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BBenenne

B pabore npejjiokeHo pa3BuTHE KUHEMATUYECKOIO METOJA ONUCAHUS AaBTOBOJIH B
BO30YIMMBIX aKTHBHBIX CPeJIaX, paHee MpeIoKeHHOTO ApyruMu aBropamu |1, 2, 3].

Aemosoaramy OOBIYHO HA3BIBAIOT BOJHOBBIE IIPOIECCHI, HMEIOIHEe yCTOWYHBBIE
(“camonofiepKuBAIONIHECsT”) TAPAMETPBI — CKOPOCTb, aMILTUTYLY, (HGOPMY HMITYJIbCA.
CHocoOHOCTBHI0 K MHOTOKDPATHOMY MHPOBEIEHWIO aBTOBOMH O00/13Ial0T TAK HA3BIBAEMBIE
axmuenovie cpedvl, s KOTOPBIX XapaKTepHO HaJHUYHe pACIpee/JIeHHbIX BHEITHUX
UCTOYHHUKOB JHEPIUH, TO €CTh € TEePMOIUHAMUYECKON TOUYKH 3PEHHUSI ITO OTKPBITHIE
CUCTeMbI Jlajiekue oT paBHOBecus. llociie npoxozxiaeHus aBTOBOJIHOBOIO MMITYJIbCA TaKas
cpejia JIONKHA BOCCTAHOBUTL CBOM CBOWCTBA 3a CYET IMOCTYNAIONEH W3 BHE SHEPTHU
U TOJATOTOBUTBHCA K MPOBEJCHHUIO CIEAYIONIEr0 HUMIIYJIbca. Heobxoaumoe s 3TOro
BOCCTAHOBJICHHST BpeMsI Ha3bIBACTCS pedparmeprvim nepuodom. B Tedernun pedpakTepHOro
nepuojia cpea He CrocobHa K IMMPOBEICHUIO CJIEIYIONIEro NMITYIbCa.

AKTHBHBIE Cpeabl MOIYT HMETb J0YI0 pa3MepHOCTb. B omHOMepHOM ciydae
aBTOBOJIHA IPEJCTaBIsIeT cODON PacHpOCTPAHSIONIUNECI ¢ HEKOTOPOH CKOPOCTHIO UMITYJIBC
ornpejieieHHON (OPMBI U AMIUIATYJIbl, TOIJAa KAaK B JBYMEPHOM WM TPEXMEPHOM OHa
xapakTepusyercd emie u ¢opMmoit cBoero ¢dponTa. bBbljIo 0O6HApPYXKEHO, YTO HaJUYHe
pedpakTepHOCTH JIeIaeT BO3MOXKHBIM CYIIECTBOBAHUE VXK€ B JBYMEPHOM CJIydae OCOOBIX
PEeKUMOB, BPAIIAIOIIUXCA ABTOBOIH, PA3BUBAIONINXCA U3 BOJTHOBBIX (DPOHTOB CO CBOOOIHBIM
KOHIIOM. B jgoctarouno OOJbIMUX Cpefax, 3TH PEeKUMbl HMEIOT BHUJ BPAIAIONIHXC
cuupaJeil, B KOTOpbIX KOHYUK CIIUPaJI — OOpPBIB BOJTHBI BO30Y2KJICHUS BpaIlaeTCs “BOKPYT

camoro ce0s”. Pazau4nble aBTOPbI HA3BIBAIOT 3TO SIBJACHHE CHUPAJIbHBIMH BOJTHAMH,



peBepbepaTopaMi, POTOPAMHU WJH ABTOBOJTHOBBIMU BHUXPSIMH. JTO SIBJICHHE — MPHMED
CAMOOPTAHU3AINH, TOCKOIBKY CYIIECTBOBAHUE M MECTOTIOJIOKEHHIE TAKOT'O BUXPSI B Cpe/Jie He
CBSI3aHBI ¢ KAKOH-THOO HEOMTHOPOJHOCTHIO, & OMPEIETISIOTCS TOMBKO IBOTIONHUEH CHCTEMBI.
ABTOBOJTHOBBIE BUXDPH JIEMOHCTPUPYIOT YAUBUTEIHHYIO CTAOUIBHOCTH CBOUX CBOIICTB, OHU
BeJIyT cedd “mo ux coOOCTBEHHOMY YCMOTPEHMIO, U Ha UX I[OBEJICHHE MOTYT CYIIEeCTBEHHO
BJIUSITH TOJBKO T€ COOBITHSI, KOTOPBIE MPOUCXOAIT BOJIU3U SAIPA.

ABTOBOﬂHbI BO3HUKAIOT B CaMbIX Pa3JIMYHbIX Cpedax CI)I/ISI/ILIGCKOFO, XUMHUYECKOT'0O "
OMOJIOTUYECKOTO MPOUCXOXKIeHus . VX mpumepaMu MOTYT CJIYZKHTbH KOHIIEHTPAIMOHHBIE
BOJIHBL B peakimn Benoycosa-2KaboTuHCKOTO [4], BOJHBI XUMWYECKOH CHIHAJIU3AINNU B
KOJIOHUSAX HEKOTOPBIX MHUKPOOPTAHU3MOB [5|, BOJHBI B Me:K3BE3THOM Tase, MPHUBOJIAIINE
K 00pa3oBaHWI0 CHHPAJbHBIX TaJdakTuK |6, 7|. BaKHbBIi npuMep aKTHBHBIX CDeJ
PEJICTABILAIOT MHOTHE OHOJOTHYecKre TKAaHW. TakK, aBTOBOJHOBYIO MPHUPOAY HMEIOT
pacnpocTpaneHne HEPBHOIO HMIyJabca [8] u Bo3Oy:KieHuss B cepiednoii mbimie [9].
ABTOBOTHBI, TaKWM 00pa30M, HUIPAIOT BAXKHYK POJIb B (DYHKIMOHUPOBAHUU IYKUBBIX
CUCTEM. I/I3yquI/Ie UX CBOUCTB 4BJIMETCS KJAIYOM K ITOHUMAHHWIO MHOTUX SIBJEHUN B
HEpBHOH cucTeme, paboTe MBI, MOpdQoreHese, JUHAMAKE IKOCUCTEM U JIPYTUX BOIPOCOB
onodmsukn. Hapyrienne pe:KUMOB paclpoCTpaHeHUs aBTOBOJH BeJeT K CEPhe3HBIM
HapyHICeHUAM KU3HEeAECATECJIbHOCTH. TaK B CepﬂeqHOﬁ MBIIIIE BOSHUKHOBEHUE CIITUPAJIBHBIX
BOJIH NPUBOJUT K HEKOTOPBIM OHNACHBIM I YKU3HU APUTMUAM. YTPABJsgd BO3HUKIIEH
BOJIHOW TIPU TOMOIIH BHEINIHUX BO3JAEHCTBU, MOMKHO JIMKBHIADOBATH TAKYI0 APUTMHIO.
STI/IMI/I COO6pa}KeHI/IHMI/I onpejgesidercd BaxKHOCTb UCCJIeJ0BaHU A aBTOBOJIHOBBIX IIPOIECCOB.

MaTeMaTI/IquKI/I AKTUBHBIE Cpeabl 4Yallle BCEro OIHNCBIBAIOTCA YypaBHEHUAMHN THUIIA
peakius-Tuddy3usa ¢ HeTUHEHHBIM PeaKIMOHHBIM WieHoM. HemocpeacTsennoe perienue
TAKHX YPABHEHHH — CJIOXKHAS MaTeMaTHdecKas 3a1a4a. Jlo cux mop Hem3BEeCTHO TOUHBIX
penieHuil B BUJE CHUPAJbHLIX BOJTH. Bce pe3yabraThl MOIYyYeHbl TOJIBKO NPUOINZKEHHO,
[JIABHBIM 00pa3oMm gucienno. Ciydam, KoOrja aHAJUTUYECKHE PEIIeHUst MOTYT OBbIThb
HANIEHBI ACHMITOTHICCKUMHI METOJIAMH, MPEJICTABISIOT 0COOYI0 HMEHHOCTh, OTBedasd Ha
BOIIPOCHI, KOTOPbIE€ TPYAHO BBIACHUTDL IIPU IIOMOIIHU TOJIBKO YUC/JI€HHOI0 MOAEJINPOBaHUA.

OaHUM U3 TAKUX ACHMITOTHIECKHX METOMOB SIBJISAETCSA KUHEMAMUYECKUT nodxrodo,
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OPUMEHUMBIH JII cpes ¢ MaJioil pedpaKTePHOCTHIO, T.e. KO/ BPEMs peJlaKCaliu
Ccpeabl K CTAIlMOHAPHOMY COCTOSHHUIO IOCTE IPOXOXK/ICHHS BOJHBI BO30YXKJIEHHA MHOTO
MEHBIIIe TTPOMEKYTKA BpeMeHH MeKIy TPOX0XKIeHNeM MOCIeAYIOMUX BOIH. B 3ToM ciyuae
MO2KHO OI'DaHHYHUTLCA PAaCCMOTpeHHEM ABHXKEHUA TOJIBKO BOJIHOBOI'O CprHTa7 T.€. JINHUN
HA ILJIOCKOCTH WM IOBEPXHOCTH B TPEXMEPHOM MPOCTPAHCTBE, HOpMAaJibHAs CKOPOCTh
KOTOPOI'0 OKA3bIBAETCS 3aBUCSIIEH TOJBKO OT JIOKAJIbHOI KpuBU3HBI (bpoHTa. B pesynabrare
Pa3MepHOCTh COOTBETCTBYIONIEH MaTeMAaTHIeCKON 3ajadu CHUKAeTCs Ha eauHuiy. [lpu
nccjaeJ0BaHnn ABUZKEHHUA BOJTHOBOI'O CprHTa C O6prBOM, HeO6XO,ZLI/IMO OIMuCaTh ABUXKCHUC
5TOro OOpbIBa M IOCTABUTH I'PAHUYHBIE YCIOBUSA Ha HeM. B panee omyOJIMKOBaHHBIX
paboTax, J7Is 3TOTO HCIOAb30BAINCH (DEHOMEHOTOTHIECKHE YPABHEHUSI.

B ngannoit pabore HeoOXomuMble YpaBHEHUA IMOJIYUEHBI MeTOJaMu
TEOpUH BO3MYIIEHUI HEIOCPEACTBEHHO U3 ypaBHeHHs peaknud-auddy3us,
OMHCHIBAIOIIET0 MOAHHYIO BO30yammMyio cpexay. Tak mosrydeHHBbIE ypaBHEHUS
oka3ajauch o00O0OIIIeHneM paHee HCHOJIb30BABINNXCA (PEHOMEHOJIOTUIECKTX
ypaBHenuii. Kpome Toro, B paboTe WuUCCIEAYIOTCHA PpeHIeHus HEKOTOPBhIX
CTAIIMOHAPHBIX M HECTAIIMOHAPHBLIX 33/1a4 B pPaMKaxX HOBOH KWHEMATHYECKOIi
MOIEJIN.

ﬂHCCGpTaHI/Iﬂ COCTOUT U3 BBeJACHUA, IIECTU IVIaB, 3aKJIOYeHUd 1 CIINCKa JJUTEePaTyPbI.

[lepBas 1yiIaBa sBJsSeTCS BBOJHOH M COJEPXKUT 0030p JIUTEPATYPBI, IOCBSAIIECHHON
HEKOTOPBIM MaTeMaTHYECKHM MeToJaM HCCAeJOBaHUsS aBTOBOMH. (coboe BHUMAHUE
yaeadercda MeTodaM, OCHOBAHHBIM Ha HW3Yy4Y€HHUM JIBU2KCHHA aBTOBOJIHOBBIX CprHTOB.
HpOBOﬂHTCH CpaBHEHNE TaKUX METOA0B, NPEAJIO2KEHHbBIX PAa3JIMIYHBIMH aBTOPpaMU.

Bropass riaBa “BbIBoJ OCHOBHBIX VpaBHEHHII' 3aHHMaeT IEHTPAJbHOE MeCTO B
auccepTanuu. B Heil JaH BBIBOJ ypaBHEHHH IBUKEHUsI OOpBIBA BOJTHOBOTO (bpoHTA 13
ypaBHeHnit “peakiusi-auddy3us’. YpaBHeHUs MOJyYeHBI JJId aBTOBOJH KaK B ILIOCKOM,
TaK U B TpeXMepHOil BO30yuMoil cpejie.

B Tperneit riraBe “CramuoHapHble CIUpAJIbHbIE aBTOBOIHLI ITOIYYeHbI PEIIeHHs 33724
KUHEMATHKU B BHUJE BOJTHOBBIX (DPOHTOB, COXPAHMIONIAX CBOIO (POPMY ¥ BPAIIAIONIHXCS

BOKDYT HENOJBUKHOTO TeHTpa. PaccMaTpuBaloTes caydan HEOrPAHWYEHHOI OIHOPOHOIN



Cpeabl U KPYTJIOH OJHOPOIHOR Cpesibl KOHEYHOTO PaAnyCa.

B derBeproit rmape “/Ipeiid cnumpaJibHBIX BOJH B cJab0 HEOTHOPOIHOH cpeme”’
paccMaTpUBaeTCs MpHUMeP HeCTAlMOHAPHOH 3ajJaun. B TpeTheil r1aBe ObLIN MOJTYYEHBI
pelreHnsi B BUJE CHHUPAIBHON BOJHBI, BPAIIAOIIEiicss BOKPYT (DUKCHPOBAHHOIO IEHTPA
B HEOIpaHWYeHHO# oaHopoanoil cpeie. Eciu cpepa mpocTpaHCTBEHHO HEOIHOPO/HA,
OpUYeM 3Ta HEOJHOPOJTHOCTDL cjabasi, TO CYIIECTBYIOT pelIeHHs B KaKJIbli MOMEHT
BpeMeHu O/IM3Kue K TAaKOH CIUpPAbHOIl BOJIHE, HEHTD BPAIIEHUsI KOTOPOH MepeMernaercs
co BpemeneM. Takoe mepemernenune Ha3biBaeTCs dpetipom. [IpumMenHsisi TEXHUKY TeOpHH
BO3MYIIEHUH, yIaeTCd BBIYUCIUTL BEKTOP CKOPOCTH Jipeiipa W HM3MeHeHHe YaCTOTHI
BpAIIEHUs CIIUPAJIH.

B maroit rnase “ComocraBieHne ¢ pe3yJbTaTaM@d JPYTHX TEOPHH W YHCJIEHHOIO
9KCIIEPUMEHTa’  IPOBOJMTCA CpPaBHEHHE pPe3yJbTATOB IOJYYEHHBIX [PH  TOMOIIH
KHHEMATHYECKOT'O MeTOJa JIJISI CTAIlMOHAPHBIX M JIpeipyIomux CHUpaJIbHBIX BOJH
C pesyJbrataMu “KJIACCHYECKOr0~  KHHEMATHYEeCKOI'O0  IOJX0/Ja, OCHOBAHHOIO Ha
(hpeHOMEHOJIOTHIECKIX YPABHEHUSAX JBUKEHNsI KOHINKA M C PE3YJIbTATAMHU UIE0JTOTHIECKH
6m3KOro Meroja ¢BoboHON TpaHuIpl [3]. KpoMe Toro, 37ech ke POBOJUTCS CpaBHEHUE
C Ppe3yabTaTaMH YHUCJAEHHOTO MOJEJUPOBAHUSA BO30OYINMON CpeIbl, OIMUCHIBAEMOil
ypaBuenusamu ‘peakius-anddysus’

Hakomer, B 1ecToii r/iaBe IpUBOJAATCA PE3YJIbTaThl, JOCTUIHYTHIE MPH PACCMOTPEHUU
KHHEMATHYECKUM ~ METOJOM  IpocTeifimeft 3ajadd B TPEXMEPHOM  IPOCTPAHCTBE.
PaccmarpuBaercs npsMoii CBUTOK C MOCTOSTHHBIM TPAAHeHTOM (ha3bl BPAIEHUS BIOJIb €0
OCH.

B “Bakmouyenun” (popMyIupyIoTcad HEKOTOPbIE BBIBOJIBI.



I'maBa 1

O0630p JIuTEPATYPHI.

1.1 AKTuBHBIE CpeIbl I UX MATEMATHIECKOE OMMCAHIE.

Bo BBesienun yzke orMedasnoch, YTO aBTOBOIHBI BOBHUKAIOT B aKTHBHBIX CPEJIAaX, KOTOPDIE
XapaKTepu3yoTcss He TOJbKO HAJMddeM CBa3d (IIOTOKOB BEINECTBA U/WJIUH SHEPIUH,
HanpuMep, Tud QY3 Wi TEmIONPOBOIHOCTH) MKy OTIEJIBHBIMA TOYKAMHU CPEJIbl, ee
INEMEHMAMY, HO M JOCTATOYHO CJIOKHBIM IOBEJEHUEM OTJeJbHOro 3j1emenTa. MoxkHO
BBIJIEJUTH TPU MpOCTednuxX Tuna takux remenTon [10]: 6ucmabuasvuud, 6036ydumvi u
a8mokosebamesvHviti, KOTOPBIM OTBEYAIOT COOTBETCTBYIONINE TUIBI COCTABJIEHHBIX U3 HUX
AKTUBHBIX Cpe/I.

Bucrabunbubiil 3/1eMeHT 0018/1aeT JABYMS YCTONYUBBIMUA CTAITHOHAPHBIMEH COCTOSAHUSIMU,
nepexopl MeXKJTy KOTOPBIMHU IPOUCXOJAT NIPH BHENIHEM BO3/efCTBHUH, NPEeBBIIIAIONIEM
HEKOTOPBIH mopor. B cpeiax W3 TaKUX 7€MEHTOB BO3HUKAIOT 604HbLL NEPEKAOUEHUA T3
OJIHOTO coCTOsiHus B ipyroe. K HuUM OTHOCSATCsI, HApUMED, BOJHBI ropenns |11, 12].

Bo3byanmbrit s7eMeHT uMeeT TOJBKO OJHO YCTOWYWBOE CTallMOHAPHOE COCTOSIHUE.
Bremree Bo3eficTBHe, MpeBBIMIAIOINIEee TOPOTOBBIN YPOBEHB, CIIOCOOHO BBIBECTH JIEMEHT U3
YCTOMYIUBOTO COCTOAHUS W 3aCTABUTH €r0 COBEPIIATH HEKOTOPYIO IBOMIONUIO, TTPE¥KIe deM
OH BHOBbH BEPHETCS B 3TO cOCTOsiHMe. Bo BpeMs mepexo/ioB, aKTUBHBIN 3JIEMEHT CIIOCOOEH

IIOBJIMATDL Ha CBA3aHHbIC C HUM JIEMEHTDBI I B CBOIO O4epelb BbIBECTU UX U3 CTaIIlMOHAPHOI'O
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cocTosiHMs. B pe3sysbTare, B Takoil cpejie PaCHpOCTPAHACTCS BOAHG B8030YHCOEHUA. DTO
HauboJiee PacpoCTPaHEeHHbIH BHJI AaBTOBOIH B OMOJIOIMYECKUX CPelaX, TAKUX KaK HepBHAs
TKaHb [8|, nnn cepaednas mpima [9].

ABTOKOMTEOATEILHBIN 37IEMEHT HE WMeeT CTAIHOHAPHBIX COCTOSIHUN W TTOCTOSIHHO
COBEpPIIAET YCTOWYMBLIE ABTOKOJEOAHUS OIpE/IeJeHHON (DOPMBI, aMILIATY/Ibl ¥ YaCTOTHI.
Buernrnee Bo3aeiicTBue criocodHO BOBMYTHUTH 3TH Kojebanusi. [Io mporrecTBUH HEKOTOPOTO
BpEMEHU peJIaKCalluh, BCE HUX XapaKTePUCTUKU KpoMe pa3bl BEpHYTCH K CBOEMY
YCTOMYNBOMY 3HA4YEHUIO, HO pa3a MOXKeT H3MEHUThCA. B urore, B cpejie W3 TaKHX
9JIEMEHTOB PACIIPOCTPAHSIIOTCS (Pa306ble G0AHbL. ITO, HAITPUMED, BOJIHDBI B 3JIEKTPOTHPJISHIE
1 HEKOTOPBIX XUMUYECKHX CPEJIAX.

MaremaTndeckyio MOJeIb aKTHUBHOH CpeJbl MOXKHO CTPOUTH Ha OCHOBE CBOWCTB
OT/JICJIbHBIX 3JIEMEHTOB CPEJbl, COCTaBJsdsd €€ W3 OIpeJejeHHbIM 00pa30M CBA3aHHBIX
KAemouHolr asmomamos. Kakaplit m3 HEUX HMeeT KOHEYHOEe MHOXKECTBO COCTOSHHI H
COBEPIIAET IEePEeXO/bl MEKJy HUMHU 10 OIPE/EJIeHHbIM TpPaBUIaM, XapaKTEPHBIM s
S7€MeHTa CPeJibl JAHHOTO THIA. Takwe MOJeTH HA3hIBAIOTCS axcuomamuyveckumu |13, 10,
14]. C ux moMoIbio GBI MOJYUYEH Psijl KAYECTBEHHBIX PE3YJIbTATOB, 0COOEHHO KACAIOIIHXCS
BO3OYINMBIX CpeJI, HAlpUMep, HabII01aI0Ch 00pa30BaHue CIIUPAIbHON BOIHBI U3 ILIOCKOTO
dponTa co cBoboxaBIM KOHIOM. OaHAKO, HAbMI0AATEH Oostee ToHKHE YD MEKTHI, a TeMm Oosee
JIOOUTHCHA KOJUIECTBEHHOIO COOTBETCTBUs C SKCIEPUMEHTAJIbHBIMU JTAHHBIMHU, HA TAKHX
MOJIE/ISIX He YIaeTCs.

Bosee nerasbHoe omucanue aKTUBHOW Cpe/bl MOXKHO IOJYy4YUTh, OCHOBBIBAsSCH HA
qudepeHnma bHBIX YPaBHEHUSX C YaCTHBIMYU MPOU3BOAHBIMU THUIIA, peakius-auddy3us
(namee P/l-cucmemor). IIpu 5TOM CBA3K MeXKIYy SJIEMEHTAMH — TOYKAME CPeIbl —
ONMUCHIBAIOTCA UM DY3UOHHBIMI YICHAMHI YPaBHEHUI, 8 TUHAMUKA OTAEIBHOTO 3JIeMEHTa —
peakimoHHBIME. KOTHIecTBO HE3ABUCHMBIX TPOCTPAHCTBEHHBIX IepeMeHHbIX B PJI-cucTeme
olpejiesigeT Pa3sMepHOCTb CpPeJIbl U MOXKET MEHAThCs OT ojHo#t 10 Tpex. HeumsBecrHbie
(DYHKIMH OMUCHIBAIOT JUHAMUKY BEJUYUH (KOMNOHEHM), XAPAKTEPUIYIOMUX CPEIy. DTO
KOHIIEHTPAIUU BEIIECTB B XUMHYECKOHN cHCTeMe; KOHIEHTPAIIMY HOHOB, TPaHCMEeMOpAHHbIE

TOKW W HAIPSI?KEHUS NMPH ONUCAHWUU HEPBHON WM MbIeuHoit Tkanu. B peaybHoit cucreme
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TaKUX TIEePeMEHHbIX MOXKeT OBITHL CKOJIb yrogoo MHOT'O, HO OCHOBHBIEC 3aKOHOMEPHOCTH
IMOoBEJCHUA aKTHBHBIX CPeEJ Ha6JIIO,ZLaIOTCH y2Ke B MOAeJIdX C ABYMA KOMIIOHEHTaMM. ,B;.HH
TOTO UTOOBI peaKHHOHHbIﬁ YJIEH aJIEKBATHO OIINUCBIBaJI JOCTATOYHO CJIOXKHOE€ JIOKaJIbHOE
ImoBeJcHe aKTUBHOT'O 9JIEMEHTa, OH JOJIZ?K€H ObITH HeJIMHEITHBIM.

Obmag aByxkomnonenTHas P/l-cucrema umeer BHT

@u = DHAU + DuAU + F(U, U)

aﬂ) = DglAu + DQQA’U + G(U, U) (11)

3mech t — mpewms, u(r,t) u v(r,t) — HemsectHble dyHKIMU, A — omeparop Jlamiaca mo
MPOCTPAHCTBEHHBIM TIepeMeHHBIM (PaJuyc BeKTopy r), D = {D;;} — rensop auddysnmu,
F(u,v), G(u,v) — peakunounbie w€ienbl. Cucrema OJY (1.1) ¢ HyJeBbIM TEH30pOM
mudpy3un  Ha3BIBACTCA MoueuHoll cucmemoli W ONUCHIBACT JWHAMHUKY OTIEJBLHOTO
SJIEMEHTA, CPeJIb.

B saBucuMocTH OT BHJA pPEAKIMOHHLIX WICHOB, AKTUBHAA CPEla MOMKET OKA3AThCH
bucTabuwibHoil, aBToKoaebaTEIHLHOM N BO30yuMOil. Bu (pa30BbIX MOPTPETOB TOYEUHOI
CUCTEMBI JIJII CPeJI Pa3JIMIHBIX TUIIOB Moka3an Ha puc. 1.1. [Ipusegem nekoropsie Hanbdoee
HOIYJISPHBIE MOJENH KOHKPETHBIX CPeJ M YKazKeM HEKOTOPBbIE X CBOHCTBA, BAYXKHBIE /IS

JIAHHO# padOTHI.

BucrabusibHBIE CpEIbI.

Jlng peanusanuu Mojeun OUCTAOMIBHON CpeJbl JOCTATOYHO jlarkKe OJHOKOMIIOHEHTHOI

CHCTEMDbI:

Owu = DAu + f(u) (1.2)

TakoBa, Hanmpumep, MOJeJb pacnpocrpaHenus: maamenu |10 | B koropoit u = u(r,t) —
=C! C — —

remmeparypa, f(u) = q(u), yJeabHast TelI0eMKOCTh, ¢(u) — TemioTa cropanus,

D — koaddunumenT remnepaTypornpoBoIHOCTH cpejibl. Eciu ypasaenune g(u) = 0 umeer Tpu

KODHS Uy < Uy < Uz, IPAYEM TeMIepaTypa BOCILIAMEHEHHUS Uy TAKOBA 9TO Uy < Uy < U3,

TO B TaKO# Cpejie BO3MOYKHO PACHpPOCTPAHEHNS BOJH BO3TOPAHUS WA TYIIEHU.
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Cpenu OWONIOrMYeCKWX 3a/ad9, OWCTAOWUIbHBIE CPEJBbl TOSIBJISAIOTCS, HANPHUMED, B
HEKOTOPBIX 3a/1av4aX MONy/IAUOHHOM reHeTnku. Tak, B [15] Gblaa mpejiokena mpocTeninast

MOJEIb BHI000PA30BAHMSI

dp = ¥(p)+ DAp (1.3)

B _(wasa —wap)p+ (wap —wpp)(1—p) (1 —
v(p) = p(1 p)wAApQ+2wABp(1_p)erB(l_p)2 pp+v(l—p)  (1.4)

rae p — gactora rera A, a (1 — p) — rena B, renorunam AA, AB, BB cOOTBETCTBYIOT
KO3 DUIUEHT B TPUCTOCOOISIEMOCTH W ¢ COOTBETCTBY FOIIUMU WHIEKCAMH, (L U I — 9aCTOTHI
myTtanuit, D — xodbdunnent “anddysun’, odycmobieHHoit murpammeir ocobeit. I[Ipu
HEKOTOPBIX TTapamerpax, ypasHerue 1)(p) = 0 uMeeT Tpu KOpHsl, Toraa ypasHenue (1.3)
uMeer JiBa yCTONYMBBIX COCTOSIHUSI PABHOBECHUsI, a HEPEXOJ MeXK/ly HUMH HOCHT XapaKTep
dbaszoporo mepexoga. B Takoii cpene BO3MOXKHO pacnpoCTpaHEHHWe BOJH HEPEKTIYEHMUS,
OTBEYAIOIINX BBITECHEHHIO OJHOIO BHJIA JPYTUM.

CKOpOCTb BOJIHBI IEPEKJIOUEHWsI B OJHOMEDHOM CIydae ONpeHesdeTcsd TOJIbKO
dbyuxmueit f(u). K coxkaneHuo, ogyduTh 3Ty CKOPOCTh aHAJUTHYECKH YIAETCS TOJBKO
st HekoTophix BuaoB dbyukumn f(u) [10, 16], B Tom uwncie, Ajst BaxKHOTO YaCTHOIO
caydast, Korma f(u) — Kybudnstit nomuaoM. B nByMepHO#t cpejie CKOPOCTDH BOJHBI 3aBHCHT
TakyKe U or Kpubu3Hbl K ee dpoHTa. DTa 3aBUCHUMOCTH, JJIs CAydas JAUArOHAJBLHOIO

nudy3nonnoro Tenzopa ¢ paBubIME Kodddunuentamu D, umeer Bu/I
c=cy— DK, (1.5)

rjie ¢g — CKOPOCTb B OJHOMEpPHOiH cpeje. OTMeTuM, 4TO, OJarofaps MOJ0KHTEIbHOCTH
D, takas 3aBUCHMOCTD TapaHTUPYeT YCTOWYHUBOCTH IJIOCKOTO (DPOHTA: NMPH IOSIBJICHHU HA
HEM BBIIYKJIOrO (BOTHYTOr0) ydacTKa, OH OyaeT JABHraThesi Mejiennee (6bictpee) u bpoHT

BBIDOBHAETCHA.
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ABTOKOIEDATEIBHBIE CPEBI.

Komnesns u Xosapaom [17] 611 npejiozkeH TpocToil Kaace MoJeaeil aBTOKOIe6aTeIbHBIX

Cpe/l, TaK HA3bIBAEMbIE A\ — W CHCTEMBI:

ou = Au+ Ap)u —w(p)v

v = Av+w(p)u+ A(p)v (1.6)

e p? = u2+02%, A(0) > 0, w(0) # 0, A(p) uMeer U30MPOBAHHBIIL HOJIb HPH HEKOTOPOM p =
po > 0. B yactrHoCTH K 3TOMY KJacCy MPUHAIIEKUT 0000IIeHHOe ypaBHenue ['mu3dypra-
Jlangay (YI'JI), kotopoe, Kak ObL10 OKa3aHO B [18] onuchiBaeT aBTOKOMEOATEBHYIO CPETY

¢ TOYEeUHOI cucTtemoit BOm3u budypramuun Xomda. B VI'JI

Mp) = a1+ Bip?

w(p) = az+ fop’ (1.7)

Bo36yaumblie cpebl.

[TockoabKy maHHass paboTa MOCBAIIEHA HMEHHO BO3OYIUMBIM CpegaM, TO OCTAHOBUMCS
Ha HUX TOoApobHee. KOHKpeTHBIT BUj ypaBHEHWH IS HEPBHOI TKaHW OBLI MPEIIOKEH
XomkkuabiM 1 Xakcauw B 1952 romy [19], a s cepaednoii Tkanu depes 10 et
Ho6stom [20]. O6e onum comepzkar mo 4erbipe ypaBHeHus. [l KJIETOK CepevHONl TKaHU
XapaKTepHa CUJIbHAs PEJaKCAIMOHHOCTH (21|, T.e. 3HAYMTEIBHOE MpPEBBIIeHHE (IPUMEPHO
B 300 pa3) BpemeHu pedpakTepHOCTH HaJ BpeMeHeM BO30YKIeHHs. DTO MPUBOIUT K
TOMY, 9TO BOJIHA BO3OYKJICHUS B CEP/IEYHON TKAHH UMeeT PEe3KHil ImepeaHuil, Ho He HMeeT
BBIPAXKEHHOTO 3a/IHero (ppoHTa. DTa OCOOEHHOCTH YPABHEHHUIl CYIIECTBEHHO 3aTPYIHSIET
HEeTOCpeJCTBeHHOe pererne nx Ha IBM, HO mo3Bossier mpom3BecTn aHATIUTHIECKYTO
PEIYKIIMIO ¢ YIEeTOM MAJIOCTH ITapaMeTpoB. B pesyJbrare KoJH4ecTBO YpaBHEHUI y1aeTcs
COKPaTHTh JI0 JIBYX [22].

[Mupokuii kmacc BO30yAUMBIX cpes (B TOM 4YHCIe ceplevdHas TKaHb) MOXKeT ObITh

onucan aByxKoMrnoHeHTHbIME P/I-cucremamu (1.1) co crienuanbHBIM BHIOM PEAKIIMOHHBIX
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YJIEHOB W PA3IMYHON CKOPOCTHIO M3MEHEHUS MEePEMEHHbBIX. [1ycTh, HanpuMep u — 0b.empasn
nepemernad, a v — meoaennad. g Toro 9robbl cucteMa ObLa BO30YIUMOfl, 10CTATOYHO
MPEANONOKATE, UTO (-u30KAuna ypaBHEHUs s u, TO ecTh Kpuag F(u,v) = 0 Ha
mrockocT (u, v) nmeer N-06pasHbIil B, a peakuonusiii wien G(u,v) = v(u)—v, tae v(u)
MOHOTOHHO BO3pACTaer, Ipu4YeM peaknuoHHbl wien F'(u,v) > 0 Hmke kpusoit F(u,v) =0
¥ OTPHUIIATEJICH BhIlle Hee, a eJIMHCTBeHHAas TO4YKa mepecevderus 0-u3okaud F(u,v) = 0 u
F(u,v) = 0 aexur jeBee muanmyma F(u,v) = 0, kKak 310 nokaszano za pucyske 1.1(a).
OTMmeTnM, 9TO NpHU JAPYTOM PACIOIOKEHUNA KOPHEH, Cpela OKayKeTCsl aBTOKOIe0aTe bHOl
(puc. 1.1(b)) nnu 6ucrabusbhoit (puc. 1.1(c)).

N3 MOAEIbHBIX CHCTEM BO30YIMMBIX CpeJl HauOOJbIIee PACIPOCTPAHEHNE TTOTY TN

o Kybuunas modeav PumuXoro-Hazymo, [23]

ou = e Yu—u*/3—v)+ Au

v = e(lu+ B —v)+ 5Av (1.8)
rie 0 BeiOMpaeTcsa paBHbIM O wian 1.
e Ee momuduranus — kycouno-asunetinan modeav OumuyXoio-Hazymo [24]:

ou = a;u— gv+b; + Au,

v = €i(gou —v), (1.9)
0, u<u,
T = 1, v <u<us, ,
2, up < u,
bp = 0, b= (ao_al)uh by = —aso,
as + (ag — ay)uy
Uy =
Ao — A
a1
g2 < 0, a1>0, O<uy < ,
a1 — Qo

(ap — ar)uy + ay
> 0, >
(51 g2 (Clo — CL1)U1 T a

Q2
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(a) 7

(b) u (¢) u

Puc. 1.1: ®asosbie moprperst Toweunoit cucrembr @ = F(u,v), v = eG(u,v), tie ¢ < 1 — mablit
napamerp. Cromabie juaun — 0-uzoknusab:: EOF — memnennoro ypasuenust G(u,v) = 0, BOAD —
6bicrporo ypasuenus F(u,v) = 0. B 3aBucumocru or pacuosiokenust To4ek nepecedenust 0-U30KJIMH,
COOTBETCTBYIOIIAsA Cpea obaamaeT pasiudnbiMu cBoiicrBamu: (a) Bo3byaumas cpema. O — ycroitunsoe
COCTOSTHUE PABHOBECHsI CUCTEMbl; MyHKTUpHas juaust OA — BbIBeJeHUE W3 PABHOBECHSI NMPU BHEITHEM
Bo3eiicTBun; )upHas croinaas juausds ABC DO — tpaekTopust najbHeRInel 5Bogonun cucreMbl. [Ipu
3ToM OTpe3ok AB coorsercrByer mepemmnemy, a CD — 3amaemy dbponTaM BOJIHBI BO30Oy:kaeHus. (b)
Asrokonebarenbras cpena. O — HEYCTONIMBOE COCTOSTHIE PABHOBECHST CHCTEMbI; YKUPHAS CILITOTHAS JIMHHAS
ABCD — upezesnbHblii UK, OMUChIBAEMbIl cucremoii npu asrokojebanuu. (¢) Bucrabunbnas cpena. F
u E — Touku ycroituuBbix paBHOBecuit; nynkrupabie juinu KA u FC — pueinnue Bozeitcrsus; ABF u

CDE — TpaekTOpuu MOCJIEAYIONIEr0O MEPEKIIOUEHUs B IPYroe PABHOBECHE.
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e Modeav Bapkau, [25]

ou = e 'u(l —u) (u— U+b> + Au

a
ov = u—v (1.10)

e Modeav Aauesa-Ilangunosa [26], Xopolo BOCHPOU3BOISIIIAS OCHOBHBIE OCOOEHHOCTH

UMITYJIbCA BO30Y2KJ/IEHUS B CEP/IEYHON TKAHU:

O = Au—ku(u—a)(u—1) —uw;

v

ov = — e+
( T T

(v+ ku(u —a—1)) (1.11)

1.2 (CsBoiicTBa aBTOBOJIH.

ABTOBOIHBEI 00/1JaI0T MHOTHMH OCOOEHHOCTSIMM, IEJAIONUMHA UX PE3KO OTIHIHBIMU OT
BOJIH B KOHCEPBATHUBHBLIX CHCTEMAaX: OHU HE COXPAHAIOT IHEPIUIO, HE YIOBJIETBOPLAIOT
NPUHIAIY CYTEPHO3UINKN, 3aT0 coxpaHsitor dbopmy u ammautymy [27]. as wux Her
apderToB uHTEPpEPEHINN W OTpaKeHHsI B OOBITHOM BHJIE, CBS3aHHBIX C IPHHIMIIOM
CYNEPIO3UIMHE. XOTS B HEKOTOPBIX CIYJasX BO3ZMOKHBI 9 (MEKTHI MOX0KIE Ha OTParKeHue
M aHHUTHAAINO coanToHOB [28]. Tloxasyit, eauHCTBEHHOE CBOIMCTBO, OObLEIHHSIONIEE
aBTOBOJIHBI C JINHEHHBIMEA BOJTHAME — 3TO HpuHIUN ['foiirerca, mo3BoJAONINNE TOBOPUTH
TaKxKe 0 TUMPAKINT aBTOBOJIH.

OanuM M3 BaxKHEHIIUX OTLJMYUTEIbHbIX CBOWCTB aKTUBHOH Cpeibl SIBJASETCS ee
ped>pakTepHOCThL — HEOOXOAMMOCTH HEKOTOPOTO BPEMEHHM Ha BOCCTAHOBJIEHHE CBONCTB
ocJIe MPOXOXKJeHuUsl uMmyJabca. Ha moprpere 1.1(a) Todednoit cucrembl BO30YAHMOiL
cpeanl pedpakTepHbIil yIacToK onuchbiBaeTcs orpeskom DO. Cpa3y mocie MpoXo:KIeHUs
aBTOBOJIHbI, AKTUBHAs Cpe/la HAXOAUTCA B pedPaKTePHOM COCTOSHMM M HECIOCOOHA K
IOBTOPHOMY MpPOBEIEHHIO BOJHBI, HO CO BpPEMEHEM CpeJia BO3BPAIAeTCsI B MCXOJIHOE
COCTOSIHME W CIIOCOOHOCTH IIPOBOJMTH ABTOBOJHBI BOCCTAHABIMBAETCSI. B HEKOTOPBIX
CJIy4asixX BO3MOXKHO M IIPOBEIEHUE BOJHBL JIO II0JIHONO BOCCTAHOBJICHHUS CPEJIbl —

COCMOoAHUE OMHOCUMEALHOT PedhparmepPHOCMU, HO CKOPOCTD €€ TIPU STOM OYIeT HECKOIBKO
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MEHbIIEC B 3aBUCUMOCTH OT IIporreaniero ¢ MOMEHTa IMPOXOzKACHUA Hpeﬂbmymeﬁ BOJIHBI
Bpemenu. Tax B PI-mMojenssx BO30YIMMBIX Cpej, ONHCAHHBIX B pazjene 1.1, cKopocThb
pacnpocTpaHeHusT OYepPEeIHOW BOJHBI ONMpeJe/geTcs 3HAYeHueM MeJJICHHON mepeMeHHOo
U YCTAHOBHBIIHUMCS TIOCJTE UPOXOXKJAeHUs mnpeasiaymedi [29]. Jlaa nepumogmdaeckoil
[OC/IEIOBATE/IbHOCTH UMITYJIbCOB 3TO IIPUBOIUT K OUCNEPCUY, — 3aBUCUMOCTH CKOPOCTH
BOJIH OT uX 4actorel. B [30| 3akon mucnepcun pias mojgenbHoil cpeasl Punnens-Kenrepa
OBl TOJIyYeH aHaJUTHYeCKH. HKcjim BpeMs IOcCjae ITPOXOXKAEHUs UPEeAbIAYIell BOJTHBI
CJIMIITKOM MaJIO, TO ITPOBEIeHUE TOC/Ie/IYIONIeH BOOOIIe HEBO3MOXKHO, TAK YTO CYIIECTBYET
MUHUMAJBbHBINT BPEMEHHON WHTEPBAJ MEXKJAYy COCEAHUMU BOJHAMU — 6PEMA
abconromnoti pedhpaxmeprocmu. OmHAKO HazKe TOCTE TOJTHOTO BOCCTAHOBIEHUS CPEJIHI,
CKOPOCTHh BOJIHBI B Heli He MOXKET NMPEBBICUTH HEKOTOPOU MaKCUMAJbHOW AJId
JAHHOI cpeabl BEJINYUHBI.

B ognomepHoii cpejie aBTOBOIHBI MOT'YT HPEJACTABAATEH CO00# JIHOO OTUHOIHBIN HMITY.IbC
onpejiesieHHOit hopMbl, JUOO TOC/IEI0BATEIBHOCTh TaKUX HMILYJILCOB, JABUKYIIUXCS €
HEKOTOPOHl CKOPOCTBIO, 3aBUCAIICH OT WHTEPBAJIOB Mexkjay wumnyabcamu. llepeiigem
OTMMCAHUIO aBTOBOJIH B JIBYMEPHBIX CpeJIax.

WcTouHnkoM aBTOBOJH B AaKTHUBHOH cpele MOXKET CIYKUTh HEKOTopas ee 00/1acTh,
Ha3bIBaeMas netcmelikepom, WUCIYCKAIONAA AaBTOBOJIHBI C HEKOTOPBIM  IMEPHOOM.
[leiicmeiikep co3maeT B cpejie KapTHHY B BHUJIe KOJBIEBBIX BOJH PaCXOIANIAXCI U3
HEKOTOpOoro nentpa. Ilepuon meiicmeiikepa ompeessieTcss ero COOCTBEHHBIMH CBOMCTBAMUI
U MOXKeT ObITb ITPOM3BOJILHBIM, HO HE MeHbIle BpeMeHu abCoMIOTHON pedpakTepHOCTH.
[Tpu Hasmauu B cpejie HECKOIBKUX MeificMeKepOB C pa3HbIMU TTEPUOIAMU, HU3KOYACTOTHDIE
OJIABJIAIOTCS HAKOOIee BHICOKOYACTOTHBIMHE [10].

ViKe B AKCHOMATHIECKUX MOJessx Tuna Bunepa-Posentmora [13] 66110 MOKa3aHo, 9T0
pPa3pbIB ILJIOCKOH BOJIHBI BO30YKJIEHUSA TPH €€ BCTpeUYe C HeBO30YMMbIM MPEnsSTCTBHEM
B CpeJie TPHBOAUT K OODA30BAHUIO CRUPAALHOT a6mo6oans, (Ipyrue Ha3BAHUSL:
pesepbepamop, a8mosoAH080T 6ULPs), BPAIIAIOIIEHCS BOKPYT ITOr0 mpensaTcrust. [1o3zxke
6bIJIO BBIACHEHO, 4YTO CIIMPaJIbHbI€ BOJIHBI BO3HHKaIOT B CXOJAHBIX YCJ/JIOBHUAX HE TOJbBKO B

BO30YIMMBIX, HO M B aBTOKOsIebaTebHbIX cpefax [31]. Kpome Toro, okazanock, 9ro Hagnane
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NPENsTCTBUS He sBJIseTcs 00s3aTe/NbHBIM U CIIMPaJbHAS BOJHA BO3HUKACT TaKXKe W MPH
CO3JIAHUH TTOJIXOJSIIUX HAYATBHBIX yCaoBHil [32].

B cniupasibHOI BoTHE 00PBIB ee (DPOHTA — KOHYUK — BPAIIAETC BOKPYT (DUKCHPOBAHHOM
TOYKH — UEHMPA CNUPEAU TI0 OKPYKHOCTH OINPEAeJeHHOr0 pajuyca. BHyTpb Kpyra,
OrPAHUYEHHOI'O0 3TOW OKPYKHOCTBIO, U HA3BIBAEMOro AJpom, aBTOBOJHA HE NPOHUKAET.
B Bo3bymumoit cpene sapo octaercd HeBO30OYKIEHHBIM. B ciaydae HeorpaHHYEHHO
OAHOPOJHON Cpenpl, PaJuyc fg/pa, KaK I CKOPOCTh BpAIlEeHUs CIUPAJIN, ONPEaesIaiOTCs
TOJBKO CBOIICTBAMU caMoOil cpejibl, & He HavaJbHbIMEU yciaoBusgMmu. Dopma crupaabHO
BOJTHBI BJIAJIM OT IIEHTPa BpallleHud OJIM3Ka K 9BOJBBEHTE OKPYKHOCTH — I'PAHUIIBI €€ sIpa,
[13).

