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Introduction to Complex Analysis Complex analysis is the study of functions involving complex numbers.

It has “real” applications, for example, evaluating integrals like

/OO dx
=
oo L+ 2

but contour integration easily gives us

3

o0
/ cos:c2dx:7‘
oo L+ e

Also we can derive results such as



Oliver Bond

ECM3703: Complex Analysis

Lecture Notes

Also complex analysis has applications to many other branches of mathematics from number theory to fluid

mechanics. For example, the Riemann ¢-function explains the distribution of prime numbers.

1 Review of Complex Numbers

1.1 Basics

The set of complex numbers, C is defined by

Addition and subtraction are all easy, for example, if z =3 —iand w = 1 + 4i then

Division is a bit trickier, but £ = z (--) so division boils down to evaluating

C:{x+iy\m,y€R,12:—1}.

Ztw=(3—1)+ (1+4i)=4+3i
z—w=(3—-1)—(1+4i)=2-5i

2w =3 —1i+ 12i — 4i?
=7+ 11i

1
w

The trick is similar to “rationalising the denominator”:

r T — iy
r+iy (x +1iy)(z — iy)
oz —ly
_$2+y2

x )

i.

T 2212 2212

Consider z2 + y? for z,y € R. Since 22 > 0 and y? > 0, 22 4+ y? > 0 also, and z% + y* > 0 unless z2 = 0 and
, Which can only happen if z = 0 and y = 0. So we can always divide by a complex number as long as it’s not

Zero.
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Example
z=3—i,w=1+4i

3—i  (3—1)(1—4i)
T+4i (1+44i)(1—4i)
3—i—12i —4i?
12 442
—1—13i
17
1 13

— —1.
17 17

Jargon For:z =z +iywithz,y € R,

e z = R(z) - the real part of =
e y = J(2) - the imaginary part of =

e © — iy =z = z* - the complex conjugate of -.

Also,
_ (z+iy) + (z —iy)
N 2
— R(z)= 2
N B z —2*
and (z) = 5
and

22" = (z +1iy)(z — iy)
_ 2?42

which is a non-negative real number.

Let |z| = v/22 + y? = V/22* be the absolute value (or modulus) of .
Note that

22 <a? 442
= Va2 <22 +9y?
— |z[ < Va2 +y?

ie. |R(2)| < |2| and [3(2)] < |2|.
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1.2 Argand diagram

Regard x + iy as the point (z, y) in the Cartesian plane.

R

e—3+2i1

ol +1

.
0+ 01

Addition and subtraction in C correspond to addition and subtraction of position vectors.

By Pythagoras’ theorem, |z| = /22 + 4?2 is the distance from 0 to z in the Argand diagram!

Lemma If z,w € Cthen

e zxtw)=z"tw*
o (zw)" = 2w

o (z/w)* =z*/w* ifw#0.

Idea of Proof Write z = = + iy and w = u + iv.

Note that (—i)? = i2 = —1 in a formula is valid as long as all variables are real.

Corollary |If z,w € C then |zw| = |z |w].

Proof

]zw\Q = (zw)(zw)*
= 2w - 2 w*
= 2z ww*
= |2 Jwl?
= |zw| = |z||w| (taking square roots)
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Corollary (Triangle Inequality) If z,w € C then

|2+ w| < |z] + |w]

Proof (Estermann) If z + w = 0 then this is definitely true!

Otherwise assume z + w # 0. Then

z w -1

Z2+w Z+w

:%<2)+m( w )21
zZ 4w zZ+w

Also note that

(i) <] wom () <2
z+w zZ 4w zZ+w zZ+w
SO

ek

Z+w Z4+w|

= |z| + |w| > |z + w| (multiplying both sides by |z + w|).

g

The triangle inequality says that the length of a side of a triangle is at most the sum of the lengths of the other
two sides. Remember it, as it will be used a lot in this module!

R

Z 4w

|z + w|

Also, another very useful inequality is

|2+ w| > [2] = |w]
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whose proof is a question on the problem sheet.
Let z # 0 and z € C. Consider w = z/ |z|. then |w| = 1.
We claim there is some 8 € R such that w = cos + isin 6.

If w is in the first quadrant:

&
w
1
>
=
wn
0 R
cos

In general to get to the other 3 quadrants, we need 6 outside the interval [0, 5] .

For example, if 6 = %TW then cosf +isinf = —% + %, and if = —7 say, then cos ) +isinf = % - ﬁ

If & > 0, cos@ + isin @ is obtained by starting at the point 1 and rotating an angle 6 anticlockwise. If 8 < 0 we
get cos 6 + isin @ by starting at 1 and rotating clockwise through an angle |0| .

A corollary to this is that each nonzero complex number has the form z = rel’ where r = |z| and €' is defined
to be cos + isin§. This is called the polar form of -.

Lemma Forf, ¢ c R, . .
el(@+¢) _ eleeui).

Proof The LHS is cos(6 + ¢) + isin(f + ¢).
The RHS is

(cos@ +isin @) (cos ¢ + isin @) = cosf cos ¢ — sinfsin ¢ + i (cos fsin ¢ + sin 6 cos @) .

These are the same (they are addition formulae for trigonometric functions!)
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Corollary
(Tew) (sei¢> = rsei((”d)).
We call 0 in z = rel? an argument of -.
Note that arguments are not unique, as e?™ = cos 27 +isin2r =1+i-0=1=¢"0.
Similarly, €l(?+2m) — 1927 — i This can also be extended to e(*+27™) — ¢l if p € Z.
In general, ¢l = ¢l <« 6 — ¢ = 2nm with n € Z. Arguments are only defined “modulo 27”.
Define the principal argument of z # 0 to be the unique 6 satisfying —7 < < = with z = |z| ¢?’.
We write the principal argument as Arg(z).

For example, we have

>

—

0!
~—~
—_
~—

I

@)

Also we have Arg(z + w) = Arg(z) + Arg(w) + 2mm where m € Z, and m depends on z and w.

In the product (re'?) (se!?) = rse!®*¢), although 6 and ¢ may be the principal arguments of z and w, 6 + ¢ may
not be the principal argument of zw.

But 6+ ¢ differs from Arg(zw) by a multiple of 27, e.g. (—1)(—1) = 1 and Arg(—1)+Arg(—1) = 27 # 0 = Arg(1).

R

SN

Z 4w
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1.3 Complex Functions

Complex analysis deals with functions of complex numbers.
We consider functions of the form f: D — C where D C C.
Example

e f(z) = 22 + 1. Note that f(+i) = 0 since f can take the value 0 over C.

e Polynomials: f(z) = ap + a1z + a2z + ... + a, 2" are all functions from C to C.

. . . 1 B
e Rational functions: f(z) = . or f(z) = o etc.
In general, f(z) = ‘ZEZ% is a rational function when g and h are polynomials.
z

- f(z) = ! is a function from C\{0} to C.

z
z

- flz) = o is defined on C\{i, —i} and is a function from C\{i, —i} to C.

Theorem |If g(2) = a,2" + ap_12""' + ... + a1z + ap With a,, # 0, and ay, as, ..., a, € C, then the equation
g(z) = 0 has at most n complex roots.

Proof We need to use the following result.

Lemma (Remainder Theorem) If ¢(z) is a polynomial over C and b € C, then
9(2) = (z = b)h(2) + g(b)

where h(z) is a polynomial.
Proof By long division of polynomials, g(z) = (z — b)h(z) + ¢ where ¢ € C.
Substitute z = bto get g(b) =0- h(b) + ¢, i.e. c = g(b).

If g(z) = 0 had no roots then we win.

Suppose z; is a root. Then g(z;) = 0 and so by the remainder theorem, g(z) = (z — 2z1)h(z) where h is a
polynomial.

As g(z) = apz" + ... then h(z) = ap2" 1 +....
If h(z2) = 0 then we can remove another factor (z — z2) and so on.

Eventually

9(z) = (z=21) (z = 22) ... (z = 20) P(2)

where p(z) is a polynomial and p(z) = 0 has no solutions. p(z) = a,2" % 4 ... (with & < n).
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9(z1) =0 <= z2—21=0
orz—zo=0

orz—z; =0
orp(z) =0
= ze{z,..., %}

Therefore g(z) = 0 has k < n distinct solutions.
([l

The only polynomials p(z) over C with no solution to p(z) = 0 are constant polynomials (Fundamental Theorem
of Algebra).

In general, every polynomial over C does factorise as

a(z—z1)(z—22)...(2 — 2zn).

Given a rational function f(z), f(z) is defined for all but finitely many complex values. If f(z) = 28 then
h(z) # 0 except for finitely many values of z.

1.3.1 The Exponential Function

Let z = z + iy, with z,y € R.

Define

z

exp(z) =e
— ea:—i—iy
=" (cosy +isiny).

n

The formula e® = 3°°° | £: should generalise to e* = 37° 2

n=0 n!"

For this to be the case,

o .
i (iy)"
yi _
€ _Z n!
n=0
2 .3 4
_ o4 WY
—1+1y—2! 3!+4!—|—...

2 4 i3
- vy .y

= cosy +1isiny.

10
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Properties

o o7t = ¢%e follows from e ¥ = e%e¥ Y,y € R. (This is @ homomorphism from (C, +) to (C\{0}, x).)
o *T2m — o7 (as *T2™ = %e?™ = ¢% . 1 = ¢%), 50 exp is a periodic function on C with period 2i.
o |e"t¥| = |e%||e!| = e” - |cosy + isiny| = e®y/cos?y +sin’y = ¥ - 1 = e”. So |e?| = R

e Fory € R, e = cosy +isiny and e™¥ = cos(—y) + isin(—y) = cosy — isiny. So

el 4 el d el¥ — el
cosy= ———and siny = ———
Yy 2 Y 21
Now define, for z € C, . . ) )
1z + e*lZ and . 1z e*lZ
coOSg = ———— S1ln 2 =
2 2i
Then
. e T +e”
cosir =
2
= coshzx
T _ o
sinixz = :
21
. eac +e—l’
=1 —
2
= isinhz.

1.3.2 Complex Logarithms

Given w € C, what are the solutions of exp z = w?

We need w # 0 as exp(z) # 0 (because exp(z) exp(—z) = 1).

For any nonzero w, exp(z) = w is soluble but with infinitely many solutions!
Write w = re? in polar form for y € R. Set z = z + iy, with z,y € R.

Then exp(z) = e®e¥ should equal re'.

e’ = |emeiy| = ‘reia‘ =r > 0. So z has to equal log r.

Then we get el¥ = ¢, i.e. y = 6 + 2n7 where n € Z.

So e? = rei? has solutions

z:logr+i(9+2mr)‘

where n € Z.

Any of these solutions is a logarithm of re'? = w, that is, if w € C\{0} then a logarithm of w is a solution to
expz = w.

One logarithm of w is log |w| + iArg(w). We call this the principal logarithm and write it as Log(w).

As before we can deduce that

11
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log(zw) = Log(z) 4+ Log(w)

+ 27ni
(n € N).
Example
Log(—3 — 4i)
¢
4 5)
—l
3
Here,

Log(—3 — 4i) = log |3 — 4i] — 6i

4

3
=logh —1i (g + arctan) .

2 Main Course

We want to be able to study differentiable functions on subsets of C.

2.1 Open and closed sets

An open disc is a set of the form

D(a,r) ={z€Cl||z—a| <r}
where a € Cand r € RT.

A closed disc is one of the form

D(a,r)={z€C||lz—a|<r}
and a punctured open disc is one of the form
D'(a,r)={2€C|0< |z —a|l <T}.

12
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&2
&2
&2

Let A C C. Each point a € C is either an interior point of A or an exterior point of A, or a boundary point
of A.

a is:

¢ an interior point of A is there is no » > 0 with D(a,r) C A (for example, a;)
e an exterior point of A if there is » > 0 with D(a,r) N A = 0 (for example as)

e a boundary point of A if a is neither an interior nor exterior point of A (for example, as)

FETTI seteee,,

A subset A C Cis open if all a € A are interior points of A, i.e. no element of A is a boundary point of A.

A subset A C C is closed if every a € C which is a boundary point of A is an element of A, i.e. A contains all
its boundary points.

