherhand,the densityof particlesin theotherstates
alwaysgoesto zero.They arerepresentedby a continuumin the energydistribution. Thus we see
thatthe condensationfound from the thermodynamicalpropertiesis comprisedof particles
occupyingthe groundstate.

The fluctuationsaroundthe averagevalues,divided by V
2,goesto zero for all statesincluding

the groundstateandfor all densities:

(nt) — .lim ~— = lim ______= 0. (2.16)
V2 V-~= V2

In particular, there are no “macroscopic fluctuations” in the occupation of the ground state, in
thetwo phaseregion.We will discussthis further in the section2.4.

The propertiesthat we havediscussedso far arewell known.Now we turn to thedensity
matrices,which havenot previouslybeendiscussedcompletely.For all s, theycanbe written

~ fl F(1r—r’I,a,fl,
P~r’5} i 1

p
5(r’

5, r”5 a, 7) ~ d 1 (2.17)
—~ exp~t(p—p~)}~) LI (F(1r—r’I,O, 7) + -), p > p~,

2iri t P{r’~} i1

where

F(r,a,T)—1 ~j_3/2 exp{—aj—~rr2/jA2}, (2.18)
A3 j=1

andagaina = a(p, T) as determinedby (2.3). Note that

1 rdt —k \PPCI

exp{t(p — p~)}t = k’
wherethecontourgoesaroundthe origin in the positivesense.To find an explicit expressionfor
the densitymatrix whenp > PC, theproductsof the expression

fl (F(Ir1-r’I,0,T)+~), (2.20)
i=1 t
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mustbe multiplied out, and thecontourintegralcarriedout. Accordingthe (2.19), that means
simply replacingthe factor (l/t)” in eachterm by (p p~Y’/k!.Thisgives an alternativeexpression
for p5 in the two phaseregionp> PC:

p5(r’
5, r”5 p, 7) = ~ — fl ~ ~ F(1r

1. — r.I, 0, 7), (2.21)
ki k. j=1 i~, i.=i I

with the restrictionon the multiple sumsthat l~~ i~(i ~ 1) andl � l~’(i ~ j).

The oneparticledensitymatrix is given by

F(Ir’1—r’I,a,fl, P<PC

p1(r,r’;p, T) (2.22)
F(Ir—r’I,0,T)+p—p~

Thediagonalelement(which accordingto (1.79) is the local density)is independentof positionas
it shouldbe. When Ir~—r’I -~ °°, F-~0, and

0,

(2.23)
P~PC~ P>P~~

The non-zerovalue for ~> t~ is describedas off diagonallongrangeorder (ODLRO).
Note that F(r, a, 7) canalsobe written as

A
3F(r, a, T) = ~exp(—2~r/A) + ~ ~exp(—A~r/A) 2 cos(Ar/A),

r s=i r (2.24)
1/2

A~E\/~(a2+47T2s2)”~ji ± a
L (a2 +

4~.252)i/2

The proof will be given in Appendix3.A. Whenr/A ~ 1 the first termdominates,from which it
can beseenthat the limiting behaviorfor r -+ is an exponentialdecay,exceptwhena = 0, when
F goes to zero as 1 /A

2r. Actually, for smallbut positivea thereis a regimein whichF ‘-~ I/A2 r,
namely for r ~ ~ Whena-~ 0 this boundgoesto infinity, whichexplainshow the transition
from exponentialto reciprocalbehaviortakesplace.

The “curvature” ofp
1 about r’1 —r’fl = 0 is relatedto the local energydensity,accordingto

(1.95).Onecanverify that this gives a valuefor the energythat is identical to (2.1).
For the two particledensitymatrix p2(r’1 r~,r’ r’~; p, T), we havefrom (2.17) for p < PC:

P2 = F(Ir~— ~ a, T)F(lr~— r~I,a, T) + F(Ir~—r~I,a, flF(1r — ~ a, 7), (2.25a)
andfor p> PC:

P2 = F(Ir’1 —r’~,0, flF(Ir’2 —r’~I,0, 7) + F(~r’1—r1,0, flF(Ir’2 —r’fl, 0,1’)
+ (p — PCll’~Ti—r’;I, 0, 1’) + F(Ir~—r’~I,0, 1’) + F(1r .—r’~l,0,1’)

+F(Ir—r~I,0,7)] + (p — PC)

2 . (2.25b)

Whenbothprimedcoordinatesarefar from bothdoubleprimedones,



200 R.M.Ziffet al., The idealBose—Einsteingas,revisited

0, P<pC,

P2 -~ (2.26)(p_~)
2, P>P~,

andp
2 alsoexhibitsODLRO whenp > PC~The diagonalelementr’1 = r’, r~= r’2 is the two particle

distributionfunction,accordingto (1.79):

p
2 + [F(1r

1—r~I,a, T)]
2 , P <PC

n
2(r1,r2p, fl (2.27)

p
2 + [F(1r

1—r21, 0, fl}2 + 2(p — p~)F(Ir1—r21, 0, T) , p> PC

When r1 —r21 -~ °°, n2 -÷ p
2 for all p, or equivalentlythe clusterfunctionx

2(r1,r2) n2(r1, r2) —

n1 (r1) n1 (r2) -÷ 0. Sincethe distribution functionsarethe diagonalelementsof the densitymatrices,
we expressthis behaviourby sayingthat thereis no diagonallong rangeorder(DLRO). This in
turnimplies that thereis no spatialseparationof thephases~. Whenp < PC, this clusterfunction
canbe integratedover all space:

fx2(ri,r2)dr2 f[F(1r1—r21,a, fl]2 dr2 —~EJ_3/2(j_ l)e~
1

a a

l)p(cx, T)(kTp~—— l)p(p, 1’), (2.28)

usingthe fact thatap/aa= —kTpat constantT. This resultagreeswith the fluctuation-compres-
sibility formulaof OrnsteinandZernike [47].

Now we extendtheseconsiderationsto all p~.First of all, whenall {r’5} arefar from all {r”3}
thenit is clearfrom (2.17)that

0, p<PC,
-+ (2.29)

(P—P~)5, P>PC.

This is namely the generalODLRO of the densitymatrices,as hasbeengiven by Yang[25].
To discussthe DLRO, we introduêethe generalclusterfunctionsx5 by the schemeof Ursell:

n1(r1) = x1(r1)

n2(r1r2)~2(r1r2)+~1(r1)~1(r2), (2.30)

n3(r1r2r3)x3(r1r2r3)+x1(r1)x2(r2r3)+x1(r2)x2(r3r1)+x1(r3)x2(r1r2)+x1(r1)x1(r2)x1(r3)

On theright handside therearetermsrepresentingeachpossiblepartitionof theset {r
5}. These

equationsdeterminethe functionsx.~successivelyin termsof then
5. The relationscanbe inverted*

to give explicit expressionsfor thex.~but they will not be neededhere.The importanceof these
x.~is that theyhavethe so-calledclusterpropertyif andonly if the distributionfunctionshavethe
co-calledproductproperty.Thesepropertiesaredefinedas follows. If the particles{r~}aresplit
into two groups{r’~}and{r~’}whichare separatedfar from eachotherandcontaina andb particles
respectively,thenn5 is saidto obey theproductpropertyif

~ SeeUhlenbeck,Hemmerand Kac [45];also Kac [46].
~ Seefor exampleKahn andUhlenbeck[12].
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~ ~~~afra)nb(r1’) , (2.31)
andx5 is saidto obeythe clusterpropertyif undersuchaseparationit goesto zero.Thatone
propertyimplies theother follows immediatelyfrom the definition of x5 given in (2.30).

For the IBG, the distribution functionswhichfollow as the diagonalelementsof (2.17) all satis-
fy theproductproperty(2.31).This canbeverified using(2.17)(or (2.21) for p> p~)andthe
fact thatF(Ir, — r11, a, 1’) = 0 if r. and,~belongto the two differentgroups.Henceit follows that
the functionsx5 satisfythe clusterproperty,andthereforethat x5 mustbe composedof just
thosetermsof n5 that vanishundereverypossibleseparationof the particles.By inspectionof n5
implied by (2.17)or (2.21)one finds

x5(r
5, ~ = ~J~F(Ir

1 —r21, a, flF(1r2 —r31, a, 7) ... F(1r5—r11,a, fl~ ~ < ~ ‘ (2.32)

~F(jr1—r2I,0, flF(1r2 —r31,0,7)...F(1r3—r11,0,T)

+(p—p~)EF(Ir1—r2I,0,fl...F(Ir5_1—r5I,0,fl, P>PC

in which I~indicatesa sumoverpermutationsof fr2 ... r5} and~ indicatessummationoverper-
mutationsof all {r1 ... r5}. It is interestingto notethat the explicit expressionsfor x5 aremuch
simpler thanthe expressionsfor n3, especiallywhenp> j~.

When P <PC, X5(r
5) given abovecanbe integratedoverall spaceandtheresult satisfiesthe

generalizedfluctuation-compressibilityformula

fx
5(r~~p, 7) dr

5’ = ([1 (kTp ~— — n)} p(p, 7), (2.33)

ashasbeengiven by Hemmer[48] for a generalsystem.For thecases= 2 this agreeswith (2.28).
Note that whenp> PC bothsidesof this equationdiverges.

Thereforewe havecharacterizedthe structureof the Bosecondensationby the presenceof
ODLRO in all of the densitymatrices,without DLRO. This is consistentwith the absenceof a
phaseseparation.Thelongrangebehaviorcanalsobe shownto be consistentwith the macroscopic
occupationof thegroundstate(2.15)andtheir fluctuations(2.16).

2.3. Proofof theresultsofsection2.2

a. Thenotionof the generatingfunction.For the calculationof thebulk limit of a given
canonicalfunctionf(N, A, 1’) (whereA representsthe boundedregion,with volume V), it turns
out to be usefulto introducethe correspondinggeneratingfunctionf~(a,A, 1’) definedby

f~(a,A, fl~ ~ e~Z(N, A, 7)f(N, A, 7). (2.34)
N0 Zgr(~A, 1’)

Clearly thesefunctionsare closelyrelatedto the grandcanonicalquantitiesdiscussedin section1.
In fact, inspectionshowsthat the generatingfunctionsof N, U, Xk (includingp), andthereduced
densitymatricesp

3 areidentical to their grand canonicalaverages.For instance,the grandcanoni-
cal energyasdefinedby (1.33)canalso be written as
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~ A, ~ = ~ e~Z(N,A, ~ U(N, A, 7), (2.35)
N=O Z~r(a,A, 7)

whereU is the canonicalenergydefinedby (1.25).All of the abovequantitiesarequantum-
statisticalaveragesof operatorsthatdependonly uponE andN, andthereforecanbe called
“mechanical”.It is clearthat for all suchquantities~definedaboveis identicaltofu definedin
section 1. Note however that this is not the casefor theentropy,sinceits generatingfunction is

= —k ~e~~ZN ~ exp(—f3E~)in exp(—13E~) (2.36)

N ~gr EN ZN ZN

(whereEN E(N, A) andZN Z(N, A, 1’)) which differs from the grandcanonicalentropyS~
of (1.37)by the amount

e~~~TZ e0~~~iZ
—

5g = —k ~ N ln N (2.37)
N Z~

1 ~gr

Similarly for all the thermodynamicpotentialssuchas F and~2onemustdistinguishbetweenthe
grand canonicaldefinitionsdenotedby the superscriptgr andthe generatingfunctionsdenotedby
the superscriptg. The origin of this differenceis that theentropyandtheseotherthermodynamic
potentialsdescribethe ensembleandarenot strictly quantumstatisticalaverages.

Fromnow on wewill alwaysusethesuperscriptgr insteadof g whentheexpressionsare the
same(namely for the mechanicalquantities).But for theentropyandthe thermodynamicpoten-
tials the different superscriptsmustbe watched!For an unspecifiedquantityf we mustalways
usethe superscriptg to denotethe generatingfunction.

b. Outline of the method.For a givenintensivecanonicalquantityf(N, A, 7) the bulk limit is
definedby

f(p, 7’) lim f(N, A, 7), (2.38)
V-~oo

wherep = N/V. This canbe accomplishedfor the ideal Bosegasby first introducingthe generating
functiondefinedby (2.34)andcalculatingthe limit

fg(p 7) lim f~(a,A, 7), (2.39)
V-~oo

wherea = a(p, A, 7) is determinedby:

j~jgr _cIN7(N A
p =— =— ~ Ne ‘ . (2.40)V VN=O ~gr(~ A, 7)

Evidentlyf(p, 7) andf5(p, 1’) arerelatedby

fg(pr)=f ~(x,p;T)f(x,fldx, (2.41)

where

V -nNZIN A
v(x,p;T)~ lim e , (2.42)

v~= Z~T(a,A, 1’)
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with N/V = x anda = a(p,A, 1’) as determinedby (2.40).Thereforef(p,T)canbe found from
fg(p 1’) by inverting(2.41).

All of thesestepscanbe accomplishedfor the IBG. First of all, the generatingfunctionscanbe
written in simpleterms — indeed,for all of the functionsthat we will considerexceptfor the
entropytheyare identicalto the correspondinggrandcanonicalexpressionswhich havealready
beengiven in section 1 .5. Thenfor all of the functionsthe limit (2.39—40) canbe calculated.
Notethatf~(p,1’) in (2.39) is written as a functionof p insteadof abecausethe limit V-÷°° is
takennot with a fixed but with the averagedensityp = N~~/Vfixed. The function~(x, p; 1’) is
calculatedin the sameway. That functioncanbe interpretedas the distributionof overall density
in the grand canonicalensemblewhenthe averagedensityis equalto p, in the bulk limit. In the
onephaseregionwe shall find that it is a deltafunctionandthe bulk propertiesin the two en-
semblesarethereforeidentical;this canbe provenevenfor a generalonephasesystemusingthe
methodof steepestdescents,as we shall sketchin section3. However,in the two phaseregionof
theIBG we shall find thatv(x, p; 1’) is not a deltafunctionandthat thereforethe inverseof (2.41)
is not completelytrivial, but still canbe done.The functionv hasbeennamedthe Kac density.

c. Applicationto the thermodynamicalproperties.First of all the limit V -~ °ohasto be defined
precisely,especiallywith referenceto the shapeof the system.It is mostreasonableto assume
thatas V -÷ the shapedoesnot changeandthe regionA is simply enlargedin all directions.This
canbe accomplishedby scalingthe coordinatesof A to a “unit” cell A0 of volumeunity by the
factorL, as shownbelow:

Thenas L is increased,A expandsuniformly aboutthe origin of the coordinatesystem,assuming
thatthat origin is chosensomewhereinsideof A0. Thebulk limit is foundby makingN andL in-
finite while keepingN/L

3 fixed. Oneexpectsthat the propertiesin that limit will not depend
uponthe shapeof A

0 nor on the locationof the origin within it.
The single particlewavefunctionsin A, i,lIk(r) andthe energylevels

6k (orderedsothat
~ ~ E~~ �~...) satisfythe Schródingerequation(1.120),namely:

~ a,.2 ‘h’,~’~)+ ~k 1/Ik(r) = 0, (2.43)

andarenormalizedto unity:

fkl’kfr)I dr 1 . (2.44)

We considerthat i,l/k satisfy eitherthe Neumann(~i~/8n-+ 0) or the Dirichlet (i,L’ -÷ 0) boundary
conditions.WhenL is increased,the statesscalein the following way:

(2.45)



204 R.M. Ziff eta!., The idealBose—Einsteingas, revisited

13~k= 2irfl2 ~ek-?’-~ ek , (2.46)
mL L

whereyk andek satisfy

+ 47re~y~(~)= 0, (2.47)

and

f Iy,~(~)I2d~= 1 , (2.48)
A

0

ascaneasily verified, letting ~ = r/L. Alsoy~mustsatisfythe samegiven boundarycondition of
the boundaryof A0 as does iIIk on the boundaryof A. Thusy~andek satisfythe dimensionless
Schrödingerequation(2.47) in the regionA0 andareindependentof L. Note that ek aredefined
so as to make the dependence of Ek on A as well as on L explicit.

