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Abstract This review examines some recent work on robust heteroclinic networks
that can appear as attractors for coupled dynamical systems. We focus on coupled
phase oscillators and discuss a number of nonlinear dynamical phenomena that are
atypical in systems without some coupling structure. The phenomena we discuss in-
clude heteroclinic cycles and networks between partially synchronized states. These
networks can be attracting and robust to perturbations in parameters and system
structure as long as the coupling structure is preserved. We discuss two related ef-
fects; extreme sensitivity to detuning (strongly coupled oscillators may lose their
frequency synchrony for very small detunings) and heteroclinic ratchet where the
sensitivity may only appear for detunings of one sign.

1 Introduction

Coupled dynamical systems are a very important source of examples of nonlinear
systems that are of interest because of many applications. Additionally, they are of
intrinsic interest as structured examples of high dimensional dynamical systems.
The applications of coupled dynamical systems are very wide and include in par-
ticular solid state physics [2], neuroscience [21] and biological systems generally
[37], rather than discuss applications here we refer to these articles. A fundamental
concept of use for describing coupled dynamical systems (whether chaotic or not)
is that of synchronization in its various forms, and this has been the topic of many
papers over the last decade [30, 31, 10, 1].
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The topic that we focus on in the review is the robust appearance of dynamics
that is neither chaotic nor periodic, but that is intermittent in the sense that repeated
switchings are apparent between different saddle states. These “robust heteroclinic
cycles” appear naturally in systems ranging from Lotka-Volterra dynamics to sym-
metric systems [27, 20, 16, 14]. Indeed the cycles may be between chaotic saddles
in general [16, 29, 8].

The prototype of these cycles is the so-called Guckenheimer-Holmes cycle [18]
though the same cycle has been studied in a variety of contexts by dos Reis [34],
Busse and Clever [12] and others. This can be understood from studying the dynam-
ics of the vector field

ẋ = µx+(ax2 +by2 + cz2)x

ẏ = µy+(ay2 +bz2 + cx2)y (1)
ż = µz+(az2 +bx2 + cy2)z

for the open set of parameters where µ > 0, a < 0 and b < −c < 0. For this set
of parameters (see e.g. [13, p61]) one can verify that the dynamics possesses an
attracting heteroclinic cycle whose structure is illustrated in Figure 1. This cycle is
robust because the system is preserved under a number of reflection symmetries
(x,y,z) → (∓x,∓y,∓z) and the permutation symmetry (x,y,z) → (y,z,x) mean-
ing that the axis planes are invariant for the dynamics. Therefore, saddle-to-sink
type heteroclinic connections between equilibria on these planes are robust under
symmetry-preserving perturbations. Observe that the equation (1) can be viewed
as a system of three coupled one-dimensional dynamical systems with a particular
form of cyclic coupling.

Fig. 1 The Guckenheimer-
Holmes cycle: (1) has an
attracting heteroclinic cycle
between equilibria p1, p2
and p3 for an open set of
parameter values, that is
robust to all perturbations
that preserve a finite group of
symmetries of the vector field.
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Other families of dynamical systems for which heteroclinic cycles may appear
robustly are coupled dynamical systems where the coupling between dynamical
units respects to a directed graph (see [17, 14] and the references therein). It is
because such families also admit dynamically invariant subspaces, this time forced
by the coupling structure rather than the symmetry of the system. The heteroclinic
cycles found in such systems are much richer in dynamics due to the lack of sym-
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metry and give rise to a new phenomenon in case of coupled oscillators which we
summarize in Section 4.

Much research has been done on the behaviour of robust heteroclinic cycles in
symmetric systems; we will focus only on work that has linked this to coupled os-
cillators. The paper is organized as follows; in Section 2 we give an introduction to
coupled oscillator dynamics and the reduction to phase oscillators. Section 3 dis-
cusses examples of robust heteroclinic networks and extreme sensitivity to detuning
in such systems. Section 4 discusses some recent work on “heteroclinic ratchets”
where attractors of the nonlinear system wind in a nontrivial manner around the
torus. The final section 5 summarizes some open questions in this area and rele-
vance to applications.