Claim

1. D(a,r) is open

2. D(a,r) is closed.

13
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Proof

1. Let b € D(a,r). We need to prove b is an interior point of D(a,r), i.e. we need to find s > 0 with
D(b,s) C D(a,r).

Trys=r—|b—al.Letz e D(b,s). Then |z —b| < s.
We need to prove that z € D(a,r), i.e. that |z — a|] < r. then

|2 —al = |(z =) + (b —a)|
< |z —b| +|b— a| (by the triangle inequality)
<s+|b—al
=T
So z € D(a,r) and D(b, s) C D(a,r).
We should have proved that s > 0 butas b € D(a,r) then |[b —a| <randsos=r—|b—a| > 0.

2. To show D(a,r) is closed, we need to show every boundary point of D(a, r) is an element of D(a, 7). It
suffices to prove that if b ¢ D(a,r) then b is not a boundary point of D(a,r) (which is the contrapositive),
so that |b —a| # r.

So we shall show that each b ¢ D(a,r) is an exterior point.

We claim there is s > 0 with D(b, s) N D(a,r) = 0. Take s = |b — a| — 7.
Note that as b ¢ D(a,r) then |b — a| > r.
Skipping the details, we again use the triangle inequality.

14
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Examples

e C is both open and closed.

e B={zecC||z| <1and J(z) > 0} is neither open nor closed.

— For example, 0 and i are boundary points of B. 0 € B so B isn’t closed, buti € B so B isn’'t open.

2.2 Domains

A domain is a connected open set.
A subset A C Cis bounded if A C D(a,r) forsomea € C, r > 0.

C is unbounded, as we can’t have C C D(a,r) as a + 2r ¢ D(a,r).

Definition An open set ¢/ C C is connected if for any 2 points a and b in U, | can join a to b in a finite
sequence of straight line segments contained within ¢{. (This is only appropriate for open sets.)

Examples

e D(a,r) is connected.

— Let b,c € D(a,r). One can join b and c directly by a straight line segment which itself lies within
D(a,r).

e U ={z € C|R(z) # 0} is not connected.

— U consists of points off the imaginary axis. Any sort of path made up of line segments from —1to 1
must cross the y-axis so can't lie entirely inside Y.

15
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e Consider A(a,r,s) = {z€C|r < |z—a| <s,r,s € R,0 <r < s}, the annulus with centre a and the re-
gion between the two circles |z — a| = r and |z — a| = s. This is connected.

— Draw a polygon inside A(a,r, s) encircling the centre. For z,w € A(a,r,s) we can join z and w to
the polygon by straight line segments, so to get = to w, we walk from z to the polygon, walk around
the polygon, then walk to w. So the annulus is connected.

.................. Z

2.3 Convergence of sequences
Let (z,) be a sequence of complex numbers. We say (z,) converges to z or z,, — z or lim,,_, 2, = z if either

e R(z,) > RN(2)and I (z) = I (z)

o |z, —z| —0.

(These are equivalent.)

> o2, 2n cONverges to z if Y7 z, converges to z as N — oo (same as in real analysis).

16
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1
11—z

We claim that if |z| < 1 then > ;2™ converges to

N N
= 1-=2
SO
N
1 " ZNJrl
l—z_zz C1—z
n=0
—0
as |z| < 1.

As with real series, >"°  z, is divergent when z,, /4 0. If |z| > 1 then 2" /4 0.

The “calculus of limits” works over C in exactly the same way as over R.

Lemma (Absolute Convergence) If > >  |z,| converges then so does >, z,.

Outline of Proof Apply the real versionto > R (z,) and > 3 (z,), etc.

We say > z, is absolutely convergentif > °  |z,| converges.

Example ForallzeC,> 2, Z is absolutely convergent since

n:

| nl
=0 n: 0 n:

is a convergent series over R.

“Proof” that }->°  =; = ¢ Note that

I
hE
=| &
WE
‘N
3
E":
3

I

3
=

17
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At (x), we interchanged the order of summation. This is legitimate as the “double” series is absolutely conver-
gent.

In particular, if z,y € R, then

i (z+iy" < ﬁi (iy)"
n! N n! n!
n=0 n=0 n=0
= e"(cosy +isiny)
= ™Y,

2.4 Continuity

Definition Let f: A — C where A C C. We say that f is continuous at « € A if all sequences (a,,) € A with
an — a satisfy f(a,) — f(a).

We say f is continuous on A if f is continuous at all a € A.

Examples Obviously constant functions are continuous and f(z) = z is continuous.

Theorem Continuity holds under addition, subtraction, multiplication, division and composition, subject to the
usual caveats (dividing by zero/well-defined composition, etc.)

Proof Same as for real analysis.

Remark Polynomials are continuous on all of C, rational functions are continuous where defined.

Important Example f(z) = exp z is continuous.

Proof Suppose a,, — a. We will show that e?» — e°.

Note that

Qn
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As b, — 0, |b,| < 1 eventually. That is, there exists N € N with |b,| < 1¥n > N.

Hence

as |b,| < Iforn > N.

As b, — 0, [e” — 1| — 0 so that e’ — 1 as required.

Hence exp(z) is continuous on all of C.

-10 -8 -6 -4 -2 0 2 4 6 8 10

Here is a complex plot, generated with MATLAB, to illustrate the continuity of exp z. The brightness illustrates
the absolute value (so |z| = 0 is black, and |z| — oo leads to white), and the arguments are represented by
hue (on a colour scale) where an argument of 0 is red, and an argument of « is cyan. Notice that there are no
discontinuities (e.g. changing colours/shading along lines or points) so this is visual confirmation that exp z is
continuous, and you can see that it is actually periodic (with period 271 - the colour of a point will the exactly

the same as that 27i above it).

19
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Important Example ¢(z) = Log(z) is not continuous.

Let (a,,) be a sequence of points convergine to a = —1 from below the real axis (e.g. a, = —1 — %).

n

&2

(5]

Now g(a) = Log(—1) = im but the principal arguments of the a,, are negative and tend to —m as n — oo so that

lim Log(ay,) = —im # Log(a).

n—oo

As in real analysis we can deal with limits of functions, i.e. lim,, f(z) = b means that f(a,) — b for all
sequences (a,) with a,, — a such that a,, # a.

20
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There is a slit on the negative real axis; the colours are not the same on either side of the line, so the arguments
on either side do not reach the same limit.

2.5 Holomorphic Functions

Definition Let f: A — C (with A C C). We say that f is differentiable at a« € A if
i ) = /(@)

z—a z—a

exists. This limit is called f’(a) provided it exists.

Definition A function on an open set & which is differentiable at every point of U/ is called a holomorphic
function on U.

Theorem As inreal analysis, if f and g are differentiable then so are f +g, fg, /g, f g, g o f subject to the
usual caveats, and their derivatives are given by the standard formulae from calculus (product/quotient/chain
rules).

The proof is the same as in real analysis.

Examples

1

* 2241

. . d 1 o 2z
has derivative ;- <22+1) =~ @i2

2 . . 2 2
e ¢*" has derivative L (ez ) = 22¢% efc.

21
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Theorem exp(z) is differentiable and it is its own derivative.

Proof
e? —e? e’ % -1
= ea —_—
zZ—a zZ—a
SO
) e? — e z—a 1
lim = < lim =1
zZ—a Z — Q zZ—ra Z — Qa
e’ —
< lim =1 (settingw =z — a)
w—0 w
But
e —1 i wn L
w - n!
n=1
wn72
= W '
= nl

and by an argument similar to that which was used for the continuity of exp(z) we get that

wo__
lim <e L 1> -
w—0 w

whence L (e*) = e* forall z € C.

]
Corollary
— = —sinz, etc.
P (cos 2) sin z
Proof
d ( ) jel* — je~i?
—(cosz) = ——
dz 2
_eiz 4 efiz
B 2i
= —sin z, etc.
O

22
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Example Letg(z) = z*.
Leta € C. Then

zZ—a Z—a
_(z—a)*
~ (z—a)
so that

/ _ (Z_a)*
g(Z)—;l_% (Z*CL)

:limz—

w—0 2

provided the limit exists.

But this limit does not exist! Let a,, = 1 — 0 as n — co. Now

(an)” _ 1/n
a,  1/n
=1—1.
Butif b, = 1 — 0 as n — oo we have
(bn)* —i/n
b, i/n
=—-1—= -1

So g(z) is not differentiable anywhere!

2.5.1 Theorem (Cauchy-Riemann Equations)

Let

fz+1iy) = u(z,y) +iv(z,y)
where z,y, u(x,y),v(z,y) € R.
If fis holomorphic on an open set I/ then

ou Ov ov ou

So the real and imaginary parts of a holomorphic function f almost detemine each other; ®(f) = u and
3(f) = v are deeply entwined with each other.

Proof Letzy=xz9+iyo € U. Then

e = tig A=
i FE )~ f ()
h—0 h

23
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1. Specialise h € R. Then

[u(zo + h,yo) + iv(zo + h,yo) — u(xo, yo) — iv(zo, yo)]

F(z0) = Jimy h
~ lim u(wo + h, yo) + u(xo, yo) +ilim v(zo + h,yo) — v(zo, Yo)
h—0 h h—0 h
ou L Ov
= —_— 1 —
O |(s000) 0% (zo,0)

2. Specialise h = ik with k£ € R. Then

f'(20) = lim [u(20, yo + k) + (2o, Yo + k) — u(zo, yo) — v (o, yo)]
0 k—0 ik
v(xo, Yo + k) — v(wo, yo)

= lim iy (0,0 + k) — u(zo, yo)
k—0 k k—0 k
8y (zo,y0) ay (z0,y0)

Compare both results (equating real and imaginary parts) to give

@
ox

o
o

ov
and p

_Ou
dy

(z0,y0) (z0,%0) (w0,y0) (z0,%0) .

A converse If f(z +iy) = u(z,y) + iv(z,y) is a function on an open set U, then if f satisfies the Cauchy-
Riemann equations and %Z and g—z are continuous on U then f is holomorphic. The proof is omitted here, but
see Chen’s notes - to which there is a link on the website.

Example
flz) =¢
In this case, f(x + iy) = e* (cosy + isiny) with u = e* cosy and v = e* siny. Then
ou . v .
—~— = €7 Cosy —— = e"smy
o %
—v:excosy ——u:exsiny
oy oy
confirming f to be holomorphic.
Example
flz)=2"

In this case, f(x +iy) = z — iy withu =z and v = —y.

But % = 1and §¢ = —1 # § so f isn't holomorphic.
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Example

f(z) = 2|
In this case, f(z +iy) = /22 + y? with u = /22 + y? and v = 0. Therefore

8u: T and@:— Y

O Py Oy P4

but also
0
G _0v_y,
or Oy

The Cauchy-Riemann equations can’t hold unless x = y = 0, but then g—g and %Z would not exist.

Therefore f isn’t differentiable anywhere!

Application A holomorphic real-valued function has to be constant. Since v = 0, then by the Cauchy-
Riemann equations,

ou_ou _
oxr Oy
and
Ou_ _ov_,
Ay ox

SO u is constant.
Claim Log(z) is holomorphic on the set C\ {z|z € R,z < 0}.

Proof For convenience, we'll prove this for { z = = +iy| « > 0}.

For z > 0,
Log(x +iy) = log |z + iy| + iArg(z + iy)
= log /2% + 42 + iarctan 2.
x
In this case, u = §log(z* + y?) and v = arctan £.
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ov
y

x2+y2

The derivatives all agree, so Log(z) is holomorphic for R(z) = = > 0.

Then for when z < 0 and y > 0, u is the same as before and v = i [ — arctan £]. And for when when = < 0
and y < 0, u is the same and v changes sign from the previous case.

2.6 Paths and path integrals

These are analogous to “line integrals” in the plane.

A path is a continuous map ~ : [a,b] — C. It is smooth if ~ is differentiable and +/ is continuous.

We can write v(t) = z(t) + iy(t), with =,y : [a,b] — R.

~ is continuous (and differentiable) if both = and y are.

26
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&2

Examples

1. Let 21,2, € C.
The line segment from z; to 29 is the path v : [0,1] — C defined by

Y(t) = z1 + t(ze — 21).