CrnupanbHasi BOJMHA, BO3HUKINAs B Cpeie, NPUBOAUT K BO3HUKHOBEHHIO B Heil
[NePUOANYECKON I[OCJAe10BaTe/IbHOCTU BOJIH, IOXOXKeil Ha HCIYCKAeMYIO IeHCMelKepoM,
HO B OTJIMYHE OT Hee HMEIONLyIo (hPHKCHPOBAHHBINA MEPHO, ONpeJe/IeHHBbIH cBOfiCTBAMU
caMoii cpejibl. B cuity 3T0oro cnmpaJjibHble BOJHBI HE TOJAABJLAIOT JIPYT JApyra, HO MOTYT
B3aMMO/IICTBOBATH WHBIM CHOCOOOM, HANPUMED, BBI3bIBASA B3aUMHOE JIBHYKEHHE HEHTPOB
JApyT apyra — apeiid u u3MmeHenue ckopocteil Bpamenus [33]. K Tomy ke pesyabrary
MPUBOINUT U B3aUMOJEeHiCTBIE CIUPAJIBbHOI BOJTHBI C TPAHUIEll IIU HEOTHOPOIHOCTHIO CPEIbI
[34, 35, 36, 37|, a Tak:Ke MepHOIUIECKOE U3MEHEHHE CBOHCTB cpenbl |38, 36].

Kak yxke oTMedasoch BO BBeJeHWH, Ha IMOBeJIeHWE CIOUPAJbHBIX BOJTH MOTYT
CYIIECTBEHHO BJIMATH TOJBKO Te COOBITHS, KOTOPBIE MPOUCXOJAT BOJIU3U sjApa. ITO
CBOMCTBO YCTOHYMBOCTH THUIIMYHO JJIs ABTOBOJHOBBIX BUXPEA B Pa3JIUYHBIX MOJEIAX,
BKJIIOYast Kak BO30yJUMble, TaK M aBTOKOJeOATEJbHBIE CPebl. XOTs OHO HUKOTJIA
He OBLIO JOKA3aHO CTPOr0 MATEeMAaTHYeCKH a TOJBKO MMOCTYJIUPOBAHO, 3TO CBOUCTBO
MO3BOJIAET CO37ATh ACHUMITOTHYECKHEe TEOPUH AaBTOBOJTHOBOH JIMHAMUKH, OOpAIasCh
C HUMH KaK € KBa3W4YaCTHIAMH B JBYX u3MepeHusx [39], waum HUTSIMH BUXDS
B Tpex wusMepenusax [40, 41]. OaHako, 3TH TEOPUH ONEPUPYIOT CHHTYJISIPHBIME
WHTErpajJaMu, CXOIUMOCTb KOTOPBIX B MPAKTUYECKH BayKHBIX CAYUaAdX OCTACTCA OTKPBITHIM
BOIIPOCOM ¥ 3aBHCUT OT ACHMITOTHUYECKOrO TMOBEJCHNA YYBCTBHTEJIBHOCTH CHAPAJBHON

BOJHBI K yJaJICHHBIM coOBITUAM. AHaJUTUYECKHE pe3yabTaTbl OTHOCUTEJIBHO ITON
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9yBCTBUTEILHOCTH OrPAHUYCHbI CAydaeM aBTOKOJe0aTeJIbHOR MOJEeId, OIMUCHIBACMOil
ypapHenueM |'mu30ypra-J/lanmay. B3aumogeiicTBue BuUXpeil B 9TOH Mogenu ¢ IpaHHIAMHI
¥ HEOJHOPOIHOCTIMH CPEJIbl U JAPYT C JIPYTOM PaccMaTpuBanoch B [42, 43, 44|, u 6bu10
[OKA3aHO, YTO 4yBCTBHTEALHOCTH yObIBAET C PACCTOSAHHEM II0 SKCIIOHEHTE.

Pazindnble aBTOBOJIHOBBIE DEKHMBI, TaKHe KAaK PACHPOCTPAHSIONIECS ILIOCKHE I
cIupaJibHble BOJHBI, MOIYT CYIIECTBOBATH B aKTHBHOH cpele He BCeria, a JIMIIb IIPH
ONpENIEIEHHBIX YCJIOBUSIX Ha TapaMerpbl 3710 cpenbl. Bundpu [45] mocrpomn (myrem
IHCJAEHHOTO SKCIMEPUMEHTA) JUarpaMMy B MPOCTPAHCTBE mapameTpoB (e, ) KyOuuHOI
mogenn PuruXeio-Harymo (1.8) mpu 6 = 0, v = 1/2. Ha amarpamme mpejcTaBleHbl
nuuust 0P, orpaHnYHBaIONas 00JaCTh CYIIECTBOBAHUS PACIPOCTPAHSIONINXCS UMILYILCOB
B OJHOMEPHOIT Cpejie M COOTBETCTBEHHO ILTIOCKUX aBTOBOJIH B IBYMEDHOII; 2paruya pomopos
OR, orpannumnBaoinas 00JaCTh CyIeCTBOBAaHNs CINPAJIbHBIX BOTH, IPAHANBI Meandpa OM
u zunepmeardpa OC, orpaHMYHMBaONIAe OOJACTH CYIIECTBOBAHWUS JIBYIEPHOIMYECKUX U
Doslee CAOKHBIX PEKUMOB. AHajsormdHas amarpamma s mozean bBapkiam (1.10) Obuia
nocrpoena B [46].

Eme OGonbimee pasHooOpaswe KapTHH MOXKET BO3HHKATH B TPEXMEDPHBIX AKTHBHBIX
cpemax. [Ipameiv 0600IeHIEM CIHPATBLHON BOMHBI Ha TPEXMEPHOE TPOCTPAHCTBO SIBJISETCS
C6UMOK, Yy KOTOPOTO BpAIleHHe MPOUCXOAUT BOKPYT HEKOTOPOi npsamoit — numu. OaHaKo
HUTHb CBUTKA MOKeT OBITh U IIPOU3BOJBHBIM 00Pa30M UCKPHUB/ICHA M, BOSMOXKHO, 3aMKHYTa,
a (baza BpAIEHUsT CBUTKA MOYKET MEHSITHCSI BJOJIb HUTH (B 3TOM CJIyYae CBUTOK HA3BIBAETCSI
ckpyuennoim) [40, 41]. CyuecTByoT ONpeieeHEbIe TONONOMHYecKre orpanndenust [47, 48,
49, 50|, cymecTBeHHO COKpAIIAIe pasHoobpa3ne TPeXMEPHBIX CTPYKTYD, HApUMep He
MOZKET CYUIECTBOBATH OJUHOYHBIN CKPYYEHHBIH KOJbIIEBONH CBUTOK.

ChnupaabHble U CBHTKOBBIE BOIHBI HAOIIOZAIACH B MHOTOUYHCIEHHBIX IKCIEPHMEHTaX
C AKTUBHLIMU CpPEJAMU Pa3/JudHoii npupoiabl. BaskKHbIM IPpUMEPOM dBJISCTCH CepAedHas
TKaHb |27, 51|. IMeHHO BOJIHBI BO30Y 2KICHHUS 3aCTABJISAIOT CePEYHY O MbIIIIIIbI COKPATIATHCST
U BBIIOJIHSITH CBOI (DyHKIHMIO. BO3HMKAIOT OHH B CIENMAILHOM IIedcMeilKepe — Tak
HA3bIBAEMOM CUHYCOGOM Y3.Ae. IIpr HEKOTOPBIX IIATOJIOIMAX BO3MOMKHO BO3HMKHOBEHUE B

cep/ile aBTOBOJHOBBIX BUXPEH puenmpu, KOTOPble MCIYCKAIOT BOJIHBI 3HAYUTEJIHHO Oojiee
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BBICOKOH YaCTOTHI M MOJABJIAIOT CHHYCOBBIH y3€/1. DTO TPUBOIUT K OMACHBIM /sl KI3HU
mazurapouam u Pubpusrsyuam (6eCTOPsAIOTHBIM COKPAIIEHUs cepara). Meroasr 60pbObI
C HAMH — BBICOKOBOJIbTHASI U HU3KOBOJbTHas maedubpuwiianuu [52] — OCHOBaHBI Ha

3aKOHOMEPHOCTAX ABUZKEHUA aBTOBOJIH U CTUMYJIHUDPYIOT UX U3YYCHHE.

1.3 IIpubamxkxeHHBIE METOALI NCCJEIOBAHNS aABTOBOJIH.

Kak yzxe ropopuiochk, HanbosIee aIeKBATHBIM MaTeMaTHIeCKAM OIIMCAHNEM aKTHBHBIX CPeI
aJgiorcsa PJI-cucrembl. OQHAKO 9T0 I0BOJIBHO CJIOXKHAA MaTEMaTHICCKAS MOJIE/Ib U IOIHOE
ee UCCJIeI0BaHNe BeCchMa 3aTpyauuTebno. HanpuMmep, 10 cuX 1IOp HE MOAYYEHO TOUHBIX
pemrenuit Kakoil-mubo P/-cucrtembl B BHje cHupajbHOi BoJHBI. [lo3TOMYy akTyabHO
HOCTPOeHUe HPUOJINKEHHBIX METOI0B UCC/IEJI0BAHMS. Y KaXKEM HEKOTOPbIe TAKKE MeTOJbI,
KOTOpBIE OJIM3KH K TeMe JaHHON paboThl METOAMYCCKH WIH JAIOT PE3yALTAThl B CPABHUMBIX
TepMHIHAX.

Ob6obmierneM TpHOIUKEHUST T€OMETPUUIECKON ONTHKHU /sl JUHEHHBIX BOJH SIBISETCS
memod duddysuu aemosoar [53, 54|. OcHOBHOE ypaBHEHHE 5TOr0 METOJa MOMKET OBbITh

3alMCaHO B TEPMHUHAX BOJIHOBOTO BekTopa k = Vo, 111e ¢ — daza, u umeer Bu:
Ok = grad (—w(k®) + P(k*) divk + Q(k*) (k, grad(k?))) (1.12)

3mech w — wacrora aproBoinbl, P(k?) maspiBaeTca Ko3DPUIEERTOM nonepeunol
maddysun, a R(k?) = P(k?)+2k*Q(k?) — kosddunuentom npodoavroti nudpdysun. dtn
K03 dutmenTol onuchkiBaoT auddy3nuio das3bl aBTOBOIHBI 00YCJIOBIEHHYI0 H3MEHEHHEM
HANpaBJIeHusl BOJHOBOrO BekTopa k (momepeunas auddysus) u  ero BeJHUUHBI
(mpononbras  auddysust). Ilomepeunass auddysuss TPOUCXOAUT BJIOTH BOTHOBOIO
bpoHTa, M OmpepesseT 3aBHCHAMOCTH CKOPOCTH aBTOBOJH OT KPHUBU3HBI (DPOHTA.
[Ipononbuast nuddysust, HATPOTUB, TPOUCXOANUT BIOIH HANPABIEHUS BOJHOBOIO BEKTOPA,
B HAIIPABJIEHUU OPTONOHAJIBLHOM K (DPOHTY H BMeCTe ¢ JUCNepcuoHHviLM IJI€HOM W OTBEYaeT
B YaCTHOCTH 3a 3aBUCHUMOCTDH CKOPOCTH OT YACTOTHI CJIEJIOBAHUS BOJH.

K Bomaam B036y}K,ZLeHI/ISI IMIPpUMEHHUMBI ME€TO/Jbl, OCHOBaAHHbLIC Ha U3YyYCHUUN IBUZKECHUA
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CprHTa BOJIHBI, YTO MO3BOJAET IMOHU3UTH Pa3MEPHOCTH 3aJa9u Ha €JUHUILY. OTMeTI/IM
cpen HUX Mmemod c60600nol epanuyb, |3, 55, 56, 57, 58| u kunemamuueckud nodxrod
[1, 2, 59, 60]. B ocHoBe 000UMX YKA3AHHBIX METOJIOB JIEKHT 3aBUCHMOCTH CKOPOCTH
pacnpocTpaHeHnsT aBTOBOJTHOBOrO (PPOHTA OT €r0 KPUBHU3HBI, AHAJOTHIHAS COOTHOIIEHUTO
(1.5) 1 BOJIHBI MEpeKJII0YeHns, B KOTOPOM, OJHAKO, D dBJsieTcsi Temepb HEKOTODOid
deHOMEHOTOTHIECKOH KOHCTAHTOH Cpebl.

OCHOBHoe pa3jaundaue MexKAYy 3TUMKU MeTOJaMKu COCTOUT B TOM, YTO IHOHHUMACTCA IO
dpouTom. B merome c¢BOOOMHON TpaHWIBI pPa3AUYaOT nepedruti u 3adnut GHPOHTHI,
COOTBETCTBYIOMINE TPOTIECCaM HapacTanus Bo30yxaenus (yaactok OB auarpammbr 1.1(a))
— mepeanuii GpouT u ero cnaga (yuactok CD) — samuuit GpoHT. DTH JIBE KPUBBIE
JeJAT Cpelly Ha 6030ysicdennasn obaacmu (yaactok BC) u obaacmov nokoa (yaacrTok
DO). Tlepeanuit u 3aguuil (bpOHTH MEPECEKAIOTCS B TOYKe 00PBIBA BOJMHBI. [IOHATHO, 4TO
nepeTHui U 3aJHui (PPOHTH PACHPOCTPAHSIOTCS B 00JACTIX € PA3JIMIHBIM 3HAUEHHEM
U, a 3HAUYUT, KaK yKe OTMEYaI0Ch BBHIIIE, COOTBETCTBYIOIIHE CKOPOCTH PACIHPOCTPAHEHUS
IIJIOCKOTI'O CprHTa TaK>Ke Pa3JIMYHBI. B uTore yaaeTcd NOJIYYUTh YPABHEHUA IBUXKECHUA TJIA
(GPOHTOB B HOJSIPHBIX KOODAWHATAX W peIIaTh HX YHCIEHHO. Pe3ysbTaThl, IMOJIydJeHHBIE
B MeToJe CBOOOMHON TpaHUIIBI, OYAyT 00CYyKIaThCsad B pasaene 5.1.5, MOCBANIEHHOM HX
CpaBHEHHUIO C pPe3yJIbTaTaMi HACTOSAIIEH PabOTH.

B xunemaTmdeckoM moO/X0Jle, KOTOPLIii Oyger Oosee mOaApOOHO OOCYXKIATHCA B
paszjene 1.4, B KauecTBe (bpoHTa BHIOMpaETCs HEKasl YCJIOBHAs JUHUA, 3aMeHSIONass coboit
KaK IepejHuii, Tak u 3aJHuil PPOHTHI, KOTOPbIE MPEANOIAraloTcss OJU3KO JIeXKaIUMU.
O6puiB ppoHTA — KOHYUK — MPEJCTaBAsSeT COO0H B 9TOM Caydae OCOOYIO TOYKY, JIJIs
KOTOPO# HeOOXOIMMO BBIITHCHIBATH JOIOJHATEIbHBIE YPABHEHHS IBUKEHHS W I'DAHHIHBIE
YCIOBUSI.

[ToguepkHEM, 9TO HECMOTPS HA, HACOJTOTHIECKY IO OJIN30CTHh KHHEMATHIECKOTO MOIX01a, 1
MeTo/ia CBOOOIHOM TPAHUIIBI, KOTOPbIe JIazKe UCTIOIb3yIoT obiiee ypabHenue (1.14), meros
cBOOOIHOM T'PAHUIBI OCHOBAH HAa PACCMOTPEHHH BOJIHBI BO30YIK/IE€HHsI MMEIOIIeil pe3kue
nepeHuii u 3aHuil (PPOHTHI, U ONUCAHUE TPOBOJIUTCA B TEPMUHAX JIBUKEHUS ITUX JIBYX

¢dpoutor. XoTs MOHATHE KPYyTOro nepeaHero (ppoHTa BIOJTHE YMECTHO ITPU OMUCAHUH
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CepJeYHON BOJIHBI BO30Y’KJ/IeHUsI, TMOHATHE 3ajHero (GpPOoHTAa JOBOJHHO COMHHUTEILHO,
KOHYMK 3JeCh He sBJISIeTCsd TOYKOM COeIMHEHHs IepeIHero M 3aaHero (ppoHTOB u
MEeTOJ CBOOOMHON TpaHUIIBI BOOOIIE €Ba JU NMPUMEHHM K cepiaedHoil TKanu. HampoTus,
KUHEMATHYECKUI MOIX0/T He HY K/IaeTCA HU B YeTKOM 3a/{HEM, HU JaKe B mepejineM (ppoHTe,
a TOJIBKO IIPEJINoJaraer, 4ro zpebersv 60Hb, OCTaeTCd TJIAJKUM W IPOMUIb UMIYJIbCA
HmorepeK STOM JIMHUU BO3MYIIAETCsS €1a00, a 9TU YCJOBHS COOTBETCTBYIOT HEKOTOPBIM
COCTOAHUAM B CEpAeYHON TKaHU.

C TexHWYECKOW TOUYKH 3pEHHsA JJId KHHEMATHYEeCKOTO TOAXO0Ja  XapaKTePHO
UCIIOJIb30BaHUe HATYPAJbHBIX YPaBHEHUN JJId IMpeJCTaBJIeHus JUHUH (DPOHTA BMECTO
OPUHATHIX B METOJE CBOOOIHON I'PaHUIIBl YPABHEHUH B MOJSPHBIX KOOPJIHHATAX.

B kaaccuueckoit dopmysnposke [61, 62|, KuHeMATHUECKHH MOAXOJ HPUMEHSETCS K
P/l-cucreme ¢ muddysueit TONBKO OJHONH KOMIIOHEHTBI M CHJIBHO Pa3THYAIONIUMUCS
XapaKTePHBIME BPEMEHAMH JIJist OBICTPON W MeJJIeHHOI mepeMeHHBIX (cucTeMa Tuma (1.8)
cd=0wue < 1). Borom ciyaae kosbdunment D B ypaBHenun siikonasa (1.5) crosa
npuobpeTaeT CMbICT eauHCTBeHHOTO Ko3dduimenta muddysun. B [63, 64| nperiokeno
obobIeHne KMHEMATHIeCKOTO TOAX0a Ha caydail cpel ¢ aucnepcueir. OkKazaaoch, 4TO
I B 9TOM CIy4ae 3aBHCHMOCTH CKOPOCTH PACIPOCTPAHEHUS OT KPUBU3HBI OMUCHIBACTCS
ypasaenuem (1.5), Toabko Tenepb D sBisiercst GyHKIMEH BPeMEHHOIO HHTEPBAIA MeK Ly
IOCJTeIOBATETbHBIMU TIPOXOZKICHUSIMU BOJTHOBOTO (DpPOHTA 4epe3 TOUYKY (JJis CIUpabHOl
BOJIHBL — ee 9acTorhl). B [64] nosyden Buj 310ii byHKIMI OTIAETBHO s ciydaes 0 = 0 u
0=1.

[Tpn HEKOTOPBHIX MPEANOJIOKEHUIX YAAeTCs WCKIIYUTh W3 ypPaBHEHUN He TOJBKO
npouyIn mepeMeHHbIX Cpeibl MOoIepeK BOJHOBOrO ppoHTa, HO U camy dopmy dPoHTaA
U CBECTH 33J1a4y O CIOUPAJTBHBIX BOJHAX K JBHXKEHWIO KBA3WMUYACTHI] Ha ILIOCKOCTH [39],
a 3aJlady O IOBeJIeHWH TPEXMEpPHOTO aBTOBOJHOBOI'O BUXPSI K JIBUKEHUIO €r0 HUTAMU B

npocrpancree [40, 41|, kak yxke ynomuHaIoCh B pazjene 1.2.
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1.4 KwuHemaTrmdeckmii Ioaxo/I.

Kunemarnueckuit mojxos Juiss  BO30YJAUMbBbIX cpeji  paspadarbiBajics MuxailjioBbiMm,
JaBbiioBeiM, 3bIKOBBIM ¥ Japyrumu, HadwHas ¢ 1980 roma [61, 62]. Tepmun
“KHHEeMaTHJIeCKOe OIHNCAaHue’ MOJ4epKHBAeT, YTO BCd JIeKallas B ero OCHOBe (UMUK
CKOHIIEHTPUPOBAHA B HECKOJIBKUX (DEHOMEHONTOTHYECKNX KOHCTAHTAX, OIPeIeIAIONINX
3aBUCUMOCTH CKOPOCTH OT KPHUBH3HBI, IOCJE€ 4Yero NpeJcKa3aHue JIBUKEHHUS BOJIHbI
CTAHOBHUTCS YHCTO TIeOMETPUYECKON 3ajadeil B mpocTpaHcTBe-BpeMenu. [locKoNbKY
pa3BUTHE HUMEHHO 3TOTO TMOJXO/A COCTABJISAET cofep:KaHue JTaHHOW PabOoTh, OCTAHOBHUMCS
10/IpoOHee Ha ero KJacCu4eckoil (hopMyJIMpOBKe.

IToaxo ocHOBaH Ha ABYX IVIABHBIX ITPEIITOI0KEHHUSIX:

(A) BosHBI BO30YZKJACHUSI IPOXOJAT PEJKO, TAK, YTO PACIPOCTPAHEHHE CJIe YOIl BOJTHBI

HE3aBUCUMO OT TpeabIayIIeii;
(B) BOMHBI IOYTH NJIOCKHE, TO €CTh KPUBH3HBI UX (DPOHTOB MAJIbI.

DaKTUICCKH, 3TO O3HAYACT OJIM30CTH CHCTEMBI B IIAPaMETPHUECKOM MPOCTPAHCTBE K
rpanuie poropoB OR ua gmarpamme Bundpu [45]. C Toukm 3penust mpakTudeckoii
BayKHOCTU ~KMHEMAaTHYECKOl TeopuH, TaKHe MPEJIIOIOKEHHE MOTYT —IIOKA3aThCsl
JIOBOJIBHO  9K30THIeCKHM. (OJHAKO, TPH H3YYEHWH CBONCTB CEpIeYHO TKAaHW, 3TO
COOTBETCTBYET NMOHHZKEHHOH BO30Y/MMOCTH W/WJH YKOPOYEHHOMY IOTEHIHATY JeHCTBHSI
1 pedpaKTEPpHOCTH, KOTOPBHIE SBIAIOTCS OCOOEHHOCTAMHU HEKOTOPHIX IATOJOIMYECKIX
COCTOSIHUH, a 9TO JeJaeT TOT INPEae] WHTEPECHBIM U C IPAKTHYECKOH TOUKH 3DEHHs.
Hanpumep, 4ucIeHHBIe 3KCIepuMeHThl FEdumosa u ap. [65] ¢ MOmenabio KeayaouHoii
TKaHH TTOKA3BIBAIOT, YTO [epexXo]] depe3 rpanuiy meanapa OM (KOTODHI sIBISETCS myTem
BeJyIIUM K Tpanuie OR) MoxKer OpOW30HTH NP COKpAIEHHH JIucaa paboTarornux Na-
KaHAJIOB, & TaKOe COKpAIIEHHEe, KaK M3BECTHO, KOPPEJIUPYET ¢ HEKOTOPBIMHU CEepIeIHBIME
ATOJOIMAMHU, TAKUMY KAK MINEMEUSA M BJAUSIHUEM HEKOTOPBIX JEKAPCTBEHHDBIX IIPEHapPaTOB.

ITpy yKa3aHHBIX OPEANOIOKEHUAX KHHEMATUICCKUHA TOAXOJ CBOAUT  ONUCAHWE

pacnpocTpaHeHusT BOJH K OIMCAHHMIO JBHKeHHsS uX (PoHTOB. Boobime rosops, ¢ppoHT
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nMeeT CBOOOHBIN KOHEIl, HA3BIBAEMBIH OOPBIBOM BOJHBI U KOHUIMKOM. Dopma Kpusoii,
C TOYHOCTBIO JO €€ MECTOIOJOKEHWS Ha ILIOCKOCTH, MOXKeT ObITh ONHCAaHA B TePMHHAX
ee “narypanbnoro ypasuenns’, K(s,t), rae s — AnauHa, W3MepeHHAsT BIOJb KPUBOi OT ee
cB0OOIHOTO KOHIA, K — ee KpuBU3HA, U t — BpeMs. ECIM M3BECTHBI TaKzKe HOPMAa/IbHAs
CKOPOCTH BOJHOBOrO (poHTa B KaxK/Ioii ero touke V(s,t) m KacaTeabHas KOMIOHEHTA
ckopoctu konunka ((t), TO ypaBHEHHE, OMPEIESIONIee IBOTIONUI0 KPUBU3HBI MOYKHO
MOJTy9uTh 4ucTO reoMerpudeckn |1, 2|. Ono nmeer Bu:

82\/ 8K
0s2

/KstV(st)ds—G —I—KQV—l—%—};:O (1.13)

[penmonoxkennss (A) u (B) mo3BoJIOT CYATATH, 9YTO CKOPOCTH (DPOHTA B KaxKIOii
TOYKE MOJHOCTHIO OMpEIesieTcs ero KPUBU3HOU B 3TOH TOYKE, a CKOPOCTH KOHUHKA —
npeJe/IbHBIM 3HAYeHHeM KPUBHU3HBI Ha KOHYNMKe Kj = ££rg) K(s)

“Knaccnueckuii” kuHemarndeckuii moaxon |1, 2| ocroBan Ha (heHOMEHONOrHYECKOM

MIpeaIoJa0ozKeHu, YTO 3TH 3aBUCHUMOCTH HMEIOT BH/JI

V(s,t) =V, — DK (s,t) (1.14)
G(t) =v(K.— K(0,t)) (1.15)

Bnech V., K., v 1 D — KOHCTaHTbBI, XapaKTepu3yioliue cBoiicTBa cpensl. B gactaoctu V,
— CKOPOCTBH ILJIOCKOU BOJTHBI.

B cayuae cranmoHapHOi#l cnumpaJbHON BOMHBI, ee HaTypajbHOe ypapHenue K(s) He
u3MeHgeTcs Bo Bpemenu, Tak 4ro dK /dt = 0. Ecau nosoxuts takxke G = 0, kak B [1, 2],
U npouHTerprpoBath (1.13) 1o s, To momyunM ciaeyomniee HHTErpo-auddepeHnuaIbHoe

ypaBHEHHue

/K(s) (V. — DK(s))ds — G| — D% _ (1.16)

Moz HO moka3aTh [1|, 9T0 MOCTOAHHAS WHTErPUPOBAHUS W — YIJIOBAs YaCTOTA BPAIIEHUS
BOJIHBI.
DTH ypaBHeHUs] HEOOXOAUMO JOMOJHATH IPAHUYHBIMEI YCJIOBHSAMEI HA CBOOOJIHOM KOHIIE

B HECTAIIMOHAPHOM CJIy4Yae, JOIMOJHUTEJIbHOE YpaBHECHNE JJI4 3BOJIOINN KPUBU3HBI KOHYUKA
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nMeeT BUJL

8tK0 — GasK()7 (]_]_7)

Vpapuenne (1.14) u3BecTHO BO MHOIHX O0JacTAX (DU3UKH, HANPUMED, B TEOPHU
PaCIpPOCTPAHEHUsT TUIAMEHH W POCTA KPHUCTAJUIOB (CM. CCBUIKM B [3]), a s UMIYJIbCOB
BO30YXK/IeHHUsI B cucTeMax peaknus-iuddy3ust oHo 66110 1MoaydeHo, nanpumep Kypamoro
[66]. Ypaprenue (1.15) 6110 cHAYANA TTPETIOKEHO U3 (DEHOMEHOTOTHIECKUX COOOpazKeHHI;
B [1, 2] oHO 6bLII0 06OCHOBAHO METOJIOM BO3MYIIEHUH, TOJTOGHBIM HCTOIB3yeMoMy KypamoTo
[66], craprys ¢ pemienust B BuIe OOOPBAHHON TILIOCKON BOJIHBI, PACIPOCTPAHSIOMIEHCS
B HallpaBJeHWH, OPTOIOHAJIHLHOM K Heil caMoii, u mnpeHebperasi, Ha HEKOTOPOM 3Tale,
M3MeHeHreM KDPUBU3HBI BJIOJAbL BOTHBL. [lociennee ypasHenuwe B 31oii cucreme (1.17)
siBJIsIeTcs HaumboJiee COMHUTEIBHBIM MECTOM B CYIIECTBYIONMIEH TEOPHH; KaK MPeICTaBIeHO
B |2]|, oHO sBisieTcsi (DAKTUIECKH NPOU3BOJIBHBIM PEJIOKEHIEM, HEOOXOMUMBIM 9TOOb!
3aMKHYTh CHCTeMy ypaBHenuii. B crammonapuom ciaydae, ypapaenne (1.17) mMoxHO

VJAOBJIETBOPUTD JIBYMs PA3JIHUHBIMU CIIOCODAMHE; OOBITHO HPEIOIAraeTcs, 9YTo
G=0= K(0) =K., (1.18)

VYpapuenns (1.13), (1.16) ¢ pasauYHBIMH TPAHUYHBIMU YCJIOBHSIMHU HCIIOTH30BAIUCD
JUIsT W3y9YeHWs] CTAIMOHAPHBIX W HECTAIIMOHADHBIX DEKMMOB DAaCHPOCTDAHEHUS BOJH B
BO30OYIUMBIX Cpefiax, 0630p pe3ysabTaroB MoxKHO Haiitn B [1, 2|. B gacrtHocru B [67]
PACCMOTPEHBl  CTAIIMOHAPHO BPAIIAIOIINECs] BOJHBI B KDPYIVIOH Cpejie MAaJoro pajmyca,
a B [36] — Jpeiid cnupajbHO# BOJHBI MPH BHEIIHEM BO3JefiCTBUM, KOTOPOe, NpaBja,
OrPAHWYIMBAETCS  CAYYassMU  OJHOPOJHOTO TEPUOJNIECKOTO H3MEHEHUs KPHUTHIECKOil
KpUBU3HB K. WM ee TOCTOSHHONO TpajmeHta. lloarBepzKiaenne HEKOTOPBHIX BBIBOJIOB,
MOTYYEHHBIX MPH MOMOIIM KHHEMATHIECKOTO MOAXO0/IA, ObLIO MOJYYEHO B YHCIEHHOM
skcnepumenTe [60]. B mociennee Bpems KHHeMATHYECKHH IOAXOJ] MPHUMEHSETCS U
NIt U3YYeHHs JIPYTHe AaBTOBOIHOBBIX OOPA30B B BO30YIMMBIX CPEIaX, OTJIHYHBIX OT
CIIUPANbHBIX BOJTH [59].

Mozkno 3amerurs, 9to 0ba npeamonoxenus (A) u (B) rpebyor, 4robbl KpuTHuecKas

kpupu3na K. Obuia masa. Tak, 910 - npsmoe ciegctsue (B), MOCKOIBKY KpHUTHYECKAsT
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KpUBH3HA — KpUBU3HA (DPOHTA MMITYJIbCa B ero KoH4uKe 1o ypapuenuio (1.18). C apyroii
CTOPOHBI, COMIACHO pe3yabTatam |1, 2, 67] u Kak Mbl yBuAUM B paszjerne 3.3.1, Goibiioii
paauyc siipa, TpebyeMbiii (A), MoxKeT TakyKe OBITH PEAJTU30BaH, TOJBKO TPH JOCTATOYHO
MaJsiom K.

B [68] Obuto mpesokeno 0600IIeHEE KHHEMATHYECKOrO TOAXOAA JJis  BOJH
BO30OYK/JeHHUsT HAa WCKPUBJIEHHON MOBEPXHOCTH, B [69] Jisi aHM30TPONHON Cpejbl, a B
[80, 70] muist TpexMepHBIX aBTOBOJHOBBIX CTPYKTYD. B TpexmepHOM ciydasie ypaBHEHHs
JIst cKopocTn  pactpocrpanenuns ¢porrta (1.14) u st ckopoctu mnpopoctanus (1.15)

3aMEeHAI0TCd Ha

— V.- 2DH (1.19)
G = m(2H - K,) — %k (1.20)

rje H — cpejiHsid KpUBU3HA IOBEPXHOCTH (PPOHTA, K — Teoje3udeckas KPUBU3HA JTHHHH

0OpBIBa, & Y12 — JBe HOBBIX KOHCTAHTHI CPEJbI.
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I'1aBa 2

BbiBoJ; OCHOBHBIX ypaBHEHUI1

2.1 OcHoBHBIE ypaBHEHHUS ABYMEPHOI KMHEMATUKMN.

2.1.1 OO6o3HaYeHUsd U IIOCTAHOBKA 3aJIa4YMN.

PaccmarpuBaercst cucrema “peaknnst-guddysust’ Ha MIOCKOCTH,
Ou = DAu+ f(u) + 6 f(u), (2.1)

rie u € RY, | > 2 — BexTop-cTomben mepeMeHHLIX coctoguns f + 0f € R! ommcoiBaer
JIOKaJIbHYIO KHHETHKY, D — matpuna | X | kospduruenton auddysun, 1 A — AByMepHBIil
oneparop Jlamnaca.

[Tpeanonaraercst, 4ro cucrema (2.1) siBjsieTcst BO3MYIIEHHEM CHCTEMbI CHENUATBHOTO

BH 13,

du=DAu+ f(u), 0f =efi, e<1, (2.2)

UMeEIOTIel aBTOMO/IE/ILHOE PEIEHUE U, B BUJE BOJHBI C OOPBIBOM, C HOPMaJILHOI CKOPOCTHIO

(CKOPOCTBIO pacIpoCTpaHeHus ) v, U BOKOBOM CKOPOCTHIO (CKOPOCTHIO “popactanus’) g,

Koopaunata n = y — g.t BeiOpana Tak, 4roObl BoaHA Jexanta mpu 7 > 0. (2.3) —

HaunboJsee 001Iasg (popMa CTaIMOHAPHOTO PEIeHNsT B BHIE TTOJIYBOJIHBI C YI€TOM CHMMETPHI
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ypasHeHus peaxiusi-auddysus (2.2). To 910 5T0 HE MPOM3BOIBHOE JABYMEDHOE DelleHHe,

a4 MMEHHO IIJIOCKad IIOJIYBOJIHa OIpeae/ideTcd YCJIOBUAMM:

u(&,m) = (&), n — +00
(&) — wp,& — +oo (2.4)

T.€. BJAIU OT OOpBIBA MOIYBOIHA MEPEXOAUT B ILIOCKYIO BOJHY ¢ TPOhHIEM YeJIuHEHHOTO
HMILYJIbCA Uy () PACHPOCTPAHSIIONIETOCS B CPEJIe € COCTOSHHEM TIOKOST Ug. FCOOTBETCTBEHHO
K Uy U Uy

Byaem uckarhb pemnrerue cucrembl (2.1) B Buje ¢1abo BOSMYIIEHO U IUTABHO W30IHYTOI

Oy BOJIHBL. BBegem cucremy koopauuar (s, p), cBsazannyio ¢ dpponrom (cm. puc. 2.1(a)),

r = R(s,t) + ¢N(s,1), (2.5)

rae R(s,t) — ypaBuenune dbponra, N(s,t) — eauHudHas HOpMaab K (DPOHTY B CTOPOHY
pacopocTpaHeHus, a § — JJIMHA BJAOAb (PPOHTAa OT TOYKH OOpbIBa. BBeaeM Takzxke
caemyonmuye 0003HAYEHUS 118 BEJIUINH, CBI3aHBIX ¢ (DUKCHPOBAHON TOUKOM B KOOPIUHATAX
(2.5) (em. puc. 2.1(b)): T = O;R — enunnunas kacareabuas K dbpounry, K = —0;T - N —
ero kpusnsHa, V = 0;R - N — mopmassnast, G = ;R - T — xacarenpnast u w = —0;IN - T

— YIJIOBad JIOKaJIbHbIE CKOPOCTHU €I'0 JBU2KE€HU . C)TMGTI/IM7 qTO

w=—(@ON)T = —9,(NT) + N(&T) = N (9R,) = (N(OR)), - N, - (OR) = V, — KG
(2.6)

HckoMoe perienne
u(s,q,t) = u.(s,q) + du(s,q,t), du=eu;. (2.7)

Jlng pama 3a1ad o JIBUKEHUH BOJHBI BO3OYXKICHUsT HECYIIECTBEHHO 3HAaHUE (DyHKINUN
u, Tak Kak dbyukmus R(s,t) moarocThio onpegensier u dhopmy bpoHTA U XapaKTePHCTHKHI
JBUZKeHUsI (CKOPOCTh (DPOHTA; YACTOTY U IEHTD BPAIIEHNs! CIIUPATbHON BOJTHBL U T.11.). Kak
yZKe YKa3blBaJIOCh B TaBe 1, mMeHHo onpenesenne dbyukun R(s,t) coctaBiasger cymHocTh
KHHEMATHYECKOI'0 MOJAX0/a. B 310l rjiaBe Mbl chopMyupyeM MaTeMaTu4decKylo 3a/ady

st HaxoxkaeHust ynknn R(s, ).
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Puc. 2.1: Kunemarudeckoe onmcanme apuykenwust auann rpebrda. (a) KpupommHeiinbie KOOpIMHATHI,
CBsI3aHHbBIE C JMHUEH I'PeOHs, MOKA3AHHON KUPHOH suHueli. O — HAYAJI0 KOOpAWHAT; B — Todka oOpbhIBa
Bonnbl (KoHuuK); C' — TOYka JiuHUM TPebHsl HA PACCTOAHUM § OT KOH4YMKA; R — ee paauyc-sekrop; T
n N — KacaTenbHBII W HOPMAJILHBIN €JUHUYHBIE BEKTOPHI; P — TOYKA TIJIOCKOCTH HA PACCTOSHUU ¢ OT
Cs nanpasyenun Bekropa N; r — ee paamyc-BeKTop. Takum obpasom, mapa (s,q) — KpUBOJUHEHHbIE
koopauuarbl Touku P. (b) Ckopocru, cBs3anHble ¢ ABuxKyleiics jgunuell rpebus. CiuioniHas KUpHas
JIMHHUS — [OJIOKeHue IrpebHs B IPeAIIecTBY oMM MOMEHT BPEMEHU ¢, a IITPUXOBAsS KUPHAS JIMHUAA — B
nocreayiomuii moment ¢ = t + dt. Touka C' ¢ HEKOTOPO#l KOOpAWHATOH s mepememaerca B Touky C/ co
CKOPOCTBIO V HOPMAJBbHO K JUHWE TPpebHsS u G BIOIb 3TOW JIMHWW, a HANPABJIEHWE JIMHUKA rPEOHS B ITOH

TouKe noBepHysoch Ha yroia da = (w + GK)dt
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2.1.2 BpIBoa 3aKOHOB JBU>KeHUS (DPOHTA M €ro oOphIBA.

Bripasum ocaoBHbIe qud depeHImanbHbie OepaTophl B CUCTeMe KoopauHat (2.5), neiicTByst
anasgornano [40]. lnst sroro, mpexiae Bcero, OymeM HCKaTh ONEpaTop T'pajHeHTa,
IPUMEHEHHBIH K MPOU3BOJIBHOM CKATSIPHON (DYHKIMH BEKTOPHOTO aprymeHTa v(r) B BHJE

JINHEeHHOI KOMOMHAIINHT

Vv =aT+ N (2.8)

C HeM3BeCTHBIME MOKa Kodbdunmentamu « u (3. Tuddepennupys (2.8) ¢ yuerom (2.5) u

ypaBHeHuit @pene

OR=T, 8, T=KN, ON=_KT (2.9)
MOy IUM

vy =Vv-r; =Vv. (T+¢KT)=a(l +¢K)

vy=Vv-r,=Vu-N=p (2.10)

aro mo3Bosiger Hafitm « u (. Ilomgcrabisas waiigennble 3uadenus B (2.8), momydaem

OKOHYaTEeJIbHOE BblpazKeHue IJid I'PaJueHTa:

v = 1+qKUST+qu (2.11)

IIpexkne dem HaliTH JannaccuaH, Haiimem amBeprennun BekTopoB T m N, KoTopble

3aBUCAT TOJBKO OT KOOPJAUHATHI B/I0b (hbpoHTa s. Boobuie roBops,

Vi(s) = asVs = g qKTcYS (2.12)
A B 4aCTHOCTU
VT =0, VN-= K (2 13)
-  1+4gK ‘
Tak 4TO JamIacual MOXKHO 3aIIHCATL B BIIE:
1 K qKs
Av =V s T N| = o5 s 2.14
v 1+qKU + v, qu+(1+qK)2 ‘+1+qKq (1+qK3v‘ (2.14)
Hakomnern, npou3BojHast 110 BpeMeHn
1
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Ucnonbzosas noaydenusie quddepeniuanbabie oneparops! (2.14), (2.15) B ypaBHeHnn

(2.1) u mogcTaBus (2.7), MOMYyIUM B JIHHEHHOM MPUOIHKEHUA [0 JU

dyuy = Ly + h(s, q,t), (2.16)

A

rjie cBOOOMHBIN 4wieH h Oyjer BbIIHCAaH HECKOJBKO IMO3Ke, a JuHeinbiii oneparop L me

3aBUCHT OT BpEMEHHU U UMeeT BUI:

A

L = B(s,q) + D02+ 0?) + 1.9, + .05,

(B)z] = (afi/auj)u:u*(&q) (217)

B cuny tpancasiumonnoit cummerpun (2.1), y L ectb aByxKkpaTHOe Hys1€BOE COOCTBEHHOE

3HAYEHHE, C COOCTBEHHBIME (DYHKITUSAMHE

v, = 8pu*(p, 5)7 W, = asu*<p7 3)7
Ly, =Lw, =0, (2.18)

npuYeM BJAJIM OT KOHYUKA, BO3MYIIIEHOE pelieHne mpuHuMaeT hopMy ILIOCKOH BOJIHBI:

V1 (s,q) — P1(q) = Ogi(q), s — +00,
Wl(sv Q) - Oa s — —0Q, @1((]) - 07 q— :l:OO, (219)

Ws(s,q) — 0,8 — +00, Ws(s,q) — 0,q — +o0.

Jlasee mpejmosaraeTcsd, YTO ITH MpeJIETbl TOCTUTAIOTCI TOCTATOTHO OBICTPO.

Mpl nimeMm perierne, y KOTOPOTO OT MAJIOTO TTapaMeTpa € 3aBUCHT He TOJHKO TPOdUIb B
cuity (2.7), o u dbopma dponra. Takas 32aBUCHMOCTD MOZKET OKA3aTCsl PA3IMIHON B DA3HBIX
curyarusx. OTHAKO /I TPOCTOTHI MbI 3a(pUKCHPYyeM HEKOTOPBIH BHJ 3aBUCHMOCTH,
KOTODBIl, KAK BBISICHETCS Jajiee OKAXKeTCd CaMOCOTJIACOBAHBIM TPEIIIOIOKEHHEeM B OJTHUX
Cy4YasgxX W OyJIeT NMPUBOIUTH K MPABUJIBHBIM pe3YJbTaTaM MOCTe BO3BPATA K MCXOTHBIM
IIepeMEHHBIM B IpYTuX (B 9aCHOCTH, B CHEIHAJLHOM CJIydae “TPAJUINOHHBIX yDABHEHHI ).

A MMEHHO MBI IIPEeIIIOIOZKIM:
K=¢K,, w=ew, V—-v,=¢V), G-—g,=c¢eGy, (2.20)
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r7e BeJWYWHBI C WHAEKCOM 1 TpearnooraoTcs KoHedHbIMU B npegene € — (. Bosee
AKKYPaTHO CJIeI0BAJIO ObI pACCMOTPETH KazK/IYIO U3 ITUX BEJIUUNH KaK HE3aBUCEMBbII MaJIbIit
mapaMeTp, OJHAKO 3TO TOJIBKO CYIIECTBEHHO YBEJIHIIIO ObI 00beM BHIKJIAI0K, He TTPUBEIS
K HOBBIM pe3yJbTaTaM.

B smneitnom npubsmkennn o € csoboaubiit wien h B (2.16) uMeer Bux

h(S, q, t) - [Gl - Q(Q*Kl + 85K1f) + Wl) 2 (221)
n (v1 n KJD) Uy — 2¢K D0, Wy + fi(u) + O ().

BBejgem ckaJsisipHoe Tpou3BeieHne
(u,v) = //u(s, q)v(s, q)dgds. (2.22)
Torma ycnoBus paspemmmocti (2.16) Mo OTHONIEHEIO K % MOYKHO 3aIHCATh KaK
(h, W) =0, j=1,2, (2.23)
rae W, W2 — coberBenHbe (DYHKIMH CONMPSAYKEHHOTO omepatopa LT,
Lol =0, (0, 0)=0,i#j, (¥, ) =1 (2.24)

Mbi npe/nonaraem 6e3 J0Ka3aTeNbLCTBa, YTO acumirorudeckoe nosepenue ¥H2(s q) upu

Gospmux s amajgornano (2.19), r.e.

!Pl(s,q) — @1(q),5 — 400, @l(q) — 0,q — £o0,
¥l(s,q) — 0,5 — —o0, (2.25)

¥%(s,q) — 0,5 — +o0, W¥3(s,q) — 0,q — £o0.