By a theoremof H. Weyl ~, thenumberof eigenstatesg(e)de betweene ande + de goes as

g(e)de ~-~-- e”
2 de, (2.49)

asymptoticallyas e -÷ oo independent of the shape of A
0, and for either Dirichlet or Neumann

boundary conditions. This means that the limit of the ratio of the two sides of (2.49) is equal to
1 for e -~ °°. This resultenablesus to calculatethelimit (2.39—40)without specifyingthe shape
of A0.

First we considerfor the functionf(N, A, 1’) the pressure,whosegeneratingfunction is given
by (1.137).In termsof ek thisis:

gr ‘~ A
2e/L2k , (2.50)

kT 3L3 “° exp(a+ A2ek/L2) — 1

and(2.40),which determinesa, becomes

p=± ~ 1 (2.51)
L3 k0 exp(a+ A2ek/L2) — 1

Thispressureis the averageof (—a�/aV) = (—ae/aL)/3L2andthereforerepresentsthe force re-
latedto changingthevolumeof A without changingits shape.

To obtainthe equationof statep~(p,7) in the bulk limit oneshouldfirst eliminateabetween
(2.50)and(2.51)and thenlet L -+ oo. On theotherhandfor a fixed a> 0, the limit L -~ °° for
the two functions(2.50—51) canbe takenright awaysincethe sumsgo over to integralsby defi-
nition. Thenonegets,using(2.49):

—~--- f x ~ x”2 dx = ±g
512(a), (2.52)

kT 3A
3

0 e~x_l\/~ A
3

* SeeKac [49];also McKean and Singer [50].
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f3~± f 1 _-~_x1/2dx-~~~-g312(a). (2.53)
A

3
0 e~~—l\/~ A

3

A difficulty arises(as Einsteinalreadynoted)whenaapproacheszero.Sinceg
3/2(a)is mono-

tonically decreasing with the maximum value g3/2(0) = ~(~)ata = 0, it seemsthat therewould be
amaximumvalue of the densityequalto p~(T)= ~(~)/A

3.In fact, the Bosefunctionsg~(a)are
analyticfunctionsonly for a> 0 (seeAppendix2.A), andthe procedureof letting L -+ °° with a
fixed is not valid for a = 0. To resolvethis difficulty onemustallow for thepossibility thata -÷ 0
as L -~ oe, andclearlyonemustbe carefulwith theorder of the two limits. First we considerthat
e

0 = 0, which is the casefor Neumannandperiodicboundaryconditions.Indeed,for anyfinite L
it follows from (2.51) that p is infinite whena = 0. Supposethata c/L

3 as L -~ oo, where c is a
constant.Then thek = 0 term of (2.51) is

1 1 ~ (2.54)
L3e°—l L3a c

On theother hand,for k> 0, a is negligiblecomparedto A2ek/L2 (notethat ek is a number);
thereforeonecanput a = 0 in all thesetermsand for L -~ °° their sum canagainbe replacedby an
integral,giving ~)/A3 p~.If onenow choosesc = 1/(p — p~)so thata —~ l/[L3(p — PC)], then
(2.51)becomesthe identity p = + (p —-PC)whenL -÷ °° andthis mustthereforebe the correct
asymptoticbehaviorof a. Thenfor the pressureoneseesthatwith this aeventhe first term of
(2.50)goesto zerofor L -÷ ~o, sooneconcludesthat (2.52)remainsvalid for all a� 0. Thus for

~> ~ the pressurestaysconstantandis equalto:

kT kT ~
p~(p, 7) — g

512(0)=—~(~), p > PC . (2.55)A
3 A3

Clearly this argumentneedsmoremathematicalscrutiny. It hasbeenmademathematicallyrespect-
ableby Lewis andPulé [27].

For the morephysicalDirichlet boundaryconditionsthe argumentmustbe modifiedslightly
becausethene

0> 0. From(2.50)and(2.51) oneseesthat the smallestvalueof a is now negative,
namely—A

2e
0/L

2. WhenP> t~onemustnow considerthatagoesto zeroas a+ A2e
0/L

2
1/[L3(p — PC)] andoneobtainsthe sameresults as before.

Thereforefor both the Dirichlet andNeumannboundaryconditionswehave

kT
—g

5/2(a), P<P~’
pgr(p, 1’) = (2.56)

P>PC.

Theresultsfor the generatingfunctionof the energydensityu~= Up/V follow immediately
since~gr = ~pgr as is evidentfrom (1.136)and(2.50).Note that weintroducethe energydensity
u~so thatthe bulk limit exists.

For theentropythereis the difficulty that the generatingfunction5g asgiven by (2.36)cannot
be calculatedsimply in termsof the singleparticlestates.However,the grandcanonicalentropy
(1.37)canbe usedin its place,becausethe differencebetweenthe two, which is given by (2.37),
vanishesin the bulk limit. This canbe arguedsimply by noting that the factore n~’~’ZN /Z~must
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go as I /V as V -÷oo to maintainits normalizationto unity, andthereforethat (2.37)goesonly as
ln V, while S~and~ areproportionalto V. In the bulk limit

5gr ~gr/~~ canbe found in a manner
similar to pgr, with the resultthat

5k
~—g5/2(a)+kpa, P<PC,

5gr(pfl5g(pfl= k (2.57)

P>PC.

Next we calculatethe Kac density~(x, p) = v(x, p; 1’), by meansof thecharacteristicfunction
of the distribution:

~ e~’~/~’e~~VZ(N,A, 7) = Z~r(~—is/V,A, ~ (2.58)
N=0 ~ A, 1’) Z~I(a,A, 1’)

Evidentlythis is the Fouriertransformof ~(x, p) in the limit of V-÷°°, if a = a(p,A, T) is deter-
minedby (2.40):

lim e~’~= f ~(x, p) e~dx. (2.59)
0

The limit of (2.58) canbe calculatedin a mannersimilar to the generatingfunctionssuchas the
pressure.When ~°< ~ acanbe fixed anddeterminedby (2.53),andusing (1.134)for ~gr and
(2.49) for the densityof states,it follows that

hi ~ ~ g5/~(a—is/V) —~ g5~(a) i_~g3~2(a)= isp, (2.60)

asL -+ ~. Again whenp> PC it is necessaryto takea + A
2e

0/L
2 —~ l/[L3(p — PC)] for thek = 0

term ofZ~(1 .1 34), while for the restacanbe takento be zeroandthe sumreplacedby an inte-
gral. This gives

~ 1 _~4———g
5/2(O)+ln 1

A
3 L3(p—pC) V A3 L3(p—pC)

~ ~(~)—ln(1 —i~(p—PC)), (2.61)

as L -~ °°, or
‘tPC X—~

e = 1 f dx exp — C — i~x . (2.62)
I — ‘~C°— p~) P — PC p~ p — PC

By virtueof (2.59), the results(2.60)and(2.62) imply that

P <PC

~(x,p) = 6(x — p) , (2.63)
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P> Pc

0, x<PC,

(2.64)
1 X~PCexp — , X>~O~.

PP~ P—Pa

For p < PC’ this implies by (2.41)thatallf(p, 7) areidenticalto their correspondingf~(p,7).
Whenp> PC, ~(x,p) as a functionof x is distributedoverall densitiesgreaterthanp~.A plot of
~(x, p) as a functionof x is givenin fig. 2.3. In this casef~(p,1’) is an integraltransformof f(p, 7).
The inversionis simple becauseall of thef~ that we havecalculateddependuponp only in integral
powersof p — ~ and from (2.64)onecanverify directly that

(x—p)”
(í — pa)” = f i.’(x, p) k’ C dx. (2.65)

Thereforethe transformationfromfg(p, 1’) tof(p, 7’) for p > PC canbe accomplishedby replacing
the factor (p — p~Ycin eachterm of the formerby (p — ~ )/k!. Thiscanbe written formally as

~ (2.66)

by virtue of (2.19). In fact, the integraltransformationwith p(x,p) of (2.64) is basicallya Laplace
transform,and(2.66)canbe recognizedas the generalinversionformula.

Especiallyif fg(p 7) is independentof, or proportionalto, ‘ — ~ thenit is identicaltof(p, 7’),
andvice versa.

Thereforep, u, ands areidenticalto per, ~gr, and
5gr, sincefor p> PC the latterareall indepen-

dentof p. This provesthe results(2.1) and(2.8) of the previoussubsection.Note that this also
implies that all of the bulk thermodynamicalpropertiesareidentical in the canonicalandgrand
canonicalensembles,for all valuesof the density.

I~~3 4
a/PC

Fig. 2.3. The KaC densityv(x,p) plottedasa function of x for a givenfixed p (greater than PC) and at a fixed temperature. The
meanat x = p is shownby thedottedline.
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d. Calculationof the occupationsof thestatesandtheir fluctuations.The generatingfunctions
are given by (1.138—139),andthe discussionof the limit V -÷ °° with p determinedby (2.40) is
similar to thatof the pressure.Onefinds for the excitedstatesk> 0,

gr 2gr

lim - = lim = 0, (2.67)
v-oo V v-’~~V2

while for the groundstate,

0, P<PC,
lim = (2.68)
v~= V P~PC, P>PC,

0, P<P~
lim _____ = (2.69)
V—~°°V2 2(~— ~)2 ~> ~

Note that we mustdivide by V and V2 to makethe quantitiesintensive.Using the inversion
methodthat hasbeenderived,the correspondingcanonicalquantitiescanbe calculated.Thus it
follows that theseoccupationsandtheir fluctuationsarethe samein the canonicalensemble,
exceptfor themeansquareoccupationof the groundstate,which is 2(p — p~)2abovebut accord-
ing to (2.65)or (2.66)is equalto (p — p~)2in the canonicalensemble(whenp> p~)~Hence,the
fluctuationsarezero,as statedin (2.16).

Note thatwe havealsofound that the fluctuationof the densityof particlesin the groundstate
in the grandcanonicalensembleis not zero,sinceaccordingto (2.68)and(2.69),

((i~n)2)gr — ((n )gr)2
urn 0 lim 0 0 = (p — PC)2 . (2.70)
V—= V2 V~oo V2

Thesearehugefluctuationsin an infinite systemthatoccurevenat 1’ = 0. This is in sharpcontrast
to the canonicalcase.We will discussthis resultfurtherin section2.4.

e.Calculationof the densitymatrices.In the bulk limit (2.39—40)the generatingfunctionof
the s-particlereduceddensitymatrix (1 .140)clearlybecomes

p~r(r~sr~ls;p,~ E H p~(r,r’;p, 7), (2.71)
P{r~} j I

for all p, andwe needonly considerp~(1.141).In termsofyk andek it is

p~r(r~rll;a A, 1’) = 1 y~(r”/L)y~(r’/L). (2.72)
k0 L3 exp(a+ A2ek/L2)— 1

In the onephaseregion ‘. <~ the limit L -~ °° canbe takenwith a fixed anddeterminedby
(2.53),with the result:

p~r(r’, r”; p, 7) = ~ j~3/2exp~—aj— ~Ir’ — r”12/jA2} F(~r’— r”J, a, 7). (2.73)
A3 f=1

Thisfollows by expanding(2.72) in powersof e°andusinga generalizationof Weyl’s theorem,



R.M.Ziffeta!., The idealBose—Einsteingas, revisited 209

which statesthat

~ exp(—te~)y,~(r”)y~(r’)‘~‘ t
312 exp{—irlr’ —r”12/t} , (2.74)

as t —* 0, for all shapesof the regionA
0 andfor all boundaryconditionsas long as neitherr’ nor r”

is on the boundaryof the region.Whenp> p~onemusttakea-÷ 0 as before,in which casethe
k = 0 term of (2.72)gives a specialcontributionwhile for all the termsk> 0 onecanseta = 0 and
use(2.74),with theresult *

p~r(~l,r”; p, 1’) = F(Ir’ — r”I, 0, 7) + (p — p~)Iy0(0)I
2. (2.75)

This result leadsto the following difficulty. With the Neumannboundaryconditions,y
0 = const.

= 1 andthereforethe diagonalelementof p~becomest~+ (~— ~ = p as it should.However
with themorephysicalDirichlet boundarycondition,the groundstatey0(~)is not constantso
thaty0(0) * 1 in general,andthereforethe diagonalelementwhich is the local densitydiffers
from the average densityp anddependsevenupon the choiceof the origin! The reasonis that the
ground state(which is macroscopicallyoccupied)variessmoothlyover thewholeregion A, and
whenthe volume is madeinfinite the local densityis any finite regionabout theorigin becomes
constantat a valuethat dependsupony0 (0). Thus the bulk limit for the densitydoesnot exist in
the usualway. If the averagedensitywerefixed not at p but at a valuethat makesthe local density
given by the diagonalelementof pr equalto p, thenclearly(2.75)would be replacedby

p~
T(r’,r”;p, 1’) F(Ir’—r”I,0, T)+(p —pa), P>Pc . (2.76)

We will usethis expressionin all of the following. Note that it also follows from (2.75)by averag-
ing the latterover all choicesof the origin. In anycase,this “renormalization”of the densitydoes
not changeanyof the relationsbetweenthe thermodynamicalpropertiessincetheyareall inde-
pendentof the densitywhenp < PC• Clearly the variationof the densityis a pathologyof the
ideal gas,andonewould expectthat for an interactingsystem(saywith a hard corerepulsion)
that thisproblemwould be removed.