Sometimes we denote this as [z, z2] .

&2

21

2. LetzpeC,r>0,a, € Rand a < B.
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Define 7 : [«, 5] — C by
v(t) = 2z + re.

~ is an arc of the circle centre z and radius r.

o
.
e

.
.
.

o
ot
""""""

If « = 0, 8 = 2w, one traverses the whole circle. If « = 0 and 8 = 4, then the circle is traversed twice,
and so on.

Both of these paths are smooth, as 7/(t) = 2, — z; and (t) = ire'’ respectively (which are continuous).

Path jargon
For the path v : [a,b] — C:
v(a) is the start point
e 7(b) is the end point

)
fv(a) = v(b) then the path is closed (e.g. a full circle)

If v(t) = v(s) = t = s then the path is simple (i.e. injective). It doesn’t intersect itself except it might
close up at the end.

o v~ =n~(-t)isamap~y~ :[-b,—a] — Cis the reversal of ~.
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Examples

Simple closed path Simple but not closed Closed but not simple Neither closed nor simple

Let f be continuous on an open set U. Let v : [a,b] — C be a smooth path contained in U{.

Define

b
/ f(2)dz = / FO/ @)Y (1)t

(as a mnemonic, z = «(t) so dz = ~/(t)dt),

In the last integral, we integrate a complex function over a real variable.

/ab (u(t) +iv(t)) dt = /abu(t)dt -H/abv(t)dt.

Naturally

Example Integrating

f(z) =z
over ~, the line segment from 1 to 2 + 2i. So then

~v:10,1] = C
£ 1+ t(1+ 20)

so~/(t) =1+ 2i.

/ /01 (14 2i)t) (1 + 2i)dt

1
/ (14 21) + (=3 + 4i)t) dt
0

1
[ +21t+ (=3 + 4i) 2

0
1

+21+2( 3 + 4i)

1
) + 4i.
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Remark
There is a connection with line integrals:

flz+iy) = u(z,y) +iv(z,y)
/f(z)dz = / (u(z,y) +iv(z,y)) (dz + idy)
v v

Some properties

o fv (f(z) +g(2)dz = fv f(z)dz + fv g(z)dz
. f'y af(z)dz = afvf(z)dz Va e C
o Ify~ is the reversal of v, then [ _ f(2)dz = — [ f(2)dz.

. f,y f(z)dz = fw f(z)dz+ fw f(z)dzwhere v : [a,b] = C,y1 : [a,c] = Cand 2 : [¢,b] = C,witha < ¢ <b.
Also y1(t) = ~(t) and y2(t) = (¢).

2

¢ Notation: f;”f f(z)dz means f7 f(z)dz where ~ is the line segment from w; to ws, - this only makes sense
if f is defined in a domain containing this segment.

2.6.1 Theorem (Fundamental Theorem of Calculus)

Assume f : U/ — C is holomorphic and I/ is open. Also assume that f’ is continuous. Then

If v is a closed path, then [ f'(z)dz = 0.
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Proof
b
[ £@a= [ 1 e
Y a
b
= / %f (v(t)) dt (applying the chain rule in reverse)
=1f ('y(t))]iiz (by the real version of the Fundamental Theorem of Calculus)
= f(v(b) = f (v(a))
]
Example

24-2i
/ zdz
1

using the Fundamental Theorem of Calculus.

24-21 2+2i 2
/ zdz = / i <Z> dz
1 1 dZ 2

(2422 12
o 2 2
_4+8i-4-1
o 2

1

Example
On U = C\(—o0,0], Log(z) has derivative .

So if v is a path from w; to w2, which does not touch the negative real axis or 0, then

/ % = Log(ws) — Log(wy).
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&2

w1

However, if 4 is the unit circle:

then
d 27 /t
/z :/ ) 4
o z 0 ’Y(t)
2+ it
:/ =dt
o €
27
= i/ tdt
0
= 27i # 0.
Corollary

— is not the derivative of any holomorphic function defined on a region containing the unit circle.
z

2.7 Contours

A contour of v = (v1,...,7,) is @ sequence of smooth paths “arranged end-to-end”, i.e. the end-point of v; is
the start point of ;1. It is closed if the end-point of v, is the start point of v, (The last two contours shown
are closed.)
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V3 V2 -

'71 ’yl \

. .

Y2 7 Y2

For a contour v = (71, ...,v,) define

Af(z)dz—AI f(z)dz—i—.../%f(z)dz.

The Fundamental Theorem of Calculus also works for contours. In particular, f7 f'(z)dz = 0 if v is a closed

contour.

Estimations of contour integrals
If v is a smooth path ~ : [a,b] — C, the length of ~ is

b
() —/ 17/ (t)] dt

and the length of a contour v = (y1,...,v,) is

(y) =D ().

Example
If v is a line segment from wy to ws, that is,

~v:[0,1] = C

t— wq +(w2 —wl)t

and +/(t) = ws — wy. Then trivially, £(y) = [ |wa — wi| dt = [wa — w1

Example

Vi, Bl = C
t — wqo + re't
with wy € C and r > 0.
Then +/(t) = riel’ and |7/ (t)| = r.
So
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A whole circle centre 0, radius r has length 27r.

7 :[0,47] — C, v(t) = €' has length /() = 4r etc.

Lemma If f is complex-valued then

/ bf(t)dt‘ < [vwla

Proof Let

I:/bf(t)dt
eC

We claim that there is a = ' with a € R, such that ol = |I|.

1

When I = 0, any « works, otherwise T has absolute value so it equals e with a € R. Then |a| = 1.

|| = al
B
:/ af(t)dt

- /f u(t)dt + i/j v(t)dt

where u(t) = R[af(t)], v(t) = S [af(t)).

Since || is real,

b
1| = / u(t)dt

b
= [ Rlaf@)]dt

a

b
< / af(t)]dt

b
- [CIswla

as |a| = 1.
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2.7.1 Corollary (ML-Bound)

Consider a contour v and a continuous function f defined on ~. Suppose |f(z)| < M, for all z on ~.

Then
f(z)dz| < ML

v

where L = {(y).

Proof Assume ~ is a smooth path v : [a,b] — C. Then

b

f('y(t))’/(t)dt‘

< [ 17 () 7/ (0)] e (by the Lemma)
b
<M / o/ (8)] dt (as | £ (+(1))] < M)

=ML.

Example Showing that

eZ
‘/ 5 dz| <em
v ? + 2

where ~ is the arc of the unit circle to the right of the imaginary axis.

R

i
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On ~,
|ez’ _ e%(z)
< el
fry e1 = e
and also

|2 +2| > 2—|2°| (by the alternate triangle inequality)
=2-1=1

1 1

< —

22+ 2’ —1

So by the ML-bound,

2.8 Cauchy’s Theorem

Let f be holomorphic on a domain ¢/ and let v be a closed contour inside U/.

U
2

By the Fundamental Theorem of Calculus, if f has an “antiderivative” g, i.e. f = ¢/, then

/Wf(z)dz - [/g’(z)dz =0

But [, % = 27 # 0 where v is the unit circle.

The function f(z) is holomorphic everywhere except at = = 0, and this lies inside the contour ~.

Vague Cauchy’s Theorem If f is holomorphic on and at all points inside a closed contour v, then f7 f(z)dz =
0.
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Cauchy’s Theorem for triangles WARNING: The proof of this theorem is the hardest in the course!

A triangle 7 consists of 3 points its vertices, the line segments joining these 3 points, the edges and the interior
points. Points lying inside intervals with endpoints on two different edges of the triangle.

w3

W9y

or

w1

Use 7 to denote a typical triangle (set of vertices, edge points and interior points) and 97 denotes the boundary
of T (vertices and edge points but not the interior points). We also use 97 to denote the contour formed by
the edges. For definition’s sake, assume that 97 goes round anticlockwise.

Theorem (Cauchy’s Theorem for Triangles)
If f is holomorphic on a domain ¢/ and 7 C U is a triangle, then [, f(z)dz = 0.

Remarks

1 [or f()dz = [ f(2)dz + [ f(z)dz + [} f(2)d= (integrals along straight line segments).

2. If we knew f’ was continuous on U/, then Cauchy’s theorem follows quickly from Green’s Theorem. In
fact f” will be continuous, but proving that relies on this theorem! (To see the Green’s theorem proof see

William Chem'’s notes).

Lemma
Let 7 be a triangle with vertices w1, wo, ws.
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w1

zZ3

w2
21 w3

Then
4

f(z)dz = Z/BT f(z)dz.

Here we take the boundaries in the anticlockwise direction.

Jor, F(2)dz+...+ [57. f(2)dz is the sum of 12 integrals over the sides of the small triangles, 6 of which cancel,
e.g.

N f(2)dz occurs in f(z)dz

23 o1
z3

and f(z)dz occurs in f(z)dz
29 oT2

and these cancel.

23
Also f(2)dz occurs in f(z)dz
wp oTh
w2
and f(z)dz occurs in f(z)dz
23 oT2

and these add to give f(z)dzwhich occurs in / f(z)dz.
T

w1

The remaining 6 integrals combine in this way to give fm-f(z)dz.

Proof of Theorem
Write
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I(T)

/8 S

I
.Mdk

1(T;).

1

J

One of these 7; satisfies |1(7;)| > +|1(7;)|. Set T = 7 and T = 7. Note that 7; has side lengths half of
those of 7. We get a sequence (T(m)) of triangles by repeating the argument, with

T(m+1) T(m),T(O) cT.

Aﬁ @

The side lengths of 7™ are 5% those of 7" and

1 (70| = ).

We claim there is a point zo with zo € 7™ for all m.

(The website has a proof that a decreasing sequence of closed bounded non-empty subsets of C has a point
in common)

Take ¢ > 0. The function f is differentiable at z, i.e.

f2) ~ f(z0)

o — f'(20)| = 0.

lim
zZ—20

Therefore we can pick a radius such that

e f is holomorphic on D(a,r)

M — f'(20)| < e for z € D(zp,7).
zZ— 20
On D(zo, ),

£ (2) = f(20) = ['(20)(2 = 20)| < ez — 20l
Let g(2) = f(2) — f(20) — f'(20)(z — 20). For large enough m, 7™ C D(z, ).
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Tﬂl

So

/ g(z)dz| < e -length (87'(’”)> -max |z — 2o
o7 (m)

=e2""Pd,,

. 1 .
(where d,,, = greatest side length of 7(™) = o X greatest side length of 7 = 25)
m

= g4~ p?

but g(z) = f(2) 4+ a + bz for some constants a and b.

/67(7”) g(2)dz = /87<m) f(z)dz + /BT(m> (a+bz)dz

=1 (T(m)> + /87'<m> % <az + ;bz2) dz=1 <T(m))

=0

SO

2.9 Star Domains

A star domain is a domain in C with a star centre. A point z, is a star centre of I/ if for all z € U the line

segment from z 1o 2y lines inside U.

Examples

1. Discs are convex; every line segment with endpoints in the disc are in the disc.
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2. An annulus is not a star domain.

If z9 lies in the annulus, let z; be a reflection of zy about the centre, then the line segment from 2 to z; is
not contained in the annulus.

3. Theslitplane &/ = C\ {z € R|z < 0} is a star domain. 1 is a star centre.

Theorem
If fis holomorphic on a star domain U/ then f = ¢’ for some g holomorphic on /.

Proof Let z; be a star centre of U/.

<0

Define

o) = [ :f(w)dw'

We need to prove that

. <g<z+ b -gt) f(z)> .

h—0

As U is a domain, U is open so there is » > 0 with D(z,r) C U. In considering this limit | can assume |h| < r.
So z+heD(a,r).
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”?+h

Let 7 be the triangle with vertices zg, z, z + h. | claim that 7 C U. The line segment from z to z + h lies in
D(z,r) and so also in U.

For any point 2’ on this line segment, the line segment from 2, to 2’ lies inside ¢/ as U is a star domain, and z
is a star centre. Any point inside 7 lies on a line segment from zyto a point on the line segment between z and
z+h,s0oT CU.

We can apply Cauchy’s theoremto T, so that [, f(w)dw = 0, i.e.