Mbl mogonuin K KJIIOYeBOMY MeCTy B HaleM BbiBoje. Pacecmorpum ypashenue (2.23)

aas j = 1:

<Klg*q Uy + 2qK D8, Uy + wiq Wy + q0. K D Wy, w1> (2.26)

_<<V1+K1f)> U + fi(u.), W> = Of(e)
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Ono comep:kuT JBa HECOOCTBEHHBIX uHTerpasa. CXOAMMOCTh TMEPBOTO W3 HHUX
obecreanBaeTcs yopiBammeM Yo (2.19) W OrpaHHYCHHOCTHIO OCTATBHBIX MHOKHTEJEI.
Hamporus, cxoauMocTh BTOPOro HHTerpaJjia He TApaHTUPYeTCsad KAKUMU-THO0 U3 CAeTaHHBIX
0 cux mop upeamnosiokenuii. [osTomy, drobbl ymoBaerBopuTh ypashenue (2.26), Mbl
OpeKJe BCero JOJIZKHBI ODeCIeuduTh CXOAMMOCTBH ITOTO HHTerpaJja, JAjd 4Yero MpuIeTcs
noTpe0oBaTh, YTOOBI MOJAUHTEIPATBHOE BBIPDAXKEHNE CTPEMHJIOCH K HYJIIO TPU OOTBINUX S.
D10 gaer xopoio uzsectHoe |70] ypasuenue npuzkenns dbponTa (1.14) B KOTOPOM MOIOKEHO

V. = vo—e(F, o) (0, 0") " F = lim fi(u)

S§— 00

D = (15@1, (pl) (¢, 8") ", (2.27)

a KpyTJble CKOOKH (-, ) 0603HAYA0T “OMHOMEpHOE” CKAJISIPHOE NPOU3BeIeHIE,

(4, 0) (s) = / u(s, ) (s, g)dg. (2.28)

Ecan (1.14) BeimosseHo, To 06a naTerpasia B (2.26) cXomsTest 1 OHO JaeT JApyroe ypaBHeHue,

Tenepb yzKe JJjid KOHYMKA:

wl(O,t) = )\0 — )\1K1(0,1€) — A285K1<0,t> -+ O (6) (229)
B KOTOPOM
(0, 0 ~
Ao = KFl vl — ¢ (((pl—@))> + {fi(w) — P, tplﬂ (qy, w')™
M o= g.t2 <q135>s v, w1> (g, 0) ! (2.30)
A~ A l —
R = [y

o = (Do, 0" (g, 07)

BaMeTuM, ITO MBI IOJTYYUIN JBa YPABHEeHUs ABUKeHusl, st hponTa (1.14) u 1 KoHunka
(2.29) u3 oxmoro ypasuenus (2.26).

VYpasrenne (2.23) mpu j = 2 TakkKe COJEPKHUT HECOOCTBEHHBIE WHTErPAJbl, HO WX
CXOIUMOCTH yiKe obecreunBaercs (2.19) u (2.25). Tak 9To 9TO ypaBHEHHE JTaeT TOJBKO

OJIHO yCJIOBHE!

Gl(O, t) = Uo + ,LL1K1<O, t) + ,LLQaSKl(O, t) + @] (6) , (231)
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B KOTOPOM

o
= (filu), ¥?)
o= — <13 v, w2> 42 <qf)85 Wy, U2 — wl%> (2.32)

+% K]‘)(% — o), 0+ <]5¢1’ v Qﬂ%ﬂ

. 7y, U?)
_ (D, v - )
H2 <q 29 <q!p27 !p1>

Ypapuenus (2.29) u (2.31) gaoorT HEOOXOAMMYIO CHCTEMY YyDaBHEHHil HAa KOHYHKE
BOTHOBOTO (bpOHTA, JIOMONHAST ypaBHeHue npukenus dponta (1.14). B sroii cucreme
00 beIMHeHbI TPAHUIHBIE YCa0BUs 11 K (s, 1) u ypaBHEHHS IBUKEHNsI KOHIUKA. Vconb3yst

ypasrenue (2.6), MOXKHO MEpPENuCaTh 3Ty CHCTEMY B SKBHBAJCHTHOM BHe!:

0 = )\0+(D—)\2)Ki+(g*+e,uo—)\1)K1—|—6(,u1 —)\3)K12+6(M2—/\4)K1K1
—eNs K240 (),
w; = )\0—)\1[(1 _)\QK;_ —€>\3K12—6)\4K1K1 —6)\5[(124‘0(62) s

Gl = Mo + ,LL1K1 + [LgasKl + O (E) s (233)
HNJIH B UCXOJHDBIX IIepPEMEHHDbIX:

0 = edo+ (D= X)K' + (g + €epto — MK + (g1 — A3) K2 + (s — M)KK'
~Xs K2+ 0 ()
w = dg— MK = MK — NK?— MKK — K240 ()
G = g.+euo+ K+ K +0 () (2.34)
rje Bce ynknuu B3ATbl npu s = 0. 3jech mepBoe ypaBHEHHE IpeJcTaBider coboil

rpaHUYHOe YCJIOBHE Uil ypaBHeHUs: sBoonnu K (s,t), a OCTAJbHBIE 1BA OMPEIEIsIOT

JABHU2KCHIEC KOHYHKA.

13ech Mbl JIOHOJHATENLHO BKJIOYAEM 4JeHbI 6Ojiee BBICOKOIO MOPHJIKA € KoepUIUeHTAMU A345

KOTOPbhIE€ MOXKHO TIOJIYyYUTH B CJICAYIOIIEM TTOPAIKE TOT'O K€ METOIda BOSMyHLeHI/Iﬁ.
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B sTux ypaBHEHUAX MbI COXPAHUIN YICHLI PA3JUYHOTO ACAMITOTHIECKOTO MOPSIKA
o €, uMes B BHAY Tpaguiuonnbie ypasuenus (1.15), (1.17). Ypasuenune (1.15) moxkmHO
paccMaTpPUBAThH KAaK YaCTHbIN caydaii ypasaenust (2.31) npu s = 0. Ypasuenue (2.29) —
HOBOE, OHO 3aMeHseT TpajauiuoHHoe ypaprenue (1.17), He BoIlejlee B HOBYIO CHCTEMY.
OjiHaKO cTanMOHAPHBIE 3aJa4Yd JJIsd HOBBIX U “TPAJUINUOHHBIX  TI'DAHHUYHBIX YCJIOBHIl

cpaBHUMBI. VX cpaBHeHue OyaeT mpojesiano B pazjiene 5.2.

2.2 be3pasmepunag ¢opma 3agad B ABYMEPHOIt
KWHEMATUKe

Kak yrke oTMeuasoch B ryiase 1, 9BOJIIONMUA JIOKAILHON KPUBU3HLI (PPOHTA ONUCHIBACTCS
unTerpo-auddepennuaababiv ypasaerauem (1.13). Mcnonwsys 3akon japukenus (1.14) u

BBO/Is Oe3pa3sMepHbIe EePEMEHHbBIE COIJIACHO
s=DV,'o, K(s)=V.D 's(0), G=V,g, w=VD'Q, (2.35)
[Tosryuem Gespasmepryio dbopmy ypasrenus (1.13):
k=K —K {/ k(1 — k)do — g] — k(1 — k) (2.36)

s obespasMepnBaHusi TPAHUYHBIX YCJIOBUI BBEIEM JOMOJHUTENBbHO K (2.35) coremymime

He3pazMepHbIe TapaMeTPhl CPEIb:

v =gV, ",
vo = XDV, 2 vy = MV, vy = Mo D7 s = oV, vy = i D7
Vs = /LQV,(D72, Vg — )\3D71, Uy = )\4V,<D72, Vg = )\5‘/*2D73. (237)
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!
B wrore moiyunm u3 (2.34) GespazmepHble TDaHUYHBIE YCIOBUS Ha KOHYHKE (371€Ch K U K

Gepyres npu o = 0):

O = evg— vk — kK — vgk’ — vk — vgk 2 4 O (63) , (2.38)
0 = evog+ (1 — )k + (v +evs — 1)k + (V4 — v6)K°
+(vs — vr)kK — g 2+ O (€9) (2.39)

g = 7+ evs+ gkt vsk (2.40)

KpOMe TOro, eCreCTBEHHbIM TI'DaHUYHBIM YCJIOBUEM Ha OCCKOHEUYHOCTH  ABJSACTCH

npubanzkenne GopMbl BOJTHBI K ILIOCKOI, TO €CTh
K(o0) =0 (2.41)

Takum ob6pasom, ypasuenns (2.36), (2.39)—(2.41) comepxkKarT MOMHYIO TOCTAHOBKY
HECTAIIMOHAPHOM 3aJa4u O JBU:KEHHH (DPOHTA BOJHBI BO30YyKIeHus. HemsBecTHBIMH B
Heit spisiiorcss dopma porTa K(0) M CKOPOCTH ero mpopacrtanusi g. Kpome Toro,
JOTIOJHUTEIbHOE ypaBHeHwe (2.38) T03BoIsieT ONpeienTh MITHOBEHHYIO YIJIOBYIO CKOPOCTh
Bpamienus ¢gpponta ). [lapamerpaMu 3a7a4n ABJISIOTCA BEJIHYHHBI €, Y, Vy_g.

st crannOHApHOro cjiydasi, Korjaa (popma ppoHTa HE MEHSeTCsd C TeYeHueM BPeMeHHU,
a MeHsIeTCs JIMIIb ero IMOJOKeHHe Ha ILUIOCKOCTH, ypaBHeHue nBuzkenusi (2.36) mocse
HHTErPUPOBAHUsSL 10 0, ¢ y4eToM (2.6) 1Jis olpenesieHns MOCTOSHHOW WHTErpUpOBAHMUS,
npuoOpeTaeT BUI:

/<c/—|—f€[g—//£(1—/£)da +Q=0 (2.42)

OHo MO¥XKeT OBITH 3aMUCAHO B BHAE OOBIKHOBEHHOTO AuphHepeHnrnaabHOr0 ypaBHEHNUs:

"

ki —K2— QK — (1 —kK) =0 (2.43)
A ¢ y4eToM MasIocTH KPUBH3HBL £ < 1 OHO IpUMeT BHUJI

ki — K2 —QK — K> =0 (2.44)
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Takum  06pasoM, CcTalmuoOHApDHAs 3aJada MPeJcToBjIsier coboii ypasaenuwe (2.43) ¢

I'paHHYIHbIMH YC/JIOBUAMHA (COXpaHeHbI TOJBKO CTapliue ‘IJIeHbI)

Q = evy— 1k — K (2.45)
—Q = (Y em)h+r 4k (2.46)
k(o) = 0 (2.47)

OTHOCHTEJILHO K(0), 2 1 gomonuuTenbuoe ypasuenne (2.40), mo3Bossiomiee HAfiTH CKOPOCTD

MPOPOCTAHUS §.

2.3 OcHoBHBIE ypaBHEHUS TPEXMEPHOII KWHEMATHUKNA

AHaJIOTHYHO TOMY KaK 3TO OBbLIO CesaHo B pasjete 2.1 Jyist MJIOCKOIO Cydasi, MOXKHO
IIOCTPOUTH KMHEMATHYECKYIO TEOPHIO JIJIsi CBUTKOBBIX BOJH B TPEXMEDHOM MPOCTPAHCTBE.
B 3TOM paszesne NpUBOAUTCS BHIBOJ YPaBHEHNUIl JBHKeHHUs MOBEPXHOCTH (hPOHTA (aHAIOT
JABYMepHOii JinHnE (DPOHTA) W TPAHWIHBIX YCJOBHUIl/ypaBHEHUI TBUZKEHUs JJisl JIUHUH ee
06pbIBa (AHAJIOT IBYMEPHOIO KOHYUKA).

PaccmarpuBaercs cucrema “peaknug-anddysusa’ B IPOCTPAHCTBE,
Ou = DAu+ f(u) +6f(u), (2.48)

rae 1o npexknemy u € RY, [ > 2 — pekrop-crosber nepeMeHnbx cocrosinng f + 0f € R

A~

ONKCBHIBAET JIOKAJTbHYIO KHHETHKY, D — marpuna [ X | koaddunuenros nuddysun, u A —
TpexMepHBIil oneparop Jlamraca.
[Tpu sTOM, Kak U B JBYMEPHOM CJydae, IpeAroareTcs, to cucrema (2.48) siBisercs

BOZMYIIECHUEM CHUCTEMBbI CIIeIuaJJIbHOI'O BH 1A
du=DAu+ f(u), O6f=cf;, e<1, (2.49)
AMelolell pelieHrue B BUAEC NJIOCKOU ITOJIYBOJIHBL:

U(ﬂf, ya Z? t) = U*(y - g*t7 z— U*t)7 (250)
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KOTOpOe BIAIN OT OOPBHIBA TEPEeXOAUT B IIOCKYIO BOJHY € HPOMUIEM yeINnHEHHOTO

HMITYJIbCA Uy (€), PACIPOCTPAHSIONIErOCS B CPEJIe ¢ COCTOSTHUEM TOKOS .

u(§m) = w.(§),n — +oo
(&) — wp,& — +oo (2.51)

(31ech CHOBa TPEJIOIAraeTCs 9TO BOJHA PACHONO)KeHa mpu 1) > 0).

Bynem wuckarh pemenme B BuAe cr1ab0 HCKPUBICHOH MOIYBOJHBL. Bpemem Ha
bponTaNIbHOI TOBEPXHOCTH 3TONH MOJIYBOJHBLI MOJYTEOJAC3UUECKYIO CHCTEMY KOODIMHAT,
B KOTOPO# OOpBIB (HpoHTA SABJISAETCA KOOPJAWHATHOW JIUHUEH OJHOrO U3 ceMeiicTB
(opToronambHoro reomesudeckuM). O6o3HAUYEM  HATYpaAJbHBIA mapaMerp  (IInHY,
OTCYUTHIBAEMYIO OT JIMHUU OOpbIBA (DPOHTA) BIOJIb TIEOJe3HMYECKUX (| & KOPJUHATY
BJOJTH Apyroro cemeiictsa s. [ToBepxnocTh dponTa OGymeT TOrma 3a4aBaThCs BEKTOPHBIM
ypasuenuem r = R(s,q,t), tae t — Bpems. OnpejeauM KOODJAUHATHI B OKPECTHOCTH

G POHTAIBHON TOBEPXHOCTH COTHOIIEHUEM:
r =R(s,q,t) + pN(s,q,1), (2.52)

rie N(s, ¢, t) — equauuHas HOpMaJIb K (GPOHTY B CTOPOHY pacipocTpanenus. Hanpasienue
R, BriOpano tak, urodsl BekTopa Rs, R, 1 N obpasosanu npasyio Tpoiiky. Obo3radmm
KoebpUIHeHTH IepBOil U BTOpPOIl KBaapaTHYHBIX (opM (DPOHTAJILHON MOBEPXHOCTH B

BBIOPAHHBIX KOPIMHATAX:

E=R.R, G=RR,=1, F=R,R,=0, (2.53)

L=-RN;,, M=-RN;,=-R;N;,, N=RN;,=0 (2.54)
JleficTBys aHAJIOTUYHO ABYMEPHOMY CJIYYalo, MOJIYIUM BO BBEJIEHOU CHUCTeMe KOODJIMHAT:

1
A = P4 Qudi+20Q120,0, + Q20; + B10s + By0, + B3, (2.55)
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riae

E—-1
QH:E(I2+b2, Q12:b<a+c+7), Q22:b2+02
a? ab
B, = Eaa, + Eba, + cb, + b, + = B+ E,

bb
By = Eab, + Ebb, + cc, + be, + T B, + 2 E,

2
_ (LN — M?) — (EN +I)

B 2.56
: ) (2.56)
a=(1-pN)/d, b=pM/D, c=(E-pL)/d
d=p* (LN — M?*) —p(EN+ L)+ E,
Taxkum ob6pazom, ypaunenune (2.48) B koopaunartax (2.52) npuobperaer BHI:
ou = D (Upp + Qu1Uss + 2Q12Usq + Qa2tiyy) (2.57)
+(P, + BiD)ug + (P, + BoD)u, + (V + BsD)u, + f(u) + 6 f(u)
rme
P, = aGy 4+ bGy — paJ; — pbJy, Py = bGy + c¢Gy — pbJ, — peds, (2.58)
Gi=RR;, G2=RR,, V=RN, Ji=-NR;, J~o=-NR,
st mosyttockoii Boael (2.50) ypasuenune (2.57) maet
D (Uspp + Usgq) + Gullng + Villap + f(us) =0 (2.59)

O0603HaYUM JIMHEAPU30BAHDIN OIIEepaTop:

L=D(2+02+9) +v.0,+90,+A A=

()] ew

I/IS MHBAPUaHTHOCTHU aBTOMOAEJ/ILHOTO peIIeHUd OTHOCHUTEJILHO CABUIOB 3aKJIIOYaeM 4YTO
BCerJla UMEIOTCs JiBe cOOCTBEHHBIX (DYHKIMH oleparopa L, oTBedarolniue cOOCTBEHHOMY
yucy 0:

lpl = Usxp, WQ = Uxyq, ]: Wl == ]: WQ =0 (261)
KOTOPbIE MBI 6y2LeM Ha3bIBaTh CABUTOBBIMU MOJaMMH.
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[TockoIbKY MOMYBOJIHA U, BJAJH OT TOYKHA OOPbIBA UMEET BUJ TIJIOCKOIN BOJIHBI, TO MPH

OOJBIIUX ¢ UMEeM:

u(q,p) = u(p), VYaq,p) =0, Wi(g,p) = i(p), q— o0 (2.62)

rae @1(p) — coberrennas dyHKIms oneparopa Ly moaydeHHOro tnHeapu3anuei ypaBHeHusI

(2.57) Ha OTHOMEPHOM HUMITYJICE Uy
Lo =D(92+0%) +v.0, + A (2.63)
JuneapusoBas (2.57) Ha u.(q,p) u cauras L, M, N, Gy, J1, Jo, 0E = E—1, 0V =V —u,,
0G5 = G9 — g, MaJBIMHA TOPSIJIKA €, TOJIYYUM ypPaBHEHHE:
O;0u = Léu + h(s,q,p) (2.64)
B KOTOPOM
ho= [5G2 +pNg, — pJa+ (E,/2 + pM, + pN,) D| 0, (2.65)
+ [5\/ L+ N)]“J} Uy + 2pND Uy, + 6f

[Tycts Temeps LT — omeparop conpszkeHHBIH K omeparopy L OTHOCHTEIBHO CKAJIAPHOTO

IPON3BEICHNA
(u,v) 2/U(q,p)v(q7p)dpdq (2.66)
Bribepem cobcTBennbie (DYHKIUKA ONepaTopa fﬁ, OPTOrOHAJIBHBIMH K COOCTBEHHBIM

dbyuxmusm (2.61) oneparopa L, u o6o3uaunm nx ¥'u U2
Lot =Ltvl=0; (¥, 0)=0, i#j (¥, V) =1 (2.67)

[Tpenmosozknm, uto a1 W2, W' npu 60AbIIIX  EMEIOT MECTO aCHMIITOTHKH, aHAJIOTHIHbIC
(2.62):
U(q,p) — ®(p), ¥*(q,p) =0, q— o0 (2.68)

[TorpeGoBaB, 4TOOBI pellleHne du JIMHEAPH3OBAHHOIO ypaBHeHus (2.64) He comepKaio

CABUTOBBIX MO/ (2.61), mosrydum ypaBHEHHsI
(h, ') = (h, ¥*) =0 (2.69)
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[Moncrasass (2.65) B (2.69) u yuurniBas Obicrpoe yOwbiBanue Wy, W2 u COOTHOIIEHUS

oproronasbuocta (2.67), moxyanm uto npu g = 0:

3Gat (o = 1) (pia, %) + B, (D 02) /2 (M, + Ny) (pD 02, 07)

(L +N) <]5 v, ¢2> 12N <p15 Ty, w2> + (6 f(u), ¥2) =0 (2.70)
(9.N — 1) (pWy, ¥') + E, <15 Wy, LD1> /2 + (M, + N,) <pf) Wy, LD1>
+ON <pf) Ty, q/1> + < [W —(L+ N)f)] Uy + 5 f (), tpl> =0 (2.71)

[Tocenuee ciaraemoe B JieBoit wacTu (2.71) npencranisier cob6oil HeCOOCTBEHHBIH HHTEIPAT
o q. ITosromy mast BemonHenusi ypaBHeHusi (2.71) mpekie BCero HyKHO, 9TOOBI 3TOT

I/IHTeraﬂ CXO,[[I/IJICH, a 3HAYUT “ITO6BI CTpeMI/IJIOCb K HyﬂIO HO,ZLI/IHTeraJIbHOG Bpra)KeHI/Ie:
5V (¥, ¥Y) — (L + N) (]5 v, w1> +(0f(u), #') =0, q— o0 (2.72)
31ech KpyTJible CKOOKH O3HAYAIOT CKAJISTPHOE MPOU3BEIEHNE

(u,v) = /uvdp (2.73)

[Tpu Gosbiux ¢ ypaBHeHue (2.72) maer 3aKOH JBHIKEHUS:

B KOTOpOM V, n DD ecTb KOHCTaHTHI CPEJIbI:

B 1
_, _wpey (D)
Vi =0, — (@, 51)’ D= (@ 50 5F—qlirroloéf(u*) (2.75)

TakuMm 006pa3oM, mpu OOJBINUX ¢ JOMXKEH BBITOJHATCS 3aKOH IBHzKeHus (2.74), (2.75).
OH Mor OBl HapymaThCA TOABKO BOJM3H OOpBIBa (PPOHTA, HO TOrAA 3TO HAPYIIAIO OB
ero JIOKAJbHBIA XapakTep (OTCYTCTBHE $BHOI 3aBUCHMOCTH OT () WJIH HEIPEPbIBHOCTb.
[TosTOMY, €CTECTBEHO CUUTATh, YTO IMOJIYYEHBIH HAMHU 3aKOH JBUKEHHs BBINOTHAETCS
BCIOZY, BILIOTH J0 TOYKH oOpbiBa. [lociemnee ciaaraemoe B (2.71) ¢ yderom 3TOro

obparmaercs B Hotb. Tak 4aro (2.71) mpunumaer Bu:

Jo(5,0) = €Xg+ AN (s,0) + Ao [M(s,0) + N,(s,0)]

SNy (,0) + Ad[L(5,0) + N(s, 0)] (2.76)
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rae BBeJeHbl 0003HaAYCHU:

Ao = [<5F (O, 97) g _ w1> +(0F — 6f(u), ¢1>1 (po, 0')™

(@17 @1)
<pf) Uy, tpl> <pf) W, w1> <13 ,, tpl>
A = g« + 2—1, Ay = T A3 = T (277)
<p§p2’!p > <p!p27!p > <p!p27!p >
_ A (Wla Wl) 1 1 A 1 1\—1
- KDgpl,Wé ol 4 <D(<ﬁ1 ), W > (p Wy, U")
[Toncrasass (2.76) B (2.70), momydnm:
G2<S70) = Ho— NIN(Sao) — H2 [Ms<870) + Nq(S,O)]
1
—3[L(s,0) + N(s,0)] = 51aBq(s,0) (2.78)

¢ 0003HaAYCHTAMHA

po = g« — (0f(uy), ¥*) — ¥, %) K(SF (%_W)@l — npl> + (0F — 6 f(us), W>]

(p¥s, ¥') (91, 91)
W= 2<p]‘3¢2q, w2—%wl>, (2.79)
pe = <p15u72, w2 wl—gjiz: $>>
g = <D¢1, w2> ziz 7 [< 2 71 @1—w1>+<15(@1—w1),w1>],
= (pnw) BT 50, v
O6o3naunm  rtenepb H(gq,s) — CpeaHIO KPUBU3HY (DPOHTAJIBHON ITOBEPXHOCTH

(mosmoxKuTEeNbHOM OyleM CYATATH KpPUBH3HY (POHTA, BBIMYKJIOTO B HANPABICHHU
JABUZKeHUs1); K(S) — Teome3smvecKylo KpHBH3HY JuHEH OOpbiBa; K(S) - KpUBH3HY
reo/Ie3mvIeckoii, oproronanabHoit Jjuauu obpwiBa npu ¢ = 0. Torma, B mHTepecymoIem
HAC MOPSIIKE MAJOCTH, ¢ YI€TOM TOTO, YTO BEKTODP IVIABHOH HOPMasM K Te0e3WdecKoil

COBIIaJaeT ¢ BEKTOPOM HOPMaJIA K IIOBEPXHOCTH, IMOJIYIHM:
2H = —(L+ NE)/E~—(L+N), k=-E,/2E)~-E,/2, K=-N  (2.80)

Kpome Ttoro, m3 ypasuenmii Ilerepcona-Konammu, B WHTepecylolmeM Hac MOPsIKe
TOYHOCTH, UMEEeM!

Ly=M, M,=N, (2.81)
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Tak uro ypasuenust (2.74), (2.76) u (2.78) mpeobpeTaior BuI:

V = V,—2DH (2.82)
Jo(5,0) = —edog — MK (s) — 2X2H,(5,0) — A3k(s) — 2A4H(s,0) (2.83)
Ga(s,0) = po~+ i K(s) +2u2H,(s,0) + 2usH (s, 0) + pak(s) (2.84)

OrmeruM, 4910 3aKOH jaBuKeHus (2.82) coBmamaer ¢ mostydennbiM B |70], a rpanumanoe

yeaosue (2.84) coBnasaer ¢ mosydeHbIMI TaM Ke TIPH

Kpome Toro, st ciydasi OpsiMOTO HECKPYYEHHOIO CBUTKa ypaBHenus (2.82)—(2.84) wu

BhIpazKeHus st Koydbdunnenton (2.77), (2.79) ceogarca x (1.14), (2.34), (2.30) u (2.32).
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I'maBa 3

CTa]_[I/IOHaprIe CIINpaJIbHbIE aBTOBOJIHDbI

3.1 IlpeaBapurejibHble 3aMeYaHUSI.

B sroit rmaBe mbl mpejicTaBisieM TOYHOE AHAJUTUYECKOE DeEIeHne KHHEeMATHIECKOil
3818490 JIjId CTAIIMOHAPHO BPAIIAIONIEHCS BOJTHBI. DTO PeIleHue MPUMEHSETCS He TOJbKO
K CIIUPAJLHBIM BOJHAM B HEOIDAHUYEHHOW Cpejie, HO TAKXKe W K BOJHAM, BPAIAIONTAMCS
B KDPYIVIOl cpele, Tak d|TO IEHTP BpAIIEHUS HAXOJAUTCA B HEHTPE CPEIbl. ITO
pelenne MoATBEPXKAACT HEKOTOPBIE PE3YJIbTATHI, MOJyYeHHbIe paHee IPYTUMHA aBTOPAMU €
HCIIOJIB30BaHUEM MPUOINKEHHOT0 aHaIn3a. Kpome Toro, OHO TO3BOIUIIO HAM PACCMOTPETH
BIIEpBbIe, MpejeabHOe MOBEJEeHUEe BPAIIAIONIAXCS BOJTH, B CpejaX OOJNBIIOTO pa3Mepa.
[Toctequuit pe3yabTaT MpeacTaBIseT 0COObI MHTEPeC J/isi TEOPUU ABTOBOJTHOBBIX BUXPE.

Kak 6b110 ckazamo B pasjzese 1.2, aBTOBOJHOBBIE BUXPHU JIEMOHCTPUPYIOT CHJILHYIO
yeTOHIMBOCTD cBOCTB. Tak, BHeNIHHE BO3MYIIEHUS, OTrpAHUYEHHbIE II0 BpPEMEHH W
AMILJIUTY /€ MOI'YT TOJIBKO 3aCTaBUTh BUXPDb U3MCHUTD cba3y BpallleHud 1 MEeCTOIIOJIOZKEeHHUE.
Kpome Toro, 3TO BAMAHWE CYIIECTBEHHO, TOJHKO €CJAN BO3MYIIEHHE TPUMEHSIeTCs
BOJIM3U s/Ipa CHUPAJU, U OBICTPO YOBIBAET /I OT/AJIEHHLIX BO3MYIIEHHI, XOTsS BOJIHBI,
HCIyCKaeMBble PeBepOepaTopoM PACIPOCTPAHIIOTCS MO BCei Cpefie W CHHXPOHU3UPYIOT
ee CBOeil COOCTBEHHOW dYacTOTO. ITOT ((paKT OTAMYAET UX OT APYrux OOBLEKTOB,

U3BECTHBIX B HEJIMHEHHOI HayKe, THIIA COJTUTOHOB, KOTOPBIE TaKzKe 00JIaJai0T JIOKAJIbHOM
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qyBCTBUTEIBHOCTHIO, HO U CaMU 10 cebe sIBIASIIOTCSI OTPAHTIEHHBIMI 00 heKTaMHu.

3/ech MBI BIIEpBbIE TPEICTABAIEM pe3yJabTaT 00 3IKCIOHEHIUAJILHOM YOBIBAHUU
YYBCTBUTEIbHOCTH CIUPATIBLHON BOJIHBI K BHEITHUM BO3IEHCTBHUSM /19 BO30YIHMOM CPEIHI.
AcHMIITOTHKA 9yBCTBUTEIBHOCTH TAKXKe OKA3AI0CHh IKCIOHEHIIHAIBHOM, XOTS 1 HECKOJIBKO

Jpyroro BUja.

3.2 Pemenne O/Y.

[Tocsie 3amenbl IEpEMEHHBIX
o= =0, k—y=Q%k, (3.1)
Ypasuenue (2.43) npumer BUI
v —y? =y =y’ (1 - ay) (3.2)

rie
o= 03 (3.3)

[Tpumep dazoporo moprpera ypapuenns (3.2) npn o # 0 mpejcrasien Ha pucyHke 3.1a.
Kak Mbl yBUAUM HEzKe, () OKa3BIBAETC MAJIOH BEJIUUUHOM, TaK 9TO HapaMeTp o TaKKe

mait. [losromy HuzKe ™Mbl Hajijem pemienusi yparenusi (3.2) npu a = 0:
vy —y’ -y =y’ (3.4)

a 3aTeM MPOBEPUM 3aKOHHOCTH 3TOW aNNpPOKCHUMAINHU, ONEHUB OTOPOIIEHHBI HAMU HICH
J14d HaWJEHHBIX PEITCHUM.

Ha puc. 3.1b mokazan azosbiii moprper ypashenus (3.4). Cayuail HeorpaHudeHHOI
CpeJibl COOTBETCTBYET CenapaTpuce Hadajia KOOPAUHAT, CAydail cpeJi ¢ KOHETHBIM PAJIHyCOM
COOTBETCTBYET TPACKTOPUAM IIPOXOJAINIAM CJIeBa OT CENapaTpUChl, a TPACKTOPHHU CIIPaBa
OT CcelapaTpUChl He OTBEYAIOT HUKAKOMY (DU3UYIECKH UHTEPECHOMY PEIIeHHUIO.

Msbr  ybemumcesi, uro ypaHenume (3.4) MoxKer OBITH DeEIIEHO AHAJUTHYECKH B

napaMeTpuIeCKOM BHUE, IYTO JaeT XOPHIYIO OCHOBY AJId N3YyYCHU A FpaHI/I“IHOIU/I 3aJa491, XOTA

46



3 T , 3 TE
20 1 2t ]
1t ) 1t
> 0 T 1 =0 T
l | y L
2+ 4 2+
3 ‘ ‘ \\\‘ \\ \\V 3 ‘
3 2 a4 0 1 2 3 3 2
(a) v (b) v

Puc. 3.1: (a) ®azoswiit noprper ypasuenus (3.2) npu a = 0.5. Moxuo Bugers @okyc B (1/a,0)
u cioxuoe pasaoecue B (0,0). Cunrynapuas touka (me pasuoBecue!) B (0,—1) — obmas Touka s
KOHTHHYYMa TPAaeKTOpHUil, IPOXOJAIINX 4YEPE3 Hee CIPaBa HAJIEBO; BEPTUKAJIbHAS OCh HE MEPEeCeKaeTcs
TPAeKTOpUAMU B Apyrux Toukax. (b) ®a3oBwiii moprper ypasuenus (3.4). Temeps, dokyc pacmonoxken
B (400,0). 2KupHble KpuBbIe COOTBETCTBYIOT DEIICHHsIM KpaeBoil 3amaum: AO — cenaparpuca Hadaja
KOOPJIMHAT, COOTBETCTBYET HeorpaHwmdeHHOM cpeme; BIB' — cpene 6ombmoro pamuyca, m CIC’ — cpene
magoro pamuyca. Tpaextopun DIO u EE’ coorsercrBytor pemenusm ¢ C— = 0 (cm. (3.12)). [lyaxrupuas

JIMHWST — MECTO PACTIONOXKEHNst ToUeK cImuBku (3.18).
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3amena nepeMenHbIxX (3.1) n mpeoGpasoBanue K (2.16) He coBceM TPHBHATIBHBI U TPEOYIOT

HEKOTOPBIX KOMMeEHTapuen:

Bameuanwme 1. Macmrabupyromue MaOKATEH B (3.1) 3aBUCAT OT YACTOTHI BPAICHUST

(), KoTOpas cama SBISIETCS HEU3BECTHON. DTO TPUBOAUT K (HPOPMATHLHOMY MPOTUBOPEUHIO:

arobbl  mepeiitu  or  “duzmueckoir” 3amaum  (1.16) kK ee ‘“amcro’-MaTeMaTHIeCKOil

Gespasmeproit dopme (3.2), Mbl JOJXKHBI 3HATH PeIeHHe IOCTeJIHEr0 IpeXkKe, YeM

Mbl ero moaydum! OIHAKO, 9TO HE COCTABJISIET HUKAKOW MpPOOJIEMBI MPU HCIOJb30BAHUU

BbIOpAHHOI HaMu jajiee napamMerpudeckoit dopmoil permrenusi. Mbl 1pocTo cHadasa
LINM

peritaeM 6e3pa3MepHYIO 3aJa9y W 3aTeM BBISICHAeM Kakoil “‘¢gpu3nveckoil” mocraHOBKE OHA

COOTBETCTBOBAJIA.

3ameuanme 2. Macirradbupyonme MHOKUTETH JJIS JJIUHBL § — & W JJId KPUBU3HBI
K — y B (3.1) HE COOTBETCTBYIOT APYT JAPYIY, MOCKOJbKY OHU HCIONb3YIOT pPa3IHYHbIE
MacirTabbl JjinH. B pesysbrare, (hpOHTHI, MOJIYYEHHBIE U3 OJHOTO M TOTI'O YKe perieHus
(3.4), HO MaCIITAOUPOBAHHBIE K PA3MEPHOMY BHUJLY C DA3JUYHBIME 3HAYEHUAMHE (3 He OyIyT
FOMOTETUYHBI JIPYT JIPYTY.

B srom pasmesie, Mbl [OpeJcTaBiIsieM aHAJUTHYECKOE perrenne ypasaenus (3.4) B
napamMeTpudeckoit ¢popme. ITO pelreHne MOXKHO MOJYIATh MOCTIE CJIEAYIONeidl 3aMeHb

HepeMeHHbIX:
A0 =—-y/y, (=1/y (3.5)
KOTOpasi IPUBOINT HaIlle ypaBHeHWe K ypaBHeHuio Abess jyis Z(C)

Zz—2=1/C (3.6)

Jlst 37010 ypaBHEeHNUSs, H3BECTHBI AHAIMTHYECKHe pereHus [71| B napamerpudeckoii popme

= f(T), C - g<7—>

B wurore, ¢ yderom 3aMeHBl TepeMeHHBIX (3.5), mapamerpudeckyn GopMy obmero
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pererns ypaBaenus (3.4) MOXKHO TPEICTABATH KaK

yin,out(T) =a (Xz?n,out<7—) :l: T2/3) (37)

(dy/dE)in,out (T) = —1 & 3Xinout (T) (X7 () £ 777 (3.8)

rje JJ1si KpaTKOCTH 0003HATEHO

a = (9/2)1/3 (3.9)
Xin,out(T) - Tl/Shin,out(T) + 1/(37—2/3) (310)
d
hin,out(T) = d_ (ln Zin,out(T)) (311)
T
Zin,out (T) = CZ‘(;:())utigl/B,in,out (7—) + Ci(y;gut%—l/?),in,out (T) (312)
rjae C’Z-(ni, ()mt — INPOU3BOJIbHBIE IIOCTOAHHBIE HHTErPUPOBAHUHA, & (BDYHKIUA Biy/3 i out(T)

ONPEIEJIAIOTCS KaK

B,in(T) = Jp(1) byukuus Beccens (3.13)
B out(7) = 1,(7) Momudunuposannas bynkunusa beccens (3.14)
B dopmynax (3.7) — (3.14) BepxHHe 3HAKH BIOMPAIOTCA BMECTE ¢ MHICKCAMH 0N, a

HuzKHUE ¢ out. Himke MbI onyckaeM MHAEKCHI in 1 out B (popMyJiax, OTHOCAIINXCS K 000MM
CJIydasM.

3aMeTHM, UTO PpelleHHe MOJHOCTBIO OIpejessdeTca oTHomenmem ¢ = COF)/C)
I09TOMY HIZKE MBI HCIIONIb3yeM 310 otHonterne Bvecro CF) u C). Cayuan nyzesoro C()
U CJIeJI0BATEIbHO GECKOHEYHOr0 ¢ COOTBETCTBYIOT Tpaekrtopusam DIO u EE' na puc. 3.1b
JIJIT HUPKHUX M BEPXHUX 3HAKOB COOTBETCTBEHHO, KOTOPBIE He IIPE/ICTABIISIOT, KaK 3TO OyIeT
SICHO W3 JAJbHERIero, HHTepeca ¢ TOYKH 3PEHUs peIleHnil TPaHUYHON 3a1a4m, U MBI UX
HE PaCCMATPHUBAEM.

WNcnonb3yd peKypeHTHBIE COTHOIIEHUS s %;, B,B u B,,1, MOKHO 3amnucarb

soipazkenne (3.10) pist X (7) B 1pyrom Buje:

_ 1/3 qB_2/3 F Bioys

X(1
(7) qByi3+ B 13

(3.15)
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Ha ocnose ypasrenwuii (3.7), (3.8), MOXKHO BbIpa3uTh Ge3pasMepHYIO IIMHY KPUBOH &

Jepes nmapaMerp T Kak
¢ = / YO/ e ar (3.16)
(dy/de)(r) ™ |

rae £y — NpON3BOIbHAS MOCTOAHHASA, KOTOPAs JOJIAKHA ObITH OJMHAKOBA, JJIs1 00€NX JacTeii,
9TOOBI 0GECIEYNTh HEIIPEPBIBHOCTD HPH II€PEX0/ie Yepe3 TOUKY CIIMBKU.

U3 ypasuenwuii (3.7), (3.8) BUIHO, YTO TPAEKTOPUE MOTIYT ME€PeCeKaTh 0Ch Y = () TOJIBKO
npu iy = —1, B HOJTHOM cOOTBeTCTBUH ¢ (PA30BBIM HOPTPETOM Ha puc. 3.1b.

Terepb TPOAEMOHCTPUPYEM, UTO BepXHUE W HUKHHe 3HakW B dopmynax (3.7)—(3.14)
COOTBETCTBYIOT BHYTDEHHMM M BHEIIHUM 4YacTgM pelleHui, cimpamomuxca npu 7 = 0, u
HaiileM COOTBETCTBYIOIINE NapaMeTphl ¢, 0OeCIeunBaloIIue 3Ty CIIUBKY. JeicTBUTeIbHO,
UCIIONL3Y ST ACUMIITOTUKY JITs IAIUHAPUIeCKUX (DYHKIHIA TP MaJIBIX apryMeHTax, Hal1em,
aro dyuknusa X (7) cTpeMHUTCS K KOHEYHOMY MpeJesy, KakK /il BHYTPDEHHUX TaK U JJIsl

BHENIHUX PEIICHUNA:

X(0) =X, = 21/3%61 (3.17)

Tak 4r0, B 06oux ciydasx n y u dy/d¢ crpemsitess K KOHeUHBIM Tipegesam opu 7 — 0.

COOTBQTCTBYIOHIHQ npejJe/ibHble TOYKH JieKaT Ha KpI/IBOﬁ
(dy/d¢ +1)* = 2° (3.18)

U3 puc. 3.1b BuaHO, 9TO 9Ta KpUBas OTIEASICT TOYKH, MOMYCTUMBIE JJisi BHYTPEHHUX
rpaangnbix yeaosuii npu § = 0 (dy/d§ = —1,y > 0) or JOIyCTUMBIX Jjisi BHEITHHX
yeaosuii npu £ = oo (dy/d§é = y = 0) wam npu £ = = (dy/d§ = —1,y < 0). Tak
9TO, eIUHCTBEHHAS BO3MOKHOCTD YIOBICTBOPATH OOOMM YCJIOBHSIM COCTOUT B TOM, ITOOBI
TPACKTOPHsI COCTOsIIA M3 JIBYX YacTel, IPUHAJICKAIINX K JABYM DA3JIMYHBIM CJIydasM u
crmBarouxcsa Ha Kpuboil (3.18). /lus aroro HeoGXoauMo, 9T00bI NpeeTbHbIe 3HAYCHHUSI
X (7) miag 9TUX ABYX dacTeii ObLIN PABHBI IO BeJIMYHHE U MPOTUBOIOIOXKHBI 110 3HAKY. TaK

9TO0, YCJI0BHE CHIMBKH UMEET BHJ

Gout = —Qin (319)
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3ameuanme HeobxoaumMocTh CTPOUTH TOYHOE peIeHne CIIUBKOW JBYX dacTeid,
3aJIAHHBIX PA3IUIHBIMUA  AHAJUTHYCCKUMH (HOpMYyJIaMu, KayKeTcss MPOTHBOpeYAIei
AHAJIMTUYHOCTH ypaBHeHus (3.4) B Touke cmuBku. OJHAKO 37€Ch HET HHUKAKOTO
IIpOTUBOPEYNA, ITOCKOJIBKY 06a CIINBAa€MbIX peHlIeHudA MOZKHO OIIHCaTb OJHHMMU U TEMH 2Ke

dopmynamu
y(s) =as (Y2(s) +1), dy/dé(s) = —1+3s¥2Y(s) (Y2(s) + 1) (3.20)

riue ‘ ‘
_ qJ_2/3(53/2) - J2/3(S‘3/2)
qJ1/3(33/2) + J—1/3(33/2)

npu4dyeM napaMeTp s DpHHHMaceT KaK ITOJOXKHTEJIbHBbIEe TaK U OTpHUIaTeJIbHble 3HaYeHMA.

Y (s) (3.21)

2/3

D10 pemrenne npu s = 7% coorsercrByer pemenuaM (3.7)—(3.14) ¢ BepxHuME 3HAKAMI,

2/3 ¢ mmxkEEME 3HaKaMu. AHaIMTHIHOCTH penrenns (3.20), (3.21) npu s =

armnpu s = —T
0 mpoBepgercs HeNOCPeJCTBEHHO, ¢ YYeTOM TOTrO, YTO CTeNeHHOil pal Aid J, cOlep:KHT
ICHBI ¢ IIOKa3aTesaMu oguHakoBoil dernocru. Ho ypasuenns (3.20), (3.21) onpegesnenst
TOILKO B KOMIIJIGKCHBIX 9HCJIAX, U Kycodnoe mpexacrasienne (3.7)—(3.14) mpaktmaeckn
bosiee ya00HO.