Thus,the bulk generatingfunctionsof thes-particledensitymatrix is given by (2.71), (2.73)
and(2.76). Evidently it dependsuponpowersof P — P~(whenp> ~ from zeroto s, andthe
generalinversion(2.66) appliesandleadsto (2.17) for the canonicaldensitymatrices.This com-
pletesthe derivationof thebulk canonicalproperties.

Actually, it should be pointedout that the fact that the bulk canonicalpropertiesandthe bulk
generatingfunctionsare relatedby the integraltransform(2.41) doesnot really follow simply
from (2.34),sincethereis the delicatequestionof interchanginglimits. This stephasbeenjusti-
fied by Cannon[26]. Also, he was the first to derivethe generalexpressionfor thedensitymatrix
(2.l7)*.

Sincethegeneratingfunctionsareall identicalto the correspondinggrandcanonicalaverages
(in the bulk limit), we havebeenled inadvertantlyto the following surprisingsituation:The
canonicalandgrandcanonicalensemblesdiffer in their predictionsfor someof the bulk properties

* This expressionhasbeen derivedwith more mathematicaldetail by Lewis and Pulé [271.
* (Unpublishednotes.) Note that the two particle distribution function (2.27)wasfirst derived by London [16] and alsoby

Placzek [51] in the one phaseregion only, and is called the London—Placzekformula. Note also that in the grand canonical
ensemblethe density matriceshavebeen given recentlyby Guard [52), and the distribution functions in the onephaseregion
byJaen [53].
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of the IBG, especially((~n0)
2)andp

3 for s� 2, in the condensedregion,while (n0), p1, andall of
the thermodynamicalpropertiesarethe same.The fluctuationsin the averageoccupationof the
groundstate according to (2.69) and (2.70) arequite differentin the two ensembles,as we have
already noted. Compare also the density matrices, which in the grand canonical ensemble are given
by (2.71, 73,76). In theoff diagonallimit, in which all primedcoordinatesarefar from the
double-primedones,theyevidentlybehaveas

0, p<pC,
p~r(rIs~?s;p T)-÷ (2.77)

s!(p—p~)
5, p>PC

which differs from the canonicalODLRO (p p~)5as given in (2.29), when p> p~.The diagonal
elementsof the densitymatricesarethe grandcanonicaldistributionfunctions,andonecanshow
from (2.71)that their clusterfunctionsdefinedaccordingto (2.30)aregiven by

xf(r5p, fl ~ p~1(r
1,r2p,7’) p~

T(r
2,r3p,1’) ...p~(r5,r1p,1’), (2.78)

p{r2... r5}

for all p. When p> p~thesediffer from the canonicalcluster functions(2.32)for s � 2, anddo
not satisfy the clusterproperty,sincein the limit that all coordinatesr1 ... r~are separated far
apart,

0, P<PC,
-÷ (2.79)

(s — 1)! (p — p~)
3, p> p~

The grandcanonicalsystemexhibits thereforeDLRO in the condensedregion.
In the grandcanonicalensemble,the fraction of systemscontainingN particlesis given by

e~~~Z(N,A, fl/Z~(a,A, 7). The meanof thatdistributionis (N)~~= ~gr of (2.40),andabout
thatmeanthereis a fluctuationin number.In the bulk limit this canbecomea fluctuationin the
averagedensitywhich evidentlycan becalculateddirectly from ~(x, p):

0,lim -- f (x—p)2v(x,p)dx— (2.80)
v-~= V2 (p — PC)2 P> P~

using(2.65). Thus in thecondensedregion thereare fluctuationsin the densityof the entiresys-
tem.Thesecannotbe directly comparedto the canonicalensemblesinceby assumptionthenum-
ber of particlesin that ensembleis fixed. Since (2.80) is identicalto the fluctuationsin the average
occupationof the groundstate,the lattermustbe dueto the former.And finally the DLRO(2.79)
canalsobe attributedto thesedensityfluctuations,sincethe normalizationof the grandcanonical
densitymatricesis relatedto the distributionof N, by (1 .1 1 6~.

2.4. Thesignificanceof thegrand canonicalensemble

The differencesthat wehavejust foundbetweensomebulk propertiesin the canonicalandthe
grandcanonicalensemblesare particularlystriking becausetheyrepresentinfinite systemsfor
which it is usually supposed that the ensembles are equivalent. Therefore onemight wonderat
this point which of theresultsarecorrectandwhy we havebeenpreferringthe canonicalensemble.
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Indeed,in termsof calculationalconveniencethe grandcanonicalensembleis clearlypreferred,as
we haveseen.In thissectionwe investigatethe grandcanonicalensembleandshowthat it loses its
validity for the IBG in the condensedregion ~.

This ensemble,as definedin section1.3, is normally thoughtto representan “open system”
which exchangesparticleswith a resevoirthatdeterminesthe temperatureandthe averagedensity.
This is baseduponthe simplederivationof thegrandcanonicaldistribution(1.32)as the most
probabledistribution whenthe exactnumberof particlesandenergyarenot specifiedbut only
their averagevalues.Thenaccordingto (2.80) thereshouldbe hugedensityfluctuationsin a con-
densed“open” IBG.

However,the relationshipbetweenthis opensystemand themostprobabledistribution (1.32)
is not entirely clear.A morefundamentalderivationof theensemblefor anopensystemis to con-
siderthe propertiesof a systemA that is part of a muchlargersystemA’ describedby thecanoni-
calensemble(which in turn is in contactwith aheatresevoirthatdeterminesthe temperature).In
this way the grandcanonicaldistributionalsocan be derived~, but a carefulexaminationshows
thatsomeof thestepsmight be suspectin a two phaseregion.We will returnto this point later.

In this subsectionwe will derivethe fluctuationsin densityin the subregionA of an IBG by
direct calculation.That is, we considerthat the systemA (ofvolume V) is partof a largersystem
A’ (ofvolume V’) containingN’ particles,as representedbelow:

The boundarybetweenA andA’ — A is an imaginarysurfaceseparatingthe regions,andA can
containanynumberof particlesN betweenzeroandN’. The spatialdistributionsof theN’ par-
ticlesaredescribedby the completedistributionfunctionn(rN’; N’, A’) (which weshall later take
to be the canonicaldistributionbut for now canleavegeneral),from which tne probability that
thereareN particlesin A follows:

P(N, A;N’, A’) = (N’ —~!N! Id1~,A ~N’_Nn(rN’,N’, A). (2.81)

Letting V’ -÷ oo with N’/V’ = p = const.,this gives the probability that thereareN particlesin A
whenthe total (infinite) systemhasa densityp, namely:

P(N,A;p) lim P(N,A;pV’,A’). (2.82)
v,-.=~

Now letting V -÷ °° with N/V= x, this gives the probability that A (which is now alsoinfinite) is at
densityx whenthe largertotalsystemis at densityp, namely:

P(x,p)limVP(xV,A;p). (2.83)

If indeedA were describedby the grandcanonicalensemble,thenthis shouldbe preciselythe Kac
distribution v(x, p), accordingto (2.42).

* This point has also been discussedby Johnston [28].
* Seefor exampleHuang [43].
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First we considerthat n(rN’; N’, A’) is constant,whichis the casefor theIBG in the classical
limit (1’ -+ oo) andalsowhen 1’ = 0. Then,to satisfythe normalizationrequirementit must be
equalto (V’)_N’, andit is easyto showthat

P(N, A; N’, A’) = (N’ —N)! N! (v~N (i — V~N’_N (2.84)

P(N,A;P)=~(p~e_PV, (2.85)

P(x, p) = ~(x — p). (2.86)

This final result is in sharpcontradictionwith ~(x, p) (2.64)at T = 0, wherep~= 0.
We now considerall temperatures.In general,(2.81)canbe written in termsof the reduced

distributionfunctionsas follows:

P(N, A; N’, A’) = ~ (s M f n3(r
5 ; N’, A’) drs, (2.87)

wheren
5 are definedaccordingto (1.73,79),namely

n5(rs; N’, A’) (N~)! f n(rN ; N’, A’) drN’_s. (2.88)

Note that in (2.87) the integralis over the subregionA while in (2.88) it is over the entire region
A’. Eq. (2.87)canbe provenby the inclusion-exclusionmethod,namelyby writing

f drN’_N = f ~T’N fl (1 — O(r~)), (2.89)
A—A A’ i=N’—N+l

where0(r) is unity whenr E A andzerowhenr E A’ — A, andmultiplying out the productsof
the integrand.Now, letting V’-÷°° withN’/V’ = p, (2.87) becomes:

P(N, A; p) = ~ (~~?N! f n5(r
5p) drs, (2.90)

wherethisn
5 representsthe bulk limit of (2.88).To take thenextlimit V -+ °° wemust first intro-

ducethe characteristicfunctionof the distribution(comparewith (2.60—62)):

(e~IV) ~ e~/VP(N, A; ~) = ~ (eu/V — 1) f n5(i~p) dr
5

= exP(~! U3 f x
5(r3;P)dr~). A (2.91)

The last stepis a consequenceof the first theoremof Mayer *. Sincein thelimit V-÷ thecharac-
* SeeUhienbeckand Ford [221, [55] Ch. 2. Note that (2.90) and(2.92)havebeengivenrecentlyby Vezzetti[54]. Compare

also Kac and Luttinger [56].
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teristic functionis evidently the Fouriertransformof P(x, p),

lim e’~~= f e~P(x, p) dx, (2.92)

the functionP(x, p) canbe foundby inversion.Now, for thes = 1 termof (2.91):

(e~’~’— 1)fx1(r,p)dr (~~ -~-~ ...)PV-~isp, (2.93)

as V -÷ °° sincex1 = p always. Fors � 2 we mustreferto the explicit expressionfor x5 (2.32) in
the canonicalensemble;whenp < p~,

lim ~—Jx5(r~p,T)dr~, (2.94)
~‘—~ VA

clearlyexistsin which caseall termss ~ 2 in (2.91)mustvanishat leastas fastas l/V, as V-÷°°,

andthenfrom (2.91—93)it follows that:

P(x,p)~(x— p), (2.95)

which agreeswith v(x, p) of (2.63).Whenp � p,, thes= 2 term of (2.91) is given by

— 1)2 f x2(r1,r2p, I) dr~dr2 =

~ (2.96)

Sinceaccordingto (2.24)F(r, 0, 7’) —~ hr for larger,bothtermsof thisintegralgo to zero as
V-*oo:

v”
3 2

_!~— f F(1r
1 — ~2 ‘ 0, ~ ~ ~“2 ~ f ~-~-- dr V

113 , (2.97a)
A V113 2

L f [F(1r
1~“2’ 0, fl]2 dr1 ~2 v f ~— dr V-

2’3, (2.97b)
VA 0 r

althoughnot as fastaswhenp < p,~.Furtherinspectionshowsthat all termsfor s> 2 vanishat
leastas fast.Again only (2.93)remainsandthereforeP(x,p) is a deltafunction(2.95) for p> PC
also,sharplycontradictingthe predictionof the grandcanonicalensemble(2.64). In particular
thereareno fluctuationsin the overall density.

Therefore,the propertiesof an IBG in a regionA whichis part of a largersystemA’ arealways
identicalto thosepredictedby the canonicalensemble,in the doublelimit V, V’ -~ °°. The grand
canonicalensembledoesnot representthis (andprobablynot any)physicalsituationfor thecon-
densedIBG, andthereforeits anomalouspredictionsshouldbe ignored.

In the generalderivationof the grand canonicalensemblefor an opensystem,the basicassump-
tion is that the propertiesin the two partsA’ andA’ — A areindependent,at leastto theextent
that the interactionis a surfaceterm.This is not the casefor the condensedIBG andmustbe due
to the ODLRO.
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Finally onemight wonderhow the grandcanonicalensemblegives anypropertycorrectlyof
the condensedIBG, as it doesfor the thermodynamicalpropertiesandthe first reduceddensity
matrix. Fromthe argumentfollowing (2.66) it follows thatanycanonicalpropertyf(p, 7’) that is
either independentof or proportionalto the densityp is also given by f~(pT) = fgr(p, T). This
only makes use of the fact that the density distribution v(x, p) is normalized to unity and its
meanis atx = p, andthesetwo propertiesarebasic requirementsofany density ensemble.

2.5. The bulkpropertiesofan IBG in d-dimensions

The methodsof section2.3 caneasily be generalizedfor anynumberof dimensionsd making
useof the generalizationof the Weyl theorem,namelythat the densityof statesg(e)is e’~’2~/F(d/2).
Herewejust list the resultsandomit the proofs.

The pressure,energydensity,chemicalpotential,andentropydensityaregiven by

P <P~
2 Ap(p, fl—~u(p,fl (2.98)

P>PC,

kTa, p<pC,

~i(p,7) = (u — 7’s +p)/p = (2.99)
0, p>pC,

wherea = a(p, 7) is the uniqueroot of

~ Ad g~/
2(a), (2.100)

and

P~ PC(fl~ ~(d/2)/A” , d� 3. (2.101)

Ford� 2 thereis no condensationandp~is infinite. The expressionsfor p> p~referonly to
d~3.

Ford � 3 thereis a first orderphasetransitionat p = PC suchthat for greaterdensities(at con-
stanttemperature)the pressureis constantandequalto p,~ kT~(1 + d/2)/A°’.We haveplotted
the pressureisotherms,scaledby PC andp,~,in fig. 2.4. Also includedarethe curvesfor d = 1 and2
for which thereis no phasetransition,andfor which thequantityp0 = p0(T) 1/Ad is usedfor
scalingthe density.The analyticpropertiesof the curvescanbe found usingthe propertiesof the
Bose functionsg~(a)given in Appendix2.A. The onedimensionalIBG hasno phasetransition;its
isothermis neverflat andapproachesthe ordinate(p = 0) with slope

(d(P/PC)\ = —2ir —2.405 (2.102)

\d(po/p)Jpp0 ~(3/2)

while in two dimensionsall derivativesarezeroat p = p0. In threedimensionsthe first derivative
is zeroandthe secondderivativeis discontinuousat p = p,~, as we havealreadynoted,andin four
dimensionsthe first derivativeis continuousandzerowhile all higher ones are infinite, at the tran-
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2

a?
0~1

pc/p

Fig. 2.4. The isothermof thebulk pressurep (scaledby Pc)versusthespecificvolume 1/p (scaledby i/Pc ford � 3 and 1/pafor
d � 2), for dimensionalityd = 1 to 5.

sition point. For d � 5 the condensationpoint is reachedwith slope

= [~(d/2)]2 (2 103)

~ ~(d/2 + 1) ~(d/2 — I)

which approaches—1 as d -÷ °°.

