Analysis: Problem sheet 2
Assignment 1 consists of questions 1(b,e), 2(a,e), 4, 5, 7, 9, 12, 13(d),
14(e), 16(b), 20, 23(e), 25, 26(c) and 27(a); it is due in on 15 December
2011 [marks are indicated in square brackets/

1. In each case, determine whether f(z) converges to a limit as z — a. If
not then determine whether f(z) — oo or f(x) - —o0 as * — a.

(o) )= =0 a =2
) @) =" a=0 [, (© fo) = a=o,
@ f) =T amo, o) fa) =Y a=1 )

2. In each case, determine whether f(x) converges to a limit as z — oc.
If not then determine whether f(z) — oo or f(z) - —o0 as x — 0.

@ f@) =" o) s = <2
(c) f(z) = x_zm, (d) f(x) = 23 cosz,
1

=il

3

3. Prove that the equation x°> = e™" has at least one solution with x > 0.

4. Prove that the equation x = 8cosz has at least three solutions with
x> 0. [5]

5. Let f : [a,b] — R be a continuous function with the property that
f(z) € [a,b] for all € [a,b]. Prove that f has a fized point ¢, that
is ¢ € [a,b] and f(c) = ¢. (You may assume the Intermediate Value
Theorem). 5]

6. Prove that the cosine function is differentiable and that cos'(z) =
— sin(z).

7. For which positive real numbers « is the function

) |z|*sin(1/x) if z # 0,
fa(x)_{ 0 if ¢ =0

continuous at 07 For which « is f, differentiable at 07 Prove that f;
is continuous at 0. [10]



10.

11.

12.

13.

14.

15.

16.

17.

Prove that if 0 < a < b < 7/2 then

(b—a)sina < cosa — cosb < (b— a)sinb.

Prove that if 0 < a < b < 1 then

<cos a—cos b<

@ oS 5

Prove that the equation xe” = 2 has a unique real solution.

Give a detailed argument to compute the derivative of the function
cos ':[-1,1] = R.

Consider the functions fi, fo and f3 defined by fi(z) = = — sinz,
fo(z) = cosz — 1+ 2%/2 and f3(x) = sinx — 2 + 23/6. Prove that all
these functions are increasing on the interval [0, co) and hence deduce
that for z > 0 we have

23
stinxzx—E. [10]

Compute the following limits:
sinh® 1 —cosx x —sinhx
I 1 )
(a) i sinz (b) i (log(1 — x))?’ (c) liy z sinh(z22)’
1 — 20 _ .20
(d) tm L8 =20 g

e—1/2 (1 — z)1t — 21

Find the radius of convergence of each of the following power series:
> " > n! = on’+1

(a) X_%W’ (b) ;(—1)"77;5”7 (c) X_%mxn’
(d) il 32nn__21n$n, (e) i@ n(lzé;qi‘)lxn [5], (f) i(_l)n Eijl))g' 2

For z = x 4 yi, find the real and imaginary parts of:

(a) 23, (b) 1/2%, (c) (1+2)/(1 — 2).

Find all complex solutions of the following equations:
(a) 26 =—i, (b)z2*=2-2i [5], (c)2'=—4
(In each case express the solution in the form z + yi.)

Prove that if z, w € C then (a) |z—w| > |z|—|w| and (b) |z/w| = |z|/|w]
(provided, of course, that w # 0).



18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

Write each of the following in the form x + yi:
(a) €272 (b) cos(2 — i), (c) sin(1 + 1), (d) log(3i), (e) log(—3 + 7).

Let (z,) be a sequence of complex numbers. Prove that lim,, . 2, = z
if and only if lim,, . |z, — 2| = 0.

Prove that for real x and v,

|sin(x + i)|? = sin® x + sinh?y
and deduce that |sin(x + iy)| < coshy. [10]
Prove that the set A = {z € C: Re(z) < 0} is open and connected.

In each case, prove that the function f is continuous on C:
(a) f(z) =%, (b) f(2) = |z].

For each function f, determine where f is analytic, and compute its
derivative there:

(a) f(2) = (z + 1%, (b) f(z) = (1= 2)/(1+2), (¢) f(z) = sin(1/2?),
(d) f(z) =e7, () f(z) =€*/(e* +1) [5].

In each case, verify the Cauchy-Riemann equations for the following
functions (by calculating the appropriate partial derivatives):

(a) f(z) = 2% (b) f(2) = 1/2% () f(z) =€

Let f(x+vyi) = u(x,y) +iv(z,y) where u and v are real-valued. If f is
analytic on C, u(z,y) = z? + xy — y? and f(0) = 0 what is v(z, y)?[5]

Evaluate the following contour integrals:
(a) [, Im(z)dz where v is the line segment from 0 to i followed by the
line segment from ¢ to 1 + ¢;
(b) [, sinzdz where 7 is the line segment from —1 + 2i to 1 + 2i;

(c) J,(1 = 2)?/zdz where v is the unit circle (centre 0, radius 1),
traversed anticlockwise; 5]

(d) [,(1 = 2)?/zdz where 7 is the circle with centre 2 and radius 1,
traversed anticlockwise;

(e) J,Zdz where 7 is the unit circle, traversed anticlockwise.

(a) Let y be the arc of the circle with centre 0 and radius 2 lying in
the right half-plane {z € C : Re(z) > 0}. Prove that

/ e*dz 2me
<
723+1 -7

2

[5]




(b) Let v be the arc of the unit circle contained in the upper half
plane {z € C : Im(z) > 0}. Prove that

COS 2
/ 1 dz
vy Z

(c) Let v be the circle with centre 0 and radius R. Prove that

< Slete™).

A+ 241 7S RICR

/ 22 —2z2—1 ‘ < 2rR(R+1)?
y
provided that R is sufficently large.
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