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SECTION A

1. (a) Show that if z is rational and y is irrational then z+y is irrational.

| (8)
(b) Determine whether the following series converges:
et
n=1 3"1-
Justify your answer. (6)
(c) Evaluate the following limit
cosz — 1
im —————.
-0 272
(8)
(d) Say whether the following set is closed:
1
D={zeC||7| Z§}
Justify your answer. (8)

(e) Find in polar form all the solutions to the equation 2* — 16i = 0.  (10)

(f) State the Cauchy-Riemann equations. Verify them for the function
f: C — C defined by

f(z) = 2° — 2iz.

(10)
[50]
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SECTION B

2. (a) Define the sequence (ay)n>1 inductively by a; = 2, and

1
Apy1 = Z((li + 3)

for all n > 1. Prove that 1 < a,, < 3 for all n > 1. Prove that the
sequence (a,) is monotonic decreasing. Deduce that the sequence
(an) converges and find its limit. (10)

(b) Prove that the equation 2sinz = 2% — 1 has a solution = which
satisfies 1 < x < 2. Show that this solution is unique. (10)

(c) Find the radius of convergence of the power series

st n+1
2 n

Zanrie

3. (a) Let A and B be non-empty sets of real numbers with supremums
a =sup A, and 8 = sup B, respectively. Define the set

A+B={a+b|a€Abe B}.
Show that the set A+ B has a supremum. Find the supremum of

A+ B. (10)

(b) State the Intermediate Value Theorem. Let f : [0,1] — R, and
g :[0,1] — R, be continuous functions. Assume that f(0) < g(0)
and f(1) > g(1). Show that there exists 0 < z < 1 such that

f(z) = g(). (10)

(¢) Find the derivative of the function
f(z) = sinflog(x + 2%)].

(5)
[25]
4. (a) Evaluate the integral

/ sin2z dz

where 7 is the line segment joining 7 + 1 to —i. (10)
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(b) Let P(2) = anz™ + an_12""! + ...+ a1z + agp be a polynomial with
real coefficients, that is a; € R for all 0 < 7 < n. Prove that if v
2 € C satisfies P(z9) = 0 then P(Z) = 0. (5)

(c) Let v be the arc of the circle {|z| = 2}, traversed once anti-
clockwise, that lies in the first quadrant {z € C | Im(z) >
0, Re(z) > 0}. Show that

/ dz
L2241

i
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< —.
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