2 Synchronization properties of coupled oscillators

Many physical processes that are time-periodic in nature can be modelled by nonlin-
ear oscillators, by which we mean dissipative dynamical systems with hyperbolic,
attracting limit cycles. When several of these systems are coupled, various phenom-
ena related to the synchronization of oscillators can arise. In this paper we will focus
on some synchronization properties of oscillators that are well-modelled by coupled
equations for the phases of each oscillator.

2.1 From limit cycle oscillators to phase oscillators

By a limit cycle oscillator, we mean a dynamical system ẋ = f (x) on a manifold M
that has an attracting hyperbolic periodic solution γ(t). Coupled limit cycle oscilla-
tor systems are dynamical systems of the form

ẋ = F(x,κ) , x ∈MN (2)

which reduce to N uncoupled limit cycle oscillators when the coupling strength
κ = 0. In the uncoupled case (κ = 0), the N-torus defined as the direct product of
the limit cycles of each oscillator

τ
N = {xi = γi(t +θi) : (θ1, . . . ,θN) ∈ TN}

is obviously invariant, attracting and normally hyperbolic. Therefore, one can pre-
dict that this attracting N-torus persists in the weak coupling case κ� 1. As a result,
the asymptotic dynamics of (2) can be reduced to the dynamics reduced on this N-
torus in the weak coupling case. Note that for a point on this torus, each oscillator
can be represented by a phase variable t +θi ∈ T. Using an averaging technique [9],
one can obtain a coupled phase oscillator system of the form
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θ̇ = F̄(θ ,κ) , θ ∈ TN , (3)

where θi ∈ T represents the phase of the oscillator i and F is invariant under the
action of S1 given by θ 7→ θ + ε(1, . . . ,1), ε ∈ [0,2π) (see [9] for details). This
symmetry gives rise to a further reduction of the system on N-torus to a system on
the quotient space TN/S1, which is an (N−1)-torus,

φ̇ = F̃(φ ,κ) , φ ∈ TN−1, (4)

where φi’s can be chosen as independent phase difference variables θmi−θni . In the
sequel, we refer to the space of phase difference TN−1 as phase difference space of
the coupled oscillator system (3).

θ1

θ2

x2 y2 y1,y2

x1,x2y1x1

θ2

θ1

θ2θ1

Fig. 2 Schematic diagram representing the reduction from limit cycle oscillators (upper figures)
to phase oscillators (lower figures). In the uncoupled case κ = 0, the direct product of limit cycles
(upper-right) is invariant and corresponds to the torus (lower-right) which is the phase space for
the reduced system of coupled phase oscillators.

The idea of reducing the coupled phase oscillator systems to limit cycle oscil-
lators was first proposed by Winfree in 1967. However, coupled phase oscillator
systems began to be studied widely after Kuramoto’s works in 1984 (See [37] and
the references therein).

Kuramoto’s model consists of N phase oscillators that are coupled globally with
a sinusoidal coupling function. That is, the governing equation for each oscillator is

θ̇i = ωi +
κ

N

N

∑
j=1

sin(θi−θ j), (5)

where θi ∈ T= [0,2π) is the phase and ωi is the natural frequency of the oscillator i
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Considering an arbitrary coupling structure and a more general coupling func-
tion, the coupled phase oscillator dynamics can be written, more generally, as fol-
lows:

θ̇i = ωi +
κ

N

N

∑
j=1

ci jg(θi−θ j). (6)

Here, the connection matrix {ci j} represents the coupling between oscillators. ci j =
1 if the oscillator i receives an input from the oscillator j and ci j = 0 otherwise. The
coupling function g is a 2π-periodic function. Therefore, it is natural to consider a
Fourier series expansion of g

g(x) =
∞

∑
k=1

rk sin(kx+αk) (7)

Note that, by scaling the time, we can set κ = N and r1 = 1. In this case, the
coupling is modulated by the parameters α1,α2, . . . and r2,r3, . . . .

Several truncated cases of the general case (7) was considered in the literature.
Considering the first Fourier term only (as in the Kuramoto model, (5)), frequency
synchronization and clustering phenomena were analyzed [28, 35]. Hansel et al.
used first two Fourier terms and observed a new phenomenon, called slow switching,
as a result of the presence of an asymptotically stable robust heteroclinic cycle [19,
25]. Recently, using the first three harmonics an attracting heteroclinic ratchet was
found for a nonsymmetric connection structure [23], while four harmonics seem to
be necessary to observe chaotic dynamics in four all-to-all coupled oscillators [38].