The condensedregionp > p,~can again be interpreted as consisting of two phases with the frac-
tion of condensedparticlesgivenby (p — p~)/p= 1 — (T/T~)”2,whereT~is definedanalogousto
the cased = 3. Again the thermodynamicalpropertiesareindependentof the densityfor a given
temperaturein the condensedregionandthereforethe condensedphasedoesnot contributeto
the thermodynamics.Onecanalsoverify that the Clapeyronequationis satisfied.

Thespecificheatper particleat constantvolume(density)follows from (2.98)and is given by *:

~ (~+l\ gl+d/
2(a) ~q\

2g~/
2(a)

c 1 / a ~ 2 \2 / g~/2(a)— ~2) g~/2_1(a)’ ~ Pc
—= (2.104)

k k \aTI~~ d Id \ ITV’
12 ~(l +d/2)

-~ ~ 1, ~ ~(d/2) ‘ P>Pc

It is plottedin fig. 2.5 as a functionof the temperature,scaledby T~ford = 3, 4, and5, andT
0

for d = I and2, whereT0(p) is the solutionof p0(T0)= p, as T~is the solutionof PC(TC) = p.

As we havenotedearlier,atT = T~thereis a discontinuityin the first derivativeof the specific
heat, for d = 3. When d = 4 the specificheatitself is continuous,but on theright handsideof the
transitionpoint T -~ T the secondandall higher derivativesareinfinite. Ford ~ 5 thereis a dis-
continuity in the specificheatitself. Note that by virtue of the relation u = (d/2)p (valid only for
an ideal gas)thereis a direct relationbetweenthe discontinuitiesin thespecific heatandthosein
the equationof state.

* This formula hasbeengivenby May [57].
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Fig. 2.5. The specificheatperparticle asafunctionof thescaledtemperature,for d = 1 to 5. For d = 5 the curve is shifted.

The averageoccupationsof the energylevelsandtheir fluctuationscan be calculated,andthe
bulk behaviorfor all d> 3 is exactlylike the threedimensionalcase.Likewise thebulk density
matricesarethe sameexceptthatF is now

F(r,a, 7’)—i-_~J~~h/2 exp(—aj— irr2/jA2) . (2.105)
A” j=l

The discussionof the DLRO andthe ODLROin the condensedregion for d> 3 is the sameas
thatfor d = 3.

Appendix 2.A: TheBosefunctions

Thesefunctionsare definedby

g~(a)E~~j~_)/ ~(It ~ f’~ e°~, (2.Al)

for a> 0 andall n, andalsoa = 0 andn> 1. In the lattercase,

g~(0)~j” ~‘(n), (2.A2)

which is the zetafunctionof Riemann.Thebehaviorof the Bosefunctionsabouta = 0 is given by
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F(l_n)a1+~~(n_k)~), n* 1,2,3,...

g~(a) (2.A3)
(—a)”’ [_1na+~ -~-]+~ ~(n—k)~,~, n= 1.2,3
(n—l)! m=I m k=0 k.

#n—l

(In the secondformula, for the casen = 1, the sumovermshouldbe interpretedas zero.)At a= 0,
g~(a)divergesfor n � 1; indeedfor all n thereis somekind of singularityata = 0, suchas a
branchpoint.

The expansions(2.A3) arein termsof ~(n), which for n � 1 mustbe foundby analytically con-
tinuing (2.A2).With the asymptoticpropertiesof the zetafunction it canbe shownthat thek
seriesin (2.A3) areconvergentfor al < 2ir. Consequently(2.A3) alsorepresentsan analyticcon-
tinuationof g~(a)for a< 0. As shownby Robinson [581, theseexpansionscanbe derivedmost
simply by meansof the Mellin transformation,

G~(s)f g0(a)a~ da~(n+s)l’(s), (2.A4)

whichcanbe formally invertedas follows:

c+ i~o

g~(a)—-j~ G~(s)a
5ds, (2.A5)

wherec is to the right of all the singularitiesof Ga(s). The contourcanbe deformedto encircle
just the singularities,andsincethecontributionof the semi-circlesvanish,g~(a)canbe foundby
evaluatingthe residues,andthis gives (2.A3).

Whena ~ 1 theseries(2.Al) itself is rapidly convergent,andas a-~ ~°, g~(a) ‘-~ e° for all n.
Someplotsof g~(a)aregiven in fig. 2.6. Accuratetableshaverecentlybeengiven by Kincaid and
Cohen [59]. Also, a tableof the zetafunctionshasbeencompiledby Gram [601.

Fig. 2.6. The Bosefunction g~(a)for n = —1/2 to 7/2.
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3. The thermodynamical properties of an IBG in a finite volume

3.1. Introduction

In this sectionwe studythe propertiesof an IBG in a largebut finite volume.The motivationis
to showmoreexplicitly how the bulk limit is reachedandto discussthe surfaceproperties,
especiallythe surfacetension.

To be specificwe considera d-dimensionalbox (rectangularparallelopiped)with sidesL1, L2,
Ld. We will alwaysassumethat the L1 arelargecomparedto the thermalwavelength,so that

11EL,/A>> 1 (3.1)

(sinceA mustbe finite this excludesthepoint T = 0) andalsofor simplicity that the i~areall of
the sameorderof magnitude.The energylevelsaregiven by

2 2

13efl,fld=~(_~-+...+-~_} , (3.2)

where

n. = 1, 2, 3,... (Dirichlet boundaryconditions,~(‘-~ 0), (3.3)

and

= 0, 1,2,... (Neumannboundaryconditions,aip/an -÷ 0). (3.4)

We will alsoconsiderthe caseof periodicboundaryconditions,for which

n~

l3e~1~~iri...+-~‘ (3.5)
where

n1 = 0, ±1, ±2,... (periodicboundaryconditions). (3.6)

We will usethe ratios

l~/l L~/L, (3.7a)

where

l—=L/A, L E(LlL2...Ld)
1I’~ . (3.7b)

Thus w describethe shape(relativedimensions)of the rectangularbox andsatisfy w
1 w2 ... 1.

We will alsousethe abbreviations

~ ~ ~3.8)

sincethesecombinationswill occur quite often. As in section2 we will usethe dimensionless
energylevelsek definedby

1
3ek=ek/l, e

0�e1�e2 .... (3.9)

We restrict ourselvesto the discussionof the thermodynamicpropertiesandstartwith the
grand partitionfunction.
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3.2. The grandpartitionfunction Zgr

Accordingto the generaldefinition (1.134),

ln ~ = — ln{1 — exp(—a — nd~~ (3.10)

To discussthe sumsover n7 for all valuesof a, we beginwith the caseof periodicboundarycondi-
tions for which the analysisis most straightforward.Furthermore,as we shall see,the resultsfor
theotherboundaryconditionscanbe expressedin termsof theseresults~

a. Periodicboundaryconditions,al
2 ~ 1. By expandingthe logarithmin (3.10) andusing(3.5)

and(3.8),onegets

~ Ej~ exp{—f(a+irN2/12)} . (3.11)
nj=—~°j=l

The subscript0 indicatesthe periodIcboundaryconditions,andthe sumovern, meansaproduct
of sumsfor i = 1, ... d. Interchangingthe sumsandusingtheidentity ~

~ exp(_7ran2)~_LE exp(—irm2/a), (3.12)

onegets

ln z~’= ~ E
1_1_d/2e~’ E exp(—irl

2M2/j) . (3.13)
j1 m=—°°

Splitting off them, = 0 term (m
1= ... = m~= 0) andapproximatingthe sumover/ by an integral

(following Greenspoon and Pathria [29—31]) one gets:

in Z~ 1” g1+~12(a)+ f dt t’~
2 exp(—al2t)�~exp(—irM2/t), (3.14)

0 mj

wherethe primedenotesthat the single term m, = 0 is omittedfrom the summation,andwhere
12 t = j. Theg~(a)are againthe Bosefunctionsdescribedin Appendix2.A. This approximationis
justified in Appendix3.A for large1 by showingthat the error inducedis of orderO(e—’). Note
that the secondtermin (3.14) is a functionof just a12 andthe shapeparametersw~.Interchanging
the sumandthe integralandusing1

* Therehasbeen a long interestin theanalysisofZ~for a box. Indeedsomeof theexpressionsin this sectionhave been given

(wholly or partially) by Greenspoonand Pathria [29—31],Chabaand Pathrua[61], Kruegar[621,and Sonin [63]. Seealsothe
relatedresults of Barber and Fisher [64], Carmi [65],Ziman [66], Osbourne [671,Fraser [68,69] and Fowler and Jones [701.

* This is aJacobi theta transformation and is a simple result of the Poissonsummationformula,

f(n) 2~f f(x) exp(2irimx) dx,

forf(n) = exp(—lTan2).(Seefor exampleWhittaker and Watson [711.)
~SeeErd6lyi et al. [72] p. 82, eq. 23.
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K~(a)= ~aVf exp~—(t+ a2/t)/2} t~~1 dt, (3.15)

whereK~is themodified Hankelfunctionof order ~‘, onegetsthe final result,

In z~ 1’~gj+~/
2(a)+ ~ (al

2)~/4KdI
2(2\/~iM). (3.16)

m1 irM

Sincefor half integerorder theK canbe expressedin elementaryfunctions,onegetssimpleexpres-
sionsfor d odd. Especiallyonegetsfor:

d=1

ln Z~’(a,1) 1g312(a)+ 2 ~ -L exp(—2~~lm), (3.17a)

d 1nZ~(a,11,12) 1
2g

2(a)+ ~ ~‘ ~ K1(2~/alM), (3.17b)

m1, m2~oo iT

M
2m~w~+m~w~

lnZ~1(a,1~,12, 13) 13g
512(a)+ ~ ( 1 + ~ exp(—2~lM), (3.17c)

m1m2m3 2irM
3 M2 ~

M2 = m~w~+m~w~+m~w~

It is not difficult to justify the variousinterchangesthat we haveused.
b. Periodicboundaryconditions,0< al2 ~ 1. Althoughthe expressions(3.17)arevalid for all

awhen1 ~‘ 1, it is clearthat the seriesconvergequickly only whena12 is largecomparedto 1, so
theyareonly usefulin that case.From thediscussionin section2 weexpectthatin thecondensa-
tion region,a A3/V l/l~ ford = 3 so that al2 will bevery small.Furthermorefrom the same
discussiononemustexpectthat thenln Z~will becomesingularas ln a.This singularity mustsit
in the sumsof (3.17).Finally onecannotexpand(3.14)or (3.17) in powersof a12 becauseeach
is singularfor al2 = 0. So onemustproceedin a moresophisticatedway.

Going backto (3.14)we transformthe integralby writing

f(u) f dt t1~12 e~t~‘ e_~M2/t, (3.18)
o m~

wherea a12,andintroducingthe Mellin transformas in Appendix2.A:
F(s) f f(a)~~da= F~s)F( +d) ~ 1 , (3.19)

2 ~flj (irM2)~~’12

sincethe integralsoveraandt canbe evaluatedin termsof F-functions.Call:
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CZ(wl,...wd)=~F(z)~ I , (z>d/2), (3.20)
ni (~rN

2Y

thenclearly:

F(s)F(s)C
5÷~12(_L ,..._~__) . (3.21)

Notethat in onedimension,

= F(z) ~ 1 = 2iT
5 F(z)~(2z), (3.22)

—~ (irn2)z

so thatC~(w
1,... we,) is a kind of generalizationof the Riemannc-function to d-dimensions.In a

way similar to the derivationof Riemann’sintegralrepresentationof ~(z), onecanshow(see
Appendix3.B for somedetails):

1 1 ‘

C5(w1...wd) z—d/2 ~ F1 5OrN2)+~ EZ+l_d/2(7TM
2), (3.23)

whereE
0(z)= f1°~(It t~ ezt = z’~~F(l — n, z) is a form of the incompleteF-function. From

(3.23)alsofollows the reflectionformula:

/1 1 \
C5(w1... w~,)= ~‘d/2..z — . (3.24)

\W1 ~“~dI

Inverting the Mellin transform(3.19)andusing(3.21,24), onegetsformally:

c÷ioo

f(a) = ~-L f ds a
3F(s)C_

5(w1... wa), (3.25)

wherethepathmustbe takento the right of all singularities.Now it follows from (3.23)that C_3
is an analyticfunctionof s exceptfor the two polesats = 0 and —d/2. F(s)haspolesats = —k
(k = 0, 1,2...)with residues(_l)”/k!. So the integrandof (3.24)hasa doublepoleat s = 0, single
polesat s = —k ands = —d/2 for d odd,or doublepolesat s = 0 ands = —d/2plus the remaining
single polesof F(s) for d even.It is easyto showthat the integrationpathmaybe deformedto a
set of smallcirclesaroundthe poles,andby calculatingthe residuesonegetsfor:

d odd

f(a) = —ln a — F(—d/2)a”!
2 + C(w ~) — ~ ~ Ck(wl ... Wd). (3.26)

d even

+ Co(w
1 wd) — 7+ ~ Ck(wJ ... We), (3.27)

�d/2
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where

lirn [Cz(wi ... we,) + = — ~+ E E1(irN
2) + ~ E,~

12(iTM
2), (3.28a)

Cd,
2(wl~.wd)~1~ ~ ~ z~d/2] C0 (I ....L) , (3.28b)

and‘y = Euler’sconstant= —0.572 ... . Note thatata = 0, f(a) hasa logarithmicsingularityand
alsoa branchpoint, apparentin the secondterm in (3.26)and(3.27). Using theseresultsin (3.14)
onefinds for:

d 1nZ~
T(a,1) lj~

2(a)— ln(a1
2)+ k=0 (_~2~

C~’EC
0—7, (3.29a)

Ck°=Ck, k>0.

d 1nZ~(a,1,, 12) l
2g

2(a) — ln(a1
2) + a!2 in 12 + (~

12)k C~(~1,w2),

C0°(w1,w2)~C0(.~,1,w2) —~y, C?(w1,w2) C1(L,1,w2)+~, (3.29b)

C~(w1,w2) Ck(wl, ~2)’ k> I

d=3 *

ln Z~(a,l~,12, 13) 1
3j

512(a)— ln(a1
2) + E (~

12)k C(w,, W2~w3),

C~(w1,(A)2, ~ ~0(~0i, ~ w3) —7, (3.29c)

C~°(w1,W2, (A)3) Ck(wl, c~2,w3) , k> 0

where

g~(a)_F(l_n)a1~0~(n_k)~, n~l,2,
3...

(3.30)

g~(a)— ~ [_lna ~ I] E ~(n — k) ~ n = 1,2,3....

*n—1

In arriving at thesefinal formulas,evidentlythe branchpoint termsof f(a12)andl”g
1~~12(a) have

exactlycancelledout.Now, theseexpressionsareequivalentto (3.17)but clearlyusefulwhen
a!

