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SECTION A 

1. (a) Consider the sequence (a,) defined by the recurrence 

a0 = 1,al = O,a, = 7a,-l - for n > 2. 

Find am explicit expression for the generating function 

of the sequence (a,) and hence find a formula for a,. (12) 
(b) How many anagrams has the word DODECAHEDRON? (6) 
(c) Give the definition of the rook polynomial of a board B. Calculate 

the rook polynomials of (the white squares of) each of the 
following boards: 

(i> (ii) 

(12) 
(d) What is a t - (v, k ,  A) design? Prove that a t - (v, k, A) design 

has 

b = An b,,,,. 
(3 

(11) 

(e )  (i) List the partitions of n = 15 into distinct parts. 
(ii) Find the conjugate of the partition 10 72 42 3 1. (9) 

1501 
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SECTION B 

2. (a) Let D ( k , n )  denote the number of permutations 7r of [n] = 

{I, 2, . . . , n)  where ~ ( j )  = j for exactly k distinct values of j. 
Calculate the number 0 ( 3 , 5 ) .  Using the formula (without proof) 

find a similar formula for D(k, n) . (6) 
(b) For integers n > k 2 1 the Stirling number (of the second kind) 

S(n, 5) is defined to be the number of partitions of [n] into ,k 
disjoint non-empty subsets. Prove that S(n, 1) = S(n,  n) for all 
n and S(n,  k )  = S ( n  - 1, k - 1) + kS(n - 1, k) for n > k > 1. 
The Stirling triangle is a table where the entry on raw n and 
column k is the Stirling number S(n, k). Compute the Stirling 
triangle up to the fifth row (n = 5). (10) 

(c) Define the nth Bell nzlrnber to be the sum of the nth row of the 
Stirling triangle: 

n 

(You may assume Bo = 1.) 
Calculate the Bell numbers B1, . . . , B5. From Dobinski's formula 

deduce the exponential generating function 
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3. (a) Prove that the number of self-conjugate partitions of a number n 
equals the number of partitions of n into distinct odd parts. (7) 

(b) Let d, be the number of partitions of n into distinct parts. Show 
that 

00 00 

Let a, be the number of partitions of n into odd parts. Write down 
00 

an infinite product formula for the generating function, C antn. 
n=O 

Hence, or otherwise, prove that dn = a, for all n. (10) 
(c)  The Jacobi triple product fomnula states that 

Assuming this formula, find a formula which expresses 

as an infinite product. (8) 

1251 

4. (a) Prove a formula for the number of blocks in a t - (v, k ,  A) design 
that contain a given point. 
From the above formula and from part (d) of question 1, show 
that for a 2 - (n, 3 , l )  design either n r 1 (mod 6) or n = 3 
(mod 6 ) .  (11) 

(b) In each of the following cases determine whether a design with 
the given parameters occurs, either by constructing one, or by 
proving impossibility: 

(9 2 - (7) 3, 1); 
(ii) 2 - (11,3, 1); 

(iii) 3 - (15, 12, 1) 

(c) Find the line through (2,5) and (9,2) in the Affine plane A2(zl l ) ,  
and list all points o n  that line. (7) 

1251 
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