In the literature, there are different definitions for the phase or frequency syn-
chronization of oscillators. Moreover, one can define other concepts related to the
synchronization, such as sensitivity to detuning [6]. For an ordered pair of oscil-
lators, we call such properties synchronization properties of the oscillator pair and
these may include: Phase locking, Phase synchronization, Frequency synchroniza-
tion, Sensitivity to detuning and Ratcheting. The former three are discussed for ex-
ample in [31] while the latter two are discussed in [6, 23] and we outline some of
the discussion and results from these papers.

2.1.1 Phase and Frequency Synchronization

For a solution θ(t) = (θ1(t), . . . ,θN(t)) of (6), let θ L(t) = (θ L
1 (t), . . . ,θ

L
n (t)) de-

note the lifted phase variables. We say the oscillator pair (i, j) is phase synchro-
nized on the solution θ(t) if θ L

i (t)− θ L
j (t) is bounded for all t and phase locked

if limt→∞(θ
L
i (t)− θ L

j (t)) exists. We say oscillators are frequency synchronized if

limt→∞

θi(t)−θ j(t)
t = 0. Note that phase locking implies phase synchronization and

phase synchronization implies frequency synchronization. However, the converses
are not true in general. For example, on a typical solution approaching to a hetero-
clinic network, particular pairs of oscillators are never phase locked, but they can
be phase synchronized if the heteroclinic network is contractible to the diagonal
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in Tn. More interesting is the effect of heteroclinic ratchets on the synchronization
properties of oscillators. On a solution approaching to a heteroclinic ratchet, some
oscillator pairs can be frequency synchronized but not phase synchronized as we
will see in Section 4.

2.1.2 Sensitivity to Detuning and Ratcheting

It is known that when the oscillators are synchronized, a mismatch in natural fre-
quencies, that is, detuning may result in loss of synchronization depending on how
large the detuning is. Let ωi j = ωi−ω j denote the detuning and Ωi j = Ωi−Ω j

the difference in observed average frequencies. Here Ωi = limt→∞

θ L
i
t . The typical

(ωi j,Ωi j) characteristic of coupled oscillators is as in Fig. 3a.

(b) (c)(a)

ωi j ωi j ωi j

|Ωi j| |Ωi j||Ωi j|

−∆
−
i j ∆

+
i j −∆

−
i j ∆

+
i j = 0∆

−
i j ,∆

+
i j = 0

Fig. 3 Different (ωi j, |Ωi j|)-characteristics of coupled oscillators. (a) Usual case: Frequency syn-
chronization of the oscillators persist in a certain tolerance range of detuning. (b) Extreme sen-
sitivity to detuning: Although there is a dynamically stable frequency synchronized behaviour at
ωi j = 0, synchronization is broken by arbitrarily small detuning. This can happen if there is an
attracting heteroclinic cycle in state space (see Section 3). (c) Unidirectional extreme sensitivity to
detuning (or ratcheting): Under small detuning synchronization is broken only if the detuning is
positive.

For an ordered oscillator pair (i, j), we generalize notions in [6] to define the
tolerance to positive detuning and tolerance to negative detuning as

∆
+
i j := sup{∆ : 0≤ωi j < ∆ =⇒ (i,j) is phase synchronized on all attractors of (6)}

∆
−
i j := sup{∆ : −∆ <ωi j ≤ 0 =⇒ (i,j) is phase synchronized on all attractors of (6)},

We call ∆i j := min(∆−i j ,∆
+
i j ) the tolerance to detuning of (i, j). If ∆i j = 0 then the

oscillator pair (i, j) is said to have extreme sensitivity to detuning. If ∆
+
i j = 0 but

∆
−
i j > 0, we say that the oscillator pair (i, j) is ratcheting (see Fig. 3) (for the details

see [22]). Note that ratcheting is an asymmetric relation on the set of oscillators, that
is, if (i, j) is ratcheting then ( j, i) is not ratcheting. In the following, we will show
that heteroclinic networks may result in extreme sensitivity to detuning (Section 3)



Robust heteroclinics, synchronization ratcheting 7

and the heteroclinic ratchets give rise to ratcheting of some oscillator pairs (Section
4).