2 ~ 1 sincethenthe (—a!2)” seriesarerapidly convergent.In fact, from (3.20) it follows that

* Zasada and Pathria [73] have recently givenan expressionequivalent to (3.29c),usinga different but related derivation. The

relationship is discussedby Ziff [74].
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thoseseriesareonly convergentfor Ial~I< ir, where!~is the largestdimension.
The coefficientsC~(w1 ~) dependonly upon the shapeparametersandareindependentof

the volumeof the system.For k> d/2 theyaregiven by the simple latticesum(3.20)while for
0 � k� d/2, (3.23) (which is alwaysvalid) mustbe used.For the particularcaseof d 1 we have
the explicit expressionsfor C~in termsof the f-functions(3.22) for k> 0, andevenC0 canbe
written explicitly as follows:

C0 lim [2 5F(z)~(2z)+.t]=7÷ln4ir. (3.31)

Indeedthe secondterm in (3.17a)canbe written simply as

—2 ln(l — exp(—2~/~&l))= 2g1 (2~,/~l), (3.32)

andthis canbe expandedto give (3.22,29a,31) directly, using(2.A3).
c.Connectionto the Dirichlet andNeumannboundaryconditions.The grandpartitionfunc-

tionszr andZ! for the NeumannandDirichlet boundaryconditionson the box respectively
canbe expressedin termsof thezr (Pathria[75]). Using the energylevels(3.2—4)onegetsfor

d=l

ln Z~(a,!)= ~ —ln(i — exp(—a— irn
2/412))

= E (1 ±ô~
0)[—1n(i— exp(—a — irn

2/412))] = ~[ln Z~(a,2!) ±g
1(a)]. (3.33a)

Quite similarly onegetsfor

d=2

lnZ±~(a,l1,l2)~[lnZ~1(a, 2l~, 212)± lnZ~(a, 2l~)±lnz~(a,2!2)+g1(a)] , (3.33b)

d=3

ln Zr(a, 1~,12, 13) = ~ [ln zgr(a, 2l~,212, 213) ±ln Zr(a, 2!~,212) ±ln Z~(a,2/2, 213)

±lnZ~(a,2l3,2!1)+lnZ~(a,2l1)+lnZ~(a,2l2)+lnZ~(a,2l3)±g1(a)]. (3.33c)

d. Dirichlet andNeumannboundaryconditions,al
2 ~‘ 1. Using (3.17)and(3.33),onegetsfor

d= 1

In Z~(a,1) lg
312(cs) ±~g1(a) + O(exp(—2’/~F&lfl. (3.34a)

d= 2

ln Z~(a,11,12) 1
2g

2(a)±~ (11 + !2)g312(a)+ ~g1(a)+ O(exp(—2~/~l)). (3.34b)

d=3
ln Z~

T(a,11,12,13) l3g
512(a)±~ (/112+ 1213+ 13l1)g2(a)+ ~(l~+ ‘2 + l3)g312(a) ±~g1(a)

+ O(exp(—2vW&l)). (3.34c)
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Althoughthe explicit form of theO(exp(—2sf~l))term alsofollows, it is a complicatedexpres-
sion andwill not be needed.

e. Dirichlet andNeumannboundaryconditions0 < a/2 + e
0 ~ I. Now onemustuse(3.29) for

Z~in (3.33). For d = I, onegets:

ln Z~(a, 1) = 1j3/2(a)±~112(a) — ~(l ±1) ln a — ~ln 4/2 + ~ ~ C~°(_4al
2)k (3.35)

Thus for the Neumanncaseonehasfor

d= I

ln Z~(a,1) = lj
312(a) + ~j1(a) — In a1

2 + ~ C~(~
12)k — 1 ln 4/2

k0 (3.36a)

= !,tk f~o
‘-~k2 ‘-kS

Likewise, onegetsfor

d=2

in Z.~(a, 11, 12) = l
2~

2(a) + ~ (l~ + /2)j312(a) + ~j1(a) — a1
2 in 412 — ln a12

—~ln4!2 ~ , (3.36b)

C~(w
1,w2) 4k—1 [C~(w1, w2) + w~’C,~+ (A)

2’C~]

d=3

ln Z~(a,l
1,l2,l3) l

3j
512(a) + ~(l1l2,l2l3,!3l1)g2(a)+ ~(l1+l2 +l3)j312(a)

+ ~ (a) — in a1
2— ~ in 412— ~a(l 112 in 1112 + 1213 in 1213 + l3l~ln l

3l~)+ ~ C~(w1,w2, w) (&2)k

(3.36c)

C(w1,w2,(A)3) 14k [C~(wi,~2, (A)3) + (w1w2)”C~°( 1 1 ) + w2kCo]

1X3] \/W1W2 ~JW1W2 1X31

The [X 3] in the definition of C~indicatesthe additionof two moretermswith theindices
cyclically permuted.Also, whenk> d/2, C~canbewritten

~~d) = (k — 1)! 2~(~N2)_k, (3.37)

in which the n1 = 0 term is omitted.
Now howeverfor the Dirichlet casethereis the difficulty (goingbackto (3.35)) that theexpan-

sion is abouta = 0, while werequire an expansionabout the first singularityof zgr which accord-
ing to (3.11) is ata = —e0/1

2= —ir/4/2 ford = 1. Note in (3.35) for the Dirichlet case(—) thereis
no ln a term,andalsothat the (~al2)”seriesis convergentfor 1a121< ir/4 only. We want to put
that first singularity in evidence.
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Usingthe explicit expressionfor Ck? = C~(3.22) in (3.35), the (—4a!2)” seriescanbe summed
for k> 0:

(_
4~12)k (k— 1)!2 ~ 1 =2 ~ —in (i ~ (3.38)

k=1 k. n1 [irn
2]” n1 irn2

andhasthereforelogarithmicsingularitiesata = —irn2/412= —e~/!2,as doesthe exactexpression
for ln zgr (3.11).Splitting off the first singularityaboveata = —ir/412 = —e

0/l
2andexpanding

the restaboutthat point, onefinds:

d= 1

ln Z~(a,1) 1j
312(a)— ~j1(a)— ln(a1

2 + iT/4) — ~ln 12 + ~ C~(—al2— iT/4)!

(k>0). (3.39a)

The expressionfor theconstantC~canalsobe found,but will not be neededfor our discussions.
Likewise, for d = 2 and3, onefinds

d= 2

lnZ!(a,l
1,l2)~l

2j
2(a) —~(l~+l2)j312(a)+~j1(a)—a!

2 in 412 —~lnl2—ln(a/2+e
0)

(—a1
2—

+ E C,~(w
1,w2) k! (3.39b)

C~(w1,w2)(k—1)! ~ (iTN
2/4—e

0)”, (k> 1),
n1n2=1

ir -2 -2
e0~-~(w1+w2 ).

d=3

ln ~ ‘l, l~,l3) 1
3j

512(a) — ~(l1l2+ 1213+ 1311)j2(a) + ~(l~+ 12 +13)j312(cr) — ~j1 (a)
2

— ~ln 12 — ln(a1
2+ e

0) + ~ (l~1~ln /112 + 12/3 ln /213+ 1311 1n13l1) +~ C~(w1,W2~w3) e0)

C~(w1,W2, (A)3) = (k — 1)! ~ (irN
2/4 — e

0)_c , (k> 1) , (3.39c)
n 1n2n3=1

iT —2 —2 —2

e0 — ~ + ~‘2 + ~ )

Again, expressionscanalsobe found for C~andC~,but they will not be neededhere.The im-
portant fact is that theydependonly upon the shapeparametersof the box.The primeon the
summationsaboveindicatesthat the term n1 = n2 = 0 or n1 = n2 = n3 = 0 is skipped.

It is interestingto note that for all boundaryconditionsandall d, the C~thatwe havefound
for k> d/2 can all be written
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ç(w1,... wd)(k— l)!~ (e~—e0)~”, (3.40)

wheree. arethe set of energylevels (dimensionless)representingthe system.This suggeststhat the
resultsmaybe generalizedto a regionof anyshapeby insertingits energylevelsabove.In fact, all
of our expressions(3.29,36,39) for thegrand partition functionsatisfythe following relation:

82 ( ÷ /j2~ 1 1
— inZgr,...~ Jg(e)de exp~.ae,~~ — ‘ + , (3.41)
0a

2 [exp(a + eli2) — 1 ]2 [a + e/l2]2 k0 [a + e~/l2}2

whereg(e) is the densityof states,takinginto accountthe surfacecorrections.Theseexpressions
wereof coursederivedas approximationsof (3.11), which aftertwo differentiationsafter a is

lnZ~ ~ exp(a+e/12) . (3.42)
k0 [exp(a + e~/l2)— 112

Comparingthis and(3.41)putsthe approximation(3.14) in evidence:the “singular part” of this
summandis splitoff beforethe sumis replacedby an integral. Onewould expectthat (3.41)
shouldapply to anysetof energylevels,with thesameerror of O(e’). Later in this sectionwe
will give the expressionfor the densityof statesg(e) including the surfaceterm,for a generalshape,
andin section4 we will makeuseof (3.41).This methodcanbe appliedto Zgr itself, with the
additionof a convergencefactorandlimiting procedure.In this way theresultsof this sectioncan
in fact be generalizedto a systemof arbitraryshape(seeZiff [74]).

Thesevariousresultswill be discussedin subsection3.4.

3.3. The canonicalpartition function

In conformitywith ourbasicpostulatethat the canonicalensembledescribesall equilibrium
propertiesof the system,we nowcalculatethe canonicalpartitionfunction for thebox. This will
makeuseof the resultsof the previoussection,sinceaccordingto (i .32) the grandpartitionfunc-
tion is the generatingfunctionof the canonicalpartition function.That relationcanbe formally
invertedas follows:

C+ioo

Z(N, A, T) = ~—f da ~ A, T), (3.43)

wherethe integrationpathmustbe to the right of all singularities.We will consideronly the three
dimensionalbox, for which A -~ L

1, L2, L3 with!. L1/A ~ 1.
For the discussionsof Z~wehavedistinguishedthe two rangesof a, a!

2 ~ 1 anda/2 + e
0 ~ 1.

As a consequenceof that it will turn out that the discussionof Z(N, A, T) mustbe divided into
two rangesof N, which will correspondto theonephaseandcondensedregionsin the bulk limit.

a. The “one phase”region.Theintegralin (3.43)can be approximatedby meansof the well
knownsaddlepoint method* with the result:

* SeeFowler [76], or textbookssuch as Huang [43] Ch. 10.
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~0b0I~~gr(~ A fl

Z(N, A, fl ~_.. f da exp{G(a0)+ (a — a0)
2G”(a

0)/2} = \f2irG”(a0 , (3.44)

whereG(a) in Zgr + Na and thesaddlepoint a0 is determinedby

fl=0. (3.45)

The relationshipbetweena0 andN is evidentlythe sameas thatbetweenaandNSF.
Whena01

2~ 1, onemust usetheexpressions(3.l7c) and(3.34c)for in ~gr• To estimatethe
rangeof N that correspondsto a

01
2 ~ 1, andalsoto estimateG”(a

0), onemayusethe leading
term of in Z

51 which is l3g
512(a). Then,

N~1
3g

312(a0), (3.46)

andif onedefinesN~by

N~ l
3g

312(0)= ~ (3.47)

thenthis implies that a!
2 ~ 1 correspondsto

N~—N~,i (3.48)

or essentiallythatN< N~since1 is assumedto be large.This follows from the expansionfor small
a, g

312(a)~ ~) ~— 2~/~(2.A3). We call this the onephaseregionsincethis rangeof N corre-
spondsto ‘ <~ in the bulk limit. ThenalsoG”(a0) !

3g
112(a0)andthus

in Z(N, A, T) In Z~r(a0,A, fl + Na0 + O(ln!). (3.49)

To find in Z(N,A, T) forN satisfying(3.48)it is thereforeallowedto usefor in Z~(a,A, fl the
expressions(3.17c) and(3.34c),including the termslinear andquadraticin 1.

b. The “condensed”region.WhenN> N~the saddlepoint definedby (3.45)will be at
a0+ e0/l

2 ~ 1/(N—N~),as canbe verified directly from (3.29c,36c,39c). (Actually, thisis true
for (N — Nc)lNc ~ 1/i.) Becausethe saddlepoint will be very closeto the first singularityof
in ~gr at a

0 = —e0/1
2,the useof the saddlepoint methodis problematical*.This canbe seenby

carryingout (3.44) to nextorder:

e_OoNZgr(a A, 1’) 15 ___________
Z(N,A,T)~ _____ 1—— ... , (3.50)

8

andfor thesesmall valuesof a
0it canbe shownfrom(3.29c,36c,39c)thatG”

2/G”3 is of order
unity. On theotherhand,whena

0 is largecomparedto 1/12,that termis of order l//~.We will
not try to reviewthe variousattemptsto improvethe saddlepoint methodbut insteadpresenta
differentapproachfor calculatingZ in the particularcaseof the IBG.

First rewrite (3.43) in termsof z

_________ 1 , (3.51)
2iri 2771 N+1 11 2

z ii~(l—zexp(—e~/l))

~ This point has been studied in detail by Schubert [77,78], Dingle [791,and especiallyDingle [801pp. 267—271.
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wherewe haveused(1 . 1 34) for z~ andthe dimensionlessenergylevelsek í3 �kl. The contour
mustencirclethe origin andexcludethe singularities

0f~gr at z = exp(ek/i
2).Replacingz by l/t,

the integralcan be performedby evaluatingthe residuesat t = exp(—ek/12).Assumingfor simplic-
ity that all levelsarenon-degenerate,this leadsto the identity *

Z(N, A, fl = exp(Nek/1) ~ z(~)(N,A, T). (3.52)
k0 j�k [1 — exp—(e

1 — ek)/l] k=0

For Dirichiet andNeumannboundaryconditionsthe statesekarenondegenerateif the dimensions
L1, L2, L3 areincommensurate,while for the periodicboundaryconditionstherearealways
degeneraciesin theexcitedstates.The groundstateis always non-degenerateandas we shall see
thecorrectionsrequiredif someof the higherstatesaredegenerateareof minor importance.

