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SECTION A

1. (a) How many anagrams has the word PSEUDOSPHERE? (5)

(b) Let the sequence (an) be defined by the recurrence: a0 = 1, a1 = 2,
and an+2 = 4an+1 − 13an for n ≥ 0. Find an explicit expression
for the generating function

A(t) =
∞∑

n=0

ant
n

of the sequence (an) and hence find a formula for an. (15)

(c) A permutation of the set [n] = {1, 2, . . . , n} is a list (b1, b2, . . . , bn)
of the elements of [n] with each element occurring once. It is a
derangement if bj 6= j for all j ∈ [n]. Use the inclusion-exclusion
principle to determine how many derangements of [6] there are.

How many permutations of [6] have the property that bj = j for
exactly three different values of j? (15)

(d) Find the rook polynomial of (the blank squares) of the following
board:
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(10)

(e) Find the conjugate of the partition 9 62 4 3 2. (5)
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SECTION B

2. (a) The Stirling numbers of the first kind s(n, k) are defined for
integers n ≥ k ≥ 0 and satisfy

• s(n, n) = 1 for all n ≥ 0,

• s(n, 0) = 0 for all n ≥ 1 and

• s(n, k) = s(n− 1, k − 1) + (n− 1)s(n− 1, k) if 0 < k < n

Compute s(5, k) for all k with 0 ≤ k ≤ 5.

Prove that

s(n, 2) = (n− 1)!
n−1∑
j=1

1

j

for n ≥ 2. (10)

(b) The Schröder numbers Sn are defined as follows. A Schröder path
starts at (0, 0) with allowable steps

• (x, y) 7→ (x + 1, y + 1),

• (x, y) 7→ (x + 1, y − 1),

• (x, y) 7→ (x + 2, y)

and lies completely on or above the x-axis. Then Sn is the number
of Schröder paths finishing at (2n, 0) (also S0 = 1). Prove that

Sn = Sn−1 +
n∑

k=1

Sk−1Sn−k

for n > 0.

Find an explicit expression for the generating function

∞∑
n=0

SnX
n.

(15)
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3. (a) Prove that a t-(v, k, 1) design has(
v
t

)
(

k
t

)
blocks and determine a formula for the number of blocks which
contain a given point.

Prove that if a 2-(v, 4, 1) design exists then v ≡ 1 or 4 (mod 12). (17)

(b) Let B0 be a fixed block in a 2-(v, 4, 1) design. Prove that there
are

v(v − 1)

12
− 4(v − 4)

3
− 1

blocks B with B ∩B0 = ∅. (8)

[25]

4. (a) Prove that the number of self-conjugate partitions of a number n
(that is partitions which are their own conjugates) is equal to the
number of partitions of n into distinct odd parts. (8)

(b) The rank of a partition is the largest part minus the number of
parts. For instance, the partition 5 32 22 1 has rank 5 − 6 = −1.
Prove that the number of partitions of n with rank k equals the
number of partitions of n with rank −k. (7)

(c) Let P (t) =
∑∞

n=0 pnt
n =

∏∞
m=1(1 − tm)−1 be the generating

function for the partition numbers. Prove that

P ′(t)

P (t)
=

d

dt
log P (t) =

∞∑
n=1

σ(n)tn−1

where σ(n) is the sum of the positive integer divisors of n. (10)
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