3 Heteroclinic cycles and extreme sensitivity

An attracting heteroclinic cycle in the phase difference space of a coupled oscillator
system has a strong effect on the synchronization properties of oscillators. For in-
stance, a solution approaching to a heteroclinic cycle implies the absence of phase
locking of certain oscillator pairs. Moreover, heteroclinic cycles are related to the
extreme sensitivity phenomenon [6].

Heteroclinic cycles induce an intermittent behaviour called slow switching where
the dynamics stays long time near one cluster and then passes to another cluster.
Slow switching behaviour of coupled oscillator systems was first studied by Hansel
et al. in [19]. They found heteroclinic cycles for four globally coupled phase oscil-
lator system with a coupling function up to second order Fourier terms (α1 = 1.25,
r2 = 0.5). After this work, heteroclinic cycles associated with slow switching were
also studied for different oscillator types, such as delayed pulse-coupled integrate-
and-fire oscillators [26, 11], limit cycle oscillators [25]. In the following, we will de-
scribe the heteroclinic behaviour observed in coupled phase oscillators [5, 6, 4, 7],
and explain its effect on synchronization properties. This effect has been investi-
gated for fully symmetric (all-to-all coupled) systems but not in many other config-
urations.

3.1 Symmetric heteroclinic cycles for all-to-all coupled phase
oscillators

All-to-all coupling gives rise to SN-permutation symmetry. This imposes many dy-
namically invariant subspaces arising as fixed point subspaces of subgroups of SN .
Therefore, the dynamics is trapped in invariant regions bounded by these fixed
point subspaces. Let us choose the phase difference variables as φi = θ1− θi + 1,
i = 1, . . . ,N− 1. Then, the invariant regions are {φ ∈ TN−1 : φσ(1) ≤ φσ(2) ≤ ·· · ≤
φσ(N−1)} where σ is a permutation of oscillators. When σ is identity, this region is
called canonical invariant region [9]. Since all these regions are symmetric images
of each other, it suffices to study the dynamics on the canonical invariant region.
Note that, since the dynamics is trapped in these invariant regions in the phase dif-
ference space, oscillators are always phase synchronized and therefore frequency
synchronized (the subspace θi = θ j being invariant implies phase synchronization
of oscillators i and j [15]). We will be more interested in the extreme sensitivity
properties of oscillators for which the existence of heteroclinic networks are cru-
cial.
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Fig. 4 Schematic diagrams illustrating a bifurcation of all-to-all coupled 3-oscillator system in the
canonical invariant regions. The edges of the triangles represent the fixed point subspaces of the
form {θi = θ j}. On these lines two equilibria P and R (a) join together by a saddle-node bifurcation
(b) and disappear giving birth to a periodic orbit in the interior of the canonical invariant region
(c). At the bifurcation point (b), a heteroclinic cycle appears connecting the saddles P and Q on the
invariant lines. (Adapted from [5]).

For N coupled phase oscillators, heteroclinic behaviour can arise if N ≥ 3. The
case N = 3 and N = 4 is analyzed in detail by Ashwin et al. in [5]. Considering
second order Fourier truncation of the coupling function, they show that for N = 3
a heteroclinic cycle appears as a codimension one phenomenon in phase difference
space (see Figure 4). This heteroclinic cycle connects the saddles labelled by P and
Q on the invariant lines, which have S2×S1 isotropy [5]. Note that, the heteroclinic
network on TN−1 formed by these heteroclinic cycles contains winding heteroclinic
cycles in each θi−θ j direction. Therefore any detuning ∆i j gives rise to a periodic
orbit that breaks the synchronization of the oscillators i and j (see [6] for details).
As a result, this heteroclinic network leads to extreme sensitivity to detuning (see
[6]). However, this phenomenon is not robust for N = 3 as it occurs at a bifurcation
point.

