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SECTION A

1. (a) Prove that if z is irrational and y is rational then z+y is irrational.

(b) Prove that the following series converges:

2. 2% /n

n=1 3"
(7)
(c) Find the limit of
_ TCOST
fz) = 3 +1
when z tends to infinity. (6)

(d) Let f : [a,b] — R be a function which is continuous and
differentiable on [a,b]. Suppose that f attains its maximum at
a point c, that is f(c) = sup{f(z) | z € [a,b]}. Prove that
f'(e) = 0. (6)

(e) Find the radius of convergence of the power series:

d gn+l
—x".
< (n+1)?
(7)
(f) Say whether the following set is open:
D={zeC||z| <1}.
Justify your assertion. (6)
(g) Let P(2) = an2™+ ap-12""1+---+a12+ ao be a polynomial with
real coefficients, that is a; € R for all 0 < 7 < n. Prove that if
2z € C satisfies P(z) = 0 then P(Z) = 0. (6)
(h) State the Cauchy-Riemann equations. Verify them for the function
f: C — C defined by f(z) =12 + 2z. (6)
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SECTION B

2. (a) Define the sequence (ay)s>1 inductively by a; = £, and

1
Upg1 = Z(ai +3)

for all n > 2. Prove that 1 < a,, < 3 for all n > 1. Prove that the
sequence (a,) is monotonic decreasing. Deduce that the sequence
(a,) converges and find its limit.

(b) Prove that the equation 2sinz = z? — 1 has a solution z which
satisfies 1 < z < 2. Prove that this solution is unique.

(c) Compute the derivative of the function f(z) = sin~! (e="~1),
where sin™! : [—1,1] — [=E, %] is the inverse of the sine function.

3. (a) Evaluate the following limit:

_1)3
lim (z—1) .
z—1 logz

(b) Let A and B be two nonempty subsets of R that are bounded
above, and write A+ B = {a+b| a € A, b € B}. Prove that
A + B is bounded above and that sup(A + B) = sup A + sup B.

(c) State the Mean Value Theorem. Prove that if a function
fila,b] =R

is differentiable, and f/(z) > 0 for all z € [a, b], then f is a strictly
increasing function on [a, ] (Hint: use the Mean Value Theorem).

4. (a) Find, in polar form, the complex numbers z € C satisfying the
equation: 2% =1—1.

(b) Prove the following: if f : A — C, where A C C is an open subset,
is continuous at zy € C and f(zp) # 0 then there exists § > 0 such
that f(z) # 0 for all z € D(z,9) N A.

(c) Prove that
/ dz T
<
43+ 28

= 57
where « is the upper half of the unit circle traversed once
anticlockwise.
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