[ stwau— | " fwydw + / " fw)dw =0

z+h
— ge+h) —g(z) = / f(w)duw

; —alx z+h
_ +h})l 9 )_f(z):i/z (f(w) — £(2)) dw

1
< —
I

ECETCI.

z+h
/ (f(w) — £(=)) du

Pick ¢ > 0. For some s > 0 (s < r if we like) D(z, s) has the property that w € D(z, s), then |f(w) — f(2)| < e.

As f is continuous, hin (f(w) — f(2)) =0.If |h|] < s, then |f(w) — f(z)] < ¢ for all w on the line segment from
ztoz+h.

So | can take ¢ for ” M” in the ML-bound, with the length of the segment being |A| .
So

z+h
[ @ - ey <<

h =€

holds if |h| < s. So Ve > 03s > 0 such that the above line holds, and therefore from the definition of the limit,

. <g<z+ b-gte) M) .

h—0

Thus g is differentiable at z and ¢'(z) = f(z2).
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Corollary (Cauchy’s theorem for star domains) If I/ is a star domain with f holomorphic on ¢/, and ~ is a
closed contour on U, then [ f(2)dz = 0.

Proof There exists g with f = ¢’ such that f7 f(z)dz = fv ¢'(z)dz = 0 by the Fundamental Theorem of
Calculus.

g

Example

where + is the unit circle.

The integrand (however horrible looking it is) is holomorphic on D(0, v/2), which contains the unit circle ~, and
is a star domain. So the integral is zero.

Example
U=C\{z eR|z <0} (the "slit plane")

is a star domain with star centre 1. Now 1 is holomorphic on i, so 1 = L'(z) for some L(z). We can take
L(z)= [{ dw,

—J1 ow

We claim that on U, L(z) = Log(z).
To prove this, assume |z| > 1, J(z) > 0 (not essential - slightly different diagrams needed for other cases).

| claim L(z) = f7 dw where ~ consists of the line segment from 1 to |z| and the circular arc s from |2| to |z|
(centred at 0).

~1 followed by ~» followed by the reverse of the line segment [1, z] is a closed contour, so as i/ is a star domain,
the integral over this contour is zero, i.e.
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/ dw /lzi dt
where — = —
7w IR

= log |z] .
72 is parametrised by y(t) = |z| !, for 0 < t < 6 = Arg(z), ' (t) = i|z| e'’. Then
d Arg(z) : it
[ [,
yp W 0 |z| e
= iArg(z)

Therefore

L(z) =log|z| + iArg(z)
= Log(z).

This constitutes another proof that Log(z) is holomorphic on the slit plane, with L'(z) = 1/=.

2.10 Cauchy’s Integral Formula

Theorem (Cauchy’s Integral Formula for a Circle) Let Z/be a domain. Suppose D(a,r) C U. Let v be the
circle centre a and radius r. If f is holomorphic on ¢/ then

v

for z € D(a,r).
Note that this formula expresses the values of f in the interior of the disc in terms of its values on the boundary

of the disc.

Proof (technical claim) There exists © > r such that D(a,r’) C U. The proof of this initial remark is in a
document on the website.

Assume that f is holomorphic on D(a,r’). Let z € D(a,r). Let 41 be a small circle, centre = radius s > 0
contained inside D(a, r).

We claim that

Draw a line horizontally through z. Use this to define contours ~, and ~3 as shown.
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We claim that that

In the first sum, the integrals over the horizontal edges cancel.

The integrals over over arcs of the big circle add to f ! w)dw and those of the small circle add to — f7 P Zdw.
Consider f () ~dw. The function ( ) is not holomorphic on w = z, so what we want to do now is consider a

contour over which fu(f’z) is holomorphlc and dodges this singularity.

Now consider &’ which is obtained by deleting z and all points vertically below it from D(a,r’); U’ is a star
domain.

By Cauchy’s theorem, | I®) 44y = 0 and similarly,

Y2 w—z
flw )dw—0=>/f(w)dw:/ f(w)dw.
v 7

vy W2

Parametrise v, by 71 (t) = z + de'’ with ¢ € [0, 27], and v} (t) = idel.

w—z  Jo delt
27 )
=i f(z+det)dt
0

2 i
[0 [T I
7

Now let 6 — 0. We claim that )

lim f(z+ dei)dt = 2nf(2).
6—0 0

So we need to justify this claim. Note that

2w

. 271— .
(2 + Set)dt — 2 f(2) = /0 [F(= + ) — f(2)] dt

0

and as f is continuous at z, given ¢ > 0 there is some > 0 such that |f(u) — f(2)| < e if u € D(z, 7).
Soif § <n,

2T

/027r [f(z + 6e't) — f(2)] dt‘ g/o | f(z+6e) — f(z)|dt

< 27e.

So this shows that lims o [i." f(z + de'*)dt = 27 f(z). Therefore
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as required.

Example

where ~ is the circle centre 0, radius 2.
Start off by parametrising v(t) = 2e' with ¢ € [0, 27].

Also, note that z + 1 = z — (—1). By Cauchy’s integral formula, as f(z) = ¢** is holomorphic on C, we have

e*dz
= 2rmif(—1
| S5 =it

= 2rie.

Example

where ~ is the circle centre 1, radius 1.

Note that
e2z e2z
2-1 (z+1)(-1
@)
z—1
where f(z) = 7.

f(z) is holomorphic on and inside ~, so the integral is

o2
2mif(1) = 271'15
= mrie?,

46



Oliver Bond ECM3703: Complex Analysis Lecture Notes

Cauchy’s Integral Formula for other closed contours

The formula holds for f holomorphic on and inside a rectangular contour. The idea is the same, i.e. that
integrating over the rectangle is the same as integrating over a small circle, and this reduces to proving that
integrals along the two contours are zero etc.

We claim that the formula is true for all simple closed contours, if a contour is traversed anticlockwise. The
idea is to reduce to an integral over a small circle, and break up the different into contours each contained in a
star domain.

There is a well-defined notion of anticlockwise on 7 then if f is holomorphic on a domain containing + and its
interior, fvf( z)dz = 0 and for z in the interior of v, f 27” f7 L) Q.

w—=z

Cauchy’s Integral Formula for the Derivative

Theorem Let v be a simple close contour. Let f be holomorphic on v and its interior (we always assume ~
is taken in an anticlockwise direction).

If z is in the interior of ~, then

Proof The idea is to consider Cauchy’s integral formula and differentiate it with respect to z. But we shall
proceed carefully!

Define

To show that F'(z) = f/(z) we need to prove that

lim (f(Hh})L_f(Z) —F(z)) = 0.

h—0

Let = be in the interior of . Pick § > 0 such that D(z, ) is contained in the interior of .

We claim that | f(w)| is bounded on ~. If | have some parametrisation of v, then ~ : [a,b] — Cthent — |f (v(¢))]
is a continuous real-valued function on this interval, so it is bounded.

There is M > 0 with | f(w)| < M for all w on ~. There is M > 0 with | f(w)| < M for all w on ~.
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Let 0 < |h| < d. Then

1 1 1 1 1
:27Ti/7 hlw—z—h) (w—2)| (w—2z)2 Jw)dw
—_—————— ——

L J(z+h) f(2)
1 [ 1 1
:27'('1/Y (w—z—h)(w—2) (w—2)? J(w)dw
1 (w—2)—(w—2z—nh)
27i [Y (w—2)*(w—z—h) Jw)dw
h/ f(w)dw
2mi [, (w—2)*(w — z — h)
|f(w)| < M, |w—z| > 6 forwon ~ and D(z, ) doesn’'t meet ~.
By the “alternate” triangle inequality, we have
|lw—2z—h|>d—|h|
flz+h) - f(2) 1]
. _ < 1 .
: ‘ Y F(z)| < o7 920 — Jh]) length(7)
—0ash—0.
So
fz+h) - f(2)

as h — 0, whence F(z) = f'(z).

Using this for z in the interior of v we get

li -2
e h o

ACEDES (O (DI
Y

The proof is very similar to the above but the algebra is slightly fiddlier (if there was a IKTeXsymbol for “sad
face”, I'd be obliged to put one here).

Theorem Let U/ be a domain, with f holomorphic on ¢/. Then f’ is also holomorphic on /.
Consequently, if a complex function is differentiable once, then it is infinitely differentiable! Wow!

Proof Letz € U, v be a circle with centre z with with v and its interior contained in I/ (this is okay because U/
is open).

Then

i FGHD) = 1)
h—0 h

exists (derived above), and then f”(z) exists and so on!
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2.10.1 Corollary (Cauchy’s Formula for the nth Derivative)

If fis holomorphic, the nth derivative of f exists for all n € N.
We also get Cauchy’s integral formula for the nth derivative, under the hypotheses of Cauchy’s integral formula.

2mi

Outline proofs

1. Follow proof for f’(z) making appropriate modifications.

(") (1w
ifwf (w)

2. Integrating £ (z) = coih o dw by parts n times.

Example

where ~ is the unit circle.

/szdz _ / f3(+3dz where f(z) = sin z (holomorphic on C)
-

By Cauchy’s integral formula,

3! f(z)
an 9 dz
770 = 27 /7(2 0)3+1
_ 6 / f2) .
2mi [, 24
However, f”/(0) = —cos0 = —1, so
6 /SIDZ
v
sin z 1
2%y = ==
— /7 4z 3
Example

where + is the circle with centre 0 and radius 2.

The denominator of the integrand vanishes at z = 0 and z = —1, both of which are inside v, so we can’t apply
Cauchy’s integral formula directly.
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e Method 1: “Break up” «y into two contours each encircling one of the values z =0 or z = —1. So

Lf@mzzﬁj@mxﬁéf@mz

— /2edZ:/ g(j)dz—i‘/ h(Z) dZ
5 23z +1) m Z b 211

where g(z) = %7 and h(z) = &, holomorphic on and inside ~; and v, respectively.

By Cauchy'’s integral formula,

v 2

z+1)
z z z
—omi | ——— —— || +2mi |5
z+1 (Z + 1) z=0 z z=—1
=0+ 2mie”!
_ 2mi

[§]

¢ Method 2: expand Wlﬂ) into partial fractions.

1 A B C

22(z+1) PR R
z z z z
w/‘;ath/e®+B/z®+C/e dz
5 22z +1) y 2 v 2 4 2+1

e Method 3: Calculus of residues (later).

Cauchy Estimates

Theorem Let f be holomorphic on a domain containing the closed disc D(a,r). Let M be an upper bound
for | f(z)| for z on the circle centre a, radius r. That is, | f(z)| < M for all z with |z — a| = r-.
Then

Tn

Proof Let~ be the circle centre a and radius r. Then by Cauchy’s integral formula,

27i

n n! f(w
™ (a) = '[y(w—(a))”ﬂdw'

On v, |f(w)| < M by hypothesis, where |w — a| = r.
The length of ~ is 27r. So by the ML-bound,

20
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n n! M
1@ < 5 2

n!M

rn

]
2.11 Liouville’s Theorem
Corollary (Liouville’s Theorem) Let f be holomorphic on C (such a function is entire).
Then if f is bounded on C, i.e. there exists M with |f(z)| < M Vz € C, then f is constant.
Proof We can apply Cauchy’s estimates with this bound M, and by any « and any r.
M
|f'(a)] < — (Va € Cand r > 0).
We can let r — oo, and we deduce that f'(a) =0Va € C, i.e. f/ =0.
If z € C,
1) = £0) = [ ftw)de
=0
= f(2) = f(0) VzeC
so f is constant.
O

Corollary (Fundamental Theorem of Algebra) Let

P(z)=2"+ a2 Y+ 4 an_1z +an

be a polynomials of degree n > 1. Then P(z) = 0 has at least 1 solution in C. Wow!

Proof Let f(2) = 1 If P(z) has no root, then f(z) is an entire function. We claim that if this is the case

P(z)
then f(z) is bounded.

flz)=27"

I+2 4+ ...+ %
with z # 0. We see that | f(z)] — 0 as |z| — 0.

o1
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There is R > 0 such that |f(z)| < 1if |z|] > R. But |f(z)| is continuous on D(0, R) so |f(z)| is bounded on
D(0, R) (a continuous real-valued function on a closed bounded set is bounded there).