Fig. 5 A robust heteroclinic
cycle for the all-to-all cou-
pled 4-oscillator system. The
heteroclinic cycle consists of
two saddle equilibria P1 and
P2 with S2× S2 isotropy and
two connections Γ1 and Γ2 on
the two dimensional invari-
ant subspaces. The invariant
subspaces are embedded in
a cube that represents a unit
cell for the torus of phase
difference space- in this rep-
resentation all vertices of the
cube represent in-phase solu-
tions where all oscillators are
synchronized. (Adapted from
[5]).
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For the case N = 4, one can observe robust heteroclinic cycles (see Fig. 5). In this
case the canonical invariant region is a tetrahedron whose lines have either S2×S2 or
S3×S1 isotropy. The heteroclinic cycle shown in Figure 5 exists robustly for an open
set in the parameter space (see [5] for details.) This time the heteroclinic network
formed by these heteroclinic cycles in different invariant regions does not contain
any winding heteroclinic cycle, except for the critical case when the heteroclinic
cycles first appear and lie on the invariant lines. As a result, although the heteroclinic
behaviour is robust when N = 4, the extreme sensitivity phenomenon is again not
robust.

Robust extreme sensitivity behaviour arises when one considers an all-to-all cou-
pled oscillator system with N ≥ 5. It is numerically shown in [6] that for N = 5, the
extreme sensitivity is robust. In [4], a heteroclinic network for the 5-oscillator all-
to-all coupled system is shown to exist on the phase difference space T4. In this
case, the heteroclinic network contains winding heteroclinic cycles in any direction
breaking the frequency synchronization of oscillators, and this happens robustly
under small parameter changes. This robust extreme sensitivity behaviour is bidi-
rectional due to the presence of full permutation symmetry.

4 Heteroclinic ratchets for nonsymmetric coupling

The heteroclinic cycles described in Section 3 are robust for N > 3 because they are
contained in invariant subspaces forced by the symmetries of the coupling structure
in such a way that connections are saddle-to-sink type in each subspace. However,
these symmetries impose some restrictions on the types of possible robust hetero-
clinic cycles. Namely, such a cycle necessarily has the symmetries that are related to
the invariant subspaces which contain parts of the heteroclinic cycle. For instance, in
the case of all-to-all coupled oscillators, the heteroclinic network found in [4] have
S5 permutation symmetry. Therefore, the dynamics near the heteroclinic network
is the same for each oscillator. This means one expects the same synchronization
properties for all pairs of oscillators.

On the other hand, as shown in Section 1, one can find nonsymmetric robust
heteroclinic cycles. These are contained in invariant subspaces not forced by the
symmetry but by the balanced equivalence relations of the underlying graph [17, 3].
The balanced equivalence relations result in invariant subspace without having much
restrictions on the overall dynamics as symmetry. Therefore, it is possible to find
richer dynamics in such systems.

For coupled oscillators an example of a nonsymmetric heteroclinic network is
discussed in [23]. This robust heteroclinic network induces different effects on
different oscillators, since it includes heteroclinic cycles winding in one direction
around the torus and no other cycles winding in the opposite direction. This type
of heteroclinic network is called heteroclinic ratchet as its dynamical consequences
are similar to a mechanical ratchet, a device that allows rotary motion on applying
a torque in one direction but not in the opposite direction:
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Definition 1. [23] For a system on TN , a heteroclinic network is a heteroclinic
ratchet if it includes a heteroclinic cycle with nontrivial winding in one direction
but no heteroclinic cycles winding in the opposite direction. More precisely, we say
a heteroclinic cycle C ⊂ TN parametrized by x(s) (x : [0,1)→ TN) has nontrivial
winding in some direction if there is a projection map P : RN → R such that the
parametrization x̄(s) (x̄ : [0,1)→ RN) of the lifted heteroclinic cycle C̄ ⊂ RN sat-
isfies lims→1 P(x̄(s))−P(x̄(0)) = 2kπ for some positive integer k. A heteroclinic
cycle winding in the opposite direction would satisfy the same condition for a neg-
ative integer k.

In Fig. 6, three heteroclinic networks on a 2-torus are shown. The first network is
not a heteroclinic ratchet because it does not contain a winding heteroclinic cycle.
The second network contains a heteroclinic cycle winding around +x direction, but
it also contain a cycle winding in the opposite direction −x. Therefore, the only
heteroclinic ratchet in the figure is the third one, which has a winding cycle in +x
direction.