Takum 06pa3oM, COOTBETCTBHE MEXKIY TPACKTOPHAMH Ha (ha30BOM MOPTPETE CHCTEMBI
u  pemeruaMu, onucanabiMu  dopmyramu  (3.20), (3.21) oka3zasoch He B3aHMHO-
OJIHO3HAYHBIM. A MMEHHO, €CJTH TPAaeKTOpus Tepecekaer Jmauio (3.18), To j1Be ee dacTu
ONUCHIBAIOTCS PENIEHUSIME PA3JINIHOrO Buja, ¢ yeropueM (3.19). C apyroit ¢TOPOHBI, ecTh
HEOHO3HAYHOCTD H B IPOTUBONOIOKHOM HAPaBIeHun: 0aH0 peuternue (3.7)—(3.14) moxer
COOTBETCTBOBATH GOJIee YeM OJHOW TPaeKTOPHH. DTO CBsA3aHO ¢ TeM, 410 (yHKuusa h(T)
onpenesertas B (3.11) cranoBuTcst GECKOHEUHOW B KOPHAX Biq /3, TaK 9TO B OKPECTHOCTH
TAKOTO KODHSI TpaeKTopuu UAyT K (+00,+00). Tak kak umauHgpudeckue QyHKIUI
qJi/3 + J_1/3 MMeEIOT cYeTHOe YHCIO0 KOpHeil, TO OJHO pelleHHe ¢ BepXHUMH 3HAKaMH
COOTBETCTBYET CYETHOMY MHOXKECTBY TPaeKTOpHil Ha (a30BOM MOPTPETE, ABJIAIONIHXCSH
Pa3JIMYHLIMH BETBSIMH OIHOM M TOH »Ke aHaJUTHYecKoil KpuBoil. Tem He MeHee, 3TO
HE CO3/1aeT HUKAKWX POOJIEM [pPU PEIeHnd TPAHUYIHONW 3a/1a9M, MOCKOIbKY KaK OBLIO

MOKA3aHO BBIIIE, HAC BCETJa WHTEPECYIOT TOJABKO BETBH, Tepecekaromniie Kpupyo (3.18), a
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3TH TIepecedeHus BCeraa MPOUCXOIAT MNP 7 B HHTEepBaJie oT () 10 NePBOro MOJTOKHUTE/THHOTO
KOpHe DyHKIUH B3,

[ToBenenue BHeNTHUX pelieHUil mpu 7 — +00 Oosee mpoctoe. Mcnonb3ys acuMnToTuKy
JIT MOTUPUITMPOBAHHLIX (DYyHKINI Beccesist mpu OOMBIINX 3HAYEHUSAX aAPIyMEHTa, BHIUM,

9T0 BO3SMO2KHO TOJIBKO JBd PA3JIMYHbIX CJIydad:

how(T) 21— 1/(27), q# —1 (3.22)

Pow(T) = =1 —1/(27), q=—1 (3.23)

[TepBoIit M3 HUX COOTBETCTBYET BCEM TPAEKTOPHUSAM CjaeBa oT cemaparpuckl AQ, KOTOpbIe
npoxogsT depe3 Touky (0, —1) u NIpuXoasaT B HAYAIO KOODJIUHAT CJIeBa, TOTJA KaK BTOPOii
caydail onuceiBaer camy cemaparpucy AQ, Koropas NpuOINKaeTcs K Hadaay KOOPIUHAT

cupasa (cum. puc. 3.1b). Takum 06pazom, cemapaTpuca OUPeJEISIETCs YCIOBHEM

Qin = —Yqout = +1 (324)

3.3 Pemnienune rpannvdHoii 3agaun npum v = 0.

3.3.1 Kpyriaga cpeaa mpou3BOJbHOIO pagnyca.

['paHuvHbIe yCI0BUS J1Jist ypaBHeHus (2.43) B KIaCCHIECKOM BAPUAHTE OBLIN MPEICTABIEHBI
Takzke B [1, 2, 67]. Yenosue wa cBoGoAHbIIT KOHel ObLT0 yrioMaHyTO patee B (1.18) u ¢Ba3aHo
¢ TpeboBaHneM OPTOrOHAJILHOCTH 00pbIBa (PPOHTA K 4apy. Eie 0110 rpanndnoe ycJIoBue Ha
CBOOOIHBIN KOHIIE CBA3AHO C JONOJHUTENLHBIM TpeGOBAHUEM CTAIMOHAPHOCTH BpAIICHUS,

1 UMECT BHI

’

K'(0) = —w/D (3.25)

JLns Kpyryioit cpeJibl ¢ HeMPOHUIIAEMO#l IpaHuIeil, TPAHUTIHOE YCJIOBUE HA BHENTHEM KOHIIE,

T.€. 'PaHUIle Cpeabl BBITJIAIET aHaJOTHIHO.
K'(L) = —w/D (3.26)
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rae L — mnomnas jswHa QpoHTa. B mpesesie 6ecKOHEUHON Cpejibl, TOC/IeIHee yCJIOBUE
3aMeHSeTCd Ha

K(00) =0 (3.27)
VYpauenne (2.43) Bmecre ¢ rpanmdHbiMu yeaosusamu (1.18), (3.25), (3.27) wm (1.18),
(3.25), (3.26) NOJHOCTBIO CTABAT HEJIMHEHHYIO KPAEBYIO 33144y JIJsl HEU3BECTHON (byHKIUHI
K (s) n coberBennoro 3uadenus w, kak uzsozxkeno B |1, 2. Tlocie 3amensl nepemennbix (3.1),

IPAHUYHBIE YCJIOBUS TTPUOOPETYT BHU/I

/

y(0) = BQ7*7, y(0) = —1, y(+o0) = +0 (3.28)

JJ1d HeOFpaHquHHOﬁ nJIn
y(0) = B, (3.29)
y(0)=y(E)=-1 (3.30)

NI KPYTJIO# cpebl. 37eCh JTOMOJTHHTEIBHO 0003HAUEHO

3= DK,]V, (3.31)
Q=p37°%%Q (3.32)
==0Y3V,D7'L (3.33)

Hamoxum teneps ma pemrennst (3.7)—(3.15) rpanmunsie yeiosust (3.29), (3.30).
Koncranra & B Belpazkennu (3.16) 1 HATypasibHOTO mapaMerpa { BHIOHpaeTCs Tak,
aro0bl Ha ¢BOGOAHOM KOHIE okazasoch & = 0. 13 (3.7)-(3.8) Buano, 410 cBOOOAHbIH KOHEIL
¢ = 0 jocTuraerTcs TOJIBKO PElIeHUsIMU € BEDXHUM 3HAKOM, NOCKOJIbKY y(0) JoiKeH GbITH
nosozuTeer pu y = —1. OG03HAYNM 3HAYEHHe TApaMeTpa T, COOTBETCTBYIONIee STOi

rouke, yepes 1. Cornacuo (3.8), HAXOIUM UTO
XiTL(Tl) = 07 hin<7—1> = _1/<37-1) (334)

OTH ypaBHEHUs MOYKHO HKCIIOJIb30BaTh, YTOOBI YCTAHOBUTH COOTHOINCHHS MEXKLY
mapaMeTpoM T; U KOHCTAHTOMU ¢;,. COOTBETCTBEHHO, KOHCTaHTa &) B ypaBHenuu (3.16) s
BHYTPEHHEH J4acTu paBHa

& =ar”’ (3.35)
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B 1o xe Bpems, 3Ta BeJMYMHA paBHA MOJTHONW O6e3pa3MepHOil JIMHE BHYTpPEHHEH YacTH

Bosabl. 113 (3.29), (3.7), (3.34) crenyer uro
Q = 2Y%/(37) (3.36)

Buemuasg gactn onpeageseHa JJId T B HHTepBaJie OT T = 0 JJid TOYKH CIHUBKH 40 HEKOTOPOT'O

T = Ty, COOTBETCTBYIOIIEro rpanuie cpeipl & = =. CiaenoBaTebHO,

Xout(12) =0, how(m2) = —1/(37), (3.37)

E=a(ri®+ 137, (3.38)

y(E) = —ary”?, (3.39)

[Toceanee ycioBue, HeOOXOIUMOe sl ONpeJeseHns pelnieHuss — 310 yeiaosue (3.19),

KOTOpPOE YCTAHABJIUBAET COOTHONICHHE MeXKIY 3HaYeHUsIMH (DYHKIUHR h;, U h,, B TOUKe
CIITUBKU.

Haiing warypaJsibHOEe ypaBHEHHE BOJHOBOIO (DpOHTA /i 3HAYCHHUS IMapaMeTpa ¢,
MOXKHO HAUTH paJuyc ero sjapa r u pajguyca cpeiabl R. [Ipsamoi myTh cocTosti ObI B TOM,
9T00bl BOCCTAHOBUTH (DOPMY KPUBOiil, 3aTeM HallTu KacarejbHble K Heil Ha BHYTPEHHEM
1 BHENTHEM KOHIAX, W HalTh IEeHTP BpaIleHns Kak IepeceveHre 3THUX KacaTeabHbIX. B
HPUHIIMIIE, 3TO MOIVIO OBITh CIAEJAHO CIEAYIONUM 00pa3oM. BreibepeM NpsaMOyrojbHBIE
JIEKAPTOBLI KOOPJAMHATHI, CBA3AHHLIE ¢ (DPOHTOM. A MMEHHO, TOMECTUM HAYAI0 KOOPIUHAT
BO BHYTpEeHHHUIT KoHell (PpoHTa, & OCh & HANPABUM O KacaTeJbHON K (DPOHTY B 3TOi TOUYKE.

Yron ¢ppoHTa B HPOU3BOJILHON €r0 TOUYKE ¢ OCBIO & MOXKeT ObITh HaliJIeH KaK

6(s) = / K(s1)ds; (3.40)

a 3aTeM KOOPIUHATHI TOYeK (ppOoHTa ompeeeHbl COOTHOINICHUIMI

S S

X(s) = / cos(d(s1))ds1, Y(s) = / sin(6(s))ds: (3.41)

O06e kacaTesJbHBIE K (PPOHTY B €r0 KOHIIAX MPOXOJIAT depe3 MEeHTP BPAIEeHHs, TAK ITO 3HAS

X (L), Y(L) n ¢(L), MOXKHO HAWTH PajHyC CPEJIbI:
R=Y(L)/sin(¢(L)), (3.42)
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U paJanyc gaapa
r=Y(L)/tan(o(L)) — X (L), (3.43)

OpHako, 3TOT myTh He mpocT. Paauyc gapa MOXKHO HaiTH 0oJee IPOCTBIM CIOCOOOM
[16]. Bocnonbayemcest Tem, 910 (DPOHT B KOHYMKE OPTOTOHAJEH K SIAPY, TAK YTO CKOPOCTH

dbpoHTa B KOHIMKE — MPOU3BEJIEHUE YIJIOBOI CKOPOCTU U PAIUyCa g/pa,
w=V(0)/r=(Vy— DK.)/r, (3.44)
IIOCKOJIBKY KPUBH3HA B KOHUMKE paBHA K., U CIEI0BATETHHO
r=Vow (1 -p) (3.45)

3aeck u gasee, Mbl coxpansieM wienbl O () mapsay ¢ O (1), HecMOTpst Ha TO, UTO WIEH
O (§) 6bLT omyleH B MCXOAHOM ypaBHeHHH (3.4) W MOTOMY BCe De3yJIbTaThl MOJIYYeHb!
C TOYHOCTBIO JO ITOH BEJHYHHBI. DTO CJIEJAHO, ITOOBI IIOTIEPKHYTH, ITO PE3YJIbTATHI
COOTBETCTBYIOT TOYHBIM pelleHusM rpanndnoii 3agaan (3.4), (3.28)—(3.30). HeobGbrano
BBILVISIJICIIEE TIOSIBJICHUE TJIEHOB PA3JIMYHOIO TOpsAka 1m0 [ B “TOYHBIX peIeHusx’
ypapaenuss ¢ 3 = (0 — ecTecTBEHHOE CJIEICTBHE HE-TOMOTETHIHOIO MPeoOPa30BaAHUS
HepeMeHHbIX, 3aBucsdmero or [, cM. 3amedanue 2 B paszgene 3.2. Texuudecku,
9TO TpPOSBIAETCA B HewHBapuanTHOCTH ypapHenuit (3.40)—(3.43) npu usmenenuu [3.
CoOTBETCTBEHHO, WIEHBI PA3JUIHOTO TOPSAKA 10 [ MOABISIOTCS TOMBKO B (opMmysiax
paccrognuii B “pusndeckux’ eIUHUNAX, TO eCTb B (POpMyJaax Jid PaJdyCOB CPeIbl H
siapa. EcTecTBeHHO, B OOJBIINHCTBE CIy9aeB MEHbIINE WIEHBI MOTYT ObITh ONMYIIMEeHBI I
PAKTHYECKUX I1eJIeif, XOTsl HUMEIOTCst 1 HeKOTOpbie nckiodenust (M. Pasmesn 3.3.4).

K coxanenuio, pajiyc cpeibl He MOZKET OBITH BOODIIE TOBOPs HAMJIEH TeM ZKe CIIocoboM,
HECMOTPs Ha TO, YTO BHEIIHHI KOHeIl (DpOHTA TaK:Ke OpTOroHajeH K rpanuie. [Ipmamna
B TOM, YTO B JIOCTATOYHO OOJBINON cpele, KPUBU3HA HA BHEITHEM KOHIE IajJeKa OT
pemterns rpapnaHOit 3agaau npu « = 0 (cm. Pazgess 3.3.3 u 3.3.5 nmxke). Urobbl HaiiTn
9Ty BEJIHYHIHY, KAyKeTCd MPABUILHBIM HCIOAB30BaTh ypasHenus (3.40)—(3.42), kak Mol

MOKA3bIBAEM Ha IMpUMepe OOJIBIINX Cpejl HUZKE.
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Tenepb u3 ypaprenuii (3.34), (3.37) u PeKypCHBHBIX COOTHOIIEHUH JTsI TTPOH3BOIHBIX

dyukmuit beccess, naitaem, 4To

Gin = Joy3(11) /I —2/3(T1), (3.46)

Qour = —12/3(72) /1_2/3(T2), (3.47)

Tak 49T0 yciaosue cuBku (3.19) mpusoanTes K

Joy3(11)/J—2s3(T1) = La/3(72) /1_2/3(T2) (3.48)

Pesiome. BrimenpuBe/ienable ypaBHEHUS OMPEJAEASIOT PellleHre pPaccMaTPUBAEMO
IDAHUYHOM 3ajlaum, B mapaMerpudeckoit dopme. B KadecTBe mapameTpa MOXKHO

HCIIOJIb30BaTh KOHCTAaHTY
q = Qqin = (C—i-/c—)zn = —qout = _(C+/C—)out> 0< q <1 (349)

3amaBast 3Ty KOHCTAHTY, MBI HeMemjIeHHO omnpejenseM K (s) ypasuennsmu (3.7)-(3.14).
Yr0o6bl HAXOAUTH APYTHE BEIHYHHBI, IPEJICTABIAIONNE HHTEPEC, Hy’KHO HANTH 3HAYEHIS

Ti,2, PEIIMB /1Ba HeJIMHEHHBIX TPAHCICHJICHTHBIX yPDABHCHUA

q = Jas3(11)/J23(m1), (3.50)

q = Iy3(12)/1_2/3(T2), (3.51)

[TpakTHaecku JOCTATOYHO OJMH pa3 3aTabyanpoBarh dbyHkumn 71(q) u 72(q). Tlocae aroro,
MHTepecHBIe (PH3MYCCKU MapaMeTphl MOTYT OBITH PACCUATAHBI IO (POPMYJIaM, KOTOPHIC MBI
IPUBOIUM HUZKE eIl pa3 g yI00CTBa YATaTeNId, I B 6e3pa3MepHoil 1 pasMepHoil popMax:

Yacrora BpaleHnus:

Q=2Y2/(3m), (3.52)
w = (2DVoK3Y2/(31)). (3.53)
[Tonnast jyimna gpponra:
K.L = 3(3/2)"? (7'1 + 711/3722/3> , (3.54)
D 1/2 ‘
L=3 (2VOK ) (n+n77"), (3.55)
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Paanyc sapa:

Kor=3(28)""%(1 = 8)m, (3.56)
A 1/2
- ( - K§> (1= DK./V)m, (3.57)

Pannyc cpenpr:

R= /L sin / K(s1)ds; | ds/sin /L K(s)ds (3.58)

Huxke MBI paccMaTpuBaeM Cle€llHaJIbHbIE W IIpeJeJIbHble CIYy4YaHu, KOI'la PpellcHHuAg

I'PAHUYHON 33841 MOI'YT ObITH HPEICTABIECHbI SIBHO.

3.3.2 HeorpanudyenHasi cpeja.

B sTom ciayuae, BHemmHsis 4acTb OecKOHe4YHa, T, = 0O, TaK, 4TO HapaMerp ¢ = 1, u
ypasrenue (3.50) cBoauTes K

Jos3(m1) = J_g/3(71), (3.59)

B KOTOpOM HaC HHTepecyerT HAMMEHbIIUI TOJOXKUATE/IbHBII KOpE€Hb, B COOTBETCTBUU C

3aMeYanneM B KOHIE paszjiena 3. ITOT KOPEHb PaBeH
71 =0 = 0.68555. .. (3.60)

9T0 3HAYECHHE 6y,£LeT qaCTO HCIIOJIb30BaTLCA B ,II‘aJIbHeIL/'IIHeM, II09TOMY MbI 00O3HAUUINA €ro

OTJIEILHBIM CHMBOJIOM o st Kparkoctu. Torma u3 (3.52) nHaxomaum

(0" = 0.68763. .. (3.61)

Tak 4T0 pa3mepHble TapaMeTpbl CIHUPAJIbLHON BOJIHbI:

Wt = P K.VpBY? = 0.68763 ... (DE*Vp)'?, (3.62)
1-5 Vo \"*
=D 14542, 1 - DK,V 3.63

57



JlnmuHa BHYTpeHHell gacTu pernrenusi coriacHo (3.35)
so = B2/ (VK,) (3.64)

OTU Pe3yJbTaThl MOXKHO CPAaBHHUTH C pe3yJbTaTaMu JIPYTUX aBTOpoB. bespasmepnas
4aCTOTA MOYTH COBIAJAET ¢ pesysbratamu [1, 2, 67|, rae 3HaueHue Q* oKA3AI0CH PaBHBIM
0.685. /lnuua BHyTpeHHeii wactu pemrennst (3.64) coBmagaer mo mOpsiAKy BeJHYUHBI C
HMIUPUHO¥ MOrPaHCI0s oneHeHHoi B [1, 2.

Jlerko waiitn takxke K (s) Bmaau or sgapa. HeorpanumveHHasi cpejia COOTBETCTBYET
q = —1. mogcraBisist 310 B (3.7) U UCHOAB3Ysl acUMITOTHKY Uit QyHKuuit Beccesst npu

OOMBINX 3HAYECHUAX aPTYMEHTA, MOJTYYUM aCUMITOTUHKY
y~a/(3m°), 1 — (3.65)

Kotopas mocie yuera (3.1) m (3.16) mpuBOAMTCA K XOPOIIO H3BECTHOMY YPABHEHHIO

9BOJIBBEHTHI OKPYKHOCTH PAIUYCa 7, TO eCTh Aapa:
K*(s) = (2r*s)"Y% s — o0 (3.66)

Pucynoxk 3.2 wjuiioctpupyer pelieHue Jijis HeOrPaAHUYEHHON CPe/ibl.

3.3.3 Cpena 60gb1I0T0 pagmyca.

dror caydail coorBercrByer kpuoit BI B’ na dbazosom noprpere puc. 3.1(b); uem 6ombiie
paanyc cpeipl, TeM OJuzKe K Hadaly KOODJAMHAT HMPOXOJWT BHEIIHAS dacTh ayru BIl. B
TOM cJydae, TapamMeTp ¢ OJM30K K €JWHHIE, TaK UTO MBIl HIMEM DelleHus ypaBHEHUIl
(3.50), (3.51) korma

g=1-900<ix1 (3.67)

VYpasuenue (3.50) npu ¢ = 1 umeeT TpocToil KOPEHb 0, TAK ITO

J2/3(0)

T T (3.68)

™n =0
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Puc. 3.2: Cnupanbnas sonna B meorpammuentoit cpene. (a) Kpususna xak byHKIMSA IIWHBT BIOTH
dpoura y(&). Crmonras auHus — TovHoe pernenue (3.7)—(3.14). IIyHKTHUpHAS JMHAS — ACHMIITOTHKA
(3.66) — sBonbBenTa okpyxuoctu. (b) Popma Bosmnooro dpoura mpu 3 = 0.1, K, = 1. Crpenka
[OKA3bIBAET HAIPABJIEHUE BPALICHU:A, MAJICHbKUH IIyHKTUPHbIHA KPYI — DO, OO/IbIIUi 1y HKTUPHBIH KPyT

— MECTO PACIIOJIOKEHHA TOYEK CIIUBKH.

Hnst ypasuenusi (3.51), Haj0 HAlTH KOpeHb, GECKOHEYHO BO3pacTaromuii mpu ¢ — 1, Tak
9TO Mbl MOXKEM HCIOJIb30BATHh aCUMITOTUKY [ (T) npu OOIBIIUX T, KOTOPas J1aeT

— 31/2K2/3(7'2)

0~ 3.69
71']2/3(7'2) ( )

OTKY/Ia

ry = log(3/2/3) 2 (3.70)

[Tocie sroro, dopmyast (3.52)—(3.58) HO3BOAAIOT TOAYIUTH BCe HHTEPECYIOIIHE HAC
dusnaeckne mapaMeTphl CUCTEMBI.

Ocobast aKKypaTHOCTL TpedyeTcs NpH OIpejeJeHdHd pajyca cpeabl. IIpexkie Bcero
BBIUUC/IMM yIoji opuenTanuu ¢pponta ¢(s). BocnosbzoBasiuch acuMinrorukamu yHKIui
Beccesisa, Bugum, 9To Ha H60/IbINEH YacTH KPUBOI OH TIOYTH TaKOW YKe KaK U JJIsd CBOOOHOI

CITHPAJIH:
o(s) = (2s/1)"/2, (3.71)
TaK YTO MHTErpaIbHbIA N3TuO HpoHTA

® = ¢(L) = (2L/r)Y2, (3.72)
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DTO 3HAYEHWE MOMEYCHO TUILIO0N, 9TOOBI MOKA3aTh, 9TO OHO OTJANYAETCS OT HCTHHHOTO Ha,
KOHEYHYIO IIOIIPABKY, CBA3AHHYIO C TEM, 9TO JJId BHYTPEHHEr0 U BHENIHErO IIOTPAHUYHBIX
croeB anmnpokcnMaius (3.71) He BeimonHgeTcs. MOKHO 3aMEeTUTh, YTO BKJIAJl BHYTPEHHETO
CI0s1 ACHMOTOTHYECKH MaJ OpH OOBIMNX L, TOrja Kak BKJAJ BHEITHEro OJIM30K K 7/2,
TaK Kak (ppoHT ¢BOOOAHOIN cnmpaau npu OOMLIIOM PaIuyce II0OYTH HapasiejeH IPAHHIE
M JOJIZKEH MOBEPHYThCS TOYTH HA 7/2, 9TOOLI CTATh OPTOrOHAJLHBIM K Heil. Obo3Hadast
IOJHYTO TIONPaBKy 7/2 + €, € < 1, nepenumem ypasaenue (3.58) kak

L

Rcos(® +¢€) = /sin(gb(s))ds ~ rsin(®) — (2rL)"? cos(®), (3.73)

0

e NpubJIMKEHHOE PABEHCTBO IOJIyY€HO BBIYUC/IEHUEM HHTEIPAJIa C IOJACTAHOBKOI ¢(S) u3

ypasaenusi (3.71). PackpbiBasi KOCHHYC CyMMBI U IpUpaBHuBast KoaddunuenTs! npu sin(P)

u cos(P), moayunm aBa ypaBHEHHUST:
Rcose ~ —(2rL)"?, Rsine~ —r (3.74)
W3 KOTOPBIX HAXOJUM PAJUYC CPEIbl H MATYIO TOMNPABKY €:

R* ~r* 4 2rL, (3.75)

tan(e) ~ (r/(2L))? — 0, L — oo (3.76)

OTcrona BUIHO, 9TO € AefiCTBUTEIHLHO aCUMITOTAYECKH MaJiasl IIONPaBKa B mpegene L — oo.

[Tonnast pyimua pponrTa

L~ (R*—1r%)/(2r) (3.77)

OTMETHM, 9TO 9TO BLIPAKEHUE MOZKHO MOIYYATD U3 3JEMEHTAPHBIX COOOPAKEHUH, 3aMETHB
YTO BOJHBI TIOYTH SKBUIUCTAHTHBI HA PACCTOAHWE 277 APYT OT APYTa, MOYTH IJIOCKHE
zanongoT wiomans (R — r?).

Ypasuenne (3.75) ¢ yaerom (3.54), (3.56) MOKHO Hmepenucarsb B TEPMUHAX T o

Rer[1428(1+ (r/m)¥)]"” (3.78)
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PaccmarpuBas R kak JaHHOe, MOXKHO HANTH U3 3TOTO YPaBHEHUS To:

2 3/2
To = T1 |:—(R/T) L — 1:|
20

/2 2

(R/r)? —1]° 36r
2 -t l— —— 3.79
n { 20 R — 2 (3.79)

[Mosarast B (3.79) 71 &~ 0 u r & r*, NOAYIUM B TJIABHOM MOPsIIKe 10 [3
K7 2 ¥2)3/2

o (R? —r%)77, (3.80)

TaK 4TO 4aCcTOTa BPAIIEHUsI CIUPAJLHON BOIHBI, Kak dyHKius R, coraacuo (3.68), (3.70)

AaeTCA BbIpazKE€HUEM

Q=0 [1+ Qexp (—(R* = r*?)*2\7%)] (3.81)
riue ;
Q=325 v (02)/ 345(;}1/3 o7 080161, (3.82)
n
= % ~ 1.8513K*, (3.83)

Besnunny A, cormacno ee poam B (3.81) MOXKHO Ha3BaThb PaCCTOSHHEM
YYBCTBUTEJIBHOCTU CIUPAJIBHON BOJIHBI, IOCKOJBKY OHA OIpellesiseT XapaKTepHOoe
pPACCTOSHTE IKCIOHEHITNAIBHOTO YOBIBAHWS BAUSHUS TDAHUIBI HA BpAIllleHHe CIHUPATbHOM
BOJIHBI.

VeioBre NpUMEHUMOCTH 3TOH allPOKCUMAIIMT MOZKHO HOJIYYUTD 13 TpebOBaHUsd, YTOOLI
Ty, momydennoe u3 (3.80) okazagoch GOIBITEM, WK 3aMETUTH HermocpeacTserno u3 (3.81).
DTO yCJI0BUE CBOIUTCA K

R—r*> BY2K T ~ g2\ (3.84)

Ormernm, 910 310 He Tpebyer R > r, Tak Kak PaCCTOsIHUE UyBCTBUTEIHHOCTH MHOTO
MEHBIIIe 4YeM pajuyc diapa. Kpome Toro, 3ro He Tpebyer urobbnl R — r* > A, 3a cuer
GombImoit Bemaunbl (R +1%) ~ 3712, O6paruM BEIManue, 9TO onenKa (3.84) cormacyercs
C OIEHKOI, ciesannoii B |9, [10] orrocuTebHO mutHHBL (DPOHTA, KOTOPBIH 3aMETHO BJIHSIET

Ha ABUKCHHNE KOHYUKA.
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Puc. 3.3: ®opwma dponta B cpene 6ombimoro paanyca. (a): obmmit sua. (b): yBeIHIeHHBIH MITPUXOBOTH
NpPSAMOYTOJILHUK Ha JIEBOM PUCYHKE. [IyHKTHpHBIE KPYTH — S/IpO, TPAHKIA CPEJIbI, © MECTO PACIOIOKEHUST
TOYEK CIIMBKHU. XOTs PAIUYChl SApa U CPEIbl HMEIOT CPABHUMBIE PA3MEpbI, 3TOT CJIydYail yAOBJETBOPSET

YCJIOBUIO Ipejiesia OOIbIIOr0 pajuyca Cpe/ibl; JaJbHelnee ero yBejJndeHue He BJIUsSeT CYIIECTBEHHO Ha

paguyc fapa.

Tunuanast popma BosHb! cormacHo dopmyaam (3.7)—(3.14) nokaszana Ha puc. 3.3.
JIerko BUIeTh, 9TO PaJUyC CPEJbl UMEET TOT YKe MOPSJIOK 94TO U pajuyc sjapa. Bee ke
OH OKa3bIBAeTCs JOCTATOYEH YTOOBl paboTala JaHHAs ANIPOKCUMAIUsS, B KOTOPO# cpesa

HPUHUMAETCH OOJIBIION.

3.3.4 Cpena maJjoro paamyca.

Dror crydait coorBercrByer kpuboit C'1C" Ha dazosom moprpere puc. 3.1(b). Iockonbky
MBI OZKHIAeM, 94TO B 9TOM CJIydae MOJHAas JJIMHA KPUBO = Oy1eT MaJa, 10, cornacto (3.38),
Ty, TaKzKe MaJjbl. VIcmonb3ys acUMOTOTHKY Jist B,(T) IpH MajoM apryMeHTe, HOJIY<IHM

pellleHnsl TPAHCIEeHAeHTHBIX ypaBHenuii (3.50) u (3.51):

3/4
71%7'2%2(%(]) A (3.85)

TaK 49TO 3HAYCHHUA T2 ,HGIL/'ICTBI/ITGJII)HO OKa3aJINChb MaJIbIMH. KpI/IBI/ISHa (prHTa B 3TOM

npejesie paBHA

K(1) ~ a0/ [9718/3 /16 + 72/3] ~ +aK,(Qr)2/? (3.86)
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WM TePMUHAX JIUHBI (DPOHTA

K(s)~ K., —ws/D (3.87)

3aMeTuM, UTO 9TO BBHIPAsKEHHE COBIAJaeT C TpeJICTaBIeHHBIM B [67], rme oHO GBLIO
HOCTYIIPOBAHO.
B paccmarpuBaeMoM ciiydae g HaXOXKJIEHHA PAJARYCa CPeJbl MOXKHO HCIOIb30BATh

VIPOIIEHHBIH c11ocob, MOXO0KUH Ha CIIOCO0 HAXOXKICHUS PATUYCA SIPA:

R=[Vy - DK(Z)]/w (3.88)
OTKY I paIHYC SApA
r~R(1—F)/(1+5) ~ R(1 - 20) (3.89)
w nomas . bpoTa
L~28r/(1—B)~28R(1+f) (3.90)

Yacrory Bpalienus, Kak GyHKIHIO R MOKHO HaiiTu 06bIYHBIM criocoboM. U3 (3.56), (3.89)

noayvaem pemterns aas (3.50), (3.51), kak ¢yuxuun R B Buje

1/2
Ty R TR KCR% (3.91)
Tak 4to (3.52), (3.53) mator
- 148
w=(1+8)Vo/R (3.93)

VenoBre NTpUMEHUMOCTH JAHHOTO MPUOJIMKEHUS MOYKHO MOJIYyYUTh 13 TpeboBanus 71 <K 1,
KOTOPOE€ JIaeT

K.R < 3712 (3.94)

9TO 3KBUBAJICHTHO

R<r* (3.95)

Bce 31mu pesysIbTaThl MOJIHOCTHIO COMIACYIOTCS ¢ pesyabratamu [67| B mpegene [ — 0.
OrmeTuM, 9TO B ypaBHEHUU JJIsi I' HEJIb3sl OTOPOCUTH MaJjbie 1O [ djieHbl 0e3 morepu

CMBICJIA.
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Tunuunas ¢dopma dpoHTa g ITOTO MPEJIETHLHOrO clydas NoKaszaHa Ha puc. 3.4.

Buamo, 9To Bosina BO30YKIEHUS B 9TOM CJIydae JAJeKa OT TOr'0 UYTOOBI OBITH CIIHPAJIBIO.

0.6

0.5

0.4

0.3

0.2 I I I I
3 31 32 33 34 35 36 37 38

() X

Puc. 3.4: ®opma pponta B cpeme manoro pagnyca. Obo3HAIEHIA Te Ke 9TO U Ha puc.6. [lokazana moaTn
MaKCUMaJlbHasl CPeJa, KOTOpas MOXKeT ObiTh Npu3HaHa “mMasoii” B cmbicie yciaosus (3.94). Pajguycet sapa u
CPeJIbl CBI3aHbI TPSIMOI MTPOMOPIIHOHATIBHOCTHIO. JlaTbHeillee yMEHBIIIEHNE PAINYCa CPEIbI 1e1aeT GpoHT

BOJIHBI BCe 00/Ie€ KOPDOTKUM W ILJIOCKHM.

3.3.5 IlpumeHUMOCTH penieHumii.

I[Ipu mepexozne or (3.2) K (3.4) MbI mpenebperIn YWICHOM

ay = O3y (3.96)

0 CpaBHEHUWIO ¢ ejuHHUIEl. Xora [ — Majblii mapamerp, HO ) W Yy — HEU3BECTHHIE
BEJMYUHBI, U KOMOUHanus (3.96) MOXKeT B HEKOTOPBIX CJAYYasX OKA3aThCs OOJBINON, TaK
YTO HaJO TPOBEPUTH YCIOBUE

lay| < 1 (3.97)

a posteriory, Haiiig pelieHdus TrpaHudHON 3agadn. [lockonbky y(§) — MOHOTOHHO

yobIBatomnast (bYHKIWS, OHA TPUHAMAET CBOM SKCTPEMAJbHBIE 3HAUYCHWS B TDAHHIHBIX
—0 - =13 0O—2/3

roukax ¢ = 0 u £ = =. 3Havyenue y Ha BHYTPEHHEM KOHIIE BCer/a , TAK 9TO yCJIOBHE

(3.97) Tam Bcerga Boinosasiercs. Ha Brentnenm xonte, nomyduM u3 (3.52) u (3.7) TpeGoBanue
BPPY(2)| ~ B(ra/m)** < 1 (3.98)
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[IpoBepuM BBIIOTHEHUE ITOTO HEPABEHCTBA IS CIy4aeB, B KOTOPLIX sBHAsg (hopma
pemenuss Oblia IoaydeHa B pasjenax 3.3.2-3.3.4. Jlerko BujgeTb, 4YTO OHO BCEIJa
BBITIOJTHSIETCS B CJIyUae “MaJoii cpeasl’ pazaena 3.3.4. B cay4dae “GonbInoit cpeasl” pasmena

3.3.3, oHo, coryacHo (3.79), MpUBOAUTCS K BUIY
R—r" < r~ K 13712 (3.99)

Tak uro ¢ yuerom (3.84), pesyabrarsl paszzgena 3.3.3 GhOpMaJbHO TPUMEHHMBI JHIIbL B

OTHOCUTEJILHO Y3KOit obJsracTu
K1\« R—r < K;1p71/2 (3.100)

DTO MecCUMUCTHYIECKOe 3aKJII0UeHne CITPaBeJINBO, OTHAKO, TOTBKO YacTU4IHO. [les1o B TOM,
410 (3.97) HAPYIIAETCS TOJIBKO IPU OTPUIATEIBHBIX KPUBU3HAX Y, TO €CTh B IIOIDAHUYHOM
cJI0e MexKly TOYKOi meperuda (ppoHTa ¥ ero BHemHHM KOHIOM. Toduka mepernba T, aisd
koropoit y = 0, dy/d§ = —1, onpegensercs, cornacho (3.7), (3.8), (3.49) ypaBHeHHeM

2

(a1 _2s3(7ip) — Toys(7ip)]” = [al1ys(7ip) — T-1/3(73p)] (3.101)

Ucnoms3ys acumuroruky mist 1,(7) npu Gonbmux 7 1 yeaosue ¢ = 1 — 0, § < 1, nosyaum

U3 HEeTO YpaBHEHHE OJId TOYKU HepeFH6a B OOJILITTIX cpenax:

3
~ 27 exp(—27;,), (3.102)

KOTODOE UMeeT KOPEHb T;, > 1, IPUMEPHO DaBHBIIL
1
Tip = Ty — log(12)/2 — 3 log (e — log(12)/2), (3.103)
Torma Ge3pa3sMepHyIo JIJIHHY MOrPAHCION MOXKHO ONEHUTH ¢ yaeroM (3.59), (3.9) Kak

&~ a(ry” — 12%) = (672) 73 log [12m — 6log(12)] (3.104)

)

aro ¢ yaerom (3.83), (3.1), (3.80), (3.52), (3.64) npuBoauT K ouenke
(RQ _ 7a*2>3/2
]

1/2 *
~ () [ e o

lbl/)\ ~ Kclbl ~ ﬁ’f’*(R2 — 7"*2)_1/2 10g |:KC
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TO €eCTb JdJIMHA IIOTPpaHC/JIOd BCerjja MHOTI'O MEHBbIIE pPaCCTOAdHHA YYyBCTBUTEJIBHOCTHU, H
HpeHe6pe>KeHHe M H€ BJHACT CYHIECTBEHHO Ha OIIEHKY YaCTOTbl BpallleHUAd U paJuyca

sapa. JIpyroe HepaBeHCTBO MOKHO MOJYIHTh ¢ yuerom (3.1), (3.104), (3.63):
/(R —1*) =~ (315) tlog [12m — 6log(12)] < 1, (3.106)

OHO TOKA3bIBALT, YTO MOIPAHUIHBIIN CJIOI BCEra MaJI 10 CPABHEHUIO C PACCTOSTHUEM MEK LY
IPaHUIAMU g7pa U CPeJbl, TO ecTh (hopMyJia s KPUBU3HLI CIPABEIMBA Ha OOJIbIIe
YaCTH BOJHOBOT'O (DPOHTA.

B sakmioueHnn, mpuBemeM 31ech 0OJACTH, B KOTOPBIX MOJYYEHHBIE PEIeHUs] HMEIOT

pa3anvHbIe CBONCTBA!

e (a) “Mautbie cpep”

R < r¥, (3.107)
3/1ech TPUMEHUMBI Pe3yAbTATHl pasjena 3.3.4.
e (b) “ITpomexkyTouHbIe Cpeb”
R~7r*, R—r"< K 'p? (3.108)

3/ech HET HUKAKUX SBHBIX (DOPMYJ, IOCKOIBKY DPAANYC CPeabl MPH JTaHHOM
napaMerpe ¢, MOXKHO HaiiTu Toiabko 10 dopmyse (3.58) depe3 onpejejeHHbIE

nHTEerpaJibl.

e (¢) “Bospirue cpejib”

K\« R—r < K;1p712 (3.109)

31ech NTpUMEHUMBI Pe3yJIbTAThl pazjena 3.3.3, BKIoUas BbIpaKeHHe I KPUBU3HbBI

B y3KOM CJ10€ BOJIM3M BHENIHEH IDAHMIIBL.
e (d) “Ouensp Gonpime cpeab”
R—71"~ K 17 ?umuR — r* > K 1371/? (3.110)

3J1ech TPUMEHUMBI Pe3YAbTAThl pasjesa 3.3.3, KpoMe BhIPAYKEHUs JIJIsT KPUBU3HBI B

V3KOM cCJ10€e BOJIM3U BHeEITHeH I'pPaHUIIbI.
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3.3.6 Ob6cyxaenne.

[ToslyueHHOE aHAIUTHYECKOE pEIIeHHe NPUBOAUT KPAaeBYIO 3a1ady JJjd  BOJIHBI,
Bpamatoreiica B Kpyrioit cpexne, (1.16), (1.18)—(2.41), K peleHHI0O KOHEYHBIX
TpaHCIEeHIeHTHRIX ypaBHeHuit (3.50), (3.51), mocie dwero Bce mHTepecHble (u3MUECKye
XapaKTePUCTHKH TOAYUYAIOTCd B NapaMeTpudecKoi opMme, BO3MOKHO € HUCIOIb30BAHHEM
ONpeIeIEHHBIX HHTETPAJIOB.

DTO aHATUTUIECKOE PEIIeHHe MMEeeT HEeKOTOpbie 0COOeHHOCTH. MBI yloOMsSHEM 3/1eCh

0co00 IBa U3 HUX:

® HErOMOTETHYHOe INpeo0pa3oBaHWe, MPUBOAAIIEEe K Pa3anIHbIM (opmaMm (POHTOB,

COOTBETCTBYIOIIHUX OJHOMY M TOMY 2K€ PEHICHHUIO;

o HGO6XO,HI/IMOCTB CIMUBKN BeTBefI, ONMUCBIBACMBIX DPa3JINYHBIMU AHAJUTUYIECCKUMU

dopmysaMu, g ONMUCAHUA €IUHOIO pelienus anaautudeckoro QY.

[Tocnennee obcTodgTEILCTBO TeM OoJiee YJIUBUTEIBHO, MOCKOJIBKY, KaK Mbl MOTJIH BHJETD,
HET HUKAKHUX “PpU3MIECKUX OCOOCHHOCTEH, COOTBETCTBYIONIUX TOYKE CIITUBKH.

JIBa npeeIbHBIX CIydast Oy IeHHOIO PeIIeHusl IIPeICTABISIOT 0COObI HHTepec.

Craywaif cpes Magoro paamyca WMeeT MecTo B amamasone R < [~Y2K71. Yacrora
BpallleHusl B 9TOM Tpejesie 06paTHO MPOMOPIMOHATIBHA pAIuycy cpeibl, w =~ Vy/R, a
pajinyc siapa MpsiMoO MPOMOPIHOHAIeH eMy, 1 &~ R(1 — 23). Dror ciydaii uzydancsa panee
B [16] HA OcHOBE (DEHOMEHOIOTHYECKUX MOCTYJIATOB, BHIBEIEHHBIX M3 YHCICHHOIO aHAIN32
rpaHuvHoM 3aa4uu. Kak MOXKHO BHJIETh, B 9TOM CJIydae Ha MOBEJICHUE CHUPAJIbHON BOJTHBI
OYeHb CUJIBHO BJIUSET IPaHUIA cpelbl, 1 popma (PPOHTA PE3KO OTIHIAETCS OT CBOOOIHOIN
CIIUPaJ/Id BILJIOTH JIO SIIPA.

Jlpyroii npegebHBIR Caydail — cay4dail MaJioro BJIMSHUS TPAHUIBI Ha BpalleHUe
BOJTHBI. Kak 00CyzKIa/0ch BO BBEJCHUHMH, OH HPEACTABIAET OCOOBIM UHTEpPeC /s TeOPHH
ABTOBOJTHOBBIX CBHTKOB. JTOT CIydail ©MEeT MECTO, €CJIU IPaHUIa JOCTATOYHO yIaJIeHHA,
or sijpa: R —1r* > A\

OrMmeruM, 49TO 310 He Tpedyer R > r*, HMOCKOJIBKY caM pajuyc sjapa r* BeJukK
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0 CPABHEHWIO C PACCTOSHUEM UYBCTBUTEJIHLHOCTH A. HacToTa BpallleHUsI B 3TOM CJIydae
OTJIMYAaeTCS OT CBOOOTHON CHHMpATN HAa TONPAaBKY, JKCIOHEHIUAJBHO YOBIBAIOIIYIO C

paccroguneM R — r* MeXKIy SapoM W TpaHHIEH CpeJIbl:

(3.111)

R2 _ %2 3/2
=)

w =~ w" 4 const - exp | — (
PopmaJsibHAST TPIMEHIMOCTh 3TOT0 TPUOJIMKEHNsT OrpaHnYeHa CJIydIaeM He 0UeHb OOIbITIX
cpen (3.109). OnHAKO, MBI TIOKA3AJH, YTO MPU HAPYIIEHUH TOTO YCJIOBHSI, OHO OCTAETCSI
CIpaBeIUBLIM, B (OPMYJIbI HEMPUMEHUMBI TOJIHKO B MPEHEOPE;KUMO Y3KOM CI0€ BOJIH3H
TPAHUIBI CPEJIbI.
Jpyrum mpuMepoM aBTOBOJHOBOU CpeJibl, I/le H3y4YaJioCh BJIUIHWE TPAHUIBI Ha
JacTOTY BpallleHus aBTOBOJHOBOTO BUXPS, SIBJSETCA CIEUAIbHBINA caydail KOMILIEKCHOTO
ypasuenusi ['mu3bypra-Jlanmay (KVITJI) [42]. B srom ciayuae, nmompaBka Takzke ObLia

9KCIIOHEHIIMAJIBHO MaJIofil, XOTS U JIPYyroro BHUJIA:
w R~ w* + const - R™Y2exp(—R/\). (3.112)

Pazymmune Mexkay STUMH JABYMSI CJOVYasIMH MOYKHO MOHSTH HHTYUTHBHO B TEPMHHAX
mudbdysnn daszer aproponust [19]. OcHoBHAS HIest COCTOUT B TOM, YTO I'DAHUIA BJIUSIET
Ha COOBITUSI BOKDYT sApa 4Yepe3 M3/ay9daeMyl0 W3 Hero CIupajsbHyio Bojany. CrumpajibHas
BOJTHA BJIAJIM OT Spa JOKAJIHHO OJIM3KA K MOCIETOBATEIbHOCTH ILJIOCKUX MEPUOTUICCKUX
BOJIH, U MOYKET PACCMATPUBATHCS KAK MeJJIEHHO MeHsomasicst apropoanasosta (MMAB)
B cMmbicaie 72| u [54]. Tak, mepenady BIusiHUS 'PAHUIBL K SIPY MOYKHO DacCMaTPUBAThH KAk
nudpdysuio dpazer MMAB na ¢one ee Tpancmopra B MPOTHBOMOIOKHOM HAIIPABJIEHUN.
Mogesib, paccmarpuBaeMasi B [14], mpeanonaraer ckangpayto auddysuio dassl, TO
ecThb CAydvaii, Koraa TpoaoabHblil Koadduiuent auddy3un paBen bokoBomy. B Momenrn,
paccMaTpuBaeMoil 3/1eCh, MPOAOIbHAA JUMO@Y3UsT OTCYTCTBYET, MOCKOJBKY CJIeIyIOTIast
BOJTHA BO30Y2KJEHHUs He IOJydaeT HUKAKOW MHMOPMAIUU OT IpeJblayIieil, 1 BO3MYyIIeHIEe
MOXKeT IepenaBaThest TOAbKO 1o dpouty. Tak uro, B KYI'JI, Boamymienue, BbhI3BaAHHOE
HPUCYTCTBHEM T'DAHUIBI MOXKET PACIPOCTPAHATHCH MPAMO “OPOTUB IOTOKA — BOJIH,

UCITYCKAaEeMBbIX W3 IeHTpa BpaIlleHns W eMy HaJ0 MpeojojeTh TOJAbKO paccrosinne R.
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Haobopor, B paccmarpuBaeMoM cjaydae BO3MYIIEHUE JOJKHO NPOfiTH HaMHOTO OoJjee
JUTHHHBIH 1yTh 110 bpoHTY BOJIHBL L >> R, nosromy Biustaue rpanuisl B (3.111) y6eiBaer
¢ poctom R mamuoro 6eicTpee, uem B (3.112).

DTa IBPUCTHIECKAS WHTEPIPETAIHS MOJACKA3bIBAET YTO ACUMITOTHKH mo100HbIe (3.111)
SABJISIIOTCS MeHee YHUBePCAJbHBIM U OTDAHUYEHBl CIyYasiMU, KOTJa BOJHBI CAEAYIOT JIPYT

3a JIPYroM He3aBHCHMO, TOTJIA KaK aCHMITOTUKU mogo0Hbe (3.112) Gosee BEPOSTHBI.

3.4 CranmumoHapHas cOUpaJib B HEOTPAHMYIEHHON cpeje

NP1 OPOU3BOJIBHOM 7.