So f is bounded by Liouville’s theorem. Thus f is constant and so P = 1/f is constant.
Butthen P(2) = 2" +a12" ' +... + an_12 + an, 80 | P(z)| — oo so P isn’'t constant! This is our contradiction.

Therefore we must have that P(z) has a zero somewhere.

Corollary If P(z) = 2" + a12" ' + ... + ay_12 + a, then P(z) = (2 — 21)(z — 22)...(z — z,) for some
21,...,2n € C.

Proof By the Fundamental Theorem of Algebra,

P(z1) = 0 for some z;
= P(2) = (- 21)Q(2)

where Q(z) is a polynomial of degree n — 1.

Keep extracting factors to get the desired result.

2.11.1 Corollary (Generalised Liouville Theorem)

Let f be entire. Suppose there are n, C, R such that |f(z)| < C|z|" for sufficiently large = with 2 > R.
Then f is a polynomial of degree at most n.

Proof Leta € C. Then foreach » > 0,

(n+1)!

f(n+l) (a) <

rn+l (T)

where M (r) is some upper bound for |f(z)| when |z — a| < r (by Cauchy estimates).

If we take r large enough, then

when |z —a| =

Take M(r) = C (r +|al)" . Then

|
()| < CED Gy

—0asr — oo.
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. ’f(n—i—l)(Z)) -0

= f () =0
= f(z2)=Ag+ A1z + ...+ A,2" (integrating n + 1 times).

Example Suppose |f(z)| < |z| + 1 for all z € C where f is holomorphic. Prove that f(z) = Az + B where
|A|<1land |B| <1.

Proof If |z| > 1then

|f(2)] < 2| +1
< 2|z
so by the Generalised Liouville theorem, f(z) = Az + B where A, B € C.

Now
|B| = |£(0)]
<|oj+1=1
by the condition |f(z)| < |z| + 1.

By Cauchy’s estimates,

Al = £0)] < ~M()
with z = > 0.
On |z| =,
[f(2)] < lz[ +1
=r+1.

Take M(r) =r+ 1.Then [4] < ™t} — T asr — oo, s0 [4] < 1.

2.12 Power Series

2.12.1 Theorem (Taylor’s Theorem)

Let f be holomorphic on a domain ¢/, and suppose D(a,r) C U. Then

(z—a)"

n!

1) =3 F™(a)-
n=0

if z € D(a,r) (the series converges for such z).
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Proof By considering f(z + a) in place of f(z), we can assume a = 0. So D(0,7) C U.

Let 0 < R < r. Then ~, the circle centre 0 radius R is contained in D(0, r).

If |z| <R, f(2) = 5 f7 fw)dw v Cauchy’s integral formula.

w—=z
Now
1 l 1
wfz_wlfi
-5 G)
wnzo w
N+1
1-—
...Zl<i>":l (&) (geometric series formula)
— w \w w 1-(2)
n=0
N+1
_ 1 _(3) i
w—z w—z
N+1 N
— 1 (w) +Zl (z>n
w—z w—z n:Ow w
Therefore

1@ N w)
_%L w—z flw)d +nz:%[Y wntl d
N
_In+Zanz” (*)
n=0

where a, = o5 [ floddw _ 1 (7;)!(0) by Cauchy’s integral formula for the nth derivative.

Now we apply the ML-bound to Iy.

L (/R M

- 27R
R—|7] 4

[In| < o
| f(w)| is bounded by M, say on ~, so that jw| = R on ~.

N+1
Since]zy<R,<%> —0as N = o0, Iy =-0as N — oo.

By putting this limit into (x), we have

g an2"

—Zf z if z € D(0, R).

o4
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If z € D(0,r), |2| < rsolcanchoose R with |z| < R < 7.

Using this particular r, we can get

X £(n)
foy=3 0
n=0

n

Taylor’s theorem says that holomorphic functions are “locally” power series.

Remark Power series expansions may not hold for all points of the domain, but certainly in any disc sur-
rounding a given point. For example,

1
f(z) = .
and a = 1. f is holomorphic on C\{0}.
f is also holomorphic on D(1,1). In this disc,
1
&) =771
_ 1
- (—(z—1))
=3 (1) - 1)
n=0

However, outside of this disc, the series is divergent. f isn’t given by this series outside of the disc.

Again, as in real analysis, there are 3 possibilities.

1. f(z) =307 g bn(z — )™ converges Vz € C.
2. f(z) =302 bn(z —a)™ converges only for z = 0.

3. There exists R € (0, ) (the radius of convergence) such that

£ converges absolutely |z —a| < R
z .

diverges |z —a|l >R
Proof: Same as in real analysis.

The radius of convergence makes more sense over C than R, since the power series converges on a disc of
radius R.

Theorem If the power series ", b,(z—a)" is convergent on D(a, R), then it defines a holomorphic function
f there and moreover

f'(z) = ann(z —a)" ' onD(a, R).
n=1
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Proof Assume a = 0. otherwise replace z — a with z.
Let fi(2) = > o2, nb,2"~L. Robin claims that f; converges on D(0, R).

Let z € D(0, R). One can choose r with |z| < r < R. Then > > b,r™ converges, so b,,r™ — 0, so (b,r") is a
bounded sequence. There is M € R with |b,7"| < M for all n.

-1
-1 _ |2|"
nb, 2" ’ o
SO
| ’ n—1
‘nbnr"_l‘ = ( — |nbpr™|
r T
M <|Z’>n—1
< —n|—
r r
and so

>t < 23 (B)

n=1

which is convergent by the ratio test.
Therefore f1(z) = > o2, nb,2z" "1 is absolutely convergent for 2 € D(a, R).

We repeat the argument for

oo
Znn—l -2
n=2

which also converges on D(a, R).

To show that f is differentiable and f’ = f;, consider

We need to prove that this tends to zero as h — 0.

o6
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f(z+h) = f(z) - Z+h n-1
- — filz) = nz::l by —nz (using the fact that f (= Z bp2")
Now ZF h})I = <Z> n=kp*=1 (by the binomial theorem)

. (Z + h)n — 2" n—1 h g <n> Zn_khk_2

h k
k=2
(z+h)"=2" — (n nk k2
- —n" = [n> . h
k=2
< |h Z: <Z> % (by the triangle inequality)
_ - e in—k k—2
k=2
‘h|zn:n(n—1)(n—2)! s
k-1 (n—k)!(k-2)
_ - 1 (n —2)! n—k |7 k=2
= [hln(n D;k(k—n G i — g A I
< |n|n(n —1) ;} <Z - ;) 12" n)f (@as k> 2,k(k—1)>2-1=2)
n(in—1 n—
= 2L ) gy
Therefore

‘f(z+h]1—f()fl 'ng (n.— 1) [bu] (|2] + B])" 2

If || < R — |2| then |2 + |h| < Rs0 Y.°°, n(n — 1) |by| (|2] + |h|)" % is absolutely convergent.

Let\z|<r<R.|fyh\<rthen‘w fiz )(g L

Indeed, limj,_,q M = f1(2), so f is differentiable with

(o ¢]
= E nby, 2"t
n=1

Inside their disc of convergence, power series define functions that are holomorphic.

Remark: Just as with power series over R, the radius of convergence can be computed by the ratio test, that
is,
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n

if lim =R
n—oo

bn+1
then > b,,(z — a)™ has radius of convergence equal to R.

2.13 Zeros of holomorphic functions

If fis holomorphic, then a zero of f is some z; € C such that f(zy) = 0.
How does f behave near a zero?
Let f be holomorphic on i, and f(a) = 0 (a € U).
By Taylor’s theorem, f(z) = > -7, b,(z — a)" (starting at n = 1 as f(0) = 0). This is valid in some disc centre
a.
e Case 1 (trivial): Allthe b, =0 = f(z) =0onadisc D(a,r), r > 0.

e Case 2: Some b, # 0. Let N be the smallest integer with by # 0. Then f(z) = > 77 y bn(z — a)™ on
some D(a,r).
In this case we say f has a zero of order N (this integer is unique) at z = a.

— A zero of order 1 is simple
— A zero of order 2 is double
— A zero of order 3 is triple, and so on.

The order of a zero of f is m at z = a if and only if

fla)=...= " V(@) =0 # [ (a).

Remarked that we can have f(z) = 0 in some D(a,r) if not then f(a) # 0 or f has a zero of order m at a.

Thenas L2 b, #0as z — a, f(z) # 0in some punctured open disc D’'(a,r) = {2z € C|0 < |z —a|] <r}.

G—a)™

Zeros of order m are “isolated”, surrounded by a disc where f(z) # 0 (except from at a).

Theorem If f is holomorphic on a domain ¢, and f is identically zero on some disc D(a, r) with D(a,r) C U,
then f is identically zero on U.

Proof (vague outline) We need the factthat/ is connected. Let V = {a € U] f is identically zero on some D(a,r)} .
Then one proves that

1. Vis open
2. U\V is open

3. In a connected open set U, the only V satisfying the first two rules are V =0 or V = U.
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We omit proofs of these three properties, and say that V = () by the hypothesis so V =/ = f is identically
zeroon U.

2.13.1 Corollary (Identity Theorem)

Let & be a domain. Let (z,,) be a sequence of points in ¢/ converging to w € U with z,, # wVn. Then if f and ¢
are holomorphic on U and f (z,) = g (zy,) for all n, then f(z) = g(z) for all z € U.

Proof Leth(z) = f(z) — g(2). h(z,) = 0 as h is holomorphic and continuous. So also z, - w = h(z,) —
h(w) = h(w) =0.

By the Theorem above, either h is identically zero on U, i.e. f = g on all of U, or h has a zero of order m at w.
Then w is an isolated zero of h, so that h(w) # 0 on some D(w, ).

Let z, — w but 2, # w for large enough n. Then z, € D'(w,r), the punctured disc. But this means that
h (zn) # 0 which is a contradiction.

]
Examples
1. f(z) = 2™ has a zero of order n at z = 0.
2. f(z) =sinz=z— g—? + 25—? — ... has a simple zero at = = 0 and at z = 7 (and other integer multiples of «);

f(z+7) =sin(z + m)
= —sinz
n22n+1

_ (=D
__nzo (2n +1)!

IR Y
f@==2 (2n + 1)
(z =)

6
S0 sin zdoes have a simple zero at z = .

n=0
3

=—(z—m)+

3. f(z):l—coszzl—(1—§+j—?—...):%—...so1—coszhasadoublezeroatz:O.
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2.14 Laurent Series

2.14.1 Theorem (Laurent’s Theorem)

Let f be holomorphic on the annulus A = {z € C|r < |z —a|] < R} where 0 <r < R(< o0). Then

[ =3 bulz—a)

n=—oo
where b,, € C for each n € Z.
This series is called a Laurent series and equals

b_ b
ot — 4 b+ bi(z—a)+ba(z—a) +...

(z—a)®  (2—a)

Proof Let:z € A. Pick r,ry with r < r; < |z — a| < ry < R. Assume without loss of generality that a = 0.

Create contours ~; and s, defined to be circles (both centre 0) with radii ; and r, respectively.

f(z):y[ ) g, - / f(w) dw}

w—z

| claim that

So
Z(v2) = Z(m1) = Z(v3) + Z(7a)

(where in this case, Z(v) is shorthand for - s LW 4.,

2mi w—z

Applying Cauchy’s integral formula to Z(~s), we get
_f fw)
I(vy3) = Ls o Zdw = 2mif(z).

Also, by Cauchy’s theorem, I(~,) = 0.

This means that

f(2) =Z(72) = Z(m)-

Now
I(ye) = Z bn2"
n=0
where b, = % f72 £ () qw (from Taylor’s theorem).
1
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R
2mi z—m—1"

m=

o

Technical point: The formulae for b,, involve 1 or ro.

But a similar argument to Robin’s “circle chopping” contour argument shows that b,, is independent of the radii
r1,72.

So the formula

is true on the annulus.

The Laurent series can be split up as follows.

[’ 0 -1
Z bn(z—a)”:an(z—a)”—i- Z bn(z —a)"
n=0

n=—oo n=—oo

The first term is a power series in (z — a) which converges absolutely for |z — a| < R.