�� �
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(a) (b) (c)

Fig. 6 Three different heteroclinic networks on T2 containing (a) no winding heteroclinic cycle (b)
winding heteroclinic cycles in opposite directions +x and−x (c) one winding heteroclinic cycle in
+x direction. Therefore, only the network in (c) is a heteroclinic ratchet.

4.1 A simple example of ratcheting

Heteroclinic ratchets have strong effects on the synchronization properties of os-
cillators. An example of a heteroclinic ratchet in coupled oscillator systems is first
introduced and analyzed in [23].

The coupled oscillator system considered in [23] is given by

θ̇1 = ω1 + f (θ1;θ2,θ3)

θ̇2 = ω2 + f (θ2;θ1,θ4)

θ̇3 = ω3 + f (θ3;θ1,θ2)

θ̇4 = ω4 + f (θ4;θ1,θ2),

(8)
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which has a coupling structure as in Fig 7a. Here, the coupling function f is chosen
as in 7. We first assume identical oscillators, that is

ω = ω1 = · · ·= ω4. (9)

Since then the oscillators are identical, one can use the balanced colouring method to
find the invariant subspaces imposed by the coupling structure. A coloring of cells,
that is, a partition of the set of all cells into a number of groups or colors is called
balanced if each pair of cells with the same color receive same number of inputs
from the cells with any given color. Three balanced colorings (beside the others) of
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Fig. 7 The graph showing the connection structure of the system (8) (a) and three of its balanced
colourings (b-d). Colors are represented by different filling patterns.

the graph in Fig. 7a are shown in Fig. 7b-d. These give three invariant subspaces:

V1 = {θ ∈ T4 : θ1 = θ3}
V2 = {θ ∈ T4 : θ2 = θ4}
V̄ =V1∩V2

Using the phase-shift symmetry ({θ1, . . . ,θ4} → {θ1 + ε, . . . ,θ4 + ε} mod 2π ) of
(8), one can reduce the dynamics to a phase difference system on 3-torus. Defining
the new variables as (φ1,φ2,φ3) := (θ1−θ3,θ2−θ4,θ3−θ4), the phase difference
dynamics can be written as

φ̇1 = f (φ1;φ2−φ3,0)− f (0;φ1,φ2−φ3)

φ̇2 = f (φ2;φ1 +φ3,0)− f (0;φ1 +φ3,φ2) (10)
φ̇3 = f (φ3;φ1 +φ3,φ2)− f (0;φ1 +φ3,φ2).

Note that the invariant subspaces V1, V2 and V̄ correspond to the planes φ1 = 0,
φ2 = 0 and the line φ1 = φ2 = 0, respectively. Therefore, it is possible that a ro-
bust heteroclinic network exists on these invariant subspaces in the phase differ-
ence space. In fact, there exist a robust heteroclinic ratchet for the parameter values
(α1,r2,r3) = (1.4,0.3,−0.1) (see Fig. 8).

Heteroclinic ratchets have two main effects on the synchronization properties of
oscillators: ratcheting via noise and ratcheting via detuning as described in Section
2.1.2. Both arbitrary small noise and arbitrary small detuning in a certain direction
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Fig. 8 A heteroclinic ratchet
for the system (10). The het-
eroclinic network consist of
two equilibria (p and q) and
four heteroclinic trajecto-
ries (y1,y2, ȳ1, ȳ2). It contains
three winding heteroclinic cy-
cles: (p, ȳ1,q,y2), (p, ȳ2,q,y1)
and (p, ȳ1,q, ȳ2). (Adapted
from [23]).

q
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p

q
q

q

non-winding
trajectories

p

p

winding
trajectoriesφ3

φ2

φ1

y1

y2

ȳ1

ȳ2

give rise to perpetual one-directional phase slips, and therefore, loss of frequency
synchronization.

4.2 Ratcheting forced by noise

We consider as in [23] the dynamics of (10) near the heteroclinic ratchet shown
in Figure 8. On applying small noise to the system, phase differences between os-
cillators grow in certain directions such that for some pairs one oscillator always
has a larger average frequency than the other. Therefore, the effect of noise is not
homogeneous for oscillators even though the added noise is homogeneous.