This resultallows oneto expressZ(N, A, T) successivelyin termsofZ~.Considerfirst Z~°~
comparingthe definition (3.52)with Z~(a,A, T) of (1.134),oneconcludes,

ln Z’°
1(N,A, T) = —Ne

0/1
2+ lim [in Z~(a,A, I) + ln(I — exp(—a— e

0/1
2))] . (3.53)

a- —e
011

2

For in zgr onejust use(3.29c,36c,39c)sincetheygive the behaviorabouta = —e
0/1

2.By a straight-
forwardcalculationoneobtainsthereforefor (N — N~)/N~~ I/i,

in Z~°~(N,A, 7) l~~)+ C~(w
1,w2, 0)3) — in 12 (3.54a)

ln Z~°~(N,A, fl l~~(~)+ ~(/1l2 + 12/3 +l3l~).~(2)+ ~(l~+12 + l3)~(~)— in ~2 + C~(w1,~2’ 0)3),

(3.54b)
In Z~°~(N,A, T) —Ne0/i

2+ 13j
512(—e0/1

2)— ~(l1l2+i2l3 +i
311)j2(—e0/1

2)

+ ~(l~+12 +i
3)j312(—e0/1

2)— ~j
1(—e0/l

2) — in ~2 + C~(w
1,~2’ 0)3)

— ~(1~/~+12/3+i3l~)~(2)— (N — N~)e0/l
2+ 0(l) . (3.54c)

Note that in z~°~dependsonly uponN by —Ne
0/1

2,andthereforefor Neumannandperiodic
boundaryconditionsit is independentofN. Turning nowto Z~,which is clearlynegative,one
canexpressit in termsof zgr as follows

ln(—Z~~)= —Ne
1/1

2 ln(exp{—(e
0 — e1)/1

2} 1) + urn [lnZ~(a, A, T)
~ e

1~i

2

÷ln(I — exp(—a— e
0/i

2)) + ln(1 — exp(—a — e
1/1

2))] . (3.55)

Again a direct calculationcanbe carriedout using(3.29c,36,39c)after resummingthe (—a12)”
seriesto put thea = —e

1/1
2singularity in evidence.In all casesonefinds that ln(—Z~1~)is smaller

thanIn Z~°~by the term (N — N~)(e
1— e0)/l

2,whereN~is againdefinedby (3.47).Therefore,if

(N—N)(e —e ) N—N

c 1 0 c/~I (3.56)

then—Z~’~is much smallerthan~ This is essentiallyN> N~if! is large.Likewise, onecan

showthat thek> 1 termsof (3.52)areevensmaller,so that for N satisfying(3.56),we have

~ This identity hasalso been derivedby Dingle [81] by meansof a partialfractionexpansionof thedenominatorof (3.51).
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Z(N,A, fl Z~°~(N,A, T){l — O(exp{—(N— N~)/i2})}, (3.57)
or

in Z(N, A, I) = in Z~°~(N,A, T) — O(exp~—(N— N~)/l2}), (3.58)

with z~°~given by (3.54). In the sameway onecanshow that theeventualdegeneraciesof the
statesek for k> 0 do not affect this conclusion~

Thuswith the results(3.49) and(3.54—58) the discussionof the propertiesof the canonical
partition functionhasbeenrelatedto the previousdiscussionof the grandpartition function for
all valuesof N exceptin a small regionaboutN~,

IN—N~IIN~~ 1/i, (3.59)

which vanishesin the bulk limit.

3.4. Discussion

a. Proofof the bulk properties.In thelast two sectionswe havederivedexpansionsof the
grandpartition functionZSr(a,L

1, L2, L3, fl andof the canonicalpartition function
Z(N,L1, L2, L3, T) for thetwo rangesof a andN. We calledthesetwo rangesalreadythe “one
phase”and“condensed”regions,andour first taskmustthereforebe to showthat in the bulk
limit theseexpansionsactuallylead to the equationof stateandthe thermodynamicpropertiesof
the IBG in the onephaseandcondensedregionsas discussedin section2. We mustalsoshowthat
we get thesameresultsfor bothensemblesandfor all boundaryconditions.

The proofis simpleandcanessentiallybe readoff the equations.Considerfirst the expansions
(3.l7c,34c)and(3.29c,36c,39c)of the grand partition function in the two rangesof a. For large

L~/Xthe leadingtermin all theseexpansionsareproportionalto i~= (L 1L2L3)/X
3.Next ob-

servethat the parametersa
1, a2, ... introducedin section1.3 to describethe outsideforce field

becomein our casethe lengthsL1, L2, L3 andthat the correspondinggeneralizedforcesX1, X2,...
becomep1L2L3,p2L3L1,p3L1L2, wherep1,p2,p3arethe pressureson the threepairsof sides
of the box. Fromthe generalthermodynamicrelation(1.34):

kT ‘01 ~gr~
~gr= LI
‘~‘i iii i~ ni J ,

~1~2~3 ~ “i to

it follows thereforeimmediatelythatasymptoticallyfor largeL., the pressuresp1,p2,p3become
equalandthe commonvaluep~Iis givenin this limit by:

pgr =kT(~~lnZsr)_jtTTlnZgr (3.61)

Finally note(1.35),which canalsobe written as

~Jgr_~.lnZgr (3.62)

From(3.17c)and(3.34c)onethusreadsoff that in the rangea> 0 in the bulk limit L. -~

(usingg’512(a)= —g312(a)):

* CompareDingle [81] Appendix.
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p5 , (3.63a)

pgr ~ ~ ~
12(a)~ (3.63b)

for all threeboundaryconditions.On theotherhandfrom (3.29c,36c,39c)onereadsoff thatin
the bulk limit for a+ e0/1

2-÷0 as i/V, onegetsfor all threeboundaryconditions

p5’ =~i~(~), (3.64)

using(3.61), while from (3.62) oneconcludesthat in this range

p~r~a.± ~ , (3.65)
V(a + e

0/l
2)

whichimplies that(3.64) holdsasymptoticallyin V for all p> p~,whereas beforep~
Thesearejust the resultsof section2.3,demonstratedfor the caseof the box.

It is alsoeasyto show thatonegetsthe sameresultsfrom the expansionsof the canonicalpar-
tition function(3.45,49,54)in the two ranges(N~— N)/Nc ~‘ 1/! and(N — NC)/NC ~ 1/i. The
asymptoticequalityof the threepressuresp

1,p2, andp3 follows from the sameargumentas
before,exceptthatnow

PjL~TL L~(~_)kTlnZ, (3.66)

so that insteadof (3.61) the commonvalueof p is given by

p = kT (0~,z) . (3.67)

In the “one phaseregion” onegetsthereforefrom (3.49)

~~lnZ~(a0,A, T)+(-.~) [N+~_ in Z~r(a0,A, 1)]. (3.68)

But from (3.45) it follows that the last term is zero,so thatonegetsagain(3.61)with p = pgr
while (3.45) becomes(3.62)with N = NSF.Oneobtainsthereforethe sameequationof state(3.63)
exceptthata is now calleda0. In the “condensedregion” oneseesfrom (3.54)directly that in the
bulk limit the pressureis given by (3.64)andthat thenthepressureis independentof N andthere-
fore of the density.Note especiallythat for Dirichiet boundaryconditionsthe term ~ (N — N~)
disappears.

We will not spellout theproofthat besidesthe equationof statealsoall otherthermodynamic
propertiesderivedin section2 follow from the leadingtermsin our expansions,sincethis is almost
obvious.Onecansaythereforethatat leastfor the box we havegiven a morerigorousderivation
of the resultsof section2, andhaveshownexplicitly the independenceof theseresultsfrom the
choiceof ensembleandof boundaryconditions.The questionremainsof courseto show that all
thermodynamicpropertiesarein the bulk limit also independentof the shapeof the container.To
showthis the argumentof section2 is still needed.
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b. Surfaceproperties.Justlike the bulk thermodynamicpropertiesonecanreadoff from our
expansionsthe surfacecorrectionsby looking at the termswhich areproportionalto the area
A = 2(L 1L2 ÷L2L3 + L3L1) of the box.Consideragainfirst the expansionsof the grandpartition
function.Fromthe equationfor thegrand canonicalsurfacetension(1.72)

7gr = (-p-.) [_kT~~~~T(a T, V,A)] , (3.69)
a,V,T

andfrom (3.l7c, 29c)oneconcludesthat for periodicboundaryconditions75F = 0, while for
NeumannandDirichlet boundaryconditionsonegetsin the “one phase”region from (3.34c)

7gr = ~ -~-~ ~2(a)~ (3.70)
4X

2

whereto be consistentasymptoticallyfor largeL,, a mustbe determinedfrom (3.63b).The same
result follows from theequation(1 .71) for the canonicalsurfacetension

7 (~_) [—kTinZ(N, T, V,A)} , (3.71)
A N,V,T

andfrom (3.45,49)by usingexactlythe sameargumentby which we showedthatp5T = p. In the
“one phaseregion” the surfacetensionis therefore(just like p) a functionof p andT. It is positive
for Dirichlet boundaryconditionsandnegativefor Neumannboundaryconditions.Note alsothat
in thesetwo casesonecanspeakof avolumeandasurfacecontributionto the total numberof
particlesN, sincefrom (3.62)onegetsby usingthe first two termsin our expansions:

N-~g
312(a)±..4__ g1(a). (3.72)

Interpretingg312(a)/X
3as thecontributionper unit volume, thenthe surfacecontributionper

unit areabecomes:

p’±~g
1(a) (3.73)

(positivefor the Neumanncaseandnegativefor Dirichiet). For the periodicboundaryconditions
thereis no surfaceterm.

Turningnow to the “condensedregion” onereadsfrom (3.36c,39c,54b,c) that for both
ensembles*

74X2 ~(2), (3.74)

and is thereforea functionof the temperaturealone(just like the bulk thermodynamicalproper-
ties in the condensedregion).We haveplotted171 as a functionof T/TC at constantp, andas a
functionofpa/p at constantT, in figures3.1 and3.2.

Thus the behaviorof ~ is exactlylike the behaviorof thepressure,andjust as in that casewe
mayinterpret its independenceof the densityfor p> p~by sayingthat the condensedparticles

* This expression hasbeen givenby Singh [82]. Notealso that thesurfacecontributions to C
0 have been calculatedby Barber

and Fisher [64J.
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2//7

O~ 3
T/T~

Fig. 3.1. The surfacetension y as a function of the temperature Tat constantdensity, scaledby ~(T~) ~kT~~(2)/4X~ and T~.

2

o I 2 3
pc/p

Fig. 3.2. Thesurfacetension‘y asa functionof thespecificvolume lip, atconstantT,scaledby y(pc) ;kfl(2)/4?~
2 and i/Pc.

do not contributeto the surfacetensionas well as not to the bulk thermodynamicalproperties.
Notein particular that this is true in the Dirichlet casesincethe groundstategives a contribution
only of order1 (whenN — N~= O(l~))in (3.39c)and(3.54c).

With respectto the surfacedensity,thereis the apparentdifficulty that in N5~as given by
(3.62,36c,39c) thereareno termsproportionalto the area(in the condensedregion)sincej~(0)
= 0, and furthermoreas the condensedregion is approachedanda —~ 0 the surfacedensitygiven
by (3.73)divergesaccordingto (2.A3). As we will discussin moredetail in section5, the reason
is that in the condensedregion the transitionfrom the densityat the wall to the densityinside
goesso slowly that it is not integrableandcannotbe replacedby a“surfacedensity”.

Note that p’ and~ satisfythe thermodynamicrelation

= —(07/0p)T , (3.75)
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with p = —akT accordingto (1.58).This is only applicablein the onephaseregion sincea is con-
stantwhenri> ~ Furthermore,(1.58) implies that the surfaceentropyis

—27/T+kap’, P<Pc,

s’ = — (if) = (3.76)
‘~ —2-y/T, p>p~,

andfrom (1.60) it follows that the surfaceenergyis u’ = + Ts’ + pp’ = —-y.

Finally we mustdiscussthe questionwhethertheresults(3.70,73,74) are independentof the
shapeof the vessel(just like thebulk properties).To do this we mustgeneralizethe argumentof
section2 by takinginto accounta refinementof theWeyl theorem(2.49) to includethe surface
corrections,namelythat *

g(e)—~±~~j_), (3.77)

as e -~ 00, for Neumann(+) andDinchiet (—) boundaryconditions,wherea is the surfaceareaof
the (unit) volumeA0, so thatA = aL

2. In the grand canonicalensemble,thesurfacetension
follows as the areapart of the asymptoticform of ~ZgT:

~gr = —kTln ~gr ~ p~rv+
7

5TA, (3.78)

accordingto (1.70). Firstof all notethat the first term of (3.77) impliesp5T equivalentto (2.52)
since

= kT~ mEl — exp(—a — X2e~/L2)]‘~ kT~—f _~_~/~dxln[l — e°~]

7~r ‘~ °°

= _~~:~~_±_~L3 J’ X = p~rL3 (3.79)
X3 x/~ 0 e°’~—i

(by partial integration),and thatwhena + e
0/l

2 1/[L3(p — Pc)] thek = 0 term gives an insig-
nificant contributionwhich vanisheswhenV-~ oo andagain(2.55) follows for p> p~.Likewise,
including the secondtermof (3.77), onefinds ~

15T = _p~r~

3 +
7graL

2 with the same
7gr as before,

(3.70).Thenit alsofollows that the canonicalsurfacetensionis identicalto 7gT, accordingto
(2.41,63, 64).

Appendix3.A.Justificationof(3.14)

An applicationof the Poissonsumformula gives the identity

E ff(x)e2~i5xdxf f(x)dx+2 ~ ff(x)cos(2~sx)dx, (3.Ai)
j=1 s=—o~0 0 s1 0

for anyf(x). This canbe usedto discussthe sumoverI in (3.13),as the Fourierintegral above
canbe doneaccordingto (3.15). For example,for d = 1 onegets

* SeeKac [49], alsoMcKeanandSinger[50].
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/ ~ ~_3/2 exp(—a/— irl2m2//) = I exp{—2sjir(a+ 2iris)/m}
/=1 ~=_~ m

= ~i-exp(—2~J~lm)+ 2 E ~i exp(—A~ml)cosAmi, (3.A2)
m s=1 lii

A~~ 2ir(a2+47r2s2)1~’4~ ± a
V ‘~Ja2+4iT2s2

The first term gives (3.l7a).(Note thatf(0) = 0.)No matterhow small or largea is, thes = 1,
m = 1 term is at leastas smallase2n~O(e’), andthehighersandm termsare muchsmaller.
Without discussingthe convergenceof theseseries,we arguethatasymptoticallyin 1 theerror in-
ducedby going from (3.13)to (3.14) is of this order.

Appendix3.B.Proof of (3.23)

as definedby (3.20)only convergesfor z � d/2. To geta representationvalid for
all valuesof z, usethe integralrepresentationof the F function:

F(z)
_____ = �:~f dx X~ exp(—irN2x)

n
1 [irN

2]” n
1 o

= ~ I dx xz_l exp(—iTN
2x)+ ~ f dx XZ_l exp(—iTN2x). (3.Bl)

ni ~ 1

The secondintegral convergesfor all z. In the first integralthe transform(3.12)canbe usedafter
addingandsubtractingthen

1 = 0 term:

~ f dx xz
1 exp(—iTN2x)= ~I ~ ~ exp(—iTN2x)—!