The second term is a power series in (z — a)~! which converges absolutely for ‘Z%a <R.

If ﬁ < R then the Laurent series converges absolutely for ﬁ <|z—al <R.

Example

is holomorphic everywhere except for = = 1, 2. In particular, f is holomorphicon A= {z € C|1 < |z| < 2}.
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I
|
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N |

N = l\J\l—l/\
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|
(e
O
%t\z

n=0

and

Therefore

1 1 o) o —1
_ m
S99 L1 22n+1+ Z’Z
n=0

m=—0o0

. 1 . .
This means that ———————— has Laurent series on the annuli
(z—2)(z—1)

{z € C|0 < |z] < 1} (Taylor series; no terms z"with n < 0)

{z € C|2 < |z|} (Laurent series only with terms z"with n < 0)

which are different to the ones we calculated!

2.15 Singularities

Definition Leti/ be a domain on which f is holomorphic. Let a ¢ U but suppose D'(a,r) = {2 € C|0 < |z —a| <r} C
U for some r > 0.

We say that f has an isolated singularity at = = a. For example, %, Si%, e!/# all have isolated singularities at
z=0.

If £ is holomorphic on D’(a,r), then Laurent’s theorem states that f(z) = >~ b,(z —a)™ on D'(a,r).
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f(z) = fi(2) + fa(2)
o] —1
= Z bp(z —a)" + Z bp(z —a)"
n=0

n=—oo
[e.9]

= an(z—a)"—i— Z m’n
n=0 m=1

principal part of a

is convergent for all z # a.

Definition

e Case (i): If b_,, = 0 for m > 0, so f2(z) = 0, then f has a removable singularity at a. Then

file) = {f(Z) z#a

bo z=a

is holomorphic on D(a,r) and fi(z) =Y . bn(z —a)™.

e Case (ii): f2(z) # 0 but the series has finitely many terms.

-1
B = S bz —a)
n=—N

b_n b_1
(z —a)N R—

where b_y # 0. Then f(z) = 7y bp(z —a)™.
We say f has a pole of order N at = = a (for example, f(z) = 1/z has a pole of order 1 at z = 0).

— Poles of order 1 are simple poles
— Poles of order 2 are double poles, and so on.

If f has a pole of order N are a, then (z — a)" f(z) has a removable singularity at a, and therefore
(z — a)N f(z) converges towards a finite limit as z — a. This implies that | f(z)| — oo as z — a.

e Case (iii): f2(z) has infinitely many terms.
We say f has an essential singularity at a.

For example,
f(z) =e'
N 0 2
- nZ:;)n' - mz_:oo (—m)!

has an essential singularity at z = 0.
Essential singularities are complicated!
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Example )
Sin z
f(z) ==
has a removable singularity at z = 0.
5 23 + 25
_ 3T E T
f(z) = -
252 Z4
ot

There are no terms of negative exponent in this series. f has a removable singularity.

Theorem (Picard’s Great Theorem) Suppose f has an essential singularity at a. If f is defined on D'(a, r)
then f takes all complex values with at most one exception on D’'(a, ).
At an isolated singularity a, f(z) =Y o2 bn(z —a)™.

n=—oo

Here is an example to illustrate this. The complex function that has been plotted is f(z) = e/

1
-1 -08 -06 -04 -0.2 0 02 04 06 08 1
O

f(z) = e'/# has an essential singularity at = = 0. We can see that every possible complex value is reached
(with all brightnesses and colours) in an arbitrarily large disc about z = 0. This illustrates the fascinating (and
rather nasty) behaviour of essential singularities.

The principal part of f ata is
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which converges for all z # a.

The residue of f at a is
Resf(z) = b_1.

If f has a removable singularity at a, then Resf(z) = 0.

If f has a simple pole then Resf(z) # 0.

2.16 Calculus of Residues

Theorem (Calculus of Residues) Suppose v is a closed, simple contour traversed anticlockwise. Let f be
a function which is holomorphic on and inside ~ except for a finite number of isolated singularities inside ~ (call

them aq, ..., ag).
Then

/f( dz—27nZZR%sf
v J

This theorem subsumes Cauchy’s theorem, Cauchy’s integral formula and Cauchy’s integral formula for the
nth derivative.

Proof Ateach singularity a;, let g;(z) be its principal part. F'(z) = f(z) = Zle gj(z) will have only removable
singularities and so can be considered holomorphic.

f7 F(z)dz = 0 by Cauchy’s theorem (as the contour ~ is closed) so

g9;(z) = 2 — a; + hj(z)

= [ <>dz—b1/z_a]+

e
= Resf 2) 27r1+/hj )dz by Cauchy’s integral formula
Y

hj(z

00 bon
J
But hj(z) = £ 57>, o= 1)13_"%) so [, hj(2)dz = 0 by the Fundamental Theorem of Calculus.

Putting it all together,

/ dz—ZZm ZR%sf( 2)
~y J

7=1
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as required.

Calculating Residues

e Case (i): f has a simple pole at z = a.

b_1

f(Z)ZZ +b0+bl(z—a)+...

— (z—-a)f(z) = b
= lim f(2)(z — a)

z—a

e Case (ii): f has multiplie poles (order N > 2).

b_n by
=" 4. bo+ ...
f(z) Gy Tttt

— Method 1 (NOT recommended)

near z = a.

near z = a.

(z—a)Nfz)=b_y+...+b_1(z—a)N T+ bz—a)N +...

d

N-1
= <> ((z—a)Nf(z)) =(N—-1b_1+ Nlbg(z —a)+...

dz

The residue is then

N-1
b-1 = lim (Nl_l), <;Z> (z=a)Vf(2)) .

— Method 2 (Robin’s favourite)

w=2z—aO0rz=w-+aSso0

b_1

b_n
= ——+...+—+0b
flwta)=—F ...+ == fbo+

Expand f(w + a) as a Laurent series as far as the w—! term.

e Case (iii): Essential singularity

— Have to compare Laurent series. These are usually rather nasty, and are rare on exercises and

problem sheets.
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Example
1
132?22 +1
This is where f(z) = — 1 has two simple poles at z = =+i.
z
Note that
z—1 z—1i
241 (z+1i)(2—1i)
1 .
= —— provided z # +i.
z+1
So
Zz—1
R li
Zgls 22 1 zlg} 22 +1
1 i
2 2

In practice we are usually given f(z) = Z%?) where g, h are holomorphic, g(a) # 0 and h has a simple pole at

zZ=a

) (e a)g(2)
Bféh(z) lim h(z)
= lim g(2) lim m as h(a) = 0
_ 9(a)
h(a)’

So for the example above, we would have

so g(z) =1 and h/(z) = 2i.

Example
Res t sin 5
estanz =
2=z cos’ (g)
_ sing )
- T T 2
—sin §
Example
1
Res
z=i (22 + 1)2
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f(z) = ———— has double poles at z = +i.
(22 + 1)2
1
+i)=———3
flw+1) (w? + 2iw)?
_ 1
- . w2
(2iw)? (1 — )
1 1

_4 2 . 2
w (1—1w—w7>

= —iw_Q (co +ciw + czw2 +.. )

w?
..'<1—iw—4> (co+clw—|—02w2+...):1

The residue is the w! coefficient, which is —%.

By comparing constants, we have ¢y = 1.

By comparing w coefficients, we have ¢; —ico =0 <= c¢; =icy = i.

So . :
R e~ 1

z
[
,Yl—i—z

Example

where ~ is the circle centre 0 radius 2.

f(z) =

z

ﬁ has singularities at z = =+i, both of which are inside + (and are simple poles). Then

L 1 _T_ZZZ dz = 27i <IZ{:elsf(z) + Res_f(z)>

Both residues can be calculated by method of writing f(z) = zg% where h has a simple zero at the singular
point.

z z

e

2z

PZ{:elsf(Z) = (1 _i ZQ)/

1

e
21

z=i z=i

and similarly
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R =
Resfl2) = —;
So
/ e? q o ei N e—i
—dz = 1 N
L1+ 22 2T
=T (ei — e*i)
= 2misin 1.
Example

where ~ is the circle centre radius 2i radius 3.

Let f(2) = 22(;—1)

(as "™ = 1). However, only z = 0 is inside ~.

. This function has singularities at z = 0 (triple pole) and not forgetting z = 2nxi, n € Z

f(z) = 2 3

= 5 =23 4az 2 +bz " +...

2
— 73— <1+Z++...> (z_3+az_2+bz_1+...)

Comparing z~3 coefficients gives 1 = 1.
Comparing 22 coefficients gives 0 =  +a < a= -1

_l’_

—
w"—‘

1.
Comparing z~! coefficients gives 0 = ¢ + Ja+bsob= ¢ — Ja = —

=
=

Hence

/ dz _ 2mi
L2 (er—1) 12

2.16.1 Integrals of the form fo% F(cost,sint)dt (where F is a nice 2-variable function)

When + is the unit circle centre 0, with parametrisation (¢) = e, this integral becomes fW F (”571 , Z‘;fl) dz
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Example
/271' dt
o a-+cost
where a > 1.
This equals
1 dz
I= /7 n Z+ 271 E
a
2 d . oo
=7 / m where ~is the unit circle.
Y
1 . .
Let f(2) = P oar 1 This has poles at the roots of 22 +2az +1 =0, i.e. at z = —a+ Va2 — 1 € R.
Clearly because a > 1, va? —1 > 0s0 —a — va? — 1 < —a < —1 so the negative root isn’t in the unit circle.
. 1 o L
The product of the two roots is 1 so —a + va? — 1 = o € (—1,0) so the positive root is inside the
unit circle.
Hence

2
I == 2mi Res f(z)
1 z=—a+Va?—1

1
- 47Th’ (—a + m)

where h(z) = 2* + 2az + 1 as f(2) = 55 has a simple pole at 2 = a.

h'(z) =2z 4+ 2a
=2(z+a)
h'(b) = 2(a + b)
=2va2 -1
So 5
[ T
a?—1
Example
2w
/ cos 2t d
o ©—3cost
Now
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Oliver Bond

i(2t) —i(2t)

cos 2t = &

2
2 -2
= % where ~ is the unit circle.
So
22+Z72
2

dz
I:/ _ . ztz"l 4
+5—3 = 2
1/ 22 4 272
= - 5 dz
1 7—32 + 10z — 3
1 1+ 24
=_= AT dz
i/, 2%(322 — 10z + 3)

1+ 24 1+ 24

f(z) = 22(322 -102+3)  22(3z—1)(z — 3)

This function has a double pole at z = 0 and also simple poles at z =3 and z = % Onlyz=0and z = % are
inside the unit circle.

Therefore

I= —% - 27 (E{eg.f(z) + Relsf(z)>

3

z = 0is a double pole, so write

= +az7t +
-3
-2
'_2_2(1+z4):(3—102+322)< +azl+..>
; - o ; _ 10 _ 10
Comparing 2! coefficients gives 0 = 3a — T = a=g.
So
1+ 24
R,elsf(Z) = 1 2 /
z=1 37 (322 — 102 + 3) ot
82 1
9 (62— 10)],-1
82 41

9(2—10) 36
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and

SO

2.16.2 The Semicircle Method

Take a contour v of the form as shown below. ~; is the interval [— R, R] and ~, is the semicircular arc of radius

R going from R to —R.
INSERT DIAGRAM

Let R — co. Then f71 f(z)dz = ffRf(x)dx — [%_ f(x)dz. We hope that |f(z)| — 0 sufficiently quickly as

|z| — oo to ensure that fw2 f(z)dz — 0.

If these conditions are satisfied, then

(by the “alternate” triangle inequality, |z + w| > |z| — |w|Vz,w € C)

/OO f(z)dz = lim Lf(z)dz.

— 0o R—o

oo
d
I:/ e
oo L+

Example
Let f(z) = T2 On 7, |z] = R and so
|22 +1| > R*—1
1 < 1
2241~ RZ-1
Thenif R > 1,

< 1
T RZ-1

1
14 22

The arc v, has length 7R, so by the ML-bound,
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TR
<
- R2-1
—0as R — >

(if R > 1)

| s
Y2
— /mf(z)dz—>0asR—>oo.