Figure 9 depicts a solution of (10) under small noise with amplitude 10−6. Al-
though the noise is homogeneous with a zero mean, phase slips occur only in +φ1
and +φ2 directions. Recall that φ1 = θ1−θ3 and φ2 = θ2−θ4. Therefore, the oscilla-
tor pairs (1,3) and (2,4) lose frequency synchronization such that the first oscillator
has as greater average frequency then the second oscillator.

4.3 Ratcheting forced by detuning

The effect of detuning, setting ∆i j = ωi−ω j nonzero, on a heteroclinic ratchet is
similar to the effect of noise. A system with a heteroclinic ratchet winding in some
direction on the phase difference space TN−1, say +φi = θmi − θm j , responds to
a positive detuning ∆mini > 0 by breaking frequency synchronization, whereas a
small enough negative detuning, ∆mini < 0, leaves the frequency synchronization
unchanged. We call this phenomenon unidirectional extreme sensitivity to detuning.
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Fig. 9 The figure in (a) shows a time series solution of the system (10) under white noise with
amplitude 10−6. For the first half of the solution in (a) the switchings between saddle states are
shown in (b). (Adapted from [23]).
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Fig. 10 Difference in observed average frequencies of the oscillators 1 and 3 are plotted for dif-
ferent detuning values ∆13 = ω1−ω3. Insets show time series solutions of (10) for small negative
and positive detuning. (Adapted from [23]).

Fig. 11 Schematic diagram
of coupling for a 2N-cell
network that admits hetero-
clinic ratchets. Upper cells
are all-to-all coupled between
themselves and each upper
cell receives an extra input
from the cell below itself. A
lower cell receives one input
from each upper cell.
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As shown in [23] for the system (10), oscillators 1 and 3 (2 and 4) loose frequency
synchronization when ∆13 > 0 (∆24 > 0) (see Figure 10). It is also noted in [23] that
a 2N-cell coupled oscillator system as in Figure 11 can admit heteroclinic ratchets
ratcheting in θk−θk+N , k = 1, . . . ,N directions. A solution of such coupled systems
for 2N = 6 is illustrated in Figure 12.
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Fig. 12 A solution of coupled 6-oscillator system coupled as in Figure 11 (with 2N = 6) under
small noise with amplitude 10−6. Coupling function is chosen as f (x) = sin(x+1.15)+0.3sin2x−
0.1sin3x. One directional phase slips in θk−θk+3 , k = 1,2,3 directions suggest the existence of
an attracting heteroclinic ratchet on T6. (Adapted from [23]).

5 Discussion

In summary, we have reviewed some of the basic properties of robust heteroclinic
networks that arise in coupled systems of nonlinear oscillators; these can manifest
themselves as intermittent switching between various different partially synchro-
nized states. Such dynamics have been observed in various systems including cou-
pled chemical reactors [39, 24] and models of neural activity [32].

These systems provide a rich set of examples of nontrivial dynamical behaviours
where the dynamics of individual systems, the topology of the network and the na-
ture of the coupling can give networks within phase space of surprising richness.
These heteroclinic networks may wind around the torus which is the natural phase
space for coupled oscillator systems to give rise to topologically nontrivial networks
(leading to robust extreme sensitivity to detuning) and to with nontrivial unidirec-
tional winding in such networks (leading to heteroclinic ratcheting).

Robust extreme sensitivity is of interest in that it can only appear in globally
coupled systems of five or more coupled identical oscillators and in that sense it
is a truly high dimensional phenomenon. It remains to be seen to what extent it
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can be found systems that are not globally coupled. The heteroclinic ratcheting can
be understood by a careful analysis of the nonlinear dynamics in phase space. We
conjecture they may be of interest as analogues of brownian ratcheting systems in
molecular dynamics with a significant difference that they are based on detuning
or noise perturbed dissipative systems rather than diffusing systems in a modulated
periodic potential [33]. They may also be of use as a possible “circuit elements”
or “dynamical motifs” in neural computational systems [40, 36] where we suggest
that the presence of such a network can lead to a robust clamping of one oscillator
frequency to be above another.
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