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SECTION A

(a) How many anagrams has the word SYLLOGISMS?

(b) A tromino is a 3-by-1 rectangle. Let A, denote the number of
ways of covering a 3-by-n rectangle with n trominoes (which may
be placed vertically or horizontally). Taking Ay = 1, find a linear
recurrence for A,, of the form

Ap =01 A1 + b Ay 5+ b3A,_3 (n >3)

and use it to find an explicit formula for the generating function

Alt) =D Aqt™
n=0

(c¢) The Stirling numbers of the second kind S(n, k) satisfy the initial
conditions
S(n,1)=S(n,n)=1 (n>1)
and the recurrence
S(n,k)=kSn—1,k)+S(n—1,k—1) (n>k>1).

Compute all the S(n, k) for 1 <k <n <5. Prove that

fe’) n t3
gsm,:s)t T a0 —20(1 -3

(d) Find the rook polynomial of (the blank squares) of the following
board:

(e) Find all self-conjugate partitions of 19.
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SECTION B

The Catalan numbers satisfy the recurrence
Cn+1 = Z Ckrcnfk (TL > O)
k=0

with the initial condition Cy = 1. Prove that Cy,,1 — C,, is always
an even number. Find five different n such that C, is odd, and
prove that there are infinitely many n with C,, odd.

Call a path from (0,0) to (n,0) admissible if it lies entirely on or
above the z-axis, and each of its steps are of the following forms
o <x7y) — (Z‘—F ]-7y - ]-)7
o (z,y) = (r+3,y).
Let U,, denote the number of admissible paths from (0, 0) to (n,0)
taking Uy = 1. Show that U; = 0 and U, = 1, and find a

recurrence for U, valid for n > 3. Use this recurrence to find
an explicit formula for the generating function

U(t) =Y Uyt
n=0

Let (X, B) be a t-(v, k, 1) design. Prove that it has (:)/(’:) blocks
and that any given point is an element of (::11) / (1:11) blocks.

Let By be a fixed block in a 2-(21,5,1) design. Prove that every
other block B in the design satisfies |B N By| = 1.

Let By be a fixed block in a 3-(22,6, 1) design. Prove that there
are 60 blocks B with |B N By| = 2. How many blocks B have
|B N By| =17 How many blocks B have BN By = ()?
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4.

(a) Prove that the number of partitions of n into k parts equals the
number of partitions of n with largest part k.

(b) Let Ay denote the set of all partitions which have both (i) exactly
k parts and (ii) largest part k. Write down all elements of A3 and
their Ferrers diagrams. State and prove a formula for the number
of elements of Aj.

(c) Let pg(n) denote the number of partitions of n which have exactly
k parts, and all of which are distinct. Prove that

— 100,
nZ::opk(n)t = §:1(1_t]~)

where fi(t) is a polynomial that you should determine.
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