3.4.1 IlocTraHoBKa 3aga4u m 00Illee peIlleHne.

Hamomuum, uro dopma dpoHTa CcTalHOHApPHO# cHHpaad B OECKOHEYHOH cpeje
ONpesiesisieTcsl  perenneM  HeauHeiHoro  auddepeHnuaibHoro  ypasuenus (2.44) ¢
rpannanbive yeaosuamMu (2.38), (2.39), (2.41) mis Hem3BeCTHBIX COOCTBEHHOTO 3HAYEHUS
Q u dyskuun k(o). B weit mrpux () o3navaer nudepeHnupoBaHme MO HE3aBUCHMOIL
nepeMeHHOU §, Ge3pasMepHble mapaMeTphl CPeJibl ompejiesieHbl ypasaenusyvu (2.37). Hac
MHTEPECYIOT PEIICHUs C K, MAJbIMHU.

®azosiit moprper auddepeniuanbHoro ypapaenns (2.44) nokasan Ha puc. 3.5(a).
EnuncrBennasg wHTerpaibHas KPHBAs, YAOBICTBOPAIONIAS YCJIOBHIO Ha OGECKOHEYHOCTH
(2.41) — cenaparpuca OA. Kak 6bL10 mOKa3aHO B pasjene 3.2, 9Ta KpUBas MOXKET ObITh

OIMuCaHa aHaJUTHYICCKHN B KYCOYHOM BHJEC,

k(o) = (9/2)'PQBCR (1+Y2(Q), w(0) =3Y () (1+Y?(() -,
C _ \/?591/2(0_0_0,>3/2

Y(C) = (Jo2/3(Q) = J42/3(0)) / (J-1s3(Q) + J41/3(0)) (3.113)
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Puc. 3.5: (a) ®asosit noprper ypasmenns (2.44) B xoopmumarax (kQ2/3,k'Q71). O — nonoxenne
pasuoBecusi, I — HepaBHoBecHas ocobas touka. IlrpuxoBas sunus OA — cenaparpuca. (b)
Kpaesas 3agaua B 1ex ke koopaunarax. Cenaparpuca OA (wrpuxoBasi JIMHUS) — €IMHCTBEHHA
UHTErpaJibHas KPUBAd, yI0BIETBOpsoas ycaosuio (2.41); yemosus (2.39), (2.38) Bbiaensor Ha Hell TOUYKH,
coorBercTByIOmue KOHUUKYy. IITpux-nynkTupaas muaus [ Ag COOTBETCTBYET KIACCHYECKHAM T'PAHAYHBIM
ycnoBusam (1.15),(1.17) u naer equncrBeHnyio Touky nepecedenust Ag. ClilomiHast JUHUS COOTBETCTBYET
3HaueHusaM mapametrpoB vy = 0, vy = =01, v, =1, 13 =—-02, 1y =11, v5 = -1, s =v7; =13 =0. B
STOM CJIy4ae MMeeTCsl TPH TOUKH IepecedeHusd, A o 3, U CJJOBATEIbHO TPH pelrenus, ) o 3 ~ —0.95094,

—0.64050, —0.49185, u k1 2.3(0) ~ 0.078918, 2.2233, 0.12060.
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s o < o0g, 7

Klo) = —(9/2)"P*3¢P (1-Y?(()), (o) =-3Y () (1-Y*({) -9,
¢ = —91/2(0—00)3/2

Y(Q) = (Ta(¢) = Liays(Q)) / (1-1y3(C) + T1ays(€)) = Kays(C)/Kys(<), (3.114)

NI 0 > 0(, TIe 0y - IOCTOSHHAS WHTEIPHPOBAHUS, CBS3aHHAS C IOJOKEHHEM TOYKH,
orBevaomeil kKoHunky Ha cemaparpuce OA. Byaem Ha3biBaTh 3TH YACTH PENIEHUS
COOTBETCTBEHHO J-BeTBL U [-BETBbL.

Touka, orBevaronias KoHuInKy (o = () MOXKeT oKa3aTbcs Ha J-BeTBU ecan o > 0 wiau
Ha [-BeTBH, ecan 0y < 0, B MOCJEIHEM CIydae BCE PEIleHre COCTOUT TOJbKO U3 [-BeTBH.

['panmduble yea0oBus B KOHYHKE JIJIs 9TUX ABYX CIydaes coraacHo (2.39), (2.38) umeror Buj,

0 = 5+ evs+673Ycd 23 4 (9/2) Y, (14 V2) P + 3us(oYy (1 £ Y2) Q — 150
1o ((132) " (G0

0 = anF (9/2) 2" (1£Y2) Q¥ F 300 Yo 1 £ Y2) Q4 (1n — 1)Q
—u5(9/2)230 3¢ (14 v2)?
Frr(9/2)2023¢ (1 £ V2) [£3060Y (1 £ YE) — Q]

J"+

—ug [+£306Y, (1 £ Y2) — Q]* + 0 (¢) (3.115)

r7e BepXHUH 3HAK OTBedaeT J-BeTBH, a HUKHUM — [-BeTBH,

SV, = Lo (3.116)

u Y (() — coorsercryiomas yukiys u3 (3.113) wiw u3 (3.114).

Taxkum 0O6pazoM cucreMa KoHEUHBIX (HeguddepeHnuanbubix) ypapaenuit (3.115) s
HEM3BeCTHHIX (o 1 ), B IPUHIIKIIE, JaeT PelreHne 3a1a49n. Bce KuHeMaTuaecKne mapaMeT ol
COUPAJBbHON BOJHBI MOXKHO BBIPA3UTh depes (o u ()

w=ViDQ, tangy = — (7 + evs + 1ur(0) + v5x'(0)) / (1 — K(0)),
1/2

ro = D)™ | (7 + e + van(0) + w5/ (0)) + (L= n(0)°] "
K(0) = V,.D 'k(0) (3.117)
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3ech g — paguyc Aapa, Qo — YTOJA MeXKIy KacaTe/JbHOH K KOHYMKY W ero paanyc-
BEKTOPOM.

Cucrema (3.115), BoobIie TOBOPS, TOBOJBHO CIOKHA:

e IepBOe W3 ypaBHEHHH KyOWdHO OTHOCHTesbHO 23, M MOKeT mMeTh 10 Tpex

PA3JUYHBLIX PEIICHUN B BHAJE CIUPAJbHBIX BOJTH B OJHON W TOI Ke cpee.

o Oyukuun Y (¢) — TpaHCIEHEHTHbBIE, H B O0IIEM CJTydae HEBO3MOKHO BBINCATH SIBHOE

BbIpazkenue st (o(v;).

e B cucremy BXoauT Majblii mapaMeTp € U OHa JOJZKHA UMETh PellleHre ¢ PABHOMEPHO
MasibiM  K(0); mpobiema erre GOJbIIe YCIOKHSIETCS, eCIH HUMETC MaJleHbKue

mapaMeTpbl KpoMe €.

Puc. 3.5(b) wutocTpupyer STH TPYAHOCTH: HA Hell NOKA3aH NpUMEP C TPems
pelleHngAMHE, TIpIYeM Jijig AByX u3 HuxX £(0) mar.
B creayomux pasgenax, Mbl pacCMaTpUBaeM JIBa HauboJIee BayKHBIX YACTHBIX CIydad,

AJ1gd KOTOPBLIX YAAJIOCh ITOJIYUYUTDb fABHBIC DE3YyJIbTaTbI.

3.4.2 Hawmbosee obmmii cirydaii.

[peamonokum, 9T0 BCe Oe3pa3MepHbie MapaMerpbl Cpebl, onpenenenHsie B (2.37),
HOPAJIKA €JIMHUIBI, TAK YTO € — €JUHCTBEHHBIA MaJsblil mapaMmeTp 3ajadu. B dacTHOCTH
v ~ 1.B cuny manocru €, npu v # 0, rpanundnsie yeaosus (3.115) MOXKHO yIOBJI€TBOPHUTH

TOJABKO 1pu MaJioM (2, 6osbioM (y u KonunkoMm s = 0 pacmooxkennbiM Ha [-BerBu. Torma

k(o) = (60) 733 + O (V3¢3) . K(o) = —(60)7'Q+0 (),

(=-(0—00)*2QY2 Y(()=1+(60)"+0(¢?) (3.118)

<%

C paccMaTpuBaeMoil TOYHOCTHIO, KPHBU3HA K(0) TAKOBA Ke KaK M IS PA3BePTKH KPyTa.

1"
[Tocste moscTanoBku B ypapaenue (2.44) 9TUX aCHMOTOTHK OKA3BIBAETCH, UTO UICHBI KK

/
n K 2 MHOI'O MeHbIlle OPYI'ux, a CaMH aCUMIITOTUKH MO2KHO IOJYYUTDh KaK DelIcHHue 3TOro
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ypaBHEeHUS TOCTe OTOpachiBaHusI STUX wieHOB. OTMeTHM, 9TO OTOPACHIBAHTE UMEHHO ITHUX
YJIEeHOB O3HAYaeT He3aBUCHUMOCTH HOPMAJbHON CKOpOCTH (DPOHTA OT €ro KPUBH3HBI, UTO
BIIOJTHE €CTeCTBEHHON JJisl OYeHb MaJIbIX KPUBU3H, U COIJIacyeTcd ¢ TeM 4YTO CIHUpab
ABJI4eTCA Pa3BEePTKO Kpyra.

Ecnn mbr 6ygleM HCKaTh pelleHue B BUJE
o=Ac“+0(1), a>0, Q=B +0(), >0 (3.119)
TO I'PaHUYIHbIE€ YCJIOBHA IPHUMYT BUJL

0 = ey — 11 BY3(6A)7 V323 _ Bef
+0 (63’ €a+ﬁ7 62(2a+ﬁ)/3’ 62(a+2/8)/37 625’ 6(5ﬂ+a)/3) (3.120)

OTKYy 12

a=p=1 A=260)"(1—7), B=-wy(n—7)" (3.121)

Harme perrenne mMeer CMBICT TOJIBKO HpU MOIOKHATEIbHOM (o 1 w. ClaemoBaTeabHO,

AOJIZKHBI BBITOJIHATBHCA CJICAYIOIIUE HEePpaBCHCTBA:

7 < 0, (3.122)
evo(vy —vy) > 0. (3.123)

Hepasencrso (3.122) o3nauaer
. <0, (3.124)

TO eCcTh pellleHue B BHUJE CIHPATBbHON BOJHBI MOYKHO HAfTH TAKUM 0OPAa30M, TOJBKO ecln
nepBOHAYAJBHOE pellleHne HEBO3MYIIEHHOH CUCTEMBl B BUJE ITOIyBOJIHBI IPOPACTAET, HO HE
cokpamaercs. A (3.123) mokaspiBaeT, 4TO peleHusi B B/ CIHPAJbHBIX BOJH HAXOISATCS
TOTBKO TIO OJIHY CTOPOHY OT MHOrooopasus € = 0.

B zaksmouenun, BBIUIIEM TOJTYyUEeHHBIE TTapaMeTphl CIUPAJIbHON BOJHBI B Pa3sMepHON
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dopme:

_ VZ2uyy 2
w = WE—FO(E),
gy = = (-2 o @)
DO [vmm 1w
ro = VA e 114 + O (¢)
V.

3.4.3 Cuayuyaii HempopacTAOIIEro KOHINKA.

OO W3 yCJIOBUi, NCMOIB30BAHHBIX B IIPEJIBIIYIIEM Pa3/ie/ie COCTOUT B TOM, UTO MapaMerp

g« OTJIMYEH OT HYJIS M, KAaK OKa3aJI0Ch, OTpUIaTeleH. PaccMOTprM crienua bHBIN CaIydaii
v =0. (3.126)
Byaem Temnepb uckath pemenus 3aaaqu (3.115) B Buje
Go=0C+ A"+ 0O (620‘) , a>0 Q= Beﬁ+0(62ﬁ) , >0 (3.127)
Ha J-BerBu, rie (, ~ 0.68555 — HaUMEHbBIINH MOJOKUTEJLHbIH KOPEHb yPaBHEHU
Jas3(Ge) = J23(Gs)- (3.128)

Torna Yy = —Ae® + O (¢2¥) u ciegoBaTesibio rpanudnble yeaosus (3.115) npumyT Buj

Vse — A(6BC*)1/3€Q+[8/3 + 271/3V4(BBC*)2/3625/3 +0 (€2a+ﬁ/3’ 6a+2ﬁ/37 657 E3—25/3) -0

Vo€ — 2—1/3V1(3BC*)2/3625/3 +0 (63, €a+2ﬁ/3’ 6ﬁ) =0 (3.129)

Orcrona

w=1/2, fo3fe, A=msTH g V2

3.130
vV 2V01/1 ’ Sg* 7 ( )
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a pa3MepHble NapaMeTpbl COIUPAJIbHON BOJIHBL:

V27

w = 3(?(61/0/1/1)3/2—1-0((—:3)
tangpy = — 1/3—|—Vi—?0 6+O(€3/2)
o = S0 | (1 ()" +0(1)
V2V, | \ e Vo€
K(0) = ‘EZTE—FO(EP’/Q) (3.131)

D10 pemtenue (poOpMaJbHO COBMAIAET, B IJITABHOM MOPSIKE, ¢ MOJIYUYEHHBIM B pasaene 3.3.2
B paMKaX KJACCUYECKON KMHEMAaTUKU. 9TO COBIIaAeHne JOCTUTaeTCd IPpU OTOXKAECTBJICHUU
B = DK(0)/Vi ¢ vye/vy. B stom “citabom” cMBICIe MOKHO CKa3aTh, 9TO “TPAJHIHOHHBI
clIydail umMeeT KOpPa3MEpHOCTH 1 OTHOCHTENBHO OOIIero, IOCKOJBKY “TpagullnoHHOe”
pewerHue B BHUIE CHI/IpaﬂbHOIU/I BOJIHbI MO2KHO IIOJIYYUTb IIPpHU BbIIIOJHEHUM OAHOTO
JONOMHUTENIbHOTO  yemoBus  (3.126). O6paruMm BHUMaHWE, OJHAKO, YTO 3TO JIHIIh
bopMabHOE COOTBETCTBHE, TaK KakK MaJblii mapamerp [ [1, 2| umeer dbusudeckunii eMbica
OTJIMYHBIA OT €: B TO BpeMid KaK € IIOKa3blBa€T MI'HOBCHHYIO CKOPOCTDL IIOBOPOTAa KOHYUKa
HEM30THYTOH MOJIYBOTHBI, TIPH HYJIEBOI CKOPOCTH €€ TPOPOCTaHus, [ MPOIOPIHOHAIbHA

CKOPOCTH IPOPOCTAHUS NPH HYJIEBOIl CKOPOCTH MOBOPOTA. DTO CBA3AHO C TEM YTO COBIAJIH

TOJIBKO peuweHUusA, HO HE YPacHEHUA.
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I'1aBa 4

Jlpeiidp cnupaibHBIX BOJIH B CJ1a00

HEeOIHOPOIHOM cpeae

4.1 IlpeaBapurejbHbIE 3aMeYaHUSI.

B pa3zjesie 3.4 nokazano, 4ro B 6eCKOHEUHOM 0JIHOPOHON BO30YIMMOI Cpejie CyIIeCTBYIOT
CTalMOHapHBIEC pPEIIeHUAd KHHEMaTHUYeCKUX ypaBHeHI/Iﬁ B BuUiAe CIHpPaJbHBIX BOJIH.
HeonropoaHocTs cpepl BeIeT K NCKazKeHHIO (pOpMBbI (DPOHTA U sIIpa, M3MEHEHHIO IIePHO/Ia,
BpallleHWsl W MeJJIEHHOMY JIBHXKEHHUIO IIeHTpa BpallleHus. 1akoe IBMKEHHE MbI OyIeM
Ha3bIBaTh dpetigpom. TloHsITHO, 9TO O Apeiide MOKHO FOBOPUTH TOJBKO €CJAH BHOCHMBIE
nckaxkenusi B GpopMy (PppOHTA JOCTATOTHO MAJBI, TO €CTh CKOPCTH Apeiiha He BenKa 10
CPaBHEHHIO CO CKOPOCTBIO BpalleHus. [103ToMy nMeeT ¢cMBICI paccMATPUBATE TOIBKO C1ab0
HEOJIHOPO/IHYIO cpejy. Boolie rosopsi, ypaBHEHHSI JBUKEHHUSI BOJIHBI B HEOJIHOPOHOMN
cpejie MOXKHO BBIBECTH aHAJOIHYHO TOMY, KaK 3TO OBLIO CJeJaHO JJis ypaBHEHUi B
OJIHOPOJIHON cpejie B rjaBe 2.1, IpH 9TOM OHU OYIyT cojepxKaTb KoeddUIueHTsl,
3aBHUCAIIIE OT KOOPAMHAT W JIOIOJHHTEJIbHBIE TIEHBI, COAEPIKAIINEe IPOCTPAHCTBEHHBIE
HPOU3BOJHBIE OT 3TUX KOedUIUEeHTOB. Opanako, mnpeanogarast CBONCTBa CpEbI
U3MEHAIOIUMUCA TVIaJKO U COOTBETCTBEHHO UX MPOCTPAaHCTBEHHBIC MPOU3BOAHBIEC MaJIBIMU,

OTOPOCUM STH YJIEHBl W OIPAHUYMMCHA PACCMOTPEHUEM IIPOCTPAHCTBEHHOM 3aBUCHMOCTH
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kKoedUIMEHTOB. JTO TO3BOJINT, YIPOCTUB yPABHEHHS, COXPAHUTH OCHOBHBIE 3(PHEKTH.
Jns onucanus apeiicha MbI HCIIOIb3YyeM “aIuabaTudecKuii’” MeTOJI TEOPUU BO3MYIICHHIT
npeanokenbiit B [42]. s 9TOrO paccMOTpUM CHHPATIBHYIO BOJHY B COIYTCTBYIOIIEii
cucreme orcdera (CCO), Hadamo oTcuera KOTOPOH BCerJa COBIAJAET C I[EHTPOM
BpallleHusl CIUpaJd. DTO MPHBOJUT K 3aBUCHUMOCTH mapaMerpoB cpeasl B CCO
OT BpeMeHH, Jaxke B CTAaI[MOHAPHON HeoZHOpPOAHO#H cpeae. OnHako O/arogaps TOMY
91O JIpeiidd mMperosaraeTcs Me/JIEHHBIM, MTHOBEHHBbIE 3HAYEHHUsI ITUX I[MapaMerpoB B
nepBOM NPHUOJUZKEHNH MOTYT PacCMaTpPUBaThCs Kak cranmoHapubie. Permenne B CCO c
3aMOPOKEHHBIMU KOeUIUECHTAMH JOMKHO OBITH IEPUOJIUTHO 110 BpeMeHU. DTO TpeboBaHue
HEePUOIUIHOCTH HAKJIAABIBACT JIOMOJHUTENBHOE VCIOBUE, KOTOPOEe TO3BOJsIeT HAaNTH
ckopocth CCO Kak (pyHKIINIO MTHOBEHHOTO pacupeaenerus napamerpos cpeast B CCO, To
ecThb CKOPOCTD Jipefida cnupaJibHO# BOHBI B J1A00PATOPHOI cHCTeMe OTCYeTa IIPHU 33, JaHHOM
ee MoJoxkeHuu B cpese. OTHOBPEMEHHO YIAeTcs MTOJIYYUTh | JIeBUAITUIO YACTOTHI BPAIICHHS.
Tax mosydenast ckopocThb gpeiida u jgeBmanusi 9aCTOTHI OKA3bIBAIOTCS, B COIJIACHH
¢ obmeii Teopueit [39], nuHeRHbIME (DYHKIMOHATAMH THIA CBEPTKH OT BO3MYIIEHWUIl
napaMeTpoB cpeabl. fapa ITuX PYHKIIMOHAIOB HA3BIBAIOTCA PUHKUUAMU OMKAUKA.
Onucanblit METO, TTO3BOJISIET TOJYUYATh AaHAJTUTHUECKTE BhIPAXKEHMI 11 BeeX (DYHKIMiT
OTKJIMKA, KaZKJasl N3 KOTOPBIX XapaKTePU3yeT BAUSHUE TOTO WM HWHOTO MAPAMETPa CPeIbI

Ha OJIHY U3 KOMIIOHEHT CKOPOCTH Jpeiida W JeBHAIMIO TaCTOTHI.

4.2 MareMmaTndeckad IIOCTAaHOBKa 3aJ1a4U

3anuirem CHcTeMy ypaBHEHHUI J/Is KOHYHKA CIEPAThHON BOTHBL (2.34) B pasMepHOM BH/IE,
COXPAHWB TOJBKO CTapIue YJEHBI, ¢ YyYeTOM W3BECTHOTO W3 CTAIMOHAPHOTO PEITeHns

/
yeaoBua K K K ¢

0 = 6)\0 + (D - )\Q)K/ + (g* + €Ly — )\1)K + ([,61 - /\3)K2 (41)
&oz = 6)\0 - )\1K - )\QK/ — >\3K2 (42)
G = gi+eug+mK (4.3)
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ITyctsb Bce mapameTphl Halleit HEOAHOPOIHOM CPeJIbl 3aBUCAT OT KOOPIMHAT CJI€/LY FOTITUM

obpazom:

V.=V(1+V(r)), D=D(+D(r)),
g + €y = ‘_/173(1 + ﬁg(l‘)), M1 = D174(1 + ﬁ4(1‘)), )\0 = ‘7250(1 + I;Q(I'))/D,(44)

/\1 = Vﬁl(l + 171(1')), )\2 = DDQ(]. + ﬁg(l‘)), )\3 = Dl?(;(l + 176(1'))

rie V< 1, D<1lu Vi_46 < 1 Majble 1 IPOCTPAHCTBEHHO JIOKAIN30BaHble (DYHKINN.

O603HaYNM (S, t) TOUYKY BOJTHOBOBOTO (DPOHTA C HATYPATBHONH KOOPIHHATON S B MOMEHT
BpeMeHH t, a 7(r) — 2{Kona, TO €CTh MHOTO3HAYHYIO (DYHKIIUIO 3HAYEHUST KOTOPOHl PABHBI
MOMEHTAM TIPOXOZKIeHus (hpOoHTa Yepe3 ToUKy r. Tak uro, Vt, s, {7(r(s,t))} 2 t. Kax yxe
OBLTO CKa3aHO BO BBejeHuu, Mbl npeamnogoraeM, 9ro B CCO crnupans npubau3uTesbHO
HepHOANYHA II0 BpeMeHH u OJym3ka 1o (opme K cBoOOAHOI cuupaJu. B 3Toit cucreme
orcuera Bo3myienus V u D 3apucar or spemenn. OJHAKO BCHIY MeIeHHOCTH apeiida,
X MI'HOBEHHBIE PACIPEIEJeHNs MOIYT PACCMaTPUBATHCs KAk cranuonapubie. O603HaINM
MrHOBeHHYI0 ckopocTh CCO wepe3 ¢ a mepuo, cnupabHON BOJHBI Yepe3 7.

B CCO mnomyunm 1o onpeaeneHnio SHKOHATIA
T(r(s,t) —ct) =t (4.5)
Judbdepennupys 1o s u 1o t, 6yaem uMerhb
(Vr,T) =0, (Vr,if—c)=1 (4.6)

Bnech T — kacaTeqabHBII BeKTOp K (DPOHTY, TOUKa o3HadaeT aucdepeHInpoBaHue MO

BPEMEHH, & yTJIOBbIE CKOOKM — CKaIsApHOe mpousseaenue. 13 (4.6) Jerko Bugernb, 4ro
v, = (1 +{c,VT1))/|VT]| (4.7)

e v,(s,t) = (r,N) — mopmambHasg ckopocTh ¢dponra, N — BeKTOp HOpMaIHd K
dporTy. 3aMeTuM, YTO IMPU TAKOM OIpPEIeJIeHIN HOPMAJIbHONH CKOPOCTH, MBI BBIOMpPaEM

HOpPMaJIib COHAIPABIECHHYIO CKOPOCTH paclpocTpaHeHus (HpoHTa, TaK 4UYTO KPUBHU3HA
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¢dponTa, BBHIMYKJIOINO B HANPABJICHUN PACIPOCTPAHEHUS, OKa3bIBAETCH OTPHIATEIBLHOMN, B
OTJINYHMH OT HAIIUX OOBIYHBIX HPEIIOM0KeHUH.

Huddepennupys nepsoe u3 coornomenuii (4.6) mo s, ucnoassys gopmyisl Ppere u
BBIYHCIsIA EKAPTOBBI KOMIIOHEHTHI KaCcaTeJbHOro BekTopa u3 (4.6) u ckopocth u3 (4.7),

HaXO0/IUM KPUBHU3HY (HpoHTA. 3alKcaB ee B KOBAPUAHTHOM BHJIE, HOTYIUM

1
|V

B(VTV)(VT)Q - (VT)%T} (4.8)

[MoncraBisist HaiileHHBIe KPUBH3HY W CKOPOCTh B ypapHenue (1.14) w yduuThiBas

3aMeYaHKUe O 3HAKE KPUBU3HbI, IOJIyUUM YPABHEHUE
vo| VT[> 4+ D E(VTV)(VT)Q - (VT)QAT:| = (V7)3(1 + {(c, V7)) (4.9)
it obe3paszmMepuBaHisi, BHIIIOJTHAM 3aMeHy epeMeHHbIX
R=(V/D)r; TR)=(V?*/D)r(r); C=Vc (4.10)
Ona npuBoguT ypastenue (4.9) K BuLy

(14 V)T — (14 D) |(VIVV°T — L(VIV)(VT| = (VT [1 + (C,VT)], (411)

e V. — rpaament nmo R, a 3navenus Oe3pa3MepHOro siikonasga 7' B OaHON TOYKe

OTJMYAIOTCA ApPYT oT apyra Ha Ty = V27, / D.

Macmrabuposanue (4.10) npuBogur ypasHenust Ha KoHunke (4.1)—(4.3) K Bumy
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0 = [(1+ ) — o1 (1+1)]pk + [a(1 + 7y) — (1 + )] (pr)?

+erp(1+ i) + [1 + D — Do(1 + i)] oK',

& = —ig(1+4 04)(pr)? — i5(1 + 3)pk — (1 + D)ok’
Xo = —[14+V —(1+ D)ps]sina
+[75(1 + 73) + v4(1 + 4)pr] cos a — C; (4.12)
Yo = [14+V =1+ D)pr]cosa

+[o3(1 4+ 03) + 04(1 + Dg)pr]sina — Cy;

(VT,n) = [1 +V —p(1+ D)k

rjie Xo u Yy — obe3pa3MepeHHble KOOPJAUHATH KOHYUKA, TOYKa 0003HAYAET HPOU3BOIHYIO
1o 6ezpasMepromy Bpemenn V2t /D, a p u o — Ge3pazMepHble MApaMeTPhl HEBO3MYIIEHHOTO

pelnreHusd

p=DEKo/V, o=pKi/Ky, (4.13)

k= Ky/Ky, K =K/K}, (4.14)

Ko, K} — Kpupusna KoHYHKAa CBOOOIHON CHHPAIN U €€ HPOU3BOJHAS 110 HATYDAJILHOMY
napameTrpy, t 1 n — e IMHUIHBIE BEKTOPHI KACATEIBHON 1 HOpMAIH K (DPOHTY B €10 KOHIUKE.
Mpsr cuutaem t, n u popmy sypa kpazuctamuponapubiMu B CCO 1mo TeM ke NpUIuHAM 9TO
uVouD.

Haxkusagpisas TpeboBanust orpannderoctu |VT'| npu GOAbIINX p U HepHOIHIHOCTH X,
Yo u « wa periennst ypabhenwii (4.11), (4.12), mosydaem 3agady OTHOCHTETHHO TpeX
nensBecTHbIX: ynkmun T (R), omucsiBaomeit hopMy cnupanbnoil Bomnsl, ckaaspa Ty —
nepuoja ee spamenus u sekropa C — ckopoctu apeiida. Jlasiee B 310# 1yiaBe npuBOANTCS
pelreHre 3TOH 3a/[a9M W NPUMEHEHHE MOMYyYeHOT0 pPenieHusl K HEKOTOPBIM KOHKPETHBIM

CIyYdasIM.
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4.3 Merona penieHus

4.3.1 CBobomHas cnupaJib

Haunewm ¢ onucanug B TepMHHAX dFKOHAIA CBOOOTHOI CIIUPAJIH, TO €CTh CHUPAIBHON BOJTHBI
B GECKOHEUHOI OHOPOAHOM cpee. Mbl uiiem pernernne ypapaenus (4.11) mpu V =D =0
u C = 0 B BIJe CIUPAJIU CTAMOHAPHO BpaIlalomeiics MPOTHB YacOBOH CTPEJIKHU € YIIOBOI

CKOPOCTBIO wy. B moasipubix KoopauHatax (p, f) Takoe perreHue J0JKHO UMETh BH/L

(0 +vo(p)); W =0. (4.15)

IToacranoBka
X = pto(p) (4.16)
Bmecte ¢ (4.15) npuBomur ypasuenue (4.11) x Bumy

X = O+ 1)+ (x/p+wop) (* +1) =0, (4.17)

a rpaHudHble yeaoBus (4.12) npu 9TOM ONPUHUMAKOT BUJI

Rowo = [(1-p)* + (7 + map)?] %,
a = wot — f3,
tan 3 = —(5 + 4p) /(1 — p), (4.18)

wy = €Dy — 1p — a0 — Ugp’,
(4 — U6)p* + (73 — 1)p + (1 — )0 + ety = 0,

X(Ry) = tan j3,

rme Ry — GespaMmepHLIil paaumyc aapa (B pasMepHOM Buie paamyc siapa RoD/V) a 3
— YroJl ME¥KJy KacaTeJbHOH K (PPOHTY B KOHYHKE U PaJUyC-BEKTOPOM ITOIO KOHYHUKA,
OTCUYUTBHIBAEMBIHA OT KacaTeJIbHOM.

Ypapuenue (4.17) coBnamaer ¢ JajabHeil aCHMITOTHKON CIUPAJLHONR BOJHBI ¢ MAJBIM
SJIPOM, DAcCMOTpeHO# B (73, 3, 74, 75|, HO B JAHHOM CJydae OHO HPUTOTHO IS BCEX

paccMarpuBaeMbIX pajmycoB. Kak ObLIO Mokazano B pazjene 3.4, perieHue B BUJIE
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CTaHI/IOHapHOfI CHHpaﬂbHOﬁ BOJIHBI MOYKET OBITh HafI,ZLeHO TOYHO, B aHAJUTHYIECKOM BHJIC.
O,HH&KO, B JaHHOM CJIy4da€ MbI HE 6y,ILeM HCIIOJIb30BaTh 3TO TOYHOE pellleHue Mn3-3a €ro
CJIOZKHOCTH. HpI/I O6Cy>K,ZL€HHH IpUMEPOB MbI BMECTO TOYHOI'O pelIeHudA HCIOJIb3yeM €ro

PaBHOMEPHO NPUTOAHYI ACHMIITOTHUKY.

4.3.2 Teopus Bo3MyIIIEHUIA

Kak yxke ObL10 cKazaHo, Mbl OXKuJaeM, 4To jpeiidpyiomasa crupasbr B CCO okaxkercs
onmskoit K cBobomuoit. Ilostomy muneapmsyem ypasmenue (4.11) ma pemenun (4.15),
HPUHAB BO BHUMAHHUE MaJIOCTh CKOpocTu jpeiidpa ¢ u Bosmymenuit 1" u Ty siikonana 1T’

u nepuoja Bpamenus 1y,
T:T+T, T0:T0+T0, (419)
u OyjieM uckarh BO3MylleHus B Bujie psajioB Pypbe:
. T
T = ﬁ@ + Z T, (p) exp(inh), a=wt— [+ Z oy, exp(inwt),

k=14 Z Kn exp(inwt), =1+ Z K., exp(inwt),

po(wt) = Ry (1 + Zrn exp(inwt)) : O(wt) = wt + 29” exp(inwt), (4.20)
rne T, = T,", a_, = @, u Tn., U Bce BO3MyIIeHHs (Kpome MoxKer ObiTb 1))

MPEINONArAl0TCST MHOTO MeHbIIe eJeHUIbl; po(f) — ypaBHeHWe TPaeKTOPHH KOHYMKA B

MOJISIPHBIX KOODJIMHATAX M W — BO3MYIIEHHAS YaCTOTA:
w =21/(Ty + Tp) ~ wy + dw. (4.21)

Dto npuBonut K Juneitromy OJIY Broporo nopsinka aist @ypre-mon sitkonamna T),(p)

BHIA

T, + ()T + au(p) T = (4.22)
= Hy(p) + ho(p)dwdno + h1(p)(Cy — iCy)0n + h1(p)(Cy + iCy)Bp 1.

Ypasuenuns s C, u Cy B (4.12) garor pazinoxenns Pypoe 11 KOMILIEKCHOI CKOPOCTH

koHunka Xg + 1Yy. Ero Hysesast rapMOHUKA JIO>KHA 00paTUTCS B HOJIb 9TOOBI 00ECITeInTh
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3aMKHYTOCTh TpaekTopun KouH4unka B CCO. D10 TpeboBanme NpUBOINT K JHHEHHOMY

. / 5 . y

cooTHomenuio Mexky C, —iCy U K}. PaccMorpenne HyJleBbIX U HepBBIX TapMOHUK X +14Y(
JaeT BhIpaKeHue Jis apaMeTpoB OPMEL Sapa 71,001 depes k.

Jluneapuszanus ypasuennii na xonumke (4.12) maer rpanmuamsie yciaosus mas 1jq(p)

Ha TPAaeKTOPHH KOHYMKA. DKCTPANONUPYs WIH UHTeprnonupysd GyHKIUA 1o ¥ yIATHIBAS

COOTHOIICHUA MEZXKIY CbOpMOfI aapa n I{6717 3anumieM 3TH I'paHUYHbIE YCJIOBUA B BHUIIE
Té(RO) = golig + Go, T1<Ro) = fllill + Fl, T{(Ro) = gll‘fll + Gl. (423)

Mbl omyckaem — siBHBble Bbipakenust Jyisi koeddunmento B (4.22) u (4.23) B cuiy
X TPOMO3JAKOCTH. ['paHWdHble yCI0BHA Ha OECKOHEYHOCTH MOMYYAIOTCA W3  yCIOBUS

OI'PaHUYEHHOCTH I'paJUE€HTa pEeIICHA U UMEIOT BH/I
T (00) =0 (4.24)

Hnst n =0, +1, pemmenns (4.23) nerko HalTH aHATUTHYECKH, UCTIOIB3YsI TO, UT0 OpT u
0, T yIOBIETBOPSIIOT OJHOPOIHOMY JIMHEHHOMY YpPABHEHUIO. DTO PEIIeHUe yI0BIeTBOPSIET
I'PAHIYHBIM YCIOBHAM TOILKO Ipn ogH0M Bhibope Cy, Cy 1 dw. DTOT BLIOOD 1 aeT perenne

HaIlell 3aTa49M.

4.4 Pe3yJabTaThbl

4.4.1 OO6mas dpopMyInpoOBKa

JleBuanus 9acTOTBI M CKOPOCTH Jipefidpa IMOaydeHbl KaK 9TO IpeJcKa3bIBaeTcs OOImei
reopueit [39], B Buge JuMHEHHBIX (GYHKIHOHAIOB OT BO3MYNIEHWH MapaMerpoB. Mer
pazzesseM sapa 3Tux GyHKunonanos, gynkyuu omrauka (PO), va epawamenvruve PO,
OTIpPEIEISIIONINe CABUT YacTOTHI BpalneHus, u cdsuzoswe PO, onpemensionue apeiid
nenTpa Bpamenus (B [39, 44|, @O pazmessiuch Ha 8pementble U NPOCMPAHCMBEEHHbLE, TAK
KakK JIJid CTAIIMOHAPHO BpAIaloleiicd cnupaiand BpallleHue B MPOCTPAHCTBE SKBUBAJECHTHO

capury BO Bpemenn. Oboznaunm Bpamarenbabie OO HmkanM nHgekcoMm 0, a CIBUTOBBHIE
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HkHEM nHAekcoM 1. C apyroit croporbr, PO kaaccudunupyOTCs M0 TOMY TapaMerpy,

BJAWAHNE KOTOPOI'O OHU OIIHUCBHIBAIOT. By,LLGM 0003HAYATDH TO BEPpXHUM HHJIEKCOM B CKODKaX.

B stux obo3HaveHuUAX, JeBUAIMS YaCTOTHl pPaBHA

oo 21

dw = / / [Wév)(p)v(f)ﬁ)+W5D)(p)f)(p,9)] dfpdp (4.25)

s [ [V Bost) + W Do, 0) + 3 W 5,0, o 0)] o,

0

rje Bpamareababie PO npeacraBasgoT coboi

p

~ W
Wév)(p)z—ng ®exp | —wo / pix(py)dpr |

Ry
W (p) = W () [wop( + 1)72 = 1],
W) 0 o oA o o (oAt P 49
0o = op/wm 0 ——§(2V6P+V1)—Wo o Wo —w—o ) ( . 6)
“ A 1 — pRysin A A
Wi = 2= (20 +71) + W (zoAWé e ’ ) W =W,

A
—% (254p -+ 173) + WgAWg,

3 772 14 77(2 37(6 172
WO():_WO( )p’ W(J():—Wé )(77 WO():_WO( )p2

i

" J1Jid KpaTKOCTH BBEACHBI 0003HaUeHNST

Z():

1 [Zo +pRg—sinﬂ(1+cos26) pa(p _ 1—pRosin6)1_1

Cor 1—0p wq cos (3 b w_g_y4 1—p
Z Ry — si 1 2 1 — pRysi
o _ pRo—sinfU oSS op 5y P _p LopRosing o o
1—p wp cos 3 wo 1-p
ZO _ pRo — smﬁ(l + cos> ﬁ) (_25 5 ) _ £ e 1-— pRo Siﬂﬁ
1—p wp cos 3 s wo 1—-p
o0 p
P X
/W [(X2 +1)M2(1 = 2x%) + 2x*(wop + ;)} exp | —wo /ﬁx(ﬁ)dﬁ dp
Ro Ro
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Cxopoctb apeiida paBHa

oo 2w

C, —iC, / / p.0) + WP (p,0)D(p e)] dfpdp (4.28)

+ / [W{V (0)V (Ro,0) + W (0)D(Ro,0) + > Wi (0)57;(Ro,0) | db

co cauroseiMu PO

WY (p,6) = W17 (p) exp(—i6), W (6) = W exp(—=if), j=V.D,0..5,

X :"exp - / (wof+%> X(€)de

Ry

W) (p) = —20W; [bRo + pa(1 — iy) exp(iB)]

(D), N (V) _ W

Wi (p) =W (IO) |:(X2 n 1)1/2 1} )

Wi =Wl WY = Wi [(0A + )W) - o AW — (20ep + )0 AW
WO = Wy [pAW! + (1 + 2apAYWE + Qogp + m)pAWS], W =W, (4.29)
W =Wy [~AW] — B AW? — (2ap + ) AW

W = W, W = P, WO =
n 0603Ha‘{eHI/IHMI/I JJIA KpaTKOCTI/I

1 [ pRosinfg —1

W = Gyl e p—— (bRy — paexp(—if3)(1 —iny)) — i (bRo + pa(l — ivy) exp(if3)) -
[+ / 2i B
: exp [ — [ {wopr+— ) x(p1)dpr | dp|
2 1 1)1/2 / ( )
e (x ) 2 P1
L b . p’a _
W, = 2(70(2 — pRycos 3) — 2w—0(1 — i), (4.30)

b
WP = 2—(1-pRosing), W= 2@'?(1 — pRysin B)(1 — ivy)
0 0

Kak Bugno u3 (4.25) u (4.28), @O MOXKHO DPa3AeJUTh MO WX MNPOCTPAHCTBEHHOMY
xapakrepy. @O WO(Z) OLIPEJIEJISIIOT BKJIAJ, OT BO3MYIIEHUsSI [1apaMeTpoB BO ceil cpeje

~ e .
BHE dJpa, TOTja Kak Wé 1) TOJBKO OT BO3MYIIEHUN Ha TpaHule sajapa. l1ak dYTo
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770
OyIydn TpeICTABJICHBIMU KaK (OYHKIUH KOODIWHAT, Wé 1) OKaXKyTCs CHHTYJISPHBIMH
Tr(*

dbyuxIEsiMT, TponopruoHaabibiMu 0(p — Ry). CoorBercrBeHHO, OyaeM Ha3BIBATH WO( 1) u
T7(*
W 1) pe2yaapromu 1 cureyaaprolmu KommorerTaMu PO. [lapameTpsl BIuSAIONIHE TOTBKO
Ha JIBUKeHWe KOHINKA, UMEIOT TOTbKO cuHYyIgpHble KoMmoHeHTH PO. Bpamareasusie @O
Wo(] ), WO(] ) JeficTBuTeIbHBIE, TOTAA Kak capurosbeie OO Wl(] ), Wl(J ) KOMILJIEKCHBI, TaK
KaK OHU ONpPee/IdioT He TOJTBKO MOJIYJIh CKOPOCTH Apeiida, HO U ee HAITPaB/IeHHE.

Bamernm, uro Bee peryiaspabie PO GpicTPo (ITUIEPIKCIOHEHITHAIBHO) YOBIBAIOT MPH

DOJIBITHX p.

4.4.2 IIpubamxeHHOe peleHne AJs TUIIMTHOTO CJIydast

Paccmorpnm cmyuqait, korpa €1y < 1 u 3 HeHyIeBoii HOPAJKa eIeHUIbI, BCe OCTaIbHBIE U}
MPOM3BOILHBI M TOPSIKA €IEHUIIHI. DTO HANOOIee “THIHYHBIHA CIy4ail’, MOCKOIBKY MaJOCTh
€ — HeoOXOAUMOE YCJIOBHE MPUMEHHMOCTH KHHEMATHYeCKOro mpuoOsukenus. OCHOBHBIE
napaMerpbl ¢BOOOJAHOI CHUpajd B IJIABHOM HOPsiiKe 110 p = €/ (V3 — I/3), Kak ObLIO

MOKAa3aHO B paszjese 3.4 paBHBI

1—p

c=p3 <1, B=—arctanizx1, wy=-pz<Kl, Ry=—"—>1  (4.31)
psin
dopMa crnupaau aCHMITOTUYECKH OMUCHIBAETCI YpaBHEHHEM
2 2 1/2 wip? 2
X ~ (u}op —1) / +T+O(w0)’ (432)
wip® — 1

paBHOMEDHO 10 p € [Ry, +00). [lepBblil WieH 3/ech OTBEYALT BOJbBEHTE OKPYKHOCTH. B

[JIABHOM MOPsIJAKE 110 P, Bpamareababie peryspabie PO yupomaTes 10

_ =2 252 1)3/2
W) ~ 0 002 (14 02) exp | 2 4 W0 — 17
o (p) . prs ( + Vs) exp 3p + 3pDs )
i-(D wo (v
Wi () ~ — W (), (4.33)

(wpp? —1)172 70
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Bpamarebabie cuHryasspasie PO 10

A R 5 72_1 — -2 1
Wm0 (i), WP, B D AR,

_477' 4 v — 173
P Wo 1z £ (1) Wo Py £ (2) Wo
/4SNP e A SR 7 7P ok S ~ 4.34
0 2m —U3 (Dl — 53)7 0 2m —U3 (Dl — 93)7 0 27'('6507 ( )
5 wo 1 5 (4) wo  pUs 5 (6) wo D
0 2 2 —537 0 2 2 —537 0 2 2 —537
Casurossie peryisapuabsie PO 10
Wl(V) (p) ~ ﬂ exp 17_3? — 23 |:1 +1 (w8p2 _ 1)1/2] .
(1 + v3)l/? 3p
(WgPQ - 1)3/2 S99 1/2
. —_— 2 -1
exp [ -4V i it - 1)),
i(D) ~ _ wo (V)
Wl (p) ~ (W8P2 — 1)1/2 Wl (,0), (435)
U caBUrOBbIe cuHTyJIgpHBIe PO 10
W 1 — i <) _ p(1—iin)
1 ~T A 2y LY 2
™ (1 +5) ™ (1 +5)
- —pi3(1 — i) [1 —iv 1
P _;w,) { ws L ] 7 (4.36)
T (1+73) 1+v5  —vy(h — 13)
W(l) ~ —p2173<]. — Z173> 1-— Z'173 . 1
! r(1+23) |[1+03 (o —13)
. 1 —iv . p(1 — ivg)
W(2) ~ 3 : W(3) ~ ,
' m (14 75) (71 — v3) ' m (14 75) (71 — v3)
WO~ —p°03(1 — img) WO ~ _ p*(1 — i)

2\ (5. — 5\ I 2\ (7. — 5\
m (L +v35) (i — vs) m(1+v3) (i — 1s)
= (V
Tunuunasle rpacdukn Hanbosiee BaKHBIX peryasdapHbiXx KoMmmonentT PO, Wé 1), TTOKa3aHbI
Ha pucyHke 4.1.
= (V) AV
Wl( ) n Wl( ) — mambonpime cpenn cauroseix PO. Tak 4T0 ecyin uMeeTcs BO3MYIIEHIE

CKOPOCTH PacpocTpanenus V', OHO SABJIAETCs TVIABHBIM (paKTOPOM, ONIPeJIe/IIONUM JApeitd.