Therefore we can use the semicircle method (therefore calculus of residues) to evaluate the integral.

f(2) is holomorphic except at z = +i (two simple poles). Only one of these lies inside « for large R, which is

z = 1.

Therefore

/yf(z)dz = 2WiE{:eis1 e

Confirming that this is true, we could use traditional integration methods:

*  dx .
/ = [arctan x]~_

001 X
( )
2 2

=T
Example

I_/OO dzx _1/00 dx
o (42?2 (1+22)?

since the integrand is an even function of x and is therefore symmetrical about x = 0.

Let f(z) = 5- Then

o
(1+22)
1f(2)] S(Rzl_l)gif?«“ison’m

from the previous example. The same inequality holds because the integrand and limit are the square of those
in the previous example, and squaring both sides of the inequality preserves the sign.

Then by the ML-bound again,
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TR
(72— 12
—0as R — .

[/2 f(z)dz

Therefore the condition to use the semicircle method is met.

f(2) has the same singularities as in the previous example (> = +i, double poles this time!) and once again
z = iis inside the contour ~ for large R.

1
From a previous lecture, Res———~ = —, S0
P (14222 4

/ dz o 1
_— = 1- —
LA+ g

T

2
[ dz oo
/0 e R

Again this can be verified using traditional integration:

/00 dr /”/2 sec? 0df
0 (]. —+ $2)2 o 0 (1 + tan2 0)2

(setting « = tan 0s0 dz = sec? 6d6)
B /”/2 sec? fdf
0

sect 0

w/2
= / cos? 0do
0

1 /2
= / (1+ cos26)do
2 Jo

w/2

= 1 [9 + 1sin20}
2 2 0
_Lr
2 02
_T
=T
Example
& dx
I= ith b.
/OO 21 ) (@2 0 with 0 < a <
1 -
Let f(2) = R bQ)On ~v2 (the semicircular arc) where |z| = R, we have
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and using similar reasoning to the previous examples and the ML-bound, we have

/7 F(2)dz| < mh

T (R? —a?)(R? - b?)
—0as R — oo.

f(2) has 4 singularities, at = = +ai and z = +bi (each simple poles). For large R > b, the contour v encloses
2 of these poles (z = ai and z = bi). Therefore

A F(2)dz = 2ri [;Reasi £(2) + Res f(z)]

1
& (2 +a?)(z2 + 1)

1
TR )

z=ai d

= 2mi

zbi]

and & [(22 4 a?) (22 + )] = 22(22 + a?) + 22(2% + b?) = 22 (222 + a® + b?)

so the integral becomes

1 1
= 27
Lf(z)dz ™ [2@ (202 +® + %) | 20 (—2 + ¥ + 62)}
= 2ri ! + .
T 2ai (02— a2) " 2bi (a2 — b2)

-7 L(bz’l—a?) N b(b21—a2)]
=

Example
[ /°° cos m2 da
oo L+ 2

cos
1+x2

This is a wolf in sheep’s clothing! The snag is that
bound.

+ 0 as R — 0, so we need to use a more strict

We could try using g(z) = % andthen apply the semicircle method.
1422

o

For z in the upper half-plane, |e'| < 1 since [e¥?| = e®(2) = ¢=3() < 1ify = J(2) > 0.

On ~4 (the semi-circular arc),
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so by the ML-bound, we have

e? 1
L+22] = 2241
1
S g (B>
TR

So the condition to apply the semicircle method holds.

However,

* coszw 0
/ 22 dz =R [/ g(:c)da:] .

oo 0 ei:}c
/_Oog(:L')daC—/_Oo 1+$2d$

S

g(z) has a simple pole, z = i, which lies inside ~. Therefore

0o 1+ 22

2.16.3 “Slice of pie” Method

To avoid adding 50 residues | use a contour enclosing just one pole. The poles of f(z) =

hundredth roots of unity, i.e. e!l160+ %50

/ CcoS T de — R

S

27k

=

[ s

27riResg(z)]

-1

©  dz
I = —_
/0 1 + 100

I,

/Oo cosx +isinx

27r162,] (using an adaptation of a previous example)
1

]

1
— 05 are the

1+ 2

Consider o = eoo. Integrate over a “slice of pie” contour ~, the boundary of a sector of a circle of centre 0 and

radius R, and angle 2.
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INCLUDE DIAGRAM

~ only contains one pole in its interior. Poles of f are located at o, o3, a”, ..., a' = o~ with only a enclosed
in .
Fortunately though, z = « is a simple pole, so by the calculus of residues,

/f(z)dz = 27ri£{_esf(z)
¥ =a

Clearly f'Yl f(z)dz — [;° f(z)dz as R — oco.
On v, (the arc), |z| = R, s0 |2!0 + 1| = R — 1. f R > 1,

1

|f(2)] < RI00 1"

Also, length(vyz2) = 21%%' Hence

2R
< 100

—R100_1
—0as R — >

[m f(z)dz

= / f(z)dz — 0as R — oc.
72

Now we need to integrate over 43 (the line segment from 0 to o2 R). Parametrise this by z = ot for 0 <t < R.

Then

[Ys f(z)dz = —Lg f(z)dz

R

= —/ f(a?t)adt
0
2

R 1
/0 1 4+ 2004100

R
1 2
2 200 100 2
= —« —dt (as a“" = (« =(-1)*=1
/0 1 £ 100 ( (™) (1) )

— —a’I as R — oo, where Iis the original integral that we wanted to find.

7
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Therefore as R — oo,

/f(z)dz S (1—ad)]

2mic
= — forR >1
100 >

2ria
100(1 — a?)
27
100(a — 1)
27
100 (em - e—f%o)
™
100sin 12
Y
—COSeC——

7r
100 100

=

The “slice of pie” method is often useful if the integrand depends only on ™ where n is a large integer.

This cannot be verified using traditional integration!

Example

0o -
Sin T
= dx
0 X

. sinx .
Now since —— — 1 as © — 0 we have no problems with any sort of poles.
T

x

However, 2% is not absolutely integrable on [0,00), i.e. f;° |#2£| dz diverges! So if we interpret
xr

R gin g

I as lim dx

R—o00 0 Xz
then it will emerge that this limit exists. We would like to attack this integral using the semicircle method...

Note that

21:/ smazdx
oo T

o[
oo T

although this is somewhat dubious as the integral goes right through the singularity at = = 0. So we have to
use a modified version of the semicircle method where the contour omits z = 0 somehow.

We create a new contour ~ that circles around z = 0 with radius ¢, and then consider the limit as R — oo and
e — 0.

f(z) = e!*/z only has the one singularity, at = = 0, which is outside v, so

78



Oliver Bond ECM3703: Complex Analysis Lecture Notes

by Cauchy’s theorem.

Now let R — oo and € — 0. Then

R .
. sinx
= 21/
- T

=2ilas R — ocoande — 0.

Consider [ f(z)dz = — fu‘ f(2)dz, and the parametrisation z = ce® on ¢ € [0, 7].
Now by using Laurent series,
1 . z iz2 33

= % + g(z) where gis holomorphic on C

1
=+ G'(z) where Gis holomorphic on C.

Hence
/ g(z)dz = / dz —i—/ G'(2)dz
V4 Y4 Y4
= / % + G(e) — G(—¢) by the Fundamental Theorem of Calculus
Y4
Now / dz = —/ dz
4 % 7 F
™ 51elt
- _/0 gelt d
= —7i
Therefore

/ f(z)dz — —7i+ G(0) — G(0) as € — 0.
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: . iz 1
We need to prove that f,m f(z)dz — 0 as R — oo. The ML-bound isn’t enough to prove this, as |—| < = on

the large arc, but v2 has length 7R so this bound implies

L 2 f(2)dz

which is not good enough! So we need to work harder and use a different bound.

<

Jordan’s Inequality

fort e [0,%].

So we can use Jordan’s inequality on a parametrisation of fw2 f(2)dz. Let z = Re'’ with ¢ € [0, 7]. Then

T giRe' )
/ f(z)dz:/ —iRe''dt
Relt
Y2 0

Tt
= i/ el qt
™ . .
— i/ e—Rsmt-l—chostdt

T

[§]
0

[e=]

[e=]

—Rsin tdt

IN

" / f(z)dz
72
/2 ) T
2/ e~ ftsintq¢ (as the integrand is symmetrical about the line t = 5)
0

/2 oR
< 2/ e« ldt
0

(by Jordan’s inequality and the fact that expis an increasing function, so the inequality is preserved)

0
< 2/ e_¥tdt
0

n
"R
—0as R — oo.

/ f(z)dz - 0as R — oc.
72

So

/71f(z)der/wf(z)dz+/%f(z)dz+/Mf(z)dz:0

= 0 =27 — 7i+ 0 (letting R — ococand ¢ — 0)

Therefore
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which is a very important integral in Fourier analysis.

2.16.4 Rectangle Method

Example (Rectangle Method)

I:/OO dz
oo COshz

The rectangle method is useful for f(z) periodic with period i\ for A € R. Remember that cosh z is periodic
over C but not R.

1 . . . . .
Let f(z) = ——. Integrate this over the contour ~, which traverses the rectangle with vertices +R and + R+ i
anticlockwise. ~; is the path from —R to R.

The poles of —— = —L_ occur when iz = (2n + 1)Z for n € Z, therefore when z = —i(2n + 1) Z. Inside ~
p 2 2

cosh z cosiz .
i

there is only one simple pole, which is z = 7.

Therefore

/ f(2)dz = 2miRes f(z)
g =75

2

1
=27
1; (cosh z)

s
2

1

sinh 2

1

- . T
181115

= 2mi-
z:%

= 2mi -

=27

Also, note that

R
d
/ f(z)dz = / -
" _rcoshx

and f(z)dz = — f(z)dz

V3 Vs

B R dx
__/R cosh(z + 7i)
B R Az

_/_R coshz

because cosh(z + i) = cos(iz — ) = — cosiz = cosh z.
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Therefore

/f(z)d2+/f(z)dz—>21asR—>oo
71

*© dz
=2 :
/_OO cosh x

Consider [ f(z)dz. On vz, 2 = R + it with ¢ € [0, ].

‘coshQ,z‘ = ‘cos2 iz‘
= ’COS2(iR - t)‘
= cos®t + sinh? R

> sinh? R (as cos?t > 0Vt).

S0 on s,
1

cosh z

1
~ sinh R’

Therefore by the ML-bound, with length(~2) = 7, we have

T
<
/72 f(z)dz‘ ~ sinh R

—0as R — oo.

/ f(z)dz — 0as R — oc.
72

And by similar reasoning, fm f(z)dz = 0as R — .

Letting R — oo in f7 f(z)dz = 27, we get

o
2 / dr o
_oo Coshz
/OO dx
= = .
—oo Cosh
Example (Summing a series using contour integration)

=1
n=1

Let
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where z has poles where tanz = 0, i.e. at z = nx for n € Z. All these poles are simple, because tan’(nw) =
sec?nm = 1 so all these poles are simple. So f(z) has simple poles at z = nx for n € Z\{0}, but z = 0 is a
triple pole.

Let N € N. Let v be the contour which is the perimeter of a square with vertices + (N + 1) 7 and £ (N + 1) =i.
This means that v encloses all poles —Nx,...,—x,0,7,..., N7. Then

Af@mz:%m

N
ao+-§:0mf+a-n4

n=1
where a,, = Zligsrf(z)
When n # 0, nx is a simple pole, so

o = Res f(2)

:Res<

zZ=nTm

cos z )
z2sin z
cOS 2

4 (2%sinz)

Z=nTm

COS zZ

2zsin z + 22 cos z
cosnm

zZ=nm

2

2nm sinnm + (nm)? cos nw

(="
(nm)?(=1)"
b
n27r2'

0 is a triple pole of f(z):

2 4

1— 242 —

23(1—%?—#%—...)

=73 (1+0222+C4z4+...)

f(z) =

1 2 1 22 —1 22
2'2 9 6224 22
:><1_3!+--->+<CQZ —?)!—F...):l—z!—i-...
so by equating z? coefficients, we obtain —3; + c; = —3; < ¢ = § — 3 = —3. This is the 2! coefficient in

the Laurent series of f(z) and therefore
1
ao = Resf(z) = —3.