0 n~ Z (3.B2)

dxx~”12~exp(_iTM2/x)_~i=~ f dttd12~z~l exp(—irM2t)+ d/2

whereM is definedin (3.9),andin the last line we havesplit off them~= 0 term.The exchanges
of the sumandintegralcanbejustified for all d, as for thecased = 1 whenthisis Riemann’s
integral representationof the zetafunction ~.

It shouldbe notedthat the latticesumsC~haveappearedin connectionwith perturbativeex-
pansionsof the hardspheregas.(Seefor exampleHuang,YangandLuttinger [83], and Wu [84].)
In fact therehasrecentlybeenrenewedinterestin the mathematicaltheoryof the Madelungcon-
stantand relatedsums,andin this connectionthe sumsC~havealsobeenintroduced.Especially
in the mostrecentof these(Zucker[85]) the identity (3.23)hasalso beengiven.

* SeeWhittaker and Watson [71].
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4. The fluctuation problem for the finite IBG

4.1. Introduction

In section2 we found that the canonicalandgrandcanonicalensemblesdiffer in someof their
predictionsof thebulk propertiesfor the condensedIBG, suchas the fluctuationsin the overall
densityof particlesin the groundstate,andthat the macroscopicfluctuationsin the grandcanoni-
cal ensembleindicatedthe unphysicalnatureof that ensemble.Now onemight wonderwhether
for largebut finite systemsthesedifferencesalsooccur,or whethertheydependsensitivelyon
the size of the systemandarea resultonly of the infinite volumelimit. In the last sectionwe dis-
cussedthe partition functionsfor the IBG in finite boxes,but sincewe wereonly concernedwith
the thermodynamicalproperties,whosebehaviorin the infinite systemis the samein the two en-
sembles,we did not addressthis point. In this subsectionwe will showhow the expressionsfor the
partitionfunctionscanalso be usedto discussthesefluctuations.In fact we will find that the large
systemactsqualitatively like the bulk system;namely,in the “condensedregion” when
(N — Nc )/N~~ 1//the fluctuationsin the densityof particlesin the groundstatein the canonical
ensemblegoesto zero as

_____ 1 1 , (4.1)
V2 V2’~X~k#0 (ek — e

0)
2

whereek arethe dimensionlessenergylevelsgiven by (3.10),so that the coefficientof V2~’3?c4
is a constantthatdependsonly upon the shapeof the system.In the grandcanonicalthe fluctua-
tions are “macroscopic”:

((~no)2)~~N5T — N 2

V2 V c) . (4.2)

When V-* oc thesegive (2.16)and(2.67).
We will also showhow theoccupationsandtheirfluctuationscanbe usedto calculatethe one

andtwo particledensitymatrices.We only considera threedimensionalbox, andalwaysassume
thatl~~’1.

4.2. Proof of(4.1—2)

In the grandcanonicalensemblewe haveaccordingto (1.138—9)that for all k,
(n~)5T— ((n~>~T)2 ((n~)~T)2+ (n ~

______________ = k (4.3)

V2 V2

(exactly),where

(nk)5 1 (4.4)
exp(a+ ekil) — 1

arethe occupationsin termsof the dimensionlessek. From thesethe well knownresult(4.2)

follows directly, sincewhen(NET — NC)/NC ~ 1/i thena + e
0/l

2 ‘~ i/(N~T— N~)andtherefore

-~N5T — N~. (4.5)
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For the excitedstatesk> 0 we cantakea = 0 andtherefore

1 12
(nk) , (4.6)

exp(ek—eO)/i2—1 (ek — e
0)

so that fl~~r/V~÷0 as V~”
3,andtheir fluctuations(4.3) go to zeroas V213,asV-~oo.

In the canonicalensemble,we havefound thatwhen(N — N~)/N~~- 1/!, then

in Z(N, A, 1’) —.Ne
0/l

2 — ln(i — exp{—(ek — e
0)/1

2}) + O(exp{—(N — Nc)/l2}) . (4.7)

Evidentlythe averageoccupationsof the statesandtheir fluctuations(1 .28—29)canbe foundby
consideringZ to be a functionof the energylevelsanddifferentiatingwith respectto them:

~k exp(_~.I~
1n1e1/i2)_l

2 lnZ, (4.8)
{nj} k

/ a \2(n~>— <nk) = (\_l2 -b-—-) in Z. (4.9)
ek

Then (4.7) canbe usedfor in Z when(N — Nc)/Nc ~- 1/i, andonefinds *:

1 k>0,

exp(ek— e
0)/l — I

(nk>— (4.10)
N—~(n.>, k0,

j>0

k>0,
(nk)—-(nk) (4.11)

�~[(n.)
2+(n.>], k0.

/>0

Clearly for the excitedstatesk > 0 this gives the sameresultsas the grandcanonicalensemble
(4.6). For the groundstatethereis evidentlythe following formal relationbetweentheseexpres-
sionsand the grandpartition function:

(n
0) N — lim ~(—a/Oa) ln Z~

T— [exp(a + e
0/1

2) — I ] ~}
(4.12)

(nt) — (n
0)

2 lim ~(0/0a)2 in Z~T— [exp(a+ e
0/l

2) — 1] — [exp(a÷e
0/1

2)— 1] 2}

Thesearesimilar to (3.53). Specializingnowto the box thesecanbe evaluatedusingtheexplicit
expansionsof ~gT abouta = —e

0/1
2,(3.29,36,39). Onefinds:

0(12) periodicb.c.
(n

0>=N—N~+ (4.14)
0(12 in 12) NeumannandDirichlet b.c.

~‘ Theseexpressionshave been found by Dingle [79—81] (in a similar way) and Fraser [69). Reif [86] andHauge [32] also

arrived at theseresults, using howeverthe saddlepoint method.
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andfor thefluctuationsonefinds that the leadingterm is given by:
j 2~ / ~2 ,~ ~4ç’o,±~

— ~n0, — ‘ ‘2 ‘.~1’ ~ 0)3) ,

for all threeboundaryconditions.Writing thesein termsof ekaccordingto (3.40), the result (4.1)
follows. This expressionhasalsobeengiven by Hauge[32]. Now it is immediatelysuggestedthat
(4.1) might hold for an arbitraryshapeof the boundary,not just a box,whosesingleparticle
energyspectrumis given by ek. In fact (4.1) alsofollows directly from (3.41)and(3.77), which
representa systemof arbitraryshape.Alternatively, onecan usethe fact that (4.1) is true for a
box to prove it for an arbitraryshape,by inscribingandsurroundingtheregion by a box and
usingthe Hubertinequality of the orderedeigenvalues,but we will omit the detailshere.

Note that the relativefluctuationsin the occupationof the groundstatehavealsobeencal-
culatedby Fujiwara,ter Haar,andWergeland[87], for a largesystemin the canonicalensemble.
They alsofound that theyvanishwhenV-~ in the condensedregion (aswell as the non-
condensedregion),but that theyapproachthis valueas V

113. This contradictsourresult of
as given by (4.15)(dividedby V2).

4.3. Further comments

The “crossfluctuation” <~j~k>(j ~ k) canalsobe foundby differentiation:

= 4 (_l2 ) (_l2 ._~_)~ = ~ ~ + (...l2 ~ (_l2 ~)in Z. (4.16)

Using (4.7) for in Z onefinds that in the “condensedregion”:

(fl/>(flk>, j~/=k; j,k~/=0,
(n/nk>= — (4.17)

— (np2 — (ni> , .i ~ 0 ; k —0

With this result,alongwith (4.10)and(4.11), theoneand two particledensitymatricescanbe
calculated,sinceaccordingto (1.133):

p
1(r’, r”;N, A, fl = (flk> ~1’~(r’)~1k(rI) (4.18)

while the result (1 .1 32) for p2 canbe written in theform:

p2(r1,r2r1,r2N, A, 7’) =

‘PJk(rl, r2) ~(i4i1(r1)~1k(r2)+ I/./k(r1) ~,1’,(r2)), (4.19)

C/k~
j=k.

To seethis onemustreplacethe restrictedsumsovertheoccupationnumbersby theunrestricted
sumsoverthe energystates.Thenonecanshowthatwhenl -~ oo the bulk canonicaldensity
matricesin the condensedregion (2.22,25b) follow. The result in the onephaseregion also
follows from (4.18—19);thenthe saddlepoint methodis valid andonehasfrom (3.49):
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= 1 , (4.20a)
exp(a0÷ek/l) — 1

(n~>= 2(nk>
2 ÷(fik>, (4.20b)

(nfnk> = ‘~il

1> ~k> , / * k , (4.20c)

wherea0 is determinedby (3.45).
In this way, London [16] first calculatedthe two particledistribution function ( the diagonal

elementof p2) for all densities.Note howeverthat heassumedthat (n1 fik> = (n1> (nk> for all/ * k,
evenfor! or k equalto zero.Onecanseefrom (4.17) that this is essentiallytrue, sincethe contri-
bution of the (n1>

2 + (n
1>term(whenk = 0) vanishesin the limit / -~ Thuswehaveverified

London’smethod.

5. Local properties of an IBG near a wall

5.1. Introduction

Near theboundaryof a region,therewill be variationsin thelocal density,pressure,andenergy,
as well as in the distributionfunctionsanddensitymatrices.Thesevariationsareresponsiblefor
thefinite volume correctionsthat we havediscussedin the last two sections,but they alsooccur
at theboundaryofan infinite system,or moreaccuratelya half-infinite system.Up till now we
havenot discussedthe local structureof a finite IBG as describedby the densitymatrices,which
wehademphasizedin the descriptionof the bulk propertiesin section2. In this sectionwe return
to thedensitymatrices,calculatingthemfor a half-infinite system,anddiscussthe local proper-
ties that derivefrom them.The advantageof usingthe half-infinite systemis that thereareno
complicationsfrom curvedboundaries,edges,finite size,or finite number.The resultsshould also
describethesurfacecharacteristicsof largefinite systemsin an asymptoticsense.

5.2. Thedensitymatricesofa half-infinitesystem

We proceedas in section2.3,usingthe grandcanonicaldensitymatricesasgeneratingfunctions
of the canonicalones.

Considera regionA in theshapeof a flat slab of constantthicknessD, whoseface is the two-
dimensionalregionA~

2>in thex—y planeof areaL2, asshownbelow:

The walls areassumedto be perpendicularto ~ so that thestatesfactor into a productof
states~42)(x,y) onA~2~andonedimensionalstates~‘~(z) of the segmentD, which we call the
region~ Thenthe grandcanonicaloneparticledensitymatrix (1.141)becomes
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p~r(rs,r”; N, ~ ~ T) = E e_0jW~’~W~2~, (5.la)
j=1

~ J_-. y~2)(x” y”) (2)
k=0 L2 r yk (.~i,f) exp(—je~2)X2/L2), (5.lb)

= ~ 1 ~ (z”) (1) Iz’
— ~ -~ y~~_ñ)exp(_-/e~1X2/D2). (5.lc)

We havewritten this in termsof thedimensionlessstatesandenergylevelson bothA~’~and~
asin section2.3. The origin of the coordinatesystemis chosensothat the planez = 0 corresponds
to the lower face— in otherwords,theendpointof thesegmentA~’~— andfalls within the
boundaryof ~ AsL -÷~,

1
— — exp[—7r{(x’ — x”)2 ÷(y’ — y”)2}/jX2] , (5.2)

fit2

analogousto (2.74), for all boundaryconditions.On A~’~the dimensionlessstatesandenergy
levelsfor thevariousboundaryconditionsaregiven by:

periodicb. c:

(~)IZy~ ~ = e2~’~’°, e~’~= ~jrpz2 n 0,l,2,... (5.3a)

Dirichiet b. c:

y,, ~j) =~/~sin(n1Tz/D), e~’~= irn2/4, n = 1,2,3,... (5.3b)
(1) (z

Neumannb. c:

~ 1, 4’~0, n0,

“~ (~)= t ~cos(n~z/D), e~’~= ~n2/4, n = 1,2,3 (5.3c)

Then, for periodicboundaryconditions:

exp{—ir(z’ — z”)2//X2} , (5.4)W~’~~ exp{—/irn2X2/D2 + 2irin(z’— z”)/D}

asD -~ oc, while for Dirichlet (—)and Neumann(+), onegets:

+00

= .-~ -~- E exp{—/irn2X2/4 2 / n7r(z — z”) ±cosnir(z’ — zh’))
D2~=_

00 D}~cos D D

__~1
(exp{—ir(z’ — z”)

2/jX2} ±exp{—ii-(z’ + z”)2/jX2})

exp{—ir(z’ — z”)2/jX2} (1 ±exp{—47rz’z”/jX2}) . (5.5)



240 R.M.Ziff eta!., Theideal Bose—Einsteingas,revisited

In theperiodiccasethereis no effect from thepresenceof theboundaries,exceptthatz’ andz”
arerestrictedtoz> 0, while in the NeumannandDirichlet casesthereis anextraterm that is only
importantwhenbothz’ andz” arenearthe surfacez = 0.

Using theresults(5.2,4,5) the expressionof pf in the limit of D -~ oo andL -÷ oo together such
that N51/L2D = p canbe found.Again a as a functionof p is determinedby (2.40).As before,
whenp < p~,a will limit to avaluegreaterthanzerogiven by (2.3),andp~rwill be givenby

p?,5rfr~,r”; p, T) = 1 ~ j_3/2 exp{—aj — ~Ir’ — r”12/jX2} , (5.6a)
x3 j=1

p~~5r(rPr”; p, T) ~ j~3/2 exp{—aj — irlr’ — r”12//X2} (1 ±exp{—4irz’z”//X2}), (5.6b)
x3 ‘=‘

for periodic (o), Neumann(+) andDirichiet (—) boundaryconditions.
In the condensedregion,onemusttakefor a:

e~’~X242)x2 ____________
a+ + , (5.7)

D2 L2 L2D(P~Pc)

so that the occupationof theloweststate—L2D(p — p~)asL andD -~ oo~Thenit follows simply
asbeforethat thedensitymatricesaregiven by:

p?~5T(rl,r”; p, T) = .J_. E /_3/2 exp{—ir Ir’ — r” 12/1X2} + ci — , (5.8a)

p~~gr(rI, r”; p, ~ = ~ exp{—irlr’ — r”12//X2}(l + exp~—4irz’z”//X2})+ p — p~,(5.8b)

p~~5r(r’,r”; p, fl ± E /3/2 exp{—irlr’ — r”12//X2}(i — exp{—4irz’z”//X2}), (5.8c)
X3 j=1

for ii> ~ In theperiodicandNeumanncasestheODLRO is ‘ — P~becausethecontributionof
the loweststateis constantandequalto unity. Howeverin theDirichlet casethereis no ODLRO
becausey

0(0) = 0, or namelythatwhenD is madeinfinite, the groundstateremainszeroany
finite distancefrom theplanez = 0. We will discussthis morein thenextsubsection.

