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SECTION A 

1. (a) Find the set of real numbers x satisfying 

(b) Find the set of real numbers x satisfying 

( 5 )  
(c) Show that if (x,) is a sequence with x, 5 b for all n and 

lim,,, x, = L, then L 5 b. (4) 
(d) Compute the supremum and infimum of the function 

x 
f(x) = I + 

with x E R. 

(e) Determine whether or not the following series are convergent 

(i) 2 s in(P)  
CO 

(ii ) 
n - 3  

a= 1 
2n 

n=2 

( f )  Calculate lim,,, x, in each of the following cases 

(i) 2, = Jx - fi (ii) xn = 
(n  + 3)! 

n!n3 

(8) 
(g) Calculate the radius of convergence R of the power series 

C z ,  a,rn in each of the following cases 

3n + 4 (2n)! 
(i) a, = (ii) -. 

2, nn 
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SECTION B 

2. (a) Show that the product of a nullsequence and a bounded sequence 
is again a nullsequence. (5) 

(b) Find examples of sequences (a,), (b,) such that b, > 0 for all n, 
an --, 0, b,  ---, 0 and 

(i) 5 - 1 where 1 is a prescribed number; 
bn 
an (ii) - -- m; 
bn 
an (iii) - + -m; 
bn 

(iv) the sequence ( )  is bounded but does not converge. 
(12) 

(c) Prove that one of the following statements is true and that the 
other is false. 

(i) If x, + 1 as n -+ w, then (2:) ---+ 1 as n - ca. 
(ii) If 0 < r < 1 and x, - r as n ---+ oo, then (x:) ---t 0 as 

12 + CO. (8) 
[251 

3 .  (a) (i) State (without proof) Rolle's Theorem for differentiable 
functions on closed bounded intervals. 

(ii) Investigate the number of (real) roots of each of the 
polynomials 

p(z) = z3 + 32 + 1 and q(x) = x3 - 31 + 1. 
( 12) 

(b) Let 
sin x 

for x < 0 
f (4 = 

Show that f is continuous a t  0 (and hence continuous 
everywhere). (8) 

( c )  Let f be a differentiable function on ( a ,  b). Show that if f '(x) = 0 
for all x E (a ,  b), then f is a constant function. (5) 

r251 
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4. (a) Find the derivatives of the functions 

1 
(i) f (x) = xx for x > 0 (ii) xlOsin - for x > 0. 

2 

(b) Prove L' H6pital's rule which states that if f and g are functions 
which are differentiable on an open interval I containing a such 
that f ( a )  = g(a) = 0 and g t ( x j  # 0 except perhaps at a,  then 

f (4 ft(x) lim - = lim - 
z - a g ( x )  x - + a g ' ( x )  

provided the second limit exists. 

( c )  Use L'H6pitalYs rule to compute 

2 1 - cosx J T F Z - I - ~  
(i) !zo .z (ii) x lim -4 x2 
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