Solutions to Data Analysis Class Exercises

Have you attempted the exercises? If not, then go and do them first before looking here!

These model answers were prepared by Dr Chris Ferro to help show you how one should
present statistical work correctly. Statistical work should be precise and concise. The data
and methodology should be clearly explained so that in principle areader could easily go
away and reproduce the analysis (repeatability is essential for good science!). Statistical
models and tests and their underlying assumptions should be clearly explained and you
shouldn’t be afraid to use proper mathematical symbols to write out statistical methods
and models. The results should be presented clearly in well-labeled graphs (with
meaningful captions and axis labels) and tables (with meaningful captions and column
headings). The results should be interpreted in a careful way taking into account all
sources of possible uncertainty such as sampling uncertainty caused by having only a
finite sample of data. The evidence should be weighed up objectively rather than
torturing the data with statistical methods to prove a point.

Exercise 1

Two histograms of daily mean temperatures, recorded in degrees Celsius (°C) at the
Department field site during 2003, are shown in Figures 1 and 2. Figure 1 suggests that
the temperatures have a bi-modal distribution, with two peaks around 9 and 16°C. This
feature disappears when the interval width isincreased in Figure 2. The second peak in
Figure 1 isrelated to a record-breaking heat wave at the start of August 2003. The typical
distribution of our field-site temperatures is better represented by the uni-modal
distribution in Figure 2. Neither figure iswrong, but the data that are selected and the
way in which they are plotted can strongly influence interpretation, so be careful!

The histograms show that the distribution of daily mean temperaturesis roughly
symmetric and there are no obvious outliers. The boxplot provides no additional insight
for these data and so is omitted. Summary statistics are displayed in Table 1. Note the
number of significant figures: since the quartiles and ranges correspond to particul ar
observations they should have the same precision (one-tenth of a degree) as the data; the
mean and standard deviation are given two decimal places but any more is unnecessary.
For symmetrically distributed data, the mean and standard deviation provide areasonable
summary. For these data, the mean temperature is 10.96°C, with quite a wide spread
given by the standard deviation of 5.84°C.

Mean StdDev 1% Quartile Median 3™ Quartile IQR Range
10.96 5.84 6.8 10.4 15.6 52 26.8

Table 1. Statistics of field-site daily mean temperatures (°C) in 2003.
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There are six missing values in the data record for 2003 and it isimportant to discover
why thisis so. For example, if missing values are recorded only when temperatures are
very high (due perhaps to a fault in the thermometers) then our previous analysis of the
datawill be biased. Inspection of the data reveals that the missing values occur in three
pairs that correspond to weekends, apparently randomly located through the year. It is
unlikely, therefore, that the missing values are linked to the meteorological conditions,
but are probably caused by technical faults that were not rectified until after the weekend.
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Figure 1. Histogram of field-site daily mean temperatures (°C) recorded in 2003.
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Figure 2. Histogram of field-site daily mean temperatures (°C) recorded in 2003.
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Exercise 2

1. Temperatures

Note that this section is not written as areport, but only to point out some features of the
data that you should have addressed. The wind-speed example in the next section gives
you an idea of areport style.

The summary statistics for daily maximum temperatures are given in Table 1 and should
immediately alert you to an error in the data: there is one value equal to 270°C. This
occurs on day 167, immediately after two missing observations, so may be related to an
instrumentation failure. Alternatively, the value may just have been stored incorrectly:
perhaps the temperature has been recorded in degrees Kelvin, or maybe the decimal point
isin the wrong position. The former is unlikely given the temperatures recorded on the
preceding and succeeding days. In fact, | inserted the error myself (merely for
demonstration purposes of course!) and the latter explanation is correct: it should be
27.0°C. The statistics after this correction has been made are shown in Table 2. Note that
the mean, standard deviation and range change alot, but the quartiles are more robust and
are unaffected.

Mean StdDev 1% Quartile Median 3 Quartile IQR Range
16.28 15.12 10.3 15.2 205 102 2726

Table 1. Statistics of daily maximum temperatures (°C) in 2003.

Mean StdDev 1% Quartile Median 3" Quartile IQR Range
15.62 6.93 10.3 15.2 205 102 36.1

Table 2. Statistics of corrected daily maximum temperatures (°C) in 2003.

Did you make any other checks on the data? One ssmpleideaisto check for each day that
the minimum temperature does not exceed the maximum temperature.