Ecnn orbpocuth Bee ocTagabHble BO3MYIIEHUS, TO
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0.2

T T T T \‘ Re(wll) 77777777777
Im(W)
W
0.15 ]
0.1
0.05
0 02 04 06 08 1 1.2
I/R A
Puc. 4.1:

- v .
OyHKIMH OTKJIAKA Wo(’l), OIpe/IesAIoNe YyCTBUTEIbHOCTh CIUPAJIbHON BOMHBL K

BO3MYIIEHUIO CKOPOCTH PACIIPOCTPAHEHUS TIIIOCKON BOHBI, KAK (DYHKIMH PACCTOSHUS 10 IEHTPA CIUPAJIH,
HOPMUPOBAHHBIE HA PAIUYC Anpa, [/ R, npu g = 0.6 u p = 0.2.
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ng [ 8\ -
o = ; 74 V (R, 6) + — exp( s <) V(Ro +¢,0)dC ¢ a6,

cos? 3 ﬁ cos? 3

i3 B
C,—iC, = — ¢ —V(Ro,0)

™

( Sln%g) V(R + ¢, 0)dC § do.

(4.37)

4.4.3 HeomHOPOITHOCTH B BHUE JIMHENHOIO I'paJueHTa

PaceMorpuM Bo3myIieHne B BHAE TUHEHHOTO T'PaJueHTa BCeX MapaMeTpoB B HAITPaBIeHUN
ocH I:

D =kppcos®, V =kypcosh, U;=k;pcosb. (4.38)

DT0 BO3MYyIIeHHEe BeJHKO Hpu Oonpimux x. Ognako, tak kak @O ObicTpo yOBIBAIOT C
pacCTOsiHUEM, TO UHTEPEC MPEJICTaBIISeT TOJIHLKO BO3MYIIEHUE B MaJIOH OKPECTHOCTU siJIPa.
JIpyrumu cioBaMu, ecam paccMaTpuBaTh BO3MYIeHNe, onuckiBaemoe (4.38) B OKpecTHOCTH
a7pa U HcUYe3alolee BHE ITOM OKPECHOCTH, TO Pe3yabTaT OyjaeT MOYTH TeM Ke 9TO W JIJId
BosMmyenust (4.38) Ha BCell MIOCKOCTH.

[Moacranoska (4.38) B (4.25) u (4.28) naer

ow =0,
1 — iy
(14 3)1/2

11— 1
% sk vk voko —
+(1/31+]7§ +51—173)<V3 3 + paky) + €Uoko

C, —iC, = { (1= (1+23)") Roky + kp (4.39)

——— (1 k1 + prsiinks + pisks)
vy — U3

HyneBasi jeBuanmss dYacTOThl MPOCTO O3HAYAET, YTO BJAUAHHUA YCKOPMIONEH u
3aMe4I0Nel OKPeCTHOCTEe! 4/pa B IEPBOM IMOPAAKE HOJHOCTbI0 KOMIIEHCUPYIOT IApPYT
napyra. peitidp B OCHOBHOM oOmpelesieTcsi IPaJueHTOM BO3MYIIEHUsS CKOPOCTH, TaK
KaK TOJIbKO ki yMHOXkKaercs Ha 0osbinoi kKoeddumument Ry. 3a HCKIIOYEHHEM ITOTO
koedpdumenTa, CKOpocTh jpeiida B TJIABHOM TMOpsiIKe SABISETCS TPOCTOit (DyHKIHei

eJMHCTBEHHOTO ITapaMeTpa /3. B 4acHOCTH, yroJ MexK1y CKOPOCTBIO Apeida u rpaJueHTOM
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CKOPOCTH BCETJIa MPUMEPHO PaBeH YTy MeXKAY KacaTeJIbHO! B KOHYWKE N PAJIHYC-BEKTOPOM

KOHYHKa.

4.4.4 HeomHopoaHOCTh B POPME CTYIIE€HbKN

IIycTh cpesa COCTOMT U3 ABYX 00J1acTell ¢ pa3sIMIHBIMA CBORCTBAME, Pa3IeIeHHBIX IPAMOiL
x =1 (B CCO), u mapamerpsl cpejpl B Kaxka0f u3 obsacreil mocTosiHHbl. B mossipabix

KOOD/IMHATAX:

D =06Dsgn(l —pcosf), V =0Vsgn(l—pcosh), ;=dvjsgn(l—pcosd) (4.40)

CHoBa, Kaxyleecss NPOTUBOPeUWe ¢ MPEINOJOKEHUEM O JOKAJIBHOCTH BO3MYIIEHUS
YCTPAHAETCd TEM, YTO TOJAbKO OJinzKaiiiias OKPEeCTHOCTD g/ipa peajbHO BjHsgeT Ha Jpeid.

Torna ypasuennst (4.25)—(4.28) mator JeBHAIMIO YaCTOTHI

dw 2 L, o L
o ~ marc&n% 5(—V3(V§—1)+7/1(V§+1))(5D

‘l‘ﬂlél/g — pﬂél/;; + (171 - 173)51/0 - 17151/1 - p173525l/2 — pV65V6:| (441)
V3

U CKOPOCTH jipeiida
212pw2 [1 4 i(wdl3 — 1)Y/2]
wwi lo(1 4 2)1/2(WRI2 — 1)1/

_3 212 _ 1)3/2
vz + (Wo 0 ) — 9 (173 + (wglg _ 1)1/2):| .

Cp —iCy =~ —4

3&10
) (wO<za — ) (whlE - 1)1/2) - (3 (13 = P)(wAE — 1)1/2) .
2 2 2
P\ 1—ipy 4 P\'? 1 = iny

411 - —— OV ——(1-= —p- 4.42

a(i-7) s R (op) e 2
11— 1
|:p(5D + (Vg 11 1/5 Dy — V3> (Dg(syg + p1745V4) + 6170(5V0
1

— = — <17151/1 —|—p1735251/2 + pV65V6):|

vV — s

rje JJisi KparKoCTH 0003HAYEHO
lo = max(l, Ry). (4.43)
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05 t |

) [ S— S . . . . . -0.6 T . . . . . .
0 0.2 0.4 0.6 1 1.2 1.4 0 0.2 0.4 0.6

0.8 0.8
(a) R, (b) VR~

Puc. 4.2: Ckopoctn npeitda crmpamsnoii Bomusr, C,/6V u C,/6V, BOIM3M HEOJHOPOIHOCTH B
BUJE CTYIHBKH IS CKOPOCTH PACIPOCTPAHEHWS ILJIOCKOW BONHBI 0V, HOPMUDOBAHHAS HA BEJIWYUHY
HEOTHOPOIHOCTH, KAaK (DYHKIMS PACCTOSHUS OT IEHTPA CIUPAJIN A0 I'PAHUIBI 0DIacTell, HOPMUPOBAHHOTO
Ha pazuyc anpa, |/Rg, mpu Jp = 0.6 u p = 0.2. (a) CkOpOCTb B HANPABIEHHH OPTOTOHAJILHOM K

smann Heoguoponuocru, Cy /6V, (b) ckopocts Bxomb Heoguopoauoctu Cyy/§V . CIToMmHEbIe IMHIE — OTHAST

CKOPOCTD; IITPUXOBAs JIMHUS — BKJIAJ “CUHIYJISIPHON’ KOMIIOHEHTBI (U3 ypaBHEHUs IBUKEHUS KOHUUKA);

x99

NYHKTUDHAs JIMHUS — BKJIAaJ “DEryJisPHON” KOMIOHEHTbI (U3 ypaBHEHUs J(BUKeHUs (DPOHTA).

ITpumep sasucumoctu C, u Cy, or | npu Bosmymienun 0V mokasan Ha pucynke 4.2. Kax
u3 rpaduka, Tak u U3 ypapHeHusi (4.42), MOXKHO 3aMeTHTb, 4TO Ha mHTepBase | < Ry, rie
00e KOMIIOHEHTBI CKOPOCTH 3HAYUTEIbHBI, OHU CHOBA IIPUMEPHO ITPOIMOPIHUOHAJILHBI JIPYT

JIPYTY ¢ KoeduiueHTom .

4.5 O6cyxaenue

B kunemaTudeckoMm moaxojie Bo30y iuMast Cpejia ONUChIBATCs HECKOJLKUMU TTapaMeTpaMiu,
JIBa W3 KOTOPBIX, V u D, ompeneisitor JIBHzKEHWE BOJHOBOrO (GpoHTa (napamempo
@porma), a OCTAJIbBIE TOJIBKO JBUZKEHHE KOHYHKA (napamempu, konwura). Ham yranocs
IMOJYYUTD dBHBIC aHAJUTHUYICCKUE BhlPDazKCHUA JJId CABUTa YaCTOTHI 1 CKOPOCTHU ;Lpeflcba, KaK
(byHKIIIOHAIOB OT BO3MYIICHHII TapaMeTPOB Cpebl. Y KazkeM HeKOTOPbIE BasKHbIe CBOMCTBA

IIOJIYIE€HLIX pe3yJbTaTaOoB:
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CupaBenuB JIMHENHbBIN NPUHINN CYNEPHO3UINN: BINSHIE HEOIHOPOIHOCTH
Cpe/ibl  Ha YaCTOTY BpPAIIEHUs CHOUPAJU U CKOPOCTH Jpeiida NpeacTaBiIsdioT
co00# CcyMMBI BKJIQJIOB OT BCeX OECKOHETHO MAJBIX 00JacTeil ¢ BO3MYIIEHHBIMU
napamMerpamMu. Bria kaxkaoit 006acTH 3aBUCHT OT BEJIWIUHBI BO3MYIIEHUS B 3TOH
obsactu u (1y1si mapaMeTpoB (bpOHTA) OT PACCTOsIHHSI OT ITOH 06JIaCTH J0 TEHTPA

BpallleHus.

[Ipn GOABIIMX PpACCTOSIHUAX, BJMSHHUE HA 4YacTOTy BpaleHus yObIBaeT
runepskcnonennuanbio, ~ exp(—(p/A)?), a ma ckopocTb gpeiida —
rUNEP3IKCHOHEHIINAIBHO ¢ ocmmtamuamu, ~ exp(—(p/A)> — 2ip/Ng). Tlepuos
TUX OCHUJIAIMN paBeH A\g/2, TO €CTh MOJIOBUHE ACHMIITOTHYECCKON JIJTHHBI BOJHBI

CcBOOOTHOM CIIUpATIH.

13 Bcex mapaMeTpoB, ciupabHasd BOJTHA HanboJee IyCTBUTEIHHA K HEOTHOPOTHOCTH
V. Ilpenebperast BausiHMEeM OCTAJIbHBIX HEOIHOPOJIHOCTE, BAUsAHUE BO3MYyIeHus V'
MOZKHO OIHCATH TPOCTHIM ypaBHeHueM (4.37), KOTopoe COAePKUT TOTHKO MapaMeTphl,
JIETKO onpejiesisseMble (DeHOMEHOIOTHYecKH. B yacTHOCTH, BiInusgHUE V' 3aMeTHO JlazKe

Ha HEKOTOPOM (OTHOCI/ITGJIbHO MELJIOM) pacCTOdHUN OT KOHYUKA.

Brusauue Boszmymienus D Ha apeiid cnupann u JIeBHAIUIO YacCTOTHI BCETIa MHOTO
MeHbIIle BJHSHUS BO3MYyIeHusa V| U 3HaAYUTEeIbHO TOJIHKO €CJIM OHO UMEeeT MeCTO Ha

KoHYHKe (peryssprast kKoMnornenta PO paBHA HYJIIO B IJIABHOM IOPSAJIKE IO D).

2 V.D02 .
TosnbKO BOoCeMb U3 CHHTYIAPHBIX KoMrnoHeHT PO Wi JIeHICTBATEILHO Pa3JIMYHBI,

TOrJJa KaK OCTaJIbHbI€ MOXKHO BBIPa3HTDb 4Yepe3 HUX U IMapaMeTPhbl p U 0.

HeKOTOpI)Ie U3 9THUX CBONCTB MOXKHO OOBLACHUTD IBPUCTUYCCKN N CPaBHUTDL € ITOXO2KUMU

CBOMCTBAMH DelTeHui 33/0a9 0 HI3KOaMILTATY THbIX Bo3Mytnerusix B KYTJT [44] u o npeiide

Co))

npu B3auMojeiicteuu ¢ rpanuteir 8 KYIJI [42] u ana “6e3bsaaepHoil” cnupaliu B mpeesie

Qaiicdba st Bo3OyauMOil cpenst [73]. EcrecrtBenHo, cpoiicTBa 1-5 He TOXKIECTBEHHBI

cBoficTBaM Jipeiicha 1pu B3aUMOJEHCTBUU C TPAHUIEH U NpU CPABHEHUU MbI 'OBOPUM O

MMOXOKHX a He 00 NICHTHYIHDBIX CBOICTBAX.
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CaoiicTso 1 cnpaseuBo Jta perrennii [42, 44| u, kak Mbl gymaem, s [73] (aBTopsr me
OpeICTaBUJIN PEIIeHns s TPAHUIBI TPOU3BOIBHON (DOPMBI, & OTPAHUIUIUCH HEKOTOPBIMH
qacTHBIME caydasgmu). Tor dakr, 910 Maable BOIMYIIEHUs JEHCTBYIOT aJJUTUBHO He
BbI3bIBaeT yaubBiaeHus. OJHAKO, OH HE OYEBHICH «a priori Ajs HEJWHEHHOH 3a1adu:
HalpuMep, B JUHAMUKe JTOMEHHBIX CT€HOK B ypaBHeHnu Jlanmay-/ludmuna aniuTuBHBL
Keadpamo, Bo3Mytenuii [76].

CaoiictBo 2 cupasegnuso s |73]. Oxmaxo, B [42] u [44], Kak geBuanusi 4acTOTHI,
TaK W CKOPOCTDH jipeiiha MMEIT IKCIOHEHIHUAIBHYIO 3aBUHCHMOCTH OT PACCTOSIHUS. DTO
paziu4yue MOYKHO WHTYWUTHBHO NOHATH B TepMmuHax juddysun dasbl aBroBoaH [72, 54).
OcHoBHast uaes COCTOMUT B TOM UYTO BO3MYIICHWS BIUSIOT HA COOBITHS OKOJO sIpa
HOCPEJCTBOM WU3/Iy9YaeMbIX CIUPAIbHBIX BOJH. JIOKAJbHO CIHPAJbHBIE BOJTHBI OJU3KH
K IUIOCKAM TIePHOJAMYECKHM ¥ MOTYT PacCMaTpPUBATCA KaK MeJJIEHHO MeHSIONIIecs
aBTOBOJIHBL [72|. Tak 49TO, pacupocTpaHeHWe BJIMSHUS BO3MYIIEHUS K SIJIPY MOXKHO
npejcraBiaTb Kak Auddysuio daswpl BoH Ha ¢oHe ee mepeHoca B 0OPATHYIO CTOPOHY,
KOTODBIl BO3MOKeH TONIBLKO Oaronaps nuddysnu dbaser [54]. KoedumenTs! mpoaonbHoii 1
nonepevHoit nuddy3un paszpl MOTYT 3HAYUTETHHO OTINYIATBCA. B MOIe/1H, paccCMOTpeHHOi
B [42] oba kosdummeHTa PABHBI, TOrJA KAK B MOJEJIAX, PACCMOTPEHBIX 371ech U B 73],
npononbHas auddysusa orcyrersyer. Jlerko Buaers 4to ypashernue (4.11) coorsercTByer
9BOJIIOIMOHHOMY ypaBHeHUIO s dassl [54] ¢ mHymesoii npogonbHoii quddysueit. [Ipnanna
9TOTO COCTOUT B TOM, 9YTO B PacCMaTPUBAEMOM WPUOJMKEHUU MOCIeIYIONAas BOJHA
BO30YKIEHUS HE TMOIYyIaeT HUKAKON HHMOPMAINU OT MPEABIyIIei 1 BO30YKIEHNe MOKeT
pPacIpoCTPaHAThCS TOJHKO BJIOJb BOJTHBI. Takum obpazom, B KVI'JI Bo3Mmyiienne Moxer
PacCIpPOCTPAHATHCA 10 MPAMOR “IIPOTHB OTOKA  BOJJH H3JIYYaeMbIX CIIHPAJIBbIO, TaK 4TO
eMy TPUXOJIUTCS TIPEOIONeBaTh TOJBKO paccTosuue p. HampoTtus, B paccMaTpuBaeMOM
cJiyvae, BO3MYIIEHUs JOZKHBI PACIIPOCTPAHSITHCA M0 3HAYUTETHLHO 0OJIee [JIMHHOMY IIyTH
BJIOJIb (PPOHTA BOJIHBI, YTO U SABJISAETCA IIPUYUHON Oojiee ObICTpOro yObIBaHUA BJIMSHUS
BO3MYIIIEHUS C PACCTOSTHHEM.

OcCuIaTOPHYI0 3aBHCHUMOCTH CKOPOCTH jipeiiha OT PACCTOSIHUSI MOYKHO OOBSICHUTD

B TepPMHHAX TaK Ha3bIBAEMOTO PEe30HaHCHOTO apeiida. 3aMerwuMm, UYTO BO3MYIIEHHUE
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3HAYUTENBHO BJIHET Ha CIHpaJb TOJHKO KOTJA BOJTHA TPOXOANT dYepe3 BO3MYIIEHHYIO
objacthb. TakuMm 00pa3oM, 9TO NEPUOAMYECKOE BO3JIEHCTBHE, CHHXPOHU30BAHHOE C
BpallleHueM CHUPaIbHONH BOIHBI. Temepb MOKHO BOCIIOTB30BATHCA TEMHU Ke apryMeHTaMH,
9TO U B CJydae Pe30HAHCHOrO mapamerpudeckoro apeiida [36, 24, 52|. A uMenHo, Masbie
BO3JICHCTBUS BO3MYIIIEHHUSA IPUKJIAJbIBAIOTCA Ha OJHOI 1 TOi Ke (pa3e BpallleHUsd CIUPAJIH
U TMOTOMY CKJaJbiBafoTcs. CyIlIecTBEHHOE OTIHYHME JAHHOIO CJIyYasi COCTOUT B TOM,
9TO BAUSIHAE CHJIBHO 3aBHCHT OT PACCTOSHHS 0 BO3MYIIEHHO# oOjactu. B wacrHOCTH,
HampaBaeHne apeiicha ompemesnsieTcss pasHOCTHIO (a3 MeKIy BpalleHHeM CIOUpPaId |
BO3JEHCTBIEM BO3MYIIEHUsI. ODTa PA3HOCTH ONPEIEJNAeTCS PACCTOSIHHEM B3STBIM 110
MOJIY/IIO 27 YMHOYKE€HHBIM Ha JJIMHY BOJTHBI. DTO O0bACHSAET MePUOINIECKYIO 3aBUCUMOCTh
HapaBaeHus: apeiida OT pacCTOSHUS 10 HEOTHOPOIHOCTH W 3aBHCHMOCTH €€ MEePHOAA OT
JUTHHBI BOJTHBI crupain. MHOXKuTeb 1/2 ocTaercs HEOObICHEHHBIM W MOYKET CUUTATHCS
HETPUBHAJIBLHBIM pe3yabraToM Teopuu. Haobopor, B KYI'JI Bce dazpl kKonebanumit B
TOYHOCTH PAaBHBI U BO3JAEHCTBHE HEOIAHOPAHOCTH B 9TOM CMBICIE BOOIIE HE OCIUIIADPYET.

DTH  IBpHUCTHYECKHE  COOOparkeHWs]  MO3BOAIT  TPEANOJOKATH  dro (i)
['unepsKkcroHeHIINAJIBHBIE ACUMITOTHKH He SBJISIOTCA OOIIUMHU M OTPAHUYEHBI TOJBKO
CIy4as M ¢ HyJeBOil mpomoabHoit anddys3meit aBTOBOMHOBON (pa3bl, Torma Kak
9KCHOHEHIIMAIbHAS ACHMITOTHKA HANpOTHB Oosmee BepositHa ¥ (i) OCHMAASITOPHASI
3aBUCUMOCTD HallpaB/enud jipeiida oT paccrodnusd uMeer 6osiee OO XapaKTep U MOXKeT
OTCYTCTBOBATH TOJHKO B CHCTEMAX C OCOOBIMU BHYTPEHHUMH CHMMETPHUSIMU.

CroiictBa 3-5 cnemuduansl g AaHHOr0 npubam:kenns. Cpenm HEX Hambosee
HHTEPECHBIM TPEJICTABISIETCS CBONCTBO 3, TaK KaK OHO MOXKeT ObITh Hamboyiee MPOCTO
IPOBEPEHO B HATYPHBIX M YHUCJICHHBIX 3SKclepuMmenTax. Hekoropble maru B 39TOM

HalpaBJIeHUN TPeTIPUHATH B TJIaBe D.
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I's1aBa b

ConocraBJjieHue ¢ pe3yJibTaTaMu JPYyTIux

TeOpI/Iﬁ N 9NCJIEHHOI'O 9KCIIEpNMEHTA

5.1 CpaBHeHHe ¢ MEeTOJI0M CBOOOJHOII I'PAHUIIGI.

5.1.1 Bsenenwue.

Kunemarnueckunii moaxo uaeo/10rn4eckn OJIM30K K TaK HA3bIBAEMOMY METOJLy CBOOOHOI
rpanunpl [3] B TOM, 9TO 06a paccMATpUBAIOT JIBUXKEHHE KDPUBBIX: KPUBOH BOJHOBOIO
dbponTa (rpebHs BOJHBI) JJIsl EPBOTO, W TE€PeHEro/3aaHero (bpoHTOB I MOCJAETHEro.
OHaKO, YCAOBHS UX TPUMEHUMOCTHU PA3/JIUYHbI, U PACCY XKACHUS IIPOBOJIUTCA B PA3IUIHBIX
tepmunax. Hanpumep, KuHeMaTHYeCKHil TIOJIXO MOYXKET OBITh MPUMEHUM B CIy4ae, KOTJa
HET YeTKO BBIPAyKeHHOrO 3aJHero (poHTa, KaK B cJlydae ¢ BOJHAMHU BO3DYKIEHUS
B CEPICYHON MBIIIIE, WIN JaxKe YeTKOTO mepemaHero ¢gpouta. [Ipyroe pazaudme 3TX
MO/IXO/IOB — OTCYTCTBUE TOHATUS 0OPbIBA BOJTHBI B METO/I€ CBOOOIHON IPDAHUIIBI, B TO BPEMS
KaK B KHHEMATWIeCKOM IOJIXO0/le OHO WTpaeT BazKHYIO pOJib. TaK 4TO MepeBOJ ¢ OTHOTO
SI3BIKA HA JIPYTON MOYKeT ObITh HeOUeBUJEH U JazKe He BCerja BO3MOYKEH.

Oanako wuMerTcs ciaydadm Korjga o00a I[ojxo[a MPUMEHUMBI, a WX Pe3yJIbTaThl
COMOCTAaBUMBI. TakOB K MNpuMepy Ciaydail “yHUBepCcaJbHOTO Npejena’ — CHHPaJbHBIX

BOJH ¢ OoJbIIMM siIDOM B MeToje cBOOOmHOM rTpanumpl |55, 57, 77|. CsoiicrBa
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perieHuit TaMm COOTBETCTBYIOT (DEHOMEHOJIOTHYECKON IPAHUIE CYIIECTBOBAHUS CIIHPAJIHHBIX
o OR Bundpu [45]. B kKuHeMaTHueckoM TOAXOje TJIABBI 2 TaKzkKe PACcCMATPHBACCSI
IPAHUIA CYIIECTBOBAHUA peIeHnil B BUJE COUPATbHBIX BOJH, KOTOpas TUMNOTETHIECKH
oroxkaecTeiasiercs ¢ OR. Oprako, (eHOMEHOIOTHYeCKHe CBOWCTBA pEIeHWil B ITHX
JIBYX TOAXOMAX OBLIM PA3JIMYHBI, YTO CO3/IaBAJ0O KaxKylleecsd MPOTHBODEYNE MeZKIy
KAHEMATHIECKUM TOJIXOJIOM C OJHOM CTOPOHBI, U METOJOM CBOOOTHOW TDAHUILI, W, N0
HEKOTODOIl CTeneHu, pe3yJbTaTaMi YUCJAEHHOTO MOJEJIUPOBAHNA, C JAPYTOil CTOPOHDI.

B »sroit rmaBe Mbl m3ydaem CBOHCTBA pelieHnil B KHHEMATHYECKOM MOjXoje Oosiee
noJApo0HO, W YCTpaHsAeM BBIMIEYIIOMIHYTOe TpoTuBOpeure. KOpOTKO TroBops, MpUYWHA
COCTOUT B TOM, YTO T'pDAHUIIA CYIIECTBOBAHUS CHUPATbHBIX BOJHOBBIX DPelIeHHil COCTOUT
M3 JIByX DA3IMIHBIX aHATUTHYIECKHX BerBeil, u B [55, 57, 77| obcyxaanach o1Ha BETBb, B
TO BpeMs KakK B pazjiesie 3.4 paccMaTpUBaIach ApyTasi.

MpI onucbIBaeM pa3IMdHbIe BOJHBI BO30YKIEHUS HEM3MEHHON (DOPMBI OKOJIO TDAHUIIBI
CYIIECTBOBAHUS CIHUPAJbHBIX BOJH. Takue BOJHBI MOIYT JBUIATHCH MOCTYIATEJIbHO
(TpaHCASIIMOHHBIE BOJH) WJIH BPAIIAThCs (CHUpAIbHBIE BOHBI). TpaHCIANMOHHBIE W
CIupaJjbHble BOJHBI CYMIECTBYIOT 110 Pa3Hble CTOPOHBI I'PAHUIBI POTOPOB. MBI onnchiBaeMm
3aBUCUMOCTH (DOPM M KUHEMATHUECKUX MapaMeTPOB TAKWX BOJH OT TAapaMeTPOB CPEJIH,
u 006JIaCTH CYIIEeCTBOBAHUS PAa3/JIUYHBIX TUIOB BOJH B IapaMeTPHYECKOM MPOCTPAHCTBE.
Pe3ysibTarThl COMIACYIOTCS ¢ TOAYYeHHBIMEA METOJOM CBODOJHOW TpaHuipl |55, 57, 77).
[IpencraBienable pe3yabTaThl — OoJee MOJHBIE B TOM CMBICJIE, UTO PACCMaTPUBAIOTCS
Bapualyu NapaMeTpoB, KOTOPbIE€ HE BbIPAYKAIOTCH B TEPMUHAX TEOPUHU CBOOOIHON I'PAHUILHI.
Konedno, Bompoc peajim3yeMOCTH TaKUX 3HAYEHUI TTapaMeTpoB B KaKOi-In00 KOHKPETHOM
cucteMe peakiusg-auddy3us ocTaeTcs OTKPHITHIM, TaK KaK NapaMeTpbhl KHHEMATHIECKOTO
OMUCAHWS TTOKA He TOJTYYeHBl HU aHAJIATHICCKN HU YucaeHHO. OTBEeT HA 3TOT BOIPOC OyaeT
JACTUIHO JaH B pasjene 5.3.

CrpykTypa »3TOil 4YacTu IviaBbl chaenyomad. B pasmere 5.1.2 wMbl  obcykaaeMm
MaTeMaTHYecKyI0 TMOCTaHOBKY 3ajaum. B pazgerax 5.1.3 m 5.1.4 MBI mpeacTaBisgem
pelieHus B BHJE TPAHCAAIUOHHLIX U chnupabHbiX BosiH. Hakower, B pasjese 5.1.5 Mbr

CpaBHUBaEM HaIllW Pe3YyJIbTAThl ¢ Pe3yabTaTaMi MeTo1a CBOOOIHOW TPaHUIIHI.
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5.1.2 IlocTanoBka 3agad4u.

CranmonapHasi BOJHA yJIOBIeTBOpsieT ypaBHenuto (2.42). Jlist ciydast Majoil KDUBU3HBI
K < 1 oHO MOkKeT ObITh MPHUBEAEHO K By (2.44), rjae w — yrioBasi CKOPOCTh BDAIEHUS
JUIST CIIUPAJIBHBIX BOJIH M w = ( JjIg TPAHCJANUOHHBIX BOJIH. ['paHuvHoe ycjaoBUe Ha
GeckonednocTr uMeet Buj (2.41). [paHudHble yeI0BUs Ha KOHUHKE ObLIH ¢hOPMYITAPOBAHBI
B rase 2. Ix Ge3pasmepmas dbopma a1s cyuas Magenskux £ < 1, Q < e u £ (0) < £(0)

MOZKET OBITH TPEJICTABICHA KaK

K(O0)=0a; na+r(0)+2=0 (5.1)
31ech
o= e@, n=vy+ e—ylVS o (5.2)
1241 141

B s1om pasjesie mbl OyjeM paccMarpuBarb OKpPeCcTHOCTH TOYku € = 0, v = 0, Tak 410
mapamerpebl o < 1, 7 < 1. Kpowme Toro, nosesso 3amernTs, uro, Kak cieayer u3 (2.40),

CKOPOCTH COKpAIlleHNs KOHYNKa paBHA
G/V.=n (5.3)

Takum obpasom, ypasuenue (2.44) ¢ rpanmunsivu yeaoBusmu (2.41), (5.1) npeacrasiser
coboit 3amady Jisi HemsBecTHOH dyukiun k(o) u wHemspectHoro uuncia ). Ee pemenus ¢
) # 0 cOOTBETCTBYIOT BPAIIAMOIUMCS BOJIHAM, a perterns ¢ {2 = 0 — TpaHCIATHOHHBIM

BOJIHAM.

5.1.3 TpaHCasaIIMOHHBIE BOJIHHI.

Pacemorpum cayuait = 0. @aszosbie moprpersl ypasHenuii (2.42) u (2.44) npu Q = 0
npejcTaB/ieHbl Ha pucyHke 5.1. OTMerum, 9TO B 3TOM CIydae YCJIOBHe Ha OECKOHETHOCTH
(2.41) me BbImessieT eMHCTBEHHON (Da30BOl TPAEKTOPHHU, TAK YTO OCTAETCST BO3MOKHOCTH

VJIOBJICTBOPHTD /IBA TPAHUIHBIX ycroBus (5.1) Ha KOHYHKE.
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Puc. 5.1: (a) ®azoswiit noprper ypasuenus (2.44) mpu 2 = 0. Ilokazanbl cemapaTpuCHOe perieHne
(5.4) u no aBe TpaekTopuu Kaxkaoro u3 cemeiicts (5.5)—(5.7). ®a30Basg MIOCKOCTb PA3JEJEHA OCAMU
K W cemapaTpucoil kg Ha TP OGIACTH C PA3IMYHBIM HOBeAeHHeM pernennii. CIpasa OT CemapaTpuchl
PaCLOIOKEHbI PelieHus Ky, Buaa (5.7). s 9Tux pemieHuit KpUBU3HA 00PAIIACTC B OECKOHEYHOCTH HA
KOHEYHO! JIJIMHe, TaK YTO OHW He MOTYT YIOBJETBOPAThH MPAHMYHOMY YCJIOBHIO Ha OECKOHEYHOCTH (2.41).
CiieBa OT OCH K DPACIOJIOXKEHBI DEIIeHHs f_ THIA BOPHYTHIX BOAH (5.5). OHE HAYMHAIOTCA W3 TOUKH
k =0,k = 0npu 0 = —00 U BO3BPAIAIOTCH 3Ty TOYKY Ipu 0 = 400, Hakomer Mezay ocbio
K u CenapaTpucoii kg PACIOIOXKEHbI DEIIEHUs Ky BUIA BBIMYKIbIX BOaH (5.6). x mosemenue momoOGHO
MOBEJIEHNIO CETapaTPUCHOTO PEIIeHNst, m.e. (ha30oBble TPAEKTOPUH HAYT OT GECKOHEYHOCTH K TOUKe Kk = 0,
K =0, npu m3menennn o or —Af /AT (mwnu —A pna ko) 10 +00 (HEKHSS YACTB) WM OT STOf TOYKH
B GECKOHEYHOCTD, IIPU U3MeHenun o or —oo 10 —Af /AT (—A nna ko) (Bepxuas gacts). (b) Paszobbiit

!
noprper ypasuenus (2.42) ayis cpaBuenus. MoxKHO BUAETD, YTO TP MAJIBIX K U £ DPA3HUI HE3HAYATEIHHA.

g 6onbinux k > 0 Tpaekropuu (2.42) 3aMKHYTHI, TOr/a Kak Tpaekropuu (2.44) yxoaar B 6eCKOHEIHOCTb.
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Ob6mrwe perrenns ypasuenns (2.44) npu Q = 0:

ko(o) = 2/(c+ A)? (5.4)
k_(0) = —2A%/cosh’(Ajo + A) (5.5)
ki(o) = 2A%/sinh*(Ajo + AY) (5.6)
kp(0) = 242/ cos®(Aio + As) (5.7)

C IPOM3BOMBLHLIME OCTOAHHBLIME HHTerpupoBanus A, Ay, AY A,. Tax uro, upun a = 0
samava (2.44), (2.41), (5.1) umeer exuHCTBEHHOE DerieHre B (hOPME MOy IIOCKOIT BOTHBI
r = 0. Huxke mbr paccmarpuBaem o # 0.

Bcee pertennst Ko+ yJIOBJIETBOPSIOT TDAHUYIHBIM YCJIOBUAM Ha GeckoHednoctu (2.41).
Ux rpadbukn #Ha mwiockoctd (0,k) W (HOPMBI COOTBETCTBYIOMINX BOJHOBBIX (DPOHTOB
NpeJ/ICTABIEHBl HA PUCYHKE H.2.

Pemrerme (5.7) me ymoierBopsger rpanumdHoMy ycaosuio (2.41). Kpowme toro, mis
sTOro pemenust K, > 1, xorma Al + Ay — /2, u ciegoBarenpHo (2.44) — mHe
YJOBIETBOpHUTEIbHOE npubazKenue st (2.42). Jljist mOJTHOTHI, Mbl IPUBOJAUM YUCIEHHOE
pemerne ypapHenus (2.42), cooTBeTcTByIOIee 3aMKHYTOH (a30Boii TpaekTopunu Ha
PUCYHKE 5.3.

Mpl OymeM HA3BIBATH pelleHue K_ BOTHYTOI, a pelleHHe K, BHIMYKJIOW BOJTHOU, B
COOTBETCTBUU C BBINYKJIOCTHIO WJIM BOIHYTOCTHIO BOJTHOBOIO (DPOHTA B HAIlpaBIEHUH
nBukeHuda. Pemenun kg OyeT Ha3bIBATHCS JOTAPHMMHUYECKONR BOIHON, MO MPHIMHAM,
KOTOpBIe OYIYT SICHBI MO3ZKe.

[TponsBosIbHBIE TOCTOSHHBIE B PEHICHUSAX Ko+ MOIYT ObITH HOJYYEHbI M3 I'DAHHYHBIX
yeaosuit (5.1):

A=2/n, A= 1 (n* — 2a)1/2, tanh A, = coth A] = % (5.8)
2 (n? — 2a)
BMeECTe C

n* > 2a (5.9)

AJigd CyIneCTBOBaHUA TPAHC/IATMOHHBIX BOJIH.
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Puc. 5.2: Kpususna xax yHKIMsA AJUHBI BAOAL (DPOHTA I TpaHCAATHOHHBIX BomH (5.4)—(5.6):
(a) ko(o) mpu a = 0.1; (b) ky(o) mpu a« = 0.1, n = 0.5; (¢) k_(0) mpu o« = —0.1, n = 0.5.
Coorsercrayowue dhopmbl dponra nokazanbl Ha pucynkax (a’)—(c’). Touku na dponrax uzobpazkawor
konuuku. [Ipomonmxkenus GpoHTOB 3a TOUKY OOpbIBA (KOHYMK) MOKA3aHO MyHKTUPOM. CTPEIKu — CKOPOCTH

pacmpocTpanenus GpPOHTOB.
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Puc. 5.3: (a) Kpususna rak byHKOus IIUALI BIOAL (HPOHTA MOTydeHHas TPU THCICHHOM DereHuy
ypasHenns (2.42) mpu Q = 0. B rpanmusbix yciaoBusx (6) momoxkeno o = 0.01 w n = 0. (b)
Cooreercraytomas dpopma dpponra. Touka Ha dporTe — KOHUIUK. [Ipogomkenne ¢GpoHTa 32 TOUKY OOPBIBA

(koHuYUMK) 10Ka3aHO nyHKTUPoM. CTpesika — CKOPOCTh PACIPOCTPAHEHUS! BOJIHbL.

13 dazoBoro moprpera Ha pUcyHKe 5.1 BUIHO, UYTO TPAHCASIMOHHBIE BOJHBI — 3TO
BOTHYTHIe BOJHBI £, eciit £(0) < 0 u torapudMudecKkue Ko UIH BBIIYKJIbIe BOJHbI £ (ecau
oun cymecrsytor) npu £(0) > 0. Jlorapudmudeckass BOTHA Ko COOTBETCTBYET PABEHCTBY
B (5.9), a BBIIYKJAs BOJHA K, — CTPOrOMY HEPABEHCTBY. 3aMETHM, YTO DPeIleHUs Ko
M K4 MOIYT YJOBJETBODSATH I'DAHMYHBIM yCJOBHsl Ha Oeckoneunoctu (2.41) Toabko ecn
k'(0) < 0. Torma, u3 (5.3), ¢ yaerom Q = 0 u £(0) > 0, MOKHO 3aKJIIOUUTH, YTO B ITOM
ciaygae n > 0. [IpuHuMasi BO BHUMaHWe rpaHndHble yeaoBus (5.1), 06gacTu cynecTBOBAHUST

TPAHCIATMOHHLIX BOJIH PA3JIMYHBIX TUIIOB MOXKHO B HTOI'€ OIIMCATh KakK:

k=0 : a=0 (5.10)
ko @ N*=2a, n>0 (5.11)
ke a<0 (5.12)
Ky @ 0P >2a>0, n>0 (5.13)

Yeqopust (5.11), u (5.13) mogpasymeBaror, 4To JorapudMUIeCKHe BOJHBI Ko U BBIITYKJIbIE
BOJIHBI K BCErJa COKPAINAIOTCA W HUKOTAA HE IPOPOCTAIOT, TOrAA KAK BOTHYTHIE K_ H
IJIOCKUE BOJIHBL £ = () MOI'YT KaK COKPAIIATLCS TaK U IPOPOCTATD.

dopma pporTa B [lekapToBbIX KOOpAMHATAX MOXKET OBITH MOJyUeHa U3 ypaBHEHHI B
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K’ 9—2/3

(a)

HATypaIbHBIX Koopauuarax (5.4)—(5.6) mpu mOMOIIN COOTHONICHTIT

00) = [ kal©, a(o) = [eosto(@)dg, (o) = [sinolenac  (519)
0 0 0
CremgoBaTeIbHO JAJIbHAE ACUMIOTOTHKHU, IPU 0 — 00, HAIIUX PEITeHHIA:
Yo ~ const+ 2Inx
y+ ~ tan(24))x (5.15)

VIMeHHO TOSTOMY MBI HA3BAJU peIlleHue Ko JorapudMudecKoil BOJTHONH. 3ameTum, 9TO
acumuroruku (5.15) coBHAZAIOT € JAJBHUMH aCHMOTOTHKAMHU st “retracting waves'u
"critical finger"[57|. Pemenne k_ 06e3 oOpwiBa coBmagaer ¢ V-00pa3sHbIMH BOJHAMH,

onucaHubIME B [59)].

5.1.4 CrmpaJjbHble BOJHBI.

DaszoBble moprpersl aas ypasuenuit (2.42) u (2.44) npu Q # 0 nokasamsl Ha puc. 5.4.

Paznnunga MeKAy HUMHU HE3HAYUTEJIbHBI, €CJIN K 1 /ﬂ'// MaJIbI.

/

-1

-2

-1 0 1 |
023

0 1

Puc. 5.4: (a) ®aszossiii noprper ypasuenns (2.42) npun Q = 0.5 B kKoopauuarax (kQ~2/3, k' Q~1). (b)
®azosbrii moprper ypasmenus (2.44) B koopammarax (k€22 3,/<;/Q’1). O — HenojaBwKHas TOYKa, | —

HEPABHOBECHAsI CUHTYJIsipHAs Touka. 2Kupnas crmomuas gunauss AQ — cenaparpuca.

Pemtenusi, coorBercrByioniue (a30BbIM TPAEKTOPHAM copaBa or cemaparpucet AQ

Ha puc. H.4b jgocruraior G€CKOHEYHOW KPUBU3HBI HAa KOHEYHOW JJIUHE W CJIEJIOBATETHHO
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He YJOBJIETBOPSIIOT IPAHUYHOMY YCJOBHIO Ha Geckoneunoctu (2.41). CoorBercrBytoriue
TPAeKTOPHH Ha PHUC. 5.4 He cTpeMaTcd K 06CKOHEYHOCTH, HO KPUBHU3HA, CTAHOBUTCS OYEHD
oonpmioit, k > 1, To ecTh KHHEMATHYECKHH MOAX0J (popMaabHO HempumeHuM. JIs
MOJTHOTHI, MBI TPUBOAUM (DOPMY ITUX DeNieHuil B Buae 'n30rHyTOH cnupasn'Ha puc. 7.

Nmerorcs aBa pa3iWdHBIX THIIA PeIIeHHil, KOTOPBIE YIOBIECTBOPAIOT I'DAHHIHOMY
yeaosnio Ha Oeckonednoctu (2.41). Hekoropbie pemnieHusi OPOXOJAT depe3 TOUKY [ Ha
puc. 5.4 B JIeBYIO MOJIYILIOCKOCTh, ¥ KPUBU3HA, CTAHOBUTCSI OTPUIIATE/IHHON. DTO 03HAYTAET,
9TO BJAJIM OT KOHYUKA, BOJHBI PACIPOCTPAHSIOTCS K IEHTDPY BpAIleHHs, a He OT Hero.
Mpi Oy1eM Ha3bIBATDH 3TH BOJHBI CKPYYHBAIONIUMHUC CIHPAJIAME. 3aMETHM, YTO MOJ00HBIE
o6pa3bl HAGIIOJATHCH B JYUCIEHHBIX 3KcrmepuMeHnTax [28] B orpanmueHHoii cpene. B
HEOTPAHWYEHHON Cpejie CKPYUIUBAIOIIHECs CIUPAJH HUKOTJIA He HaOJII0IAINCh U, CKOpee
BCEro, HEYCTOWYHMBHI. /s MOJTHOTHI, IPUMEP TAKOI'0 PelleHUs U COOTBETCTBYIONAasd (DOPMBI
dbponTa npejcraBienb Ha puc. 5.5(b—b”), ogHaKO B JanbHeillleM Takue pelleHUs He
paccmarpuBatorcd. . Jpyroit tun pemenns — cenaparpuca AQO Ha daszoBom noprpere. B
OTJIMYWE OT MPEIBIIYINEro THIIA, ITO PENeHne MOJTOKUTETHHO BCIOAY U Oy/1eT HA3BIBATHCS,
packpyunBarorieiics cnupaibio. I'padur k(o) u dopmbr dbpoHTa I ITOrO perneHust
nokasaubl Ha puc. 5.5(a—a”). Jlajee MBI pacCMATPUBAEM TOJNBKO PACKPYUHBAIOIHECST
CIIIpaI, TO eCTh Mbl 3aMeHsieM TpDaHHYHOe ycjIoBue Ha Oeckonewnoctu (2.41) Gomee
JKECTKHM:

k(400) =40 (5.16)

Bee permenus (2.44) MoryT ObITH ONHCAHBI AHAJHUTUYICCKH. YJOOHO CAETaTbh 3TO B

KYyCO4YHOM BHJE:

QQU?

r(o) = £(9/2) PRPEEPL £ Y(Q), (= 5 oo — al?/? (5.17)
C BepXHIME 3HAKAME 1
Y(Q) = (a7-2/3(C) = J123(Q)) / (J-1/3() + aT41s3(0)) (5.18)
115t 0 < 0, WM HEAKHIME 3HAKAME W
Y(¢) = (La2s3(Q) — al-2s3(¢)) / (I-1/3(¢) — al41/5(C)) (5.19)
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Puc. 5.5: 3asucmmocts KpuBm3HBI OT AmUHBI BAOML (ponrTa maa (a) packpyumsatomeiica u (b)

ckpyuuBamolieiica cuupaneit u (a’,b’) dopmbl ux dponros. O6e cnupanu BPAIIAIOTCS MTPOTUB YACOBOIL

crpesiku (II0KA3aHHO CTPeJKaMK) BOKPYI Havasia koopiunar. Konuuku nokazanbl roukamu. lrpuxosbie

KPYTH - TPAEKTOpUH KOHUMKOB. [lapamerpsl cnupasneii: (a) a ~ 0.13, n =~ —0.67, Q = 0.1 (b) a = 0.19,

n = —0.89, Q@ = 0.2. (a”, b”): YBenuuennble u300paKeHUs MTPUXOBLIX JIMHUEH MPAMOYIOJIbHUKOB Ha
2 J

(a’) u (b 7). PackpyunBaromascss cnupaJib Ha PUCYHKe (@) MOIy4eHa U3 aHATUTHYIeCKOro pemenus (5.17),

ckpy4uBamowasics (b) — pe3yiabrar 4ucJeHHOr0 MHTErpupoBanus ypasuenus (2.42)
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IJIst 0 > 0, TAE 0g U ¢ — MoCTosiHubIe naTerpuposanust; J,(x) u I,(z) — dbynkunn Beccens
u MopudunupoBannbie (hbyuknun Beccens coorsercTBenno. Mbl HA30BeM 9TH YacTH J-BeTBb
U [-BeTBb COOTBETCTBEHHO; 3aMETUM, UYTO OHU SIBJISIIOTCS AHAIUTHIECKUM TTPOIOTKEHHEM
JPYT Apyra. DTH PEIIeHUs YI0BICTBOPSIIOT IPAHIYHBIM yetopusaM (5.16) Toabko Korma ¢ =
1. Pemenus ¢ ¢ < 1 cOOTBETCTBYET CKPYUYUBAIONIUMCS CHUPAJISIM, & ¢ ¢ > 1 COOTBETCTBYIOT
(bazoBBIM TPAEKTOPHUSIM CHpaBa OT CENapATPHUCH.