Therefore
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N
/f(z)dz =27 |ag + Z(an +a_p)
v n=1
N
. 1 2
= 2mi 3 Z n2772]
n=1
i H+N1
T o2 6 n?
n=1

Toprove that } 02 | 5 = %2 we can show that [ f(z)dz = 0as N — oo.
Note that
B |cos(z + iy)|2

sin(z + i)
cos® x + sinh? y

|cot®(z + iy)|

sin? z + sinh?y
Suppose that z = = + iy lies on ~.
e Case (i): z is on a horizontal side of v, i.e. y = £ (N + 3) 7 (withz € [ (N + 1) 7, (N + 3) 7]). Then
1 + sinh? (N + %) T
sinh? (N + %) T

cosh? (N + %) s
sinh? (N + %) T

1
= coth? <N + 2) T

e Case (ii): z is on a vertical side of v, i.e. z = £ (N + 3) 7 (withy € [— (N + %) 7, (N + ) 7]).

cot z|? <

Then
cosr =0 = cos’x =0
— sinz=1
So
lcot 2|2 = _sinb’y
1 +sinh?y
= tanh?y
<1

as 1 < coth (N + 3) 7.
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On v, |cot z| < coth (N + 3) m, and |z| > (N + %) 7 so

F(2)] < coth (N+ %) 7r.
T W+ e
v has length 4(2N + 1)7.

Therefore by the ML-bound,

1

/ C(Z;Zdz' < 4(2N 4—(;[)—01—0:})12(]7:724- 3) T
2

_ 8(N+3)coth(N+3)

N+

~ 8coth (N+%)7r

BCEDE

—0as N — oo.

Y

cot z
/ 2dz—>OasN—>oo.
v z

Therefore
47i 2 N 1
— _6+Zn2] —~0as N — oo
n=1
.. ) = —
=n 6
as required!

2.17 Rouché’s Theorem

Recall that f is holomorphic on a domain ¢/ if f is differentiable there.
We call f meromorphic on a domain U/ if f is holomorphic on U except possibly for poles.

For example:

¢ All rational functions are meromorphic on C.

e f(z) = e'/* is not meromorphic on C (because 0 is not a pole of f(z)) but it is on C\{0}.

Rouché’s theorem is about containing zeros inside a simple closed contour.

Let f(z) be a meromorphic function and consider f/(z)/f(z). If a is in the domain of f (assuming f is not
constant) its Laurent series is
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[e.e]

f) =" an(z—a)" (an £0)

n=N
with N = ord f(z)

= f'(z) = Z nan(z —a)" !
n=N

If N 0,

f'(z)  Nan(z—a) '+ (N+Dangi(z—a)V +...

flz) an(z—a)VN +ani1(z —a)NVt + ...
1 NaN+(N+1)aN+1(z—a)+...>
_z—a< ay +anii1(z—a)+ ...

So f'(2)/f(z) has a simple pole of residue N at z = a.

!/ /
If N =0, then f(a) # 0, and so ff(z) is holomorphic at z = a. F) is also meromorphic, as it has at most

. _ (2) f(2)
simple poles precisely at the poles and zeros of f. Moreover,
f'(z)
Res =ordf(z).
z=a f(z) z:af( )

Now we apply the residue theorem.

If fis meromorphic on and inside ~ (a simple closed contour) and f has no zeros or poles on ~, then

L ff/((zz)) dz = 27i - Z (residues of ]}/in 'y>
=2mi- ) _(orders of fat 0and poles in )

e,
ZWi/Vf(z)d Z-r

where Z = ) (order of zeros of fin v) and P = > (orders of poles of fin ~).

If fis holomorphic inside v, then P = 0 and

L),
2mAﬂ@®‘Z

= #(zeros of fin ycountered according to multiplicity)

Theorem (Rouché’s Theorem) Let v be a simple closed contour. Let f and g be holomorphic on and inside
.
If

£ (2) = g(2)| < |f(2)] +19(2)]

forall z on v, then Z; = Z,, where Z; = total order of zeros of finside yand similarly for Z,.
(A more usual statement and stronger hypothesis is that | f(z) — g(2)| < |f(2)| on 7)
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Proof The hypothesis implies that f and g are nonzero on ~ . If f(z) = 0then

10— g(2)] <0+ g(z2)|
ie. [g(2)] < |g(2)|

is false so f(z) # 0 on v and similarly for g(z).

We claim also that 58 can’t be a negative real number.
If @ = —t,fort € RT then
9(2)
f(z) = —tg(2)
— f(2) —g(z) = (1 +1)g(2)
— |f(z) —g(z)| = (1 + 1) [9(2)]
and [f(z)] + lg(2)| = [g(2)] + t]g(2)|
= (1 +1)]g(2)|
which contradicts that |f(z) — g(z)| < f(2) + g(2).
For z on ~, gég € U = C\{—t|t € R,t > 0} (the slit plane). On U, Log is holomorphic. So Logggg is
holomorphic on a domain containing ~.
~Loet )
h(z) = LOgg(z)
i f2) g3
= MO T e
As ~ is a closed contour, fw R (z)dz =0, i.e.
f'(z) 9'(2)
dz = d
/7 7)™ / 9(2) "
— Zf = Zg
as required.
O

Example Prove that all roots of 2% + 7z + 12 lie in the annulus {z € C|1 < || < 2}.

We consider the numbers of possible roots inside each disc and then subtract one from the other.

e Large disc: let v be the circle with |z| = 2., and f(z) = 2° + 7z + 12.
Then let g(z) = 2° (the term in f with greatest modulus). Then on ~,
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1f(2) = g(2)| = |7z + 12|
< 7|z| + 12 (by the triangle inequality)
=26 (as |z| = 20n 7)

On . lg(2)| = |2°| = | = 32.
Now since

1f(z) —9(z)] < 9(2)
<)l +19(2)|

on ~, then by Rouché’s theorem, we conclude that the number of solutions of f(z) = 0 in the annulus is
equal to the number of solutions of g(z) = 0 in the disc with |z| < 2, which is 5 (counted with multiplicity)
and 2° has a quintuple zero at z = 0 and no others.

e Small disc: let v be the unit circle, and this time we take g(z) = 12, because |z5| < [z| < 12 when
|z| < 1.

On v, we have |z| = 1 and so

1f(2) = g(2)] = |° + 72|
<|zP> + 71|
=8 < g(2)|.

By Rouché’s theorem, f and g have the same number of zeros inside , i.e. none!

Therefore all zeros of f lie in the annulus {z € C|1 < |z| < 2}. To visualise this, see the diagram below.
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Example (From 2009 exam) How many zeros (counted with multiplicity) has f(z) = 2° — 52* + 22 + 92 — 1
inthe annulus {z € C|1 < |2]| < 3}?

e Large disc: let v be the circle centre 0 radius 3. Let g(z) = —5z* (not 2%, as |-52*| > |25| when |z| = 3,
as on «).

Hence on ~, we have

1f(z) —g(z)| = ‘z‘:’ +22492— 1‘
< 2> +|2|* + 9|z| + 1 (by the triangle inequality)
=243 +94+27+1
= 280

and

l9(2) =5 2[*
— 405

on~,so |f(z) —g(z)| < |g(z)| . Rouché’s theorem applies. f and g have the same number of zeros inside
v, i.e. 4 (counted with multiplicity).

e Small disc: let v be the unit circle, i.e. where |z| = 1. This time, let g(z) = 9z (as all the other terms
have smaller moduli than |9z| when |z| = 1).

Then
/(2) = g(2)| = |2° = 52" + 22 — 1
< 2> +52|* + |2|* 4+ 1 (by the triangle inequality)
—1+5+1+1
=8o0n~.
Also,
l9(z)| =9
> 8o0n 7.

Rouché’s theorem strikes again! f(z) has the same number of zeros as g(z) inside v, i.e. 1.

Therefore in the annulus {z € C|1 < |z| < 3}, f(2) has 4 — 1 = 3 zeros (counted with multiplicity). You can
see this below.
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Proof of Fundamental Theorem of Calculus (Using Rouché’s Theorem) An important thing to note is that
Rouché’s theorem implies the Fundamental Theorem of Calculus!

Let
f(z) = " —|—a1zn_1 +...+ap—12+a

and g(z) = 2™, which is term in f(z) of greatest modulus. We consider these functions on the contour ~, the
circle centre 0 radius R.

Then

lf(z) —g(2)] = |alz"71 ... Fan-1z+a
<lax||2]" ™ + ... + |an_1| |z| + |a| (by the triangle inequality)

Then

f(2) —9(2)] _ lar| R"' 4 Jag| R" 2 + ... + |ay]
lg(z)]  — R
lal aal el

Rttt

There is Ry such that % < 1lifzison~and R > Ry. For such R, |f(z) — g(2)| < g(z) holds on ~ so

Rouche’s theorem applies.
So f and g have the same number of zeros (counted with multiplicity) inside v, i.e. n zeros.

So f(z) has exactly n zeros on C.
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2.18 Maximum Modulus Theorem

Theorem (Maximum Modulus Theorem) Let f be holomorphic on a disc D(a,r). Then if | f| is maximised
on D(a,r) at a, then f is constant on D(a, ).
Thatis, if | f(2)| < f(a) on D(a,r) then f is constant on the disc.

Proof Apply Cauchy’s integral formula.

e Case (i): f(a) =0.Then |f(z)| <0forall z € D(a,r) unless f is identically zero.

e Case (ii): f(a) # 0. Consider g(z) = f(z)/f(a). Then g(a) = 0 and |g(z)| < 1 for all z € D(a,r).

Apply Cauchy’s integral formula to g. Let v the the circle centre a radius ” where 0 < r’ < r. We can
parametrise this by using z = a + r'el with ¢ € [0, 27].

Then

= — gla + re't)dt
2w 0

= mean value of g(z)for zon ~.

If we take real parts, we have

1 2w .
1= o/, R [g(a+r'e)] dt
1 2
— 5 | ot
SO
g (a+ r/eit)| <1 = R[gla+ r’eit)] <1(as R(z) < |z|Vz € C)
= o) <1
Therefore

2 2
/ (1—o¢(t))dt =27 — o(t)dt
0 0
= 0 (by Cauchy’s theorem)
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so 1—¢(t) > 0. If forsome ty, 1—¢(t) > 0, then 1—¢(¢) > 0in an interval containing ¢y, so 02”(1—¢>(t)) > 0.
This is a contradiction, as the integral can’t be both zero and greater than zero.

But [g(a + re'’)| < 1and R [g(a + r'e*)] =1, 50 g(a + re'’) = 1,i.e. g(z) =1 on~.
By the identity theorem, g(z) = 1on all z € D(a,r) = f(z) = f(a) on D(a,r).

2.19 Winding numbers

Consider a path v € C not containing 0. Let 7 : [a,b] — C\{0}.
A fact is that there are continuous functions

r:[a,b) = RT
0:a,b] = R

with (1) = r(t)el?®),
Obviously r(t) = |y(t)|, but the existence of 6(t) is more delicate to prove - see Stewart & Tall.

If fis smooth, then

o) = Arg (@) + [ T au

which is related to an exercise on the problem sheet.
If v is a closed path then v(a) = v(b) = 0(b) = 0(a) = 2wm with m € Z.
For example, on the unit circle, v(t) = e = 0(t) =t = 6(27) — 6(0) = 2.

We write m as w(~;0) and this is called the winding number of v about 0 and this is an integer when ~ is
closed.

e When ~ is smooth and closed, its winding number is

where v(t) = zg + r(t)e!?®) with r, 6 continuous.

Another fact is that a closed smooth path divides its complement in C into domains. On each of these, the
winding number is constant. One domain is unbounded, so it has winding number zero.
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Examples See the diagrams below.

The interior of a closed contour - is the set of zy not on ~ with w(~y; z9) # 0.

And now we can provide a more rigorous statement of Cauchy’s theorem!

Rigorous statement of Cauchy’s theorem Let v be a closed contour, in a domain U/. Suppose U contains
all of 4’s interior points. Then f7 f(2)dz = 0 for all holomorphic f on the set /.
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