Thes-particlegrandcanonicaldensitymatricesarejust symmetrizedproductsoftheseone
particlematrices,accordingto (2.71).The canonicalreduceddensitymatricesfollow by thein-
versiontechniqueof section2. Sincethe densitydistribution v(x,ci) is clearly the sameasin the
bulk case,onehasagainthat p5 = p~

T for ‘ <pa,andfor p> p~onemustuse(2.66).This implies
first of all that p

1 = p~

T (for all boundaryconditions).Note that for theDirichlet casep
5 = p~

Tfor
all s since(5.8c)doesnot dependuponthe density.Now we will discussthepropertiesthat follow
from thedensitymatrices,especiallythe oneparticledensitymatrix.
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5.3. Thelocal densityand thepressure-stresstensor

The basiccharacteristicsof the one-particledensitymatrix arethe diagonalelementr’ = r” and
the“curvature”aboutthat point. Thesearerelatedto thetwo local properties,thedensityand
the pressure-stresstensor.

The diagonalelementis just the local density.Thus, from (5.8a) it follows that for periodic
boundaryconditionsthe local densityis constantandequalto theaveragedensity:

n? Ep~(r,r)p, (5.9)

while for theNeumannand Dirichlet casesit follows from (5.8b,c) that the densityvariesnearthe

boundaryat z = 0:

p <p~

n~(z)~ ~ /3/2 eo/(l ±exp{—4irz2//X2}) = p ±F(2z,a, T) , (5.l0a)

X3 j=1
ci> PC

n~(z)—~j~/_3I’2(1 ±exp{—47rz2//X2})+p—p~p+F(2z,O,T), (5.lOb)

n~(z)—~Ej_3~’2(l —exp{—4irz2//X2})p~—F(2z,0,fl. (5.i0c)

We havewritten thesein termsof thefunctionF(r, a, fl definedin (2.18).Someplotsof n
1(z)

aregivenin fig. 5.1. The limiting behavioratz = 0 andoc is summarizedbelow:

p<Pc
n~(0) n~(oc)p (5.lla)

P+PC, P>Pc

P<Pc,

nr(0)0 (5.llb)

PC, P>Pc.

Note that whenp> p~,thevaluen1(°°)is reachedas liz accordingto the discussionof theproper-
tiesof F(r, 0, T) of (2.24). In theDirichiet casein thecondensedregionthedensityapproachesp~
andnot p as z -~oo~This is becausethegroundstatey0(z/D)variesover thethicknessD, andwhen
D -~ oc it is flat andzeroany finite distancefrom theboundary.This is why thereis no ODLRO
termin (5.8c).

In theonephaseregion it is possibleto integratethedifferenceof n1(z) from thebulk value
n1(z)= p:

J’ [n1(z) — p] dz = ±/ -I Ei~exp{—a/ — 4irz
2/jX2} dz = ±_J~g

1(a). (5.12)

It can be interpreted as the surface densityp’ and agreeswith the expressionfound in the third
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Fig. 5.1. The local densityni(z)/p~neara wail (at z = 0) in a half-infinite IBG for the averagedensity p equal to 0.5 Pc and
2~~’

for the Dirichlet and Neumann boundary conditionson the wavefunctionsat the wall.

section(3.73). In the condensedregiona = 0 andthis integraldoesn’texist; in fact theintegrand
( F(2z, 0, fl) —~liz asz -~ oo~Thus the conceptof a “surfacedensity”as definedby the integral
aboveis not valid in the condensedregion.This explainswhywe failed to find sucha function in
section3. Note that this behavioris dueto the long rangebehaviorin F(2z,0, T) but is not due
to either the ODLRO or the variationof the Dirichiet groundstate.

Thepressure-stresstensorfollows from the one-particledensitymatrix accordingto (1.93):

— h2[a a 513
(j(r)___[~~j.~Pl~r ~ ( . )

assumingthat the local velocity vdefinedby (1.82) is zero,which is thecasehereascan easilybe
verified. Then it follows from (5.6) and(5.8) that theoff diagonalelements~ P~,andP~are
zeroalways,andthat for periodicboundaryconditions,
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~g512(a), PPC (5.14)

A
3

while for Dirichlet (—) andNeumann(+),

kT

~- ~‘5,~2(~)~ P <
(5.15a)

p>p~

~ ~/S/2 e°1(1±exp{—47rz2/jX2}), p < p~

P~~(z)P~(z)= (5.lsb)

!~?IE/_5/2(1 ±exp{—4irz2//X2}), ci> P~

The normalpressure(5.l5a) is constantandequaltop, as is necessaryfor themaintenanceof
hydrostaticequilibrium (1 .114):

Li —~=0. (5.16)
,=i ar~

The tangentialpressure(5.lsb) is only equaltop (andthe pressureis only isotropic)whenz -÷

Nearthe wall it is increasedfor the Neumanncaseanddecreasedfor the Dirichlet. In fact the
integral of the differenceis equalto the surfacetension,sinceaccordingto themechanicaldefini-
tion the surfacetension‘y is (minus) theextra force perlength(tension)alonga cut in the surface
dueto a decreaseof the tangentialpressureP~ from its bulk value~. For ci < ‘~onegets:

7—[ (P~~(z)_p)dzr-”Z~f~/_~2exp{_a/_41rz2//A2}dzR_~!
2g2(a), (5.l7a)

andsimilarly for p> p~:

71.~~I~(2). (5.l7b)
4X

2

This agreeswith our previousresult (3.70,73) anddemonstratesthereforethe equivalenceof the
thermodynamicalandmechanicaldefinitionsof the surfacetensionfor the IBG.

Theintegralfor ~ (5.17a)is quite similar to that for p’ (5.12), as indeedp’ and~ arerelatedby
the thermodynamicalexpression(3.75).Notehoweverthat~ existsin the condensedregionsince

* This is the so-calledBakker relation [88]. Seealso Ono and Kondo [35].



244 R.M. Ziffet a!., TheidealBose—Einsteingas, revisited

-÷p as l/z3 as z -* oc, which is integrable.Note alsothat the condensedphasecontributes
neitherto Ps,, norto -y.

The negativep’ andpositive7 of the Dirichlet casearewhat would be expectedfor afluid that
is repelledfrom a wall, andthe positivep’ andnegativey of the Neumanncaseis what would be
expectedfor a fluid thatis attra~ctedto a wall. The behaviorof attractionandrepulsioncanbe
seenquite clearly in the plotsof the local densityin fig. 5.1. In fact the Dirichlet boundarycondi-
tion representsan infinite hardwall andthereforea repulsion.However, theNeumannboundary
conditionhasno direct physicalconnection.

Thevaluesof n~,P~= P~andP~canbe usedto illustratethe behaviorof the densitymatrices
themselves.Consider

(5.18)

andexpandfor small~about ~, = 0. Onefinds:

~ P~(r) ~ P,,~,(r) ~ P~(r)

p
1(r,~)n1(r)+7r— kT ~j2 kT ~2 kT ~ (5.19)

usingthatv= 0 andP11 = 0 (i � j). In the~,r’ — TI’ space,a surfaceof constant~ (for small~) is
an ellipsoidwhoseaxesareproportionalto 1 ~ 1 ~ and 1 ~ When all of theseare
equal,as is the casefor largez, the surfaceis a sphere.Howevernearthewall the surfaceis
flattenedfor the Dirichlet case,while for the Neumanncaseit is an ellipsoidwith its long axis
perpendicularto the wall — thatis, stretchedtowardthe wail.

Note that the local energydensitymn1~ is relatedto P~1accordingto (1.93)and(1.95):

mn1e” ..‘(P +P~+P~~)P~~(z)+p/2 , (5.20)

andevidentlyvariesnearthe wall accordingto the behaviorof P~~(z).It is alwayspositiveand
approachesthe bulk value~p far from the wall.

5.4. Thetwo-particledistributionfunction

This alsofollows from p~.First of all the (canonical)densitymatricescanbe found as in section
2, accordingto (2.41,61,71). When p < p~,the densitymatricesaresymmetrizedproductsof the
pi

T, andin particular taking the diagonalelementr = ri’, r~= r~of p
2 onegetsthe two-particle

distributionfunction:

n2(r1,r2)n1(z1)n1(z2)+[p1(r1,r2)1
2 (5.21)

for all boundaryconditions,usingthe appropriateexpressionsfor n
1(z) andp1. Transformingto

the coordinatesr (r1 + r2)/2, ~ = r1 — r2 andexpandingto lowestorder in ~ for a fixed r, one
gets

1~2(r1,r2)~a~ (n1(z))
2+(F(~,a,T)+F(2z,a, fl)2 . (5.22)

This exhibitsclearly the departurefrom the bulk behaviorp2 + F(~,a, T)2 for finite z.
In the condensedregion(5.21)alsoholds,with the appropriaten

1 andp1, exceptfor the case
of Neumannboundaryconditionswheretheconstant(p — p~)2 mustbe subtracted.Essentially
the behavioris like in the onephaseregion.
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Concludingremarks

This surveyof the propertiesof the IBG doesnot pretendto be in anysensecomplete.We will
list herea numberof topics which haveattractedattentionrecentlyandwhich needwe believe
furtherclarification.

a) Thetwo dimensionalfilm of an IBG of thicknessD. The interestlies in the questionhow the
transitionfrom two to threedimensionsoccursasD increasesfrom zeroto infinity, andespecially
howthe condensedphaseand the ODLRO developswhenD -~ oc Becauseof the paradigmatic
quality of the IBG this may throwlight on the questionwhena liquid He II film becomessuper-
fluid. For a flat IBG film onecandiscussthe thermodynamicpropertiesin away similar to the
treatmentin section3 for a finite box.(In fact, thereis a direct relationto thepropertiesin a one
dimensionalsegment.)Many aspectsof the film havebeenstudiedin detail, especiallyby
GreenspoonandPathria[29—31] andBarberandFisher[64] (whosemotivationwas also to
determinethe scalingof the critical exponentsof a finite system).But so far the local properties
andthe densitymatriceshavenot beendiscussedin detail.

Thereis a peculiarityof this systemwith regardto the bulk limit whichshouldbe mentioned.
WhenD -~ oo the bulk thermodynamicalpropertiesareobtained,but the densitymatricesdiffer
from the bulk ones:thereis neveranyODLRO in the lateraldirection,andalsothe largefluctua-
tions in thegrand canonicalensembleneverdevelop.This is a resultof the doublelimiting process,
sincefirst the lateralextentof the film is madeinfinite, andthenD -~ oo For eachfinite D the
volumeandnumberis infinite, thereis no phasetransition,andthe ensemblesareidentical.To
find theasymptoticpropertiesof largebut finite systems(in all dimensions),i.e. physicalsystems,
it seemsmoreappropriateto takethe limit D andL -~ oo all at once(L beingthe lateral extentof
the film), equivalentto the bulk limit of section2.

b) A half infinite IBG in an outsideconstantgravitationalfield. This hasattractedattention
(NordsieckandLamb [89], Widom [90], Becker [91], andUhlenbeck[92]) becauseof the
questionwhetherfor astrongfield the condensedphasewill appearsomehowat thebottom of
the vessel,andhowthehydrostaticequilibrium is maintained.In fact onefinds that thereis no
separationof the phasesalthoughmostof the condensedparticlesstaywithin the short distance
(1~2/m2g)1”3of thebottom(where theremustbe a hardwall boundary)andareheldup by the
zeropoint motion or the quantumpressure,while thenon-condensedparticlesextendoverthe
characteristiclengthkT/mgandareheld up by thehydrodynamicalpressure.A precisediscussion
requiresthe elucidationof the notion of local equilibrium andthe calculationof the density
matrices,the distribution functions,and thestresstensor.A similarsystemthat can be studiedis
an IBG in a “harmonicoscillator” externalfield V mw2z2/2in onedimensionandfree in the
othertwo ~. The advantageis that with knownidentitiesof the Hermitepolynomialsthe density
matricesin the finite systemcanbe written explicitly. But in eithercase,becausetheextentof
the fields is infinite, thereis a difficulty in theconceptof the infinite volume limit which in our
opinionneedsfurtherexamination.Intriguing is the questionin which senseonestill canspeakof
the ODLRO.

c) An IBG in a rotatingvessel.This was first consideredby Blatt andButler [94]. The special
interestlies in the fact that therearecirtical angularvelocities ‘-‘fl ~2 which canbe interpreted

* The IBG in a three dimensional harmonicoscillator “vessel” hasbeen studied by de Groot, Hooyman and tenSeldam [93].



246 R.M.Ziffet a!., The idealBose—Einsteingas, revisited

asdue to theappearanceof a quantizedvortex at the centerof the bucketwith vorticity 1~/m,
as pointedout by Putterman,Kac andUhlenbeck[95]. This showsthat the condensate

hassomesuperfluidproperties..As in the caseof the externalfields thereis aproblemof thedefi-
nition of the bulk limit. Again amorethoroughdiscussionis needed,making useof the density
matrices(which havebeengiven by Putterman[19]) and.alsofor finite bucketsandfinally non-
cylindrical vessels.

d) The approachto the canonicalequilibrium stateof the IBG. This is a completelyopen
problem! As we mentionedin the introductionit requiressomekind of interactionbetweenthe
particleswhich maybe in somesensevery small,as for instancea hardsphererepulsionwith a
small radiusa ~ A and~ n”3. In the onephaseregionandespeciallycloseto the classicallimit it
is possibleto discussthe approachto the Bosedistributionby the Uehling—Uhlenbeckequation,
which is a generalizationof the Boltzmannequation.This fails howeverin the condensedregion.
Putterman[19] hastried to adaptthenotion of local equilibrium as usedin the Chapman—Enskog
theoryof a classicalgas to the IBG. In this way he obtainsa versionof the two-fluid equationsof
Landau,just as in the classicaltheoryoneobtainsthe Eulerhydrodynamicalequations.It remains
to be seenwhethertheseinterestingideascanbe substantiated.

Noteaddedin proof: It hascometo our attentionthat the functionC~(c&~~ ~d) introducedon
p. 221,alongwith moregeneralformsof Riemann’szetafunction,hasbeenexhaustivelytreated
by Epstein[96]. Especiallythe representation(3.23),which is derivedin Appendix 3.B, is also
containedin his work.
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