Touka orBevaromas konauky (o = 0) Moxker ObITh Ha J-BeTBE ecin 0 > 0 (cnmpasbHas
BosiHa J-tnma) mwan Ha [-BerBH ecan oy < 0 (cmmpanbmas Bonna [-tuna). Beckomednsrit
XBOCT CIIUPAJIU B O0OUX CJIyUasiX OMUCHIBAeTCs [-BeTBbIO. TaK UTO crimpasu J-Tuma cocTosaT
u3 ABYX dacTeil, J-BeTBb BOM3M KOHYMKA W [-BeTBb B OCTAJBHOI WacTu, Tormga Kak I-
CIIUPAJIN COCTOAT TOJABKO M3 [-BeTBH.

Hudbdepennupys (5.18), (5.19) mo ¢ ¢ yderoM peKypeHTHBIX COOTHOIICHUIl [Jisi

dyuknmit Beccens, momyanm
Y'(()=F1-Y*-Y/(3¢) (5.20)

Tax 4ro u3 (5.17) umeem

K(o) = Q[3¢(1 £ Y2(Q)) 1] (5.21)

13 (5.1), (5.17), (5.21), nomydyaem rpaHUYHBIE YCIOBUSA HA KOHYHKE JJIs clupajeil J-Tumna

u [-tuna:
62/ 2\ ~2/3y2/3 __
3(1 £ Y26 = —na (5.22)

rae Yy = Y ((o), o = V2Q/3 - |oo>? 1 Y(¢) — coorsercryiomas dbynxius u3 (5.18) win
u3 (5.19).

Takum obpasom, 3ajada O CHUPAJIbHON BOJIHE CBeJeHa K TPAHCIEHIEHTHON
anrebpandeckoit cucreme (5.22) ormocurenpno (p u ). Ilpoume KuHEMATHYECKHE
IapaMeTpsl COUPAJIBbHON BOJTHBI MOTYT OBITH BBIDAYKEHBI Yepe3 ITU JiBe BeJNIHHBL. B

YACTHOCTHU, PAJUYC sJpa 7o U YroJa MEXKIy KacareJabHOi K (DpPOHTY B KOHYUKE WU
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HANPaBJICHNEM OT IEHTPA BPAIICHUA K KOHIUKY ¢ ONPEJeaAiOTCs KaK
ro=[(1—a)? + 7"/, tang =1/(1 - a) (5.23)
Pemenne ypapuennii (5.22) ¢ y4eToM moioKuTeAbHOCTH §) HMeeT BHI:
1
Q=_— (2o F 772)3/2 (5.24)
6¢o
rie (o — HAMMEHBIIHii MOJOKUTETbHBIN KopeHb ypasHenust Y ((y) = Yy B koropom Y ({)
B3sTa u3 (5.18) win (5.19) u

Yo— 7 1 (5.25)

(£(20 = ?)"?

Bepxnune mim HHMXKHHE 3HAKH, W CJAeJ0BATEIbHO J- WaM [- TUI COUpAJIH, BHIOMPAIOTCS

Tak, 9T00bl BbIpasKeHHe B MpaBoil yacTu (5.25) OBLIO HOJOKATENBHO, TAK 9TO J-CIupaIn
CYIIIeCTBYIOT €C/In

n’ —2a <0 (5.26)

a [-cimpasu, ecin

n® —2a >0 (5.27)

B nocjaeagHeM Ciaydae, uMeeTCd JONMOJTHUTEJIbHOE H€O6XO,ZLI/IMO€ yciaoBue, ciaeayroiiee mu3

tpebosanua Y (¢) < —1 Berrekaomero u3 (5.19) mia ¢ = 11):
n<0, a>0 (5.28)

Cpasuusasg (5.28) ¢ (5.3), MOXKHO BHJETh, 9TO [-CIUPATH MOTYT TOJBKO IIPOPACTATH, TOTIA
KaK J-CIMpaI MOIYT KakK IIPOPACTATH TAK U COKPALIATHCS.

3ameTnM HAKOHEIl, 9TO O0JACTH CYIECTBOBAHUS CKPYUMBAIONNXCS crupajei [- u J-
tuna ¢ ¢ < 1 omucwiBaiorcs HepasencTBaMu (5.26)—(5.28) cOOTBETCTBEHHO, TaKXKe KAK H

JII PAcCKpyUIUBaIOMUXCcs crupaJsei [- m J-TUmoB.

1Y Heitcrurensuo, mpu ¢ = 1 dynxuuio (5.19) Moxkno mepermcats B Buje Y (¢) = —K5/3(0)/ K1 /5(¢)-
Tenepb, BOCIIONIB30BABIIUCH HHTETPATBHBIM TIpecTaBienneM 3oMmmepdenbna miist pyuknun MakaoHambna

K,(¢) = [ exp(—( cosh)) cosh(v1p)dep, nerko Bupers, uro npu v > 0 Bpmonusiorcs Hepasencrsa K, (¢) >
0

0u d,K,(¢) = [¢exp(—Ccosh®)sinh(rp)dy > 0. Taxk uro K, ({) BO3pacTaeT mo MHAEKCY M 3HAYHUT
0

Ks/3(¢) > Ky/3(¢) > 0, orxyna Y (¢) = —Kz/3(¢)/K1/3(¢) < —1.
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5.1.5 Ob6cyxnaenne.

XoTs penreHds ¢ OOMBIIUME KPUBH3HAMH U CAMOIEPECEYEHUsIME MOLJIH Obl OBITH
UHTEPECHBI C TOYKU 3PEHUS JIBUKEHUS a0OCTPAKTHBIX KPUBBIX, X MOYKHO IIPOUTHOPUPOBATH
B KOHTEKCTE BOJIH BO30YZKIEHUS, TTOCKOJILKY OOJIbIIIHE KPUBU3HBI HAPYIIAIOT IPUMEHUMOCTh
KHHEMATHYECKON alllIPOKCUMAIIMH, ¥ BOJTHBI BO3OY K/IEHHS BO BCEX U3BECTHBIX BO30OYTMMbIX
cpe/laX CUJIBHO B3aUMOJEHCTBYIOT APYT C JPYTOM W HE MOTYT HaKJIaIbBAaThCd. ObmacTu
CYIIIECTBOBAHUS I JAPYTUX TUIIOB PeleHuil npeacrasiensl Ha puc. 5.6. MoxKHO BUIETD,
9TO 00JIACTH CYIIECTBOBAHHS TPAHCAANMUOHHBIX M CHUPAIBHBIX BOJH TOYHO JOIOJHSIOT

APYr ApyTra, TO €CTb ME2KJAY HUMH HET HHKAKHX ITPOMEXKYTKOB HJIH HeperbITI/HL/'I.

1.5 . . . .
1 r C 7
0.5 r J 1

= 0

-05 v 1
-1 r I .

-1.5 : : : :
-1 -0.5 0 0.5 1 1.5 2

o

Puc. 5.6: O6nactu cymecrsoBanus CIMpajbHBIX W TPAHCIAIUOHHBIX BOMH B KoopamHATax (o, 7).
CuJiouHble JIMHUKM — PAHKULBL MexK /1y obsiacrsmu. 2KupHas junus otaenser objacru cuupasibibix (I u J)
u rpancnsinnonubix (C' u D) BonH. B obnactu “J”, rae Boimonarero (5.26), CyIIeCTBYIOT CTUPAIbHBIE BOJTHBI
J-tuna. O6aacrs “I” onpezaenena ycaopuamu (5.27), (5.28). B Hell cyImecTBYIOT CIUpaIbHbIE BOTHBI [-THITA.
O6aacrp “C” onpepesena yciopusmu (5.13). B aroit obsiactu cymiecTBYOT BbINYKJIble TPAHC/ISIMOHHbIE
Bonubl (5.6). B obmactu “V”, rme a@ < 0, CyIIECTBYIOT BOTHYTbIE TPAHCIANMOHHBIE BOMHBL (5.5) (“V-
obpasubie Bonmub’). Kpome Toro, Ha rpanute obmacreii “J” u “C”, cylecTByOT JorapudMUIecKue BOJTHbL

(5.4), a Ha muHEA o« = 0 — MOIYNIIIOCKHE BOJIHBIL.
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Ipannner mexay obmacramu “J” u “C” (J/C-rpannna) u mexay “I” n “V” (I/V-
IPAHHIA) PA3JIeNSIIoT 00JACTH TPAHCAAIMOHHBIX U CIHPAJbHBIX BOJMH. VX o0bennHeHue
MOKeT OBITH HACHTH(DUITPOBAHO ¢ (PeHOMEHOIOTHIeCKON rpanuneir poropoB Winfree OR
[45], a ogna u3 ee wacreil — J/C-rpanuna — ¢ rpaHuieii MexKay COUPAJTbHBIMA BOJHAMU
u “retracting waves”, omucanuoii B [77|. Ilomuepkuem, uro J/C-rpaHuiia OMUCHIBAETCSI
dbopmyoii (5.11) Tonbko B okpectHocTH TOukM epsE = 0, gamF = 0. Jabueiiniee
ee MOBEJIEHUE MOYKET CJIYXKHATh HMPEIMETOM OT/AE/JTHHOIO HCCIeJI0BAHUS, KOTOPOEe TMOKA He
POBOAMIOCH. B ormaun or wee, [ /V-rpanuna — 310 npocto junus € = 0.

CpaBHUM 3aBUCUMOCTH CKOPOCTH COKPAIIECHHUS TPAHCISIIMOHHON BOJTHBI HA PACCTOSHUN
d ot J/C-rpaHuIilsl B mapaMeTPUIECKOM TPOCTPAHCTBE, KOT/IA 9TO PACCTOSHUE MATO, JIJIsT
HAIIMX BBITYKJBIX BOJH 1 “retracting waves” B Teopun ¢cBo0O0aHO# rpanutisbi. [Ipex e Becero,
ONpejiesIeHns CKOPOCTeil COKpallieHusi B HacTosieil pabore u B [55, 57, 77| HECKOIBKO
pa3IMYaloTcs. 37eCh TO MPOEKIUs CKOPOCTH KOHUHMKA Ha KACGMEALHY0 K dpoumy 6
KOHYUKE; JTajiee TaK OIIPeJIE/IEHHAs CKOPOCTb COKpAIeHus OyIeT HA3BIBATHCS JIOKAJTBHOI.
A B |55, 57, 77|, 5T0 TPOEKIMsI CKOPOCTH KOHYUKA HA GCUMNMOMUNECKOE HANPABAEHUE
pporma, edasru om xornvwuxa. Ee Mbl OyeM Ha3bIBATH I106AIbHON CKOPOCTHIO COKPAIICHUS.
Mpui coxpanum obo3nadeHne GG s JIOKAJBHOW CKOPOCTH, U 0DO3HAYUM TJIODATBHYIO KaK

G9'°. TnobasibHast CKOPOCTh COKDAIEHHsT MOKeT ObITh BhIPasKeHA depes JIOKAJbHYIO Kak
G9' = G cos @ — Vj, sin @ (5.29)

riae V,, = Vi(1 — k(0)) — HOpMasbHAST CKOPOCTD KOHUHKA, a ¢ = ¢(00) — HHTerpabHbIii

usru6 dponra. O6ozHaunE § = o — N?/2, MOAYUUM I HAIIUX DelleHuii:
GI/V. = O (5.30)
Giytlob/‘/* _ (25)1/2 +0 (773, 53/2)
OTH aCHUMITOTHKH COIVIACYIOTCA JJIsd MaJiblX 1), U coBOnajaior jgiag n = 0, ¢
npejacTaBaeHHbME B [55]: G = 0 s “critical finger” u G 52 nna “retracting waves”.

Tak 4TO HaIM pelieHus B BUJE BBIIMYKJIbIX BOJH K MOXKHO HJAEHTUMUIUPOBATH C “re-

tracting waves” B Teopuu cBOOOIHON IpaHUIbI, & JorapudMuIecKas BOJIHA Ko UJICHTUYHA,
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“critical finger” B 3T0i1 Teopun.

Haxomnemn, u3 (5.24) MOXKHO MOy YUTH ACAMITOTHKY 4acTOTH Bparenus §2 soausu J/C-

TPAHHIIBI:
V2
O~ =52 5.31
3 (5.31)
rae (., — HAIMEHBIINii IOJOKUTEeJbHBIH KopeHb ypasHemus J_1/3(C.) + Ji/3(¢) = 0.

Anamornunas acumnroruka BOsu3u [ /V-rpaHuupl, riae poJb PACCTOSHUS 0 TDAHHII

Urpaer napaMerp o, MMeeT B IVIABHOM HOPSJIKE 0 v BUJI,
Q~ —na/8 (5.32)

Acuvmroruxa (5.31) cosnagaer ¢ nomyuennoit B [77]: Q o< §%/2. Ormernm, uTo B OTAHYNHT
OT moKaszaTessd crenenn, Koybdunuents: B acumnrorukax (5.30), (5.31), (5.31)3aBucar ot
crocoba onpeeeHns paccTosus 0. Hanpumep, eciim Mbl onpegennm paccrosuane 1o J/C-
PPAHMIB KAK 0 = /20 — 1) (TO eCcTh BIOJb JHHUK (v = CONst, a He 7 = const, KAK 3T0 GbLIO

caenano Beie), o BMecto (5.31), momydnm

5/4 .3/4
N2 <3

/
7 5 (5.33)

[logsensg wrTorM, MOXKHO YyKa3aThb OCOOEHHOCTH TPAHCIAINUOHHBIX K BPAIAIONIHXCS

Q

CIUPAJIbLHBIX BOJH B BO30YIUMOI cpejie, KOTOpPbIe COBIAJAIOT C XapaKTePHBIMU YePTaMH

MOy YeHHBIMH B T€OPUH CBOOOJHOMN rpanuist |55, 57, 77

e Cymecrsyer J/C-rpanuna, MHOXKECTBO KOPa3MEPHOCTH 1 B IPOCTPAHCTBE
nmapaMerpoB  Cpellbl, Ha KOTOPOM CYIIECTBYIOT, TPAHCASIMOHHBIE  BOJHBI

“morapudmuaeckoii ¢popmbr” (morapudmuueckue BostHbL/ critical fingers).

e [To omuy cropony or J/C-rpanunpl, CyIECTBYIOT TOJBKO CHHpATbHbIE, HO He

TPpaHCAAII A BOJIHBI.

e Ilo gpyryio CTOpOHY OT Hee He CYIIeCTBYeT CHHPAJIBHBIX BOJIH, HO CYIIECTBYIOT
TPAHCIAIMOHHBIE (BBIIYKJIbE BOJHBI/retracting waves). AcuMororndeckast popma

BBIILYKJIbIX /Tetracting BosiH JinHelinas.
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e [obambHast CKOPOCTH POCTa KOHUMKA, TO €CTh MPOEKIHS CKOPOCTH KOHYHKA Ha
HanpasieHue (ppOHTA BAAIN OT KOHIMKA, st JorapudMudeckoil Bonnsl/critical fin-

gers paBHa HYJIIO.

e [obanmbHast CKOPOCTH  POCTa  BBINYKJBIX/retracting BOMH — yMEHbIIAETCS €

paccrosiniem § 10 J/C-rpaHuIbl B 1APAMETPUYCCKOM IPOCTPAHCTBE KAk o< 0/2,

e C gpyroit croponst or J/C-rpaHuiibl, 9YacTOTa BPAIIEHUS COUPAJBHBIX BOJIH

VMEHBIIACTCS ¢ 0 Kak o< 0°/2,

B pasmene 3.4, okpectHOCTD JuHuN € = () pACCMATPUBAJIACE, B IPeANOIOKeHnn |y| ~ 1.
dto [/V-rpanuna wa mumarpammve puc. 5.6. CpoiicTBa CHHPATHHBIX U TPAHCAAIHOHHBIX
BOJIH OKOJIO 9TOi IPAHUIIBI OTJHYAIOTCS OT TAKOBBIX 0KOJIO J/C-rpanunsr (cM. pasaen 3.4.2
OTHOCHTEIBHO MOAPOGHOCTEH COOTBETCTBYIONIUX PEIIEHNH), U He HMEET aHAJIOTOB B TEOPUH
cB0bOO1HOM rpanunbl. [loaroMy oHEM MOryT paccMarpuBarThbCsd Kak HOBBIE IIPEICKA3aHUS
KNHEMATN4eCKOl TeOpUM!.

[TockobKY BBIBOJ KHHEMATHYECKHX YpaBHEeHHIl B IyiaBe 2 OBLT OCHOBAH Ha OYEHD
O0IIUX COOOPaXKEHUAX CHMMETPUU H YCTONUMBOCTH, & TaKyKe HA MPEINOT0KEeHUIX
O CyIIECTBOBAHUM HEKOTOPOr0 THUIA PEeIIeHHs, KOTOPOe HEMOCPEJICTBEHHO HUKOTA He
IPOBEPSIOCH, BONpOC HabaogaeMocTt [ /V-IrpaHunbl B pPeATbHON CHCTEME peaKIus-
muchdysun He odeBUICH. ZICHO, OJIHAKO, YTO, €CJIM TaKOe IOBeJIeHHe yIACTCsa HabJII0IATh,
to He B cucreMe tuna PurnXsio-Harymo ¢ jaucnponoprueit BpeMen BO30yKeHUS U
pedpakTepHOCTH, C UMIYIbCAMU, UMEIOIIMMU KPYThie MepejiHue U 33 Hue (PpOHTHI, TaK
KaK TaK{e CHCTEeMBbI OXBATBIBAIOTCA TeopHeil cBOOOIHON IpaHuIbl. M Tak Kak 60JIbIINHCTBO
XOPOITIO M3YUEHHBIX MOojeaeil BO30OYAUMBIX CHCTEM HPUHAIIEKAT K ITOMY KJACCY, ITO
MOXKET OObSACHSITH, TOYEeMYy TaKOe TOBEIEeHNEe TMOKa He HaDMI0maI0Ch. AJIbTePHATHBHBIE
HpUMepPbl BO3OYIUMBIX CHCTEM TaKzKe U3BecTHbBI. [IpocTasd TpexkoMioneHTHas BO30yIuMast
CHCTEMa € KPYTBIM MEPEJHHM, HO TJIAJKHM 3aJHHM (POHTOM OBbLIa MpeJIOKEeHa eIle
B 1972 [78]. UsBecTHO TakzKe, YTO B YDABHEHUSX CEPACYHON BO3OYMMOCTH BO3HUKAIOT

UMITYJILCHI BO30YKJIEHUS ¢ KPYTHIM IMEPEJHUM, HO He 33aHuM (gpoutoM. Takyio dhopmy
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NMEOT WMIYJIbCH BO30y:KaeHuss B Momenan AgmeBa-lIlamdmunaoBa, Ha KOTOpOit yIaaoch

HaOJII0IATh XapaKTepHyto st [ /V-rpaHuiibl acCUMITOTHKY (CM. pa3jen 5.3).

5.2 CpaBHeHHE TPAJUIMOHHON M HOBOII KWHEMATUKMU.

B pasmene 2.1 MBI DOAyYmAM ypaBHEHHMS JBUKCHHS, KaK JId JUHAU (DPOHTA,
BOJHBI BO3OY2KJIEHHs, TaK W JJd €€ KOHUYMKA, NpPH IOMOIIU €JIMHON [pOLexyphl
TEOPUM BO3MYIIEHHHA U HCIOJAb3YySd TOJBKO IIPEINOIOXKEHUS O MAJOCTH KPUBU3HBI
dporTa M GAM30CTH K MHOrOOOpPA3MI0 aBTOMOJENBHBIX PEHICHHHA B BUAC IOIYBOJH B
NapaMeTPUIECKOM TPOCTPAHCTBE CHCTEM. DTH yPABHEHUS IBUKCHUS TOIYYCHBI 371CCh
BIEPBbIE. Y PaBHEHHS IBUKEHUS 3aBUCAT 0T KO3(MDMUIHEHTOB, OIpeIeIsseMblX CBOHCTBAMI
JIMHEAPU30BAHHOIO OIIEPATOPA HA, THX aBTOMOJEC/IbHBLIX PEIICHUAX.

MuTepecHO  CpPaBHATH HAIMM  PE3YJAbTATHL ¢ TPAJAMINUOHHON  KHHEMATHYIECKOM
Treopueit [1, 2|, moCTpOeHHOI YACTHYHO Ha OCHOBE ACHMIOTOTHYECKOTO, & YaCTHIHO
beHOMEHOTIOrTIECKOr0 paccMoTpennsd. TpaJulnoHHbIE ypaBHEHUs IBUYKEHHS KOHUMKA,
(1.15), (1.17) me coBHAJAIOT U He SBIAIOTCA UYACTHBIM CJIydaeM HAIINX HOBBIX
ypasaenuit (2.33), mockonbky (1.17) nmeer apyrywo dbyukmmoHanabayo dbopmy. OxHaxo,
eCId  OTPAHMYUTBHCH CTAIMOHAPHBIMH PEIIEHHAMH, KX MOXKHO PacCMaTpUBaTh Kak
qacTHbI caydail. Hackosbko o crnenmasbubiii? OTBETHM Ha 9TOT BONPOC B TEPMHHAX
OTHOCHTEJBHOI KOPa3MEPHOCTH, TO €CTh YNG4 JONOJHUTEILHLIX YDaBHEHHI JId
HapaMeTpoB, HEOOXOAMMBIX, YTOOBI MOJYYHTH 3TOT ciaydail. Ecim wuckars ycaobud,
KOIJa PeIIeHHd B BHUAE COUPAIbHBIX BOIH WIEHTHYHBI, TO Tpebyercs eInHCTBEHHOEe
JonoaHUTeNbHOEe  yeaoBue (3.126), W B 3TOM CMBICIE, TPAAMIMOHHBIN IOAXO0J HMeeT
OTHOCHUTEIBHYIO KOpa3MepHOCTh oanH. OaHaKo, Kak ObLIO OTMedYeHO B pasaene 3.4.3, OHO
obecnednBaeT TOJBKO (POPMAIBHOE COOTBETCTBUE PElIeHHil, W J1arKe MaJible IIapaMeTphl B
STUX PEINCHUSX MMEIOT PA3JUYHbIA (PU3MICCKUI CMBICI.

Bo3morkna u apyrast mHTEpHpeTanus Bompoca 0 KOPa3MepHOCTH, KOIIa HAC HHTEPECyeT
yCIOBHE COBHNAJeHUs ypasHerull, a He pewenut. UToOBI yBHIETH 3TH YCJOBHUS, MbI

npu BeiBOJE (2.33) coXpaHWwiu GOJbINE WIEHOB, YeM 3TO JeHCTBUTENBHO TpPeGOBAIOCH;
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U HEKOTOpbIE YJIEHBbI HE€ HI'DaJIn HHUKAKON poJan mn3-3a uX ,I[OHOJIHI/ITGJIBHOIU/I MaJIOCTH,

00yCJIOBJIEHHON MeJIJIEHHOCTHIO U3MEHeHNsI KPUBU3HBI BJIOJIb (DPOHTA, HE YATEHHOI aH3ameM

(2.20). PacemoTpuM Temepb MHHUMAJBHYIO “00pe3aHHYI0” CHCTEMY, YIOBIETBOPSIOINLYIO

CAeIYIONIIM TPeOOBAHMUSIM:

1. ona COLAEPZKUT BCE 4YJICHBbI, H€O6XOLLHMBI€ AJ1d TOJIYIEeHUd YHUBEPCAJIBbHOI'O pelleHu A

pazaena 3.4.2;

2. OHA COJIEPKUT BCE UJEHBI, HEOOXOJUMblE I MOJYyYeHHs ‘HElpOpaCTaIonero”’

periterust pazjeia 3.4.3, GopMaabHO 3KBUBAJIEHTHOTO “TPAANIIUOHHBIM CITHPAIbHBIM

BOJTHAM;

3. OHA COJIEpPXKHUT BCe WIEHBI, HEOOXOAMMBbIE JIJISI TOrO, YTOOBI “TpagUlHOHHBIE’

ypaBHEeHHUs ABHKeHus Kondnka (1.15), (1.18) okazaguch ee 4aCTHBIM CIyYaeM.

DTa MUHUMaIbHAS CHCTEMa uMeeT BUJ (Mbl omyckaeMm cuMBoibl O ())

0 = 6)\0‘{'(D—)\Q)K,‘i‘(g*+€M0—>\1)K+(M1—)\3)K2

W = 6)\0—)\1[(—)\2[(/—)\3[(2

G = giteu+mK

(5.34)

Temnepn, paccMoOTpuUM YaCTHBIH Cy4ail, ONpeeeHHbIH CJIeAYIONIIMI MATHIO YCJIOBUSIMHE

.=0, XA=0, M=0, =D, A=0
U 1epeobO3HaYNM TapaMeTphbl
K. = —epo/p1, 7= —
Torma MuHUMaIbHAS CUCTEMa MPUMeT BT
0=K.,— K(0), w=-DK'(0), G=~K.— K(0))

copnamatommii ¢ (1.18), (2.6), (1.15).
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Taxkum obOpa3zoM, B TepMHUHAX YpPaBHEHUIN JIBUKEHWS, TPAJUIUOHHBIN ciydail mmeer
HAMHOTO H0JTee BBICOKYIO KOPA3MEePHOCTD MATh. DTO O3HAYAET, UTO, B TO BpeMs KaK UMeeTCst
HEKasl BEPOATHOCTH TOTO ITO B KOHKPETHO! cucTeMe yeroBus (3.126) OKazKyTCs BHIMOTHEHbI
C Pa3yMHOH TOYHOCTBIO, W CTAIlMOHAPHAsd CIHpajbHAasg BOJHA Oy/1eT MMeTh CBOICTBA,
[peJICKa3blBaeMble TPAJAUIAOHHBIMA YPABHEHUAMI, UMeeTCs HAMHOI'O MeHbIIasg HaJexk/1a,
aro naTh yetopuit (5.35) 6yayr ckezfqyj BHIOMHEHBI OJHOBPDEMEHHO, JTazKe TPUOJIUKEHHO.
Tak 49TO A8 TPHUMEHHUMOCTH TPAJUIHOHHBIX YyPaBHEHHWIl HEOOXOJIUMBI CIleliaIbHbIe
VCJIOBHUS THTA HAJUYNS PE3KOTO NepemaHero u 3aaHero ¢ppouToB. [IpuMernMocTh ke 3THX
VPaBHEHUI I/ HEYCTAHOBUBIIUXCS DPEXKWMOB ellle 0ojee OrpaHWYeHa, TaK KaK B ITOM

caydae, “TpaJuIllnoOHHbIe” ypaBHEHHUSI HE COOTBETCTBYIOT HOBBIM.

5.3 YmnciaenHoe mMoaeampoBaHIEe CBOOOIHBIX CIMPAJIEIA.

5.3.1 BsBezaeHme: TIOCTAaHOBKA 3aJda4d ©W  BBIOOP o00BeKTa

MCCJIeIOBAHMSI.

Bormpoc o ToM, Kakas 13 KHHeMATHUeCKUX Mojeseil (Kiaccudeckas [1, 2| win onucanuas B
pazzese 2.1), sydrine onucbiBaeT aBTOBOIHBI B HCCIEAYEMOIl Cpejie MOKeT ObITh PereH mpu
IOMOTIU YUCTEHHOTO SKCHePUMeHTa. Bojiee TOYHO, MOCKOIbKY MOCTPOCHHA HAMHU MOJIED,
KaK OBLJIO TIOKA3aHO B pasjesie 5.2, aBasgeTcs 0000IIeHHeM KJIaCCHIeCKOi, TO BONPOC MOKHO

IOCTaBUTDHb TaK:

Bbausu waxo20 yuacmka 2panuibt 064GCTMAU CYULLCTNE0GAHUA CUPAALHOLT
soan (6 mepmunosoeuy pasdesa 5.1.5) J/C, 6auskold no ceoticmeam
K Kaaccuneckol meopuu uau I/V, obaadarowet Hoswmu ceoticmeamu
6 NAPAMEMPUNECKOM NPOCTPAHCMEE HATOOUMCA MOYKA, NPEICMACAAOULAA

rkonwxpemnyro P/I-cucmemy?

Bcio rpanuiy B mesioM s KpaTKOCTH OYVJeM Ha3bIBaTh 10 aHaJaoruu ¢ Bundpu rpanuieit

poropos (OR).
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Jlns maenTugUKAIIMT MOJIe/ieil BOCIOMb3YyeMCS CAEIYIONUM HX CBOHCTBOM, KOTOPOE
OBLIIO TTOJIYYEeHO B pazzese 5.1: acuMnToTuku nepuoja 1’ u paguyca giapa R cnupaJbHOil
BOTHBI TI0 TapaMerpy o0, OIpeIesionieMy VKJIOHEHHe Cpeabl B TapaMeTpHIeCKOM

HPOCTPAHCTBE OT MHOr00Opasnsa 0R mMeT BuI

Bnech Ty, Ry — KOHCTAHTHI B TJIABHOM MOpsiAKe 1Mo 0, a n = —1.5 B Kjaccuke wianm n = —1
B HOBOM MOOEJIN.

Eciun npoduib uMmityjibca BO30YyzK/IeHUs UMEET Pe3Kue lepejHuil u 3a/Huil (hpoHTHI,
TO MPUMEHHM MeToJ, cBOOOAHOI Tpanumbl (3|, a oH, Kak ObLIO yKasaHOo B pasjene 5.1.5,
SKBUBAJIEHTEH OMHMCBIBAEMOMY KWHEMATHYECKOMY MOJAXOAY Ha ydacrTke rpanuiisl J/C
(kMaccuveckas KuHeMaTuka). [109TOMY, CYNIECTBEHHO HEKJIACCHIECKOe MOBEJICHUE MOYKET
JIEMOHCTPUPOBATH TOJBKO MOJIE/b, B KOTOpOH XOTss Obl OAMH u3 (PPOHTOB —
MJIABHBI. DTOMY YCIOBHIO yIOBIETBODSET, HApuMep, Mojenb Annesa-ITanduaosa (1.11),
JIEMOHCTPHUPYIONIast KadeCTBEeHHbIE XapaKTepHble 0COOCHHOCTU BO30YKICHUS B CepeTHON
Mmbitiie. MivMenno ona Oblia BoIOpaHa Jijis YUC/AeHHBIX dKciepuMeHToB. [Ipumepbr npoduiist
UMITY/IbCA BO30YKJIeHusd U (DOPMBI CIIMPAJIHLHON BOJHBI B 3TOI MOJEIN MPEACTaBACHbI HA,

pucysHke 5.7.

5.3.2 Meroauka, mapaMeTpbl U Pe3yJbTaThl IKCIIEPUMEHTOB.

BrLra nposesieHa ceprs 3KCIEPUMEHTOB JJIsI CpeJl ¢ PA3INIHBIMA ITapaMeTPAMH, B3ATBIMU
TaK, 4T00bl B NapaMeTpUYeCKOM HPOCTPAHCTBE OHU NPUOJIMZKAJIUCH K T'DAHUIE POTOPOB,
9TO OIPEJIESIIOCh IO POCTY MEepHoja BPAINEHUs W pajamyca saapa coupasau. [Ipm sTom
HapaMeTphl BHIOHPAIMCH TAaK, YTOOBI BBIOJTHSJIOCH BBIIIE YKA3aHHOE YCIOBHE ILJIABHOCTH
¢dbpoHTOB.

Jlng KaxKmao# cpejbl ITPOBOJUINCH OJHOMEPHBIH SKCHEPUMEHT JIIsi  OIpee/IeHHs
CKOPOCTH ILJIOCKOI BOJIHBI U JBYMEPHBIH 71T ONpeIeIeHIs TapaMeTPOB CIIHPATbHOM BOTHEL

(mepuoja u pajauyca siipa) B 910l cpefe. st opeiesieHds] CKOPOCTH B OJJHOMEDHO# cpejie
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Puc. 5.7: Cnesa: npoduas mmmynsca Bo3byxaennsa B Momenn Asnmesa-Ilandmuiaopa, T.e. 3aBHCHMOCTD
nepeMeHHOi u oT Bpemenu B pukcupoBantoil Touke (0,0) npu npoxoxkaenuu depes nee uMmnysbca. Cropasa:
[IPOCTPAHCTBEHHOE DPACIpEeIEHUe TePEMEHHON © B (DUKCHPOBAHHBIA MOMEHT BPEMEHW sl CIIUPAJIbHOM
BOJIHBI B TOU YK€ MOJe/in. Bojiee TeMHbBIE YIACTKU OTBEYAIOT TOYKAM C OOJIBINTUM 3HAYEHHEM 1. [lapaMeTpsr

mozenn: k=1, ¢g = 0.01, g3 = 0.1, pe2 = 0.01; (a) a = 0.085; (b) a = 0.100; (¢) a = 0.130.
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U3MEPSIOCh BPEMs TPOXOXKJICHUA UMITYJIbCA MEXKIY JBYMs (DPUKCHUPOBAHHBIMH TOYKAMU
CpeJibl.

B JByMepHOM 3KCIEPUMEHTE PErMCTPUPOBAIUCH 3HAUEHUs epeMenHoii u B Touke (0,0)
1 KOOPJAMHATH TOYeK mnepecedennsi m3ommanit u = 0.5, v = 0.2 HA Kaowcdom 1mare 1o
BpeMeHHU. /[aHHbBIE perUCTpalny 3aHOCUIUCH B (haflyrel 1, TPHU Hocaeayoleit 06paboTKe, MO
HUM OBLTTH BBIYHCIEHBI Tepuo/T 1’ ciupaJbHON BOJHBI U paanyc sapa R. Paanyc Beraucasiics
1o cjaejyionemMy ajropurmy. Jljisg Bolauc/ienust HeHTpa s/ipa, ObljI0 B34TO CpejIHee 3HaYeHue
KOODJIMHAT KOHYHMKA 3a OJMH O0OpPOT, a 3areM pajuyc ObLT BBIYHCJICH, KaK CpegHee
paccTosgHrEe OT 3TOTO MEeHTpa 0 KOHYMKA 3a BCe BpeMs 3KcmepuMeHTa. lucnepcus sToro
PacCTOsTHUS ObLIA TPUHSTA 38 MePy TOUYHOCTHU OTPeIe/IeHUs pajnyca (TouHee B TAOJUIAX B
rpade AR mpUBOINTCS KODEHb W3 JUCIEPCHH, YMHOKeHHBIH Ha 3). [Tepuo onpenensics
KaK IIPOMeKYTOK BPEMEHU MeK1y JBYMd IOCTeJ0BATEJbHBIMA MOMEHTAMH, B KOTODBIE
nepementas u B Touke (0,0) IpHHAMANA OJHO M TO Ke 3HAYeHHe. [IpudueM, MOCKOTIBKY
JIJIST YCTAHOBJICHUSI CTAllMOHAPHON NMUPKYJISIUKA COUPAJBHON BOJHBI B Cpejie HeOOXOIUMO
HEKOTOpOEe BpeMs, TO NpPU H3MEPEHUN MepUojia HaJA0 JIOXKIATHCHA, KOTJA PEe3YJIhTaThI
er0 TOCJIeOBATeNbHBIX W3MePeHni ¢1ab0o OTJIHYaloTcsd Apyr oT japyra. B kadectse
MNOTPEITHOCTH U3MePEeHUsT Mepuoa OblIa MPUHITA PA3HOCTH MEXKIY MOCTeI0OBATEIbHBIMU
ero U3MepeHU M.

Bo Bcex skcmepumentax mar mo BpeMenu Obl1 paBed (.03, a mo mpoctpancty 0.5.

Hekoropsie napamerpbt Mojesn (1.11) 6buin hbUKCUPOBAHBIL:
k=1, € =0.01, p =01, py=0.01, (5.39)

a mapamMeTp @ U3MeHsiicsd. Ero 3HadeHds W KOJIMYECTBO TOYEK CPEJbl B KAaXKJIOM U3 JIBYX
nHanpasienuit (N) npusegensl B Tabaume 5.1 BMecTe ¢ pe3y/bTaTaMi IKCIHEPHMEHTOB. B
ABYX ITOCJICAHHUX CTPOKaX Ta6JH/IHbI npuBedeHbl pe3yjJabTaTabl ¢ OJUHAKOBBIM 3Ha4Y€HUEM
G H TpU Pa3HBIX pa3Mepax CeTKH. IJTO C/eJaHO g JIeMOHCTPAIlui He3aBUCUMOCTH
pe3yJIbTaTOB OT pa3Mepa cpeibl. B JanabHeiflieM aHaan3e HUCIOJB30BAHBI PE3YJIBTATHI
nosiydennbie Ha cerke ¢ N = 500.

B nocstegnaem cronbie tabanipl npejacrtasiaen napaverp R/(TV,), KoTophiil B ipemenax
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Tabauna 5.1: TTapaMeTrpsl U pe3yJIbTaThl SKCIEPUMEHTOB A1t Moaean Annesa-Ilanduosa.

a | N | V. T ST| R SR | R/(TV,)
0.0850 | 170 | 0.5484 | 153.349 | 3.6200 | 8.8406 | 0.5228 | 0.1051
0.0900 | 170 | 0.5396 | 167.478 | 2.1440 | 9.2139 | 0.5000 | 0.1020
0.0950 | 170 | 0.5306 | 182.396 | 1.1453 | 9.8114 | 0.5000 | 0.1014
0.1000 | 170 | 0.5215 | 201.681 | 0.6328 | 10.6665 | 0.5000 | 0.1014
0.1050 | 200 | 0.5123 | 226.962 | 0.3833 | 11.8702 | 0.5000 | 0.1021
0.1100 | 200 | 0.5028 | 260.811 | 0.2652 | 13.5703 | 0.5000 | 0.1035
0.1150 | 200 | 0.4931 | 307.328 | 0.1906 | 16.0051 | 0.5000 | 0.1056
0.1200 | 200 | 0.4831 | 368.568 | 0.7880 | 19.3866 | 1.3921 | 0.1089
0.1250 | 300 | 0.4728 | 472.501 | 0.0660 | 25.1019 | 0.5000 | 0.1124
0.1300 | 500 | 0.4620 | 631.453 | 0.0300 | 34.0659 | 0.5000 | 0.1168
0.1300 | 300 | 0.4620 | 628.744 | 0.2164 | 33.9955 | 0.6146 | 0.1170

MPUMEHUMOCTH KUHEMATHIECKOW TEOPUU 3aBUCHT OT PACCTOSHHUS 0 TPAHUIBI POTOPOB
JguHeitno. Ero rpaduk, moaydeHHbIH B JaHHON CepUH SKCIEPUMEHTOB, IpeJCTaBIeH Ha
pucyske 5.8

13 pucyHka BHIHO, 9TO UPUOIM3HTENBbHO JuHEHHBIM poct mnapamerpa R/(T'V.)
dBIdeTcd Tpu u3MeHeHnn a B aumamnazoHe oT a = 0.100 mo a = 0.130. ITosTomy
JaNbHEHIIHH aHaaIn3 SKCIePUMEHTATbBHBIX JAHHBIX OBLT MPOBEJEH UMEHHO IJIsi 3TOTO
WHTEPBaJAa SHAYCHUN ITapaMeTpa a.

[Tonydennbie pe3yabTaThl M3MEPEHUWil IMepuoja BpAIleHUus W PajJuyca CIUPATLHON
BOJIHBI, IpUBeIeHHbIe B Tabuuile 5.1 ¢purupoBaauch npu nomoinu nporpammbel GNUPLOT

KPpUBbIMU

y=C(a—ap)" (5.40)

npun = —1lunpun = —1.5. 3gech y —31o T mim R, a napamerpsl C' 1 ag TOAOHUPATUCH ITPU
durupoBannu. Kpome Toro, BHIIOIHIIOCH (DUTHPOBAHIE TEMHU Ke KPUBBIMHI Oe3 huKcaIun

napaMerpa n (To ecTb n TakzKe HoabupasIcst Tpu GUTHPOBAHNN).
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a

Puc. 5.8: 3asucumocts napamerpa R/(TV.) or paccrosHus 10 I'DAHUIBI POTOPOB, MOIyYeHHAs B

YUCAEHHOM dKCIepuMenTe ¢ Moaenbio Anuesa-Ilanduiosa.

Pezysbrarnr mpejacTaBiensbl B Tabauie 5.2 u Ha pucynke 5.9.

B tabnumne B mepBoit rpade ykazaHO, Kakas BeJIMYMHA MOHUMAeTCS B JAHHON CTPOKe
noj y B ypasuenun (5.40)), B mocaenneil rpade mana cymMma KBaJIPATOB YKJIOHEHHI,
JIOCTUTHYTAsT B KOHIE PaboThl ajroputva (utupoBanus. CMBICT OCTAJBHBIX rpad sCeH
3 moanuceii. B TpeTbeil m mIecToif cTpoKax MOMeIIeHbI pe3yJbTaThl (bUTHpPOBAHHLA Oe3
dukcamuu napamerpa n.

Taxkum o00pa3oM, JIETKO BHJETb, YTO PE3YJbTaThl IKCHEPUMEHTOB B JIAHHOM CJIydae
JIydIlie OTMMUCHIBAIOTCS ACHMIITOTHKON, COOTBETCTBYIONIEH 0000IeHHON Teopun (ydacTKy

I/V rpanunpl poTopoB Ha auarpamme 5.6).

5.3.3 kcmepuMeHTHI ¢ Mmoaebio PuTiiXbio-Harymo.

,ZLJIH JEeMOHCTpallul CHCTEMbI C KJaCCHYCeCKHM IIOBEJCHHEM PaCCMOTPUM AHAJOTUYHBII

skcrepuMeHT ¢ KybwuHoit momesnbio  PurnXwrio-Harymo (1.8). Ilpumepsr mpodmis
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Puc. 5.9: Pesyasrarsr dutupoanus kpusbimu (5.40). (a) Ilepwon T(a) npu n

sapa R(a) npu n = —1. (¢) Ilepuox T(a) mpu n

40

35 ¢

30

25 ¢

core radius

20

0.105  0.11 0.115

a

' 10

012 0.125 0.3

0.1

0.115

a

0.105  0.11 012 0.125  0.13

core radius

0.12  0.125 0.13

35

30

25

core radius

20

' 10

0.12  0.125

~1.5. (

0.13 0.

0.115

a

1 0.105 0.11 0.12 0.125 0.13

—1. (b) Pamuyc
—1.5. (e)

d) Paguyc sapa R(a) mpu n

Tepuon T'(a) 6e3 dbukcauuu napamerpa n. (f) Paguyc aapa R(a) 6e3 dbukcanuu napamerpa n. Ha Bcex
PUCYHKAX KPECTHKH IHOKA3BIBAIOT IKCIEPUMEHTAIbHDIE PE3YJIbTATHI, a CILUIOUIHBLIC JIMHUM — PE3yJIbTATbL

dburupoanus. st SKCIEPUMEHTATBHBIX PE3YIBTATOB MOKA3AHBI TAKIKE WX TTOTPEITHOCTH.
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Tabauna 5.2: Pesyabratsl puTnpoBanus.

Yy |n C ag CyMMa KBa/IPaTOB
T | -1 8.92 +0.08 0.1441 4+ 0.0002 35.99
T 1] —1.5 2.48 + 0.08 0.1551 £+ 0.0007 264.323
T |—-1.07+005|7+1 0.146 £ 0.001 23.3092
R| -1 0.457 £ 0.004 | 0.1434 £ 0.0002 0.1305
R|—-15 0.125 4+ 0.005 | 0.1539 £ 0.0008 1.1963
R | —1.014+0.06 | 0.44 +0.07 0.144 4+ 0.001 0.1286

UMITY/IbCA BO30YKJIeHUA U (DOPMBI CIIMPAJBLHON BOJHBI B 9TOH MOJEIU IPeJICTaBICHBI Ha,

pucynke 5.10.

Puc. 5.10:

IIpoduns mmmynbca BO30OyXKIaeHWss W COupaabHas BoiaHa B Mmomenn PurmXsro-Harywmo.

Anasnorngno pucysky 5.7. [Tapamerpsr monenu: 3 = 0.75, v = 0.5, ¢ = 0.315.

DKCIEPUMEHT MTPOBOAMIICS TTPH oMotn 1o ke mporpamvel QUL [Tlarw mo Bpemennoii
nepeMenHoil Obl1 cHoBa BbIOpan paBHbIM 0.03, a mo mpocrpancrBeHHbIM 0.5. BbLin
dukcupoBanbl nmapamerpsl 5 = 0.75, v = 0.5. 3HaueHue mapamMerpa €, pa3Mepbl CETKH H

Pe3yJIbTAThl SKCIEPUMHTOB MIPEJICTABICHBI B TaOAUIE 5.3, CTPYKTypa KOTOPOil aHAJIOIHYHA,

TabJsmie 5.1.

3neck napamerp R/(TV,) usMensiercst THHEHHO BO BCEM PACCMATPUBAEMOM JIHAIAZOHE.
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Tabsuna 5.3: [TapameTpbl n pe3yabTaThl SKCHEPUMEHTOB i Mojaenan PurnXno-Harywmo.

e |N| W T| 67| R |6R| R/(TV,)

0.300 | 100 | 1.7385 | 19.92 | 0.03 | 3.1 | 0.5 | 0.0906
0.305 | 100 | 1.7165 | 23.74 | 0.03 | 3.9 | 0.5 | 0.0949
0.310 | 150 | 1.6945 | 28.11 | 0.03 | 4.7 | 0.5 | 0.0994
0.315 | 150 | 1.6707 | 33.82 | 0.03 | 5.9 | 0.5 | 0.1039
0.320 | 150 | 1.6498 | 41.37 [ 0.03 | 74 | 0.5 | 0.1084
0.325 | 200 | 1.6268 | 51.68 | 0.03 | 9.5 | 0.5 | 0.1132
0.330 | 200 | 1.6030 | 66.38 | 0.03 | 12.6 | 0.5 | 0.1183
0.335 | 250 | 1.5796 | 88.55 | 0.03 | 17.3 | 0.5 | 0.1236
0.340 | 300 | 1.5552 | 124.65 | 0.03 | 25.1 | 0.5 | 0.1293
0.345 | 300 | 1.5334 | 190.44 | 0.03 | 39.5 | 0.5 | 0.1351

Pesysbrarsr dbutnpoanns kpusbiMu (5.40) (B 3TOM ypaBHEHHH Telepb IEPEMEHHYIO «

celyeT 3aMeHUTh Ha €) mpeJcTaBieHbl B Tabauie 5.4 u Ha pucyrke 5.11.

Tabauna 5.4: Pesynbrarsl (buTupoBaHUS s SKCIEPUMEHTOB C MOoaeabio PUTIXbBIO-

Harywo.
y | n C €0 cyMMa KBaJIpaTOB
T | -1 1.44 4+ 0.09 0.3524 + 0.0006 294.8510
T | —-15 0.328 £ 0.009 0.3593 £ 0.0003 30.3923
T | —1.90+0.03 | 0.113 £ 0.009 0.146 £ 0.001 0.6379
R | -1 0.26 + 0.02 0.3515 4 0.0007 20.1507
R | —15 0.056 £ 0.003 0.3576 £ 0.0005 3.9849
R | —2.31£0.06 | 0.0067 = 0.0009 | 0.3683 £ 0.0008 0.0576

Takum o0Opa3oM, B TOM cJydae pe3yJIbTaTbl SKCIEPUMEHTOB JIYUIIE OMUCHIBAIOTCS
ACUMIITOTHKOM, COOTBETCTBYIOMIEH KIaccuueckoi Teopun (yaactky J/C' rpaHUIBI POTOPOB

Ha guarpamme 5.6).
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Pesynbrarer ¢uruposanusa KpusbiMu (5.40) pe3yabraToB SKCIEPUMEHTOB C MOJEJBIO

PuruXsio-Harywmo. (a) epuon T'(a) mpun = —1. (b) Paguyc sinpa R(a) npun = —1. (¢) llepuox T'(a) npn

n = —1.5. (d) Pauuyc sapa R(a) npu n = —1.5. (e) Ilepuox T'(a) 6e3 dukcanuu napamerpa n. (f) Pazuyc

sapa R(a) 6e3 dpukcannm mapamerpa n. Ha Bcex pUCyHKAX KPECTWKH MOKA3BIBAIOT IKCIIEPUMEHTAIHHbIE

pe3yJabTaThl, a CIJIOUIHBbIC JIMHUU — PE3YJIbTAThI (bI/ITI/IpOBaHI/IH. ,ZLHH IKCIIEPUMEHTAJIbHBIX DPE3yJIbTaTOB

IIOKa3aHbl TaK>Ke€ HUX IMOIrPEHIHOCTH.



5.3.4 Ob6cyxnaeHne.

CdopmyaupoBannas B 1iaBe 2 0000IIeHHAs KHHEMATHIECKAS MOJEIb IIPEICTABISLIA OB
YUCTO TEOPETUYECKUN MHTEPEC, ecu Obl He y/IaJ0Ch yKa3aTb BO30YJIUMbIX CpeJax, Jas
KOTOPBIX NpUMEHNMa 3Ta 0000IIeHHas TeOpus, HO He MPUMEHUM €e YaCTHBIH caydail —
KJaccrudecKast KuneMaTuka. B ToM paszesie Mbl TOKa3aJIM, YTO IIOBEICHIE XapaKTePUCTHK
MoJenbHON cpeasl AnuneBa-IlandumoBa Xopommo OMUCHIBAETCS UMEHHO OOOOIMEHHOM, a He
KJIACCUYECKOH Teopuei.

Bosee Toro, odepueHbl paMKH IIPUMEHHMMOCTH KJIACCUYECKOW KHHEMATHKH: OHH
OTpaHUYEHBl CpeJaMH, B KOTOPBIX aBTOBOJHOBON HMMIIYJILC HMeeT Pe3KHi HepeaHuii u
3a/iHUI (DPOHTBHI. DTOT BBIBOJ, CJIe/lyeT W3 NPUMEHHMOCTH MPU TAKUX YCJIOBHIX METO/A
CBOOO/IHOW T'PAHUIHI U SKBUBAJEHTHOCTHU 3TOI'0 METOJA C KJIACCHYECKOW KMHEMATUKOII.

Hano ormeruTh, 49TO OJMH U3 BaxKHeHIIMX B OHOMU3UMKE NPHMEPOB BO30YIMMBIX
cpesl — cepAedHas MBIIIIA — He VIOBJETBOPSAIOT YKa3aHHOMY YCIOBHIO: aBTOBOJHA B
TAKON cpejie uMeeT ILIaBHBIN 3ajauuit (ppont. Popma UMIYIbCa B CEpPJAEYHON TKAHU
XOPOIIO OIHUCHIBaeTcss Moaeabio AnmeBa-IlanduaoBa, A1 KOTOpOil Kak pa3 HEOOXOIMMO
UCIIOIb30BaHHe 0000IeHHON KuHeMaTuku. Takum obOpa3oMm paHee OOIIEIPUHSITOE
MOJICIMPOBAHME CeP/edYHOl TKanu 1pu nomotnu Mozaesn PuriXoio-Harymo okazasioch e

BITOJTHE KOPPEKTHBIM.

5.4 YucaenHoe MOJIeJINPOBAHUE apeiida HA
CTYyIIeH4YaTO HEOIHOPOIHOCTMN.

Mbi cpaBHM/IM TIpejicKazaHus pazjiena 4 ¢ pesyjbrataMu YUCAEHHOI'O MOJIEJIUPOBAHUSAM
st Kycouno-uHeiHol cucrembr PurnXeio-Harymo (1.9) ¢ mapamerpamu g = ¢go = 1,
ay = —4.0, a; = 0.98, a; = —15, u; = 0.018 u cTynenbKooOpa3HOi HEOTHOPOIHOCTHIO
nmapamerpos €; or 3.0 (cresa) mo 1.68 (cupasa), &5 or 0.1 mo 0.06 u &3 or 3.0 mo 1.5.
Mogenmuposanue Boimoaneno npu nomomnu nporpammvbl QUI misg cpensr pazmepom 30 X

30 ¢ maramu 0.05 mo Bpemenu u (.8 MO MPOCTPAHCTBEHHBIM TIEPEMEHHBIM. Pe3ysibTarh
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MOJIETUPOBAHUIN TpeCcTaB/IeHbl Ha PUCYHKe 5.12.
B coryacum ¢ acuMnToTHueckoii Teopuei, (i) 3aMeTHBIH Japeii TPOUCXOIUT TONBKO,
KOIJIA /[P0 MepPeceKaeT TPAHUILy 00JacTell HeOMHOPOIHOCTH, U npu 3ToM (ii) abcomoTHoe

3HaYEHNe CKOPOCTH M3MeHseTcs, HO (iii) Hanpasiaenue mapeiida coxpaHgeTcs.

124



17 . . , . .

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Puc. 5.12: (a) Tpaektopws kowumka (CromHast JUHAS) W HEHTpa BpAIIeRus (MyHKTUpHAS JIMHWS)
CTIMPAJILHON BOJIHBI, B YHUCAEHHOM 3KCIEPHMEHTE C HEONHOPOIHOCTHIO B BHJE CTYNEHHKH B CHCTEME
DurnXbio-Harymo (1.9). Beprukansubiii nmyakrup — rpanuna obsacreii. KoopauHars! ueHTpa BpalleHus
OLIPEJEJISIUCH KAK KOODJMHATHI KOHYMKA, YCPEAHEHHbIE 110 nepuody spaienus. (b), (¢) z- u y-koopauHarb

KOHYWKA W [EHTPA, KaK (DYHKIUA BPEMEHH.
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I'1aBa 6

I1psimoii ckpydyeHnHblii CBUTOK.

6.1 IIpeaBapurejibHbIE 3aMeYaHUSI.

[Ipocreiitmum TpexMepHBIM 0000IIEHNEM TLJIOCKO# CIIMpPaJibHOIl BOJIHBI SIBASETCH CEUMOK,
IpeJICTaBadfonuii coboii Kak OBl IIPOJNOJXKEHHe CIHPAIbHON BOJHBI BJIOJAb IIPSIMOI
OPTOTOHAJIBLHON ee MJIOCKOCTH. Bpalmerune Tenepb MpOUCXOIUT HE BOKPYT TOYKHU, & BOKPYT
npamMoit — numu ceummra. VI3ydenune takux CBUTKOB sBJIS€TCH TPUBUAJIBHON 3aja4eil, Tak
KaK MOJTHOCTBIO CBOJIMTCA K M3YUYEHWIO COUPAJIBHON BOJHBI Ha MI0CKOCTH. JlajibHeinmmmu
0000IIEHUAMHE ABJSIOTCA CBUTKH C HCKPHBJIEHHON HUTHIO M CBUTKH C H3MEHSIONIEHCS BI0Ib
HuTH Pa30il BpallleHus — ckpyuermvie cBUTKA. [IpousBomgnas ¢a3wl Bpalenns BIOIb HUTH
HA3BIBACTCHA CKPYYEHHOCMBIO WU MEUCmoMm. B TanHOl riaBe Mbl B KA4eCTBE MPOCTEHIIEero
IpuMepa HeTPUBUAJILHON TpeXMEepHOH 3a/a4u, paccMaTpuBaeM CKPYYEHHLIA CBUTOK C
OpsAMOM HUTBHIO W TOCTOSHHBIM TBHCTOM. [JI Hero ymaercd B HEKOTOPHBIX JIOCTATOYHO
O0OIIUX IPEIIONOKEHUAX HOJYUUTh (DOPMYJIbl, BbIPAZXKAIOIIKME 3aBUCUMOCTH CKOPOCTH
BpAIlleHUsT W PAJAUyCa BPAIIEHUsI OT TBUCTA. 3aJ/ia49a PEMaeTcss B paMKaxX TPeXMEpPHOTO
060BIIeHnsT KHHEMATHIECKOTO TIOX01a (pasmes 2.3) myTeM CBeJIeHHsl ee K JIBYMEPHOM st

CeYeHHud CBUTKa IIJIOCKOCTBIO, OpTOI‘OH&JIbHOfI ero HuTHu.
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6.2 T'eomerpus ¢pponTa.

Byjsem 3ajiaBarb NOBEPXHOCTH (PpPOHTA HPIMOIO CKPYYEHOI'O CBUTKA € TBUCTOM 7Y

napaMeTpPUYeCKH Yepe3 napaMeTpbl ¢ U 2 B JIEKAPTOBBIX KOPJAUHATAX:

r=p(¢p—wt—7z)cosp; y=p(¢p—wt—7yz)sing; z=z (6.1)

rie p(¢) — HeKTOpasg IUIOCKas JIMHUS COTBETCTBYIIas (DPOHTY Ha IIOCKOCTH. Mebr
OpearnonaraeM, 4YTO CBUTOK BpalllaeTcd TMPOTHB YacOBOMl CTpeIKH W IOPOXKJIaeT

pacxoadmuecd BOJIHBI TaK 9YTO IIpH 6OJIbHH/IX P
p<0 (6.2)

[IpousBogHbIEe pajHyc-BeKTOpa TMOBEPXHOCTH ((DPOHTAa IO MHapaMeTpaM ¢ U 2
(kacaTeJbHbIE BEKTODBI) M EJIMHUYHBIA BEKTOD HOPMaJM K 3TOH MOBEPXHOCTH B

HallpaBJICHHUU PaCIIPpOCTPpaHEeHUud MMEIT BUI:

p' cos¢p — psin ¢ —~p' cos ¢
Ry=| psing+pcosg |; R.=| —qp'sing |; (6.3)
0 1

p'sin ¢ + pcos ¢
, ;01 —1/2
n:—sgn(p') p2+p2+72p2p2 . —p’cos¢+psin¢ . (64)

/

VPP

Koeddunuents mepBoit u BTOpo# KBaJApaTHIHBIX POpM U cUMBOJIBI Kpucroddesis

nuist mosepxuoctu (6.1) B obosmadenusx [79] uMeoT BU:

E=p+p% F=-y% G=9p"+1 (6.5)
sgn(p’) / 5 " 9\ sgn(p) v\ sgn(p’) o
L= A1 (p —pp +2p>7 M = A_17<pp —p>, NZ—A_lvpp
(6.6)

M=A77 <p +p 4 272/#?/2) ;T3 = A2y (02 —pp + 2pl2> :
Ml =Th = —A790 (p+ 9" +9%0p?) s Thy = A% (6.7)
%, =T35 = A7*%pp (PP" - PQ) L T2, = A%
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rie
A2=FEG—F>=p"+p2+~*p*p? (6.8)
Otrcioga uMeeM CPEJHIO KPUBU3HY MOBEPXHOCTH (€ yYeTOM TOrO, 4TO OHA

IIOJIOZKHUTEeJIbHa AJId CprHTa, BBIIIYKJIOT'O B HallpaBJIE€HUN ,ZLBI/I}KGHI/IH)Z

1 2.2 1 2 " 2 2
HZ__ggﬂ(p,>(7p + )(pl pp )Jr,(g/;rp )
(0% + P2 +2p?p")

> (6.9)

13 (6.1) u Ham4usi BAHTOBOW CHMETPHH 3aJla9d BUJHO, YTO JIHHHUS 00pbiBa (HbpOHTA
MMeeT mapaMeTpuyecKoe ypaBHeHHe (mapaMerp z):

r = pocos(wt +vz); y=posin(wt+vyz); z==2 (6.10)

3J1€Ch Pp — PAJUYC s/Ipa CBUTKA. TaK 4TO reojie3ndecKasd KPUBU3HA JUHUU 00pbIBa (DPOHTA,

20’ sgn (g’
AR 1/2 pp2 '(2p> 2,2 /2\1/2 (6.11)
(V20 + D)Y2 (p2 + p'? + 42p?p"?)

Ennungnbiii kKacarenbHbI BeKTOp K KpuBoit (6.10) pasen

—7po sin(wt + z)
o=+ 1) qppcos(wt+vz) |- (6.12)
1

a eJIMHUYHBIN KacaTeIbHbIH BEKTOP K MOBEPXHOCTH (hPOHTA, OPTONOHAJBHBIN THHUN 0OPHIBa,

1 HAIIPABJEHHBIA B CTOPOHY OT OCH CBUTKAa PaBEH

(v?p* + 1)p cos ¢ — psin ¢

/ / _1/2
7 = sgn(p) [(7%2 +1) <p2 +p2 0% 2)} (v?p* + 1) sin ¢ + pcos ¢
P
(6.13)
HOSTOMY BJOJIb BEKTOPa 7T UMEeM:
dz/d¢ = p(re.)/(res) = —yp’ (6.14)

raic e, u €, — €JIMHNYIHbIC BEKTOPBI B HAIIpABJICHUAX qb nz.
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O6o3Houast, Kak W B paszaene 2.3, HATypaJbHBI OapaMerp BIOAb TeOIe3MIECKO
OPTOTOHAJIBLHON OOpPBIBY (PPOHTA UYepe3 ¢, MOJIYIUM ONEpPaTOP IMPOU3BOIHON BIOJL ITOl

reoIe3MIecKoil, B3ATHIA B TOUKe 0OpHIBA:

dg\ ' d ) , -1/2 d
0y = (ﬁ) @ = sgn(p) [PQ—F(l —fyz(b)?p?_‘_zﬂ @ (6.15)
/ 2 2 2 '2 2 2 1217 V2 d
= Sgn(p)[(vp +1)<p +p +7pp>} 1

Buast cumponbl Kpucroddens (6.7), bimuimeM ypaBHeHHe JJIsi T€OJE3UICKOil HA

nosepxuoctu (6.1) B BHIC 2 = 2(0):

(2+ 2 “/2>d2z— (6.16)
7 dZ 3 7 ’ 7 dZ 2
2, Y (9 994 92 pp% — ~2 2 ) az
Vp'p <d¢) W)(ﬂ+p+ Vot = ) 5
" ’ " dZ 7
+0/ (p +p+47%pp” — 29%p° )ﬂ—ww’ (pQ—pp +2)

Orcrona, ¢ yaerom (6.14), 1uisi reojie3udecKoil, OPTOrOHATBHONH Kpat B TOYKe 0OPBIBA,

Oy IUM:
d*z/d¢” = —2ypp’ (v*p* +1) (6.17)

O6o3Ha4YNM PAHYC-BEKTOD 3TOi reomesnaeckoil r(¢) = R(, z(¢)). Jlerko ybeaurnes, aTo

JJIgd €€ KPUBU3HBI K nmvmeem

"

r' xr =—q,Ko (6.18)
Tak aTo KpuBH3HA B TOUKe 00pbiBa (porTa, ¢ yaerom (6.14) n (6.17), paBHa:

PP 20°( 0 + 1) = pp (VPP + 1)

K = —sgn(p)
(V202 + 1) (92 + p +72p2p'2)""?

(6.19)

Borancium Terneph mpou3BoaHbie BEKTOPOB R 1 n 1o BpeMenu B MOIyTeoae3udecKoii
cucteMe KoopAumHAT u3 pasaena 2.3. Ilpexmge Bcero 3amMeTnM, 9YTO 10 CHX IIOP
napaMeTpusalus 1mo s Oblaa TPOM3BOJIbHA. BribepeM ee Temepb Tak, 9TOOBI BIOJbL JTHHHH
oOpbIBa § ObLI HATYPaJbHLIM MapaMeTPOM, IIPUYEM B KavecTBe Hada/a oTcyeTa BblOepem

Touky z = 0. IlycTh Bech CBUTOK BpalmmaeTcss KaK TBEPJOE TeJO ¢ YIVIOBOH CKOPOCTHIO W
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IPOTUB 9acoBOil cTpenkn (310 coracyercsa ¢ (6.2)). Torma npu Takoit mapamerpusannu

HMeeM:
—sin¢
Ri=wp| cosgp |- (6.20)
0
p cos ¢ — psin ¢
n; = —wsgn(p') <p2 +p°+ 72/)20'2) o psing —pcose | - (6.21)

0

Tax aro Besmuannsl V, Gy u Jy u3 (2.58) paBHBI (IpH 3TOM YYTEHO, ITO HAIPABICHUE O

HaJI0 BBIOUPATH Tak, 9TO0BI 0, T, N 00PA30BAJN HPABYI0 TPOUKY ):

Vo= Rpn—_wsenor (6.22)
(p? + 02 +720%p%)

Gy — Ryr— wsgn(p')p’ (6.23)
(7202 + 1) (02 + p2 + 72022

Jo = —mr= (6.24)

(v2p% 4 1)1/2
[Tpuuem dbopmyra (6.22) cnpasemauba Besiae, a dopmyast (6.23), (6.24) ToabKO BIOJH

obpbIBa.

6.3 IlocTaHOBKa MJIOCKOI 3aga9n

[Moncrasass (6.9) u (6.22) B (2.82), noaydum ypaBHEHHE JIBUKEHUS TTOBEPXHOCTH (HDPOHTA
CKPYYEHHOI'O CBHTKA:

(P* +02) + (0 + D (p? = pp’)
(p? + 9% +202p2) 2

wsgn(p)pp’
(P + 9% +7202p2) 2

Tax Kak cpeiansis KpuBusHa H morpebyercss HaM Jajee Jjisd IIOCTAHOBKU TI'DAHHYIHBIX

= Vo + Dsgn(p) (6.25)

"
yesoBuii i ypasrenus (6.25), To sanuiiem ee 6e3 ucnoab3oBanus p . s 910ro mpocro

noacrasuM (6.22) B ypasuenue (2.82):

go L Vi wsgn(p')pp’

/ : (6.26)
2D (0 + p +72p%p?)

1/2
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Teneps, ncnoan3ys (6.15), Beraucanm H:

- AT
T 2D (p2 4 2+ 42p2p2)% (1 + 42p2)1/2

(6.27)

PacemorpuMm cedenne moBepxHOCTH (BpoHTA IIOCKOCTBIO 2z = 0. B 3TOM cedenwn oH
HPEJCTOBIsIET CODOM KPUBYIO, KOTOPYIO Oy1eM jaJjiee Ha3biBaTh Aunuet gponma. [loasiproe
ypaBHeHue JuHUH HpOHTA uMeeT BuI p = p(¢), npudem byHkuus p(¢) yaoBaeTBopser

ypasaenuto (6.25). Beejs 6e3pasMepHble TapaMeTpbl

D D
=~ Q=1 6.28
D Vo% 7 (6.28)

neperuireM ypasaerue (6.25) B mepeMeHHbIX

!
Yo gyt (620

HOJIy‘{I/IMI
VP11 + WP+ D )r+ P+ 2+ D32 —Qr(p?r? + 42 +1) =0 (6.30)

3amerum, 4to npu p = 0 ypasaenue (6.30) coBmamaer ¢ ypaBHeHHeM Il CBOOOIHOTO
JI0CKOTO peBepbeparopa [3]. Kak m3BecTHO npu p — 00 ¢BOGOAHBIN perepbepaTop nmeer

BHJI ApXUME/IOBOI CIIUPAJH TO €CTh JIJTsI HETO JOJZKHA GBITh CIPABEIABA ACAMITOTHKA:
U(r) = kr, r— o0 (6.31)

[Moacrasasst B (6.30), momyunm, ¢ yuerom (6.2), KoabHUIUEHTH B aCHMITOTHYECKOM

npeacrasaenun (6.31):

k=—(Q2—p*)/? (6.32)

SamuimeM tenepb Go, Jo, H, H,, K, Kk B Ge3pa3mepHbix nepemenusrx (6.28), (6.29),
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BLIpazkas mpu 3roM ¢ u 1) uepes ) mpu nomoru ypasuenus (6.30):

Gy = Vourd [0 + D™ + >+ 1)] 7 (6.33)

Jo = ViDT'Qp*r? +1)7 (6.34)
Vo Qr

H = 21— 6.35
ﬂ?{ (ﬁﬂ+¢ﬂ+w“4 (6:35)

q 2D2 (p2T2+@/12+1)(p2T2+1)3/2 ’

Or(1 2,2\ .2

K = YWo_ rid+p) —pry (6.37)

D (P22 + 2 + D)V2(p?r2 4+ 1)
2
= D, pr (6.38)

D (p¥r? 4942+ 1)12(p?r2 4 1)
[Moacrasisaa (6.33)-(6.38) B ypasuenus (2.83), (2.84) Hoay4uM BHyTPEHHHE IDAHHYHDIC

yeaosus s ypapaerns (6.30):

Q(p2r(2] + w?] + 1)1/2 + 6771(]927’8 + 1)1/2(p27"§ + wg + 1)1/2 (6.39)
2
pAr
+172(p2r(2) + 1)1/2 [(p%é + wé + 1)1/2 — Qry + 22—01%]
pirg +1

Y5 + 1 — Qrgahg
TR R A

O 4 1) [
p27“0
(p2rg + 1)1/
—Qroho + ne(p*rg + 1)'2(pPrg + ¥ + 1)/? (6.40)
P27’0¢0
pré+1

+ To%}

+na(p®rg + D)2 [(0*rg + 45 + 1)Y% — Qro| + s =0
+mW%+Umkﬁ%+%+UW—Qm+

U5+ 1 — Qo
(P?rg + 4 + 1)/

—ngQp°rg +1)7" {

2
P To

270 _p
(p?rg + 1)1/

+no(p’rg + 1)/ [(0*r5 + 95 + 1)? — Qro] + Mo

rae ro = poVo/D — GespasmepHsiii paguyc siapa, vy = ¥ (rg) u BBeJeHbI Ge3pasMepHbIe

napaMeTpbl CpeJibl:

m=XD/VE; nma=M/Vo; m3=X/D; na=/Vo; 15 =X3/Vo; (6.41)

ne = pio/Vo, mr = p1/D; g = uaVo/D* o= p3/D; o= pa/D
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Yrobw mocTaBuTh 3ajady Ha ((DUKCHPOBAHHOM WHTepBaJe, ClelaeM 3aMeHy
HE3aBUCAMOMN IepeMEeHHON

x=r/ry (6.42)

1 BBeJIeM 0003HAUCHU

R =ceryg, W=QJe, P=ple (6.43)
Torga ypasuenue (6.30) mpumMer Bu/

¥

€
T

R wl(P2R2x2+1)+

(W + 1) | + (P*R*2? + ¢ + 1)* = WRz(P*R** +¢* + 1) = 0

(6.44)
rJe MITPUX O3HaYaeT IMIPOU3BOAHYIO 10 HOBON HE3aBUCUMON NmepeMeHHON X, N3MEeHAIOIeN s
Ha [1,+00). Tlpenumiem B 3Tux ke 0bO3HaUeHHAX TpaHWIHBIE ycaoBus (6.39), (6.40) u

(6.31):

W(P* R + 45 + )" + en(P*R* + 1) (PR* + ¢ + 1)/

eP* Ry
+12(P*R? + 1)/? [(732722 +p + DV - WR + m]
W e +1) — WR,
PR [(P?R? gy e TR
eP?R

+mu (PR + )2 [(P*R? + ¢ + 1)'/? — WR] + s aRE )R 0 (6.45)

~WRY, + n6(P*R? + 1)2(P*R? + 3 + 1)!/2

€P2R¢Q
+ir(PPR? + 1)1/ [(P2R2 +g+ 1) - WR+ PRI ] 1]
W [e(d +1) — WR
EpRe 11 [(P2R2 g e TR
eP?R
Hno(PPR2 +1)V2 [(P2R2 4+ 42 + 1)V2 - WR] + nlom =0 (6.46)
P(z) = =W = P*)PRe, & — o0 (6.47)

u Yy = ¥(1).
Urak, Hama 3ajJada COCTOMT U3 YPaBHEHHs MepBOro mopsiaka (6.44), BHEIIHEro
rpasugHoro yeaosusi  (6.47) w  BHyTpeHHHX rpaHudHbBIX ycaosuii  (6.45), (6.46).

HemnspectubivMu B Heil sBiagiorcs dbyukuust ¢(z) n unciaosbie Bennmunabl VW, R. Tak
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9TO YHUCJI0 HEHU3BECTHbLIX COBIIaJaeT C YHUCJIOM ypaBHeHI/Iﬁ 1 3HAYUT 3a/Ja4va ITOCTaBJICHAa

KOPPEKTHO.

6.4 IIpubam:keHHOEe aHAJUTHUYIECKOE PpemieHue JiJid
caydasd oOmiero mojioyKeHusl.

Ha pucynke 6.1 moka3ausl perenusi ypasreres (6.44) npu dukcuposannbix €/ R, PR, WR

U Pa3IUIHBIX 1.

Puc. 6.1: Pemenus (z) ypasuenus (6.44) mpu dukcuposanubix €¢/R = 0.3, PR = 0.5, WR = 1.7 u
pasauuHbx Yo = —1.7; —2.13; —2.135861; —2.13586150144. 2Kupnas suuus — kpusas (6.48).

Busno, aro perrenne, yjgoBiaerBopsiomniee yeiaosuio (6.31) sBisiercs cenaparpucoi,
pasliesIsdolleil  KpuBble NMPOXOJMINUAEe HUXKE Hee W OTBeYalllue OrpaHUYeHHON
HUIAHIPAIECKONH cpele OT KPHBBIX JIE)KAIIMX BBIIIE CEIapaTPUChl H OTBEYAIONIHX
CBUTKAM C “00paTHBIM’ BpAIlEHHEM.

B coorBeTcTBUY € NIpEANTOTKEHUIMHA, CACTAHHBIMU TTPU BBIBOJIE TPEXMEPHBIX yPaBHEHU
B paszzese 2.3, 3akiodaeM, 410 W ~ 1. A snaunt u R = wpy/(VoW) ~ 1.

Kpowme toro, uz (6.47) sCHO, 9TO €CJIU pelieHne CYIeCTBYeT, TO JIIs Hero 6e3pasMepHast
yrjioBas ckopoctb VW obsazana ObiTb Oosibliiie Oe3pa3dMepHoro mapamerpa P. DByaem

IpeanonaoraTh, 910 P ~ 1, To ecTh p ~ €.
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Jnst Toro, arobbr pemuth ypabHenue (6.44) npu duxcnpoBanubix P ~ 1, R ~ 1 u
W ~ 1, pasjio:KuM HUCKOMOE pellleHre 110 CTeleHdM MaJjoro mapamerpa € < 1. B urore,
npeanoaaras, 9To 1) OTPUIATEIbHA BCIOLY, a He TOIHKO IPU OOMBIINX X, TOJIYIUM

12 WW? = PR’
V= PR — 1

b =—[W? = P)R%* - 1] +0 (&) (6.48)

Ha pucynke 6.1 mokazanma takxke u KpuBas (6.48). Buamno, 4ro oHa X0poIio
ANMPOKCUMUPYET CENapaTpUCHOE perenne BILIOTH g0 ¢ = 1. Orvernm, 4ro ypaBHeHUe
(6.44) siByIsSIeTCS CHHTYJISIPHO BO3MYIICHHBIM 1 pemierne (6.48) mpumennmo 6am3u x = 1

TOJIBKO €CJIM BbIIIOJIHEHO CII€IMaJIbHOE yCJIOBUEC
R2W? — P?) > 1, (6.49)

KOTOpOe, BOOOIIe TOBOPs, CHJIbHEe, 4eM CeIyiollee HermocpeacTsenuo u3 (6.47) yciobue
W > P, u upu 60abiiux TBucTax peinenune (6.48) MOXKeT 0Ka3aThCsl MPUMEHHUMbIM TOJBKO
HAYMHAs ¢ HEKOTOPOro x > 1, Kak HampuMep Ha pucynke 6.2. OaHako, Kak Oy1eT MoKa3aHO
Jagsee Juist perierust (6.48) 1 BBIIOJHEHHBIX I'PAHUYHBIX yCJI0BHUiT Ha KoH4uKe (6.45), (6.46),
yeaosre (6.49) okasbiBaeTCsi cCaMOCOTTIACOBAHHBIM TPEJIIONOKEHHEM.

Jlerko Buzersb, urto perrenue (6.48) yaosiersopser yerosuio (6.47). Iloacrasiss ero B
(6.45), (6.46) npu x = 1 u mpeaIOIATadA, YTO BCE TTAPAMETDHI CPEbI N ~ 1 (cyuaii obiero
IOJIOZKeHH ST ), TIOJIyIiM CHCTeMY ypaBHeHWi 1jist onpesenenuss R u W:

W2

2/ D212 1/2 IR?
WA(P*R? + 1)'2 + pW(P°R +1>+772((W2_7>2)7z2—1)1/2

(P2R? + 1)(W? — P?)
((W2 _ p?)RQ _ 1)1/2
(W? = PHOR? — D)V 4 g(P*R2+ 1)Y2 = O (e) (6.51)

+14 +n5P? = O (e) (6.50)

Jlerko BujeTh, 4To npu P = 0 JlaHHbIe YpaBHEHHS UMEIOT PeIleHHs, COBIAIAIONINE C
VIeTOM pasjnunii B 0003HaYeHusX ¢ pemtenusvu (3.125) mis miockoro ciaydast. [Ipu srowm,
Kak BUjHO u3 (6.51), pemenne MOKeT CyIIeCTBOBATH TOJIBKO 1pH 7 < 0, 4TO, KaK U B

JABYMEPHOM CJIy4ae, COOTBETCTBYeT MPOPACTAIONIEH MCXOHON MOJIYILJIOCKON BOJIHE.
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Puc. 6.2: Pemenes ¢ (z) ypasuenes (6.44) npu dbuxcuposannbix ¢/R = 0.3, PR = 1.4, WR = 1.7 u
pasiuunbix o = —1.1; —1.23; —1.25; —1.26. 2Kupnas nyHkTupHas juHus — Kpusag (6.48).

st cucremsr (6.50), (6.51) MOKHO yKa3arh pellieHne B TapaMeTpruaeckoii (hopme depes

mapamerp t € [1, +00) :

(12 — 1)
PP =R : 6.52
3 —at+ B2 - 1) (6.52)
tt t? —at + Bt — 1)
W - Woo 9 R = ROO
3 —at+ [(t2 —1) 13
rje 1T KpaTKOCTH 0D03HAUEHO
Fomlm Y2 T g+ 1= nane
_ N2(ng + 1) + _ 15
16 (g + 1 — nane)’ g + 1 —mane

Ormerum, uto W?/P? = (2 + 1)t2/(t* — 1) > 1, R*(W? — P?) = n2t> + 1 > 1, tak 4ro
YCJIOBHE MPEMEHUMOCTH pernenust (6.48) BIIIOTH 10 o = 1 OKA3BIBACTCS BHITOJTHEHHBIM
¥ TPUMEHEHHs] CHHIYJISIDHOI TeOpHH BO3MYINEHWH [ pernenuss ypasuenus (6.44) He
Tpebyercs.

IlonstHo wro Bua 3asucumocteit W(P) m R(P) HOTHOCTBIO OIpPeIeseTcs
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napamMerpamMu « u 3, Toraa Kak R U W, BAUSIOT TOIBKO Ha MacmTad. Ha pucynke 6.3

HpUBEJICHBI TPADUKU STUX 3aBUCUMOCTEH JIJIsi HEKOTOPBIX 3HAYEHHH TapaMeTpOB.

5t s
o=-1 e
-10 f o |
o=1
=2
-15 L N
0 3 15 20
(a)
4 T
=3 ——
H i 35 | o |
o=
- a=1 |
| i ’ 0=3 -
= o0f 7
2 w3 —— 1 ‘
o=-1 ——— 1y : i
~ o= N
“r o=1 | 05 F el |
B =3 - S o ]
‘ ‘ ‘ : . ,
0 1 2 3 4 5 0 2 4 6 3 10

Puc. 6.3: Bespaswepnbie yriosas ckopocTh (cesa) u paamyc sapa (cnpaBa) B 3aBUCHMOCTH OT TBHUCTA
B coorBeTcTBUU C ypaBHenusiMu (6.52) npu pasiuuHbIxX 3HaveHusx napamerpos o u O: (a) = —3; (b)

[ = 3. 3HaueHus (@ MPUBEIEHBI HA CAMUX PUCYHKAX.

6.5 OO6cyxaenne.

OKa3ayioch, 4TO XapaKTep 3aBHCHMOCTH OCHOBHBIX HapaMeTpPOB CKPYYEHHOIO CBUTKA
(paguyc siipa W yIIoBas CKOPOCTh) OT TBHUCTA ONPEJIEJSITCS BCETO JIMIb JIBYMsI
KOMOMHAIMSAME KHHEMATHIECKUX TapaMerpoB cpeabl o u 3 (cm. (6.53)), aro obserdaer
SKCIIEPUMEHTANBHYIO TPOBEPKY TOJIyUEHHBIX 3/€Ch DPe3ysbraroB. OTMETHM CJIepyolye

XapaKTepHble YepThl 3TUX 3aBUCUMOCTEH, KOTOpPble MOXKHO 3aMeTHTh MPU U3YIeHHHU

137



ypasaenuit (6.52) u pucynka 6.3:

e YrjoBas CKOPOCTb U paJuyC dApa IIPpH MaJIbIX TBUCTaX 3aBUCAT OT TBHUCTa YE€THBLIM

o6pa3oM (KBaJPATHIHO) MPH JIOOBIX TTapaMeTpax.

e [Ipu HEKOTOPHIX 3HAYEHHAX ITAPAMETPOB BO3MOYKHO CYIIECTBOBAHHE HECKOJIBKIX
CBHUTKOB C PA3JIMYHBIMU [TapaMeTpaMU NP OJUHAKOBOM TBUCTe. [Ipu 3TOM OHE MOTyT

HMETh PA3JUYHOEe HANPABJICHUE BpAlleHus (3HAKH YIJIOBOH CKOPOCTH).

e [Ipn HEKOTOPBHIX 3HAYEHHAX MAPAMETPOB BO3MOXKHO CYIIECTBOBAHHE CBHTKA
¢ “HOpMAaJIbHBIM” HANpaBJIeHUEM BpallleHds (TO eCcTh W3JAYYalolero, a He
HOTJIONIAIOIEr0  ABTOBOAHBI) TOABKO OPH  TBHCTAX OOJBIIUX HEKOTOPOIO

IIOJIOZ2KUTEJIbHOI'O 3HadYeHnd.

e [Ipu nocTaTouHO GOIBITUX TBUCTAX YIVIOBAsi CKODOCTh MOHOTOHHO (MOYTH JIHHEHHO)
BO3pacTaeT ¢ POCTOM TBHUCTA. MOHOTOHHBIE POCT YIJIOBOM CKOPOCTH € POCTOM
TBHCTA €CTECTBEHHO MPHUBEJET K TOMY, HUTO IEpPHOJ OKaxKeTcd OJU3KUM K
BpeMeHU pedPaKTEePHOCTU CPebl IPU HEKOTOPOM KPUMUYECKOM 3HAYCHUU TBUCTA.
YBemueHne TBUCTA BBIINIE KPUTHYECKOTO 3HAYEHHUS HEBO3MOXKHO. KEcrecTBeHHO,
YTO MPH TBHUCTAX, OJU3KUX K KPHUTHYECKOMY JAaHHAsd KHHEMATHYeCKash MOIENb,
HE YUYUTBHIBAWOIAs pedpPakTepHOCTb, HE HpuMenuma. Ormerum, UTO JUHEHHAs
3aBUCUMOCTHL YTJIOBOIl CKOPOCTH OT TBHUCTA ObLAa MOJYYeHA paHee B HEKOTOPOM
aHaJIOrmIHOM ciiydae B [80], a HajmIme MAKCHMAJIBHO BO3MOXKHBIX TBUCTOB, MPH
KOTOPBIX Ieprof OJU30K K BpeMeHH pedpaKTepHOCTH, HAOIIOIAJIOCH B YHCJIEHHOM

sxcrepumenre [81].

e [Ipu mocTaTouHO HOTBIINX TBUCTAX PAIUYC sApa CTPEMHUTCS K HEKOTOPO# KOHCTAHTE,
ompeneasseMoil mapaMeTpamMu Cpeibl. DTO CTPEMJIEHHe MOKEeT IPOMCXOANTH KaK

CBepXY, TaK U CHU3Y B 3aBHCHMOCTHU OT 3HAaUYeHHUH mapaMmerpoB o u [.

o [Ipu HEKOTOPBIX 3HAYEHUSAX MAPAMETPOB (v U (3, BO3MOYKHO THCTEPE3NUCHOE TMOBEICHUE

KaK YIJIOBOH CKOpPOCTH, TaK W pajuyca diapa. loBopd 31ech 0O THCTEPE3UCHOM
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noBeJeHU, MblI MMEJIM B BHUAY TOJBKO €I0 INPpUHIUIWAJIBHYIO BO3MOXKHOCTD. ZL.HH
TOro 4Tobbl yKa3aTh, OyJeT JIM OHO PEAJM30BBIBATLCS, HEOOXOAUMO HCCIEIOBATD

YCTONYUBOCTH OT/ICJIBHBIX BETBEl pelleHuii.
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BriBoanl

B nannoit pabore o0cyzKjiaJjicsi KMHEMATHYECKUH I10/X0/I, IMO3BOJSIONIUN CyIIECTBEHHO

YIOPOCTUTH U3YyYEHHE ABTOBOJIH B BO30YAMMBIX Cpejax, KOTOpOe SBJISAeTCS BayKHOH u

CJI0XKHOM 3a/avueil B COBpPEMEHHOI HeJuHelHO# (u3uKe U, B YACTHOCTH, IIPeICTABJISIET

oonbmoit mHTEpec M Omodusuku. [Ipm 3ToM OBLIM JOCTUTHYTHI CAEAVIONIHE OCHOBHBIE

pe3yabTaTHhI:

YpaBHeHNsT KHHEMATHYECKOTO ITOAXO0AA TOAYUYEHbI TIPU MOMOIIMN aCHMITOTHIECKOM
NpoIeAypbl W3 ypaBHeHui Tuna ‘‘peakius-auddy3us’, ONHCHIBAIOIIMX JTAHHYIO
BO3OyuMyto cpexay. llpu 3ToM egumnasi mnporegaypa MO3BOIWIA HOJYIUTH KAK
ypaBHeHHe JBWKeHus (PPOHTa, TaK W HEOOXOAMMble KpaeBble yciaoBusa. Kpaesbie
VCJIOBHSL OKA3aMUCh 0O0Jiee CIOKHBIME, YeM MOJydeHHble paHee (KJIaCCHIecKast
KUHeMaTnKa). Pa3paboTaHHBIN MOAXO] OKA3aJCsl NPUMEHHM KaK K 3ajade Ha

IIJIOCKOCTH, TaK 1 B IIPOCTPaHCTBE.

[Tonydeno obiee aHaAIUTUIECKOE pellleHre OCHOBHOTO auddepeHInaabHoro
ypaBHEHHSI KHHEMATHIECKOrO IMOIXOMa B JOCTATOYHO €CTECTBEHHBIX I HEro

IPEII0JO2KEHU AX.

Omnmcana ¢opma CTaIMOHAPHON CIUPATBLHON BOJHBI U €€ TmapaMeTphl B OeCKOHETHOM

cpelie U B KPYIVIO cpejie, IIeHTP KOTOPOH COBIAJIAET € MEHTPOM CIIUPaJIbHONU BOJIHBI.
Nzyuen apeiic cnupaabHOi BOJHBI IPH B3aUMOJICHCTBHE C HEOIHOPOIHOCTHIO CPEJIbI.

I/I3y‘{eHbI TUIIbL CTalUOHAPHbIX peHIeHI/Iﬁ B BH/€ TPAHCJAAOUOHHBIX M CHUPAJIBbHBIX

BOJIH BOJIM3M HenpopacTtaroliero perenus. [locTpoena auarpaMmMa TaKux perreHwuii.
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o PeByJIbTaTbI CONIOCTaBJICHDLI C pe3yabTaTaMi KJIaCCHY€eCKOIO BapHuaHTa

KHHEMaTHIeCKOTO MeTO/1a U MeTO/a CBOOOIHON I'PAHHUIIHI.

[ ] PeSyJIBTaTbI COMmocCTaBJIEHBI € AJaHHBIMU YUCJIECHHOT'O MOJEJUPOBaHUA B036y,ILI/IMOI'71
cpennl. [lokazano, aTo a4 cpeapl PutnXpio-Harymo kKnaccudeckas KnHeMaTHIeCKast
MO/JEJIb  4dBJIdeTCd aJdCKBAaTHBIM OIIMCaHUEM, TOI'Ja KaK [JId MOAEJIN AJH/IeBa—

HaHCbI/I.HOBa YTOYHEHHBbIEe HaMM YPaBHCHHA OKa3aJIUCh IIpeAIOYTUTe/IbHee.

o lccienoBana 3ajada O HPIMOM CBHTKE C HEHYJIEBBIM HOCTOSIHHBIM BJIOJIb HEIrO
rpaguerToM ¢aszbl  (TBucTOM). Ilpm 3TOM MOKa3aHO, 4YTO B 3aBUCHMOCTH OT
MapaMeTpoB BO3MOXKHO JIOCTATOYHO 0OOraroe W HEOJHO3HAUYHOe (B TOM YHCIe,
TUCTEPE3NCHOE) TOBEIEHNe 3aBUCHMOCTH KHHEMATHIECKUX MapaMeTPOB CBHTKA OT

TBHCTaA..

Takum 00pa3oM, TEOpPETUYECKH [PEJACKA3aHO W HOJATBEPKJIEHO B YHCJIEHHOM
IKCIEPUMEHTE “HEKJIACCUYECKOe  IOBE/IEHNE CIUPATBHBIX H CBUTKOBBIX BOJH C OOJBIITAM
SIPOM B BO30YIUMOIt cpejie. DTO TOBeIeHne OTIHYAeTCsd OT KJIACCHIeCKOT0, CBORCTBEHHOTO
cuctemam Tuna PurnXwio-Harymo, acuMnToTHyecKUMW TOPSIIKAMHU BeJIWYWH, & B
HEKOTOPBIX CAyJasiXx W KadeCTBEHHO WHBIMHU 3aBHCHUMOCTSIMH OT MapMEeTPOB CPEeIHI.
Taxoe HekJlacCcHYeCKOe MOBeJieHNEe OKA3aJoCh B TOM YHCIE XapaKTEePHBIM IS CHCTEM
GoJlee PEATIMCTHYHO ONUCHIBAIONIUX CEPIEYHYI0O TKaHb (PE3KWil TepejHuii u IIaBHbII
3aaHuit GpoHT norennuasa geiicrsus). [1o91oMy pesysibraTsl HCCIEIOBAHNUS IPEICTABISIOT

UHTEPeC ¢ TOYKU 3peHust 6nopu3nKu.
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