The summary statistics for daily minimum temperatures are shown in Table 3, and
histograms of daily maximum and minimum temperatures, using the same axes in both
plots, are given in Figures 1 and 2. Both distributions are roughly symmetric, with the
mean of the minimum temperatures about 9°C lower than the mean of the maximum
temperatures. The minimum temperatures also have a smaller spread (the standard
deviation is about 1.5°C lower) than the maximum temperatures. Can you explain this
phenomenon scientifically?

Mean StdDev 1% Quartile Median 3 Quartile IQR Range
6.55 5.42 2.3 6.6 107 84 265
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Table 3. Statistics of daily minimum temperatures (°C) in 2003.
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Figure 1. Histogram of daily maximum temperatures (°C) recorded in 2003.
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Figure 2. Histogram of daily minimum temperatures (°C) recorded in 2003.
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2. Wind speeds

The 3-metre wind speeds recorded with a cup anemometer in metres per second (m/s) at
the University of Reading meteorology station during 2003 will be examined. Two wind-
speed measurements are available: daily means and maxima of five-minute averages. The
study aims to compare the probability distributions of the wind-speeds and identify any
unusual features. Observations are missing in both records for six days of the year and are
omitted from the analysis. Thisis assumed to cause no biasin the results for reasons
givenin Exercise 1.

Mean wind speed equals zero for every day in the period 16 July — 29 October. It appears
that the anemometer may have been broken. The wind speeds in this period, including the
similarly small daily maxima, are omitted from the subsequent analysis for two reasons:
the anemometer readings are probably unreliable, and the presence of alarge number of
zero or near-zero values can hide patterns in the remainder of the distribution.

Histograms of the remaining daily mean and maximum wind speeds are shown in Figures
3 and 4, and summary statistics are given in Table 4. Both distributions are dightly
positively skewed. The mean of the daily mean wind speeds is approximately 7m/s lower
that of the daily maxima, and the spread is also smaller. Thereis one outlying daily
maximum observation of 30.1m/s that occurred on 30 October, immediately after the
period of zero mean wind speeds. The mean wind speed on this day was 1.0m/s, so the
maximum either corresponds to a short-lived gust or is a measurement error. The
summary statistics are only slightly affected if this outlier is removed from the analysis,
however, and the qualitative conclusions are unaffected.

Mean StdDev 1% Quartile Median 3™ Quartile
Mean 2.38 1.14 1.6 2.3 3.2
Maximum  9.69 3.61 7.6 9.2 11.5

Table 4. Statistics of daily mean and maximum wind speeds (m/s) in 2003.
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Figure 3. Histogram of daily mean wind speeds (m/s) recorded in 2003.
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Figure 4. Histogram of daily maximum wind speeds (m/s) recorded in 2003.

Page 8 of 29



Exercise 3

1. Thesample spacefor X is{1, 2, 3, 4, 5, 6}; the Venn diagram is shown below.

Al A2

a Pr(Al) =12, Pr(A2) =1/2, Pr(A3) = 1/3

b. Aland A2 areclearly mutually exclusive (asingleroll cannot be even and
odd) but it may not be obvious which events are independent. Pr(A1 and
A2) =Pr({}) =0, Pr(Aland A3) = Pr({5}) = /6, Pr(A2 and A3) =
Pr({6}) = 1/6. Since Pr(Al and A2) = 0, A1l and A2 are indeed mutually
exclusive. Since Pr(Al and A3) = Pr(A1)Pr(A3) and Pr(A2 and A3) =
Pr(A2)Pr(A3), both A1 and A2 are independent of A3.

c. Pr(A1JA3) =Pr(Aland A3)/Pr(A3) = /2 and Pr(A2|A3) = Pr(A2 and
A3)/Pr(A3) = 1/2. So Pr(A1JA3) = Pr(Al) and Pr(A2JA3) = Pr(A2), as
expected for independent events.

Pr(A3JA1) = Pr(A1JA3)Pr(A3)/Pr(Al) = /3 and
Pr(A3JA2) = Pr(A2JA3)Pr(A3)/Pr(Al) = 1/3.

2. Let R bethe event ‘precipitation on Christmas day’, F the event ‘boundary layer
below freezing’ and W the event ‘white Christmas’. We have Pr(R) = 1/2 and
Pr(F) = 1/3. Assuming independence of Rand F, Pr(W) = Pr(Rand F) =
Pr(R)Pr(F) = 1/6. If Pr(W) = /10 then Pr(R|F) = Pr(R and F)/Pr(F) =
Pr(W)/Pr(F) = 3/10 < Pr(R). This appears to be inconsistent with independence of
R and F, sincein that case Pr(R|F) = Pr(R).

3. Theresultsyou get may differ because your random numbers will be different.
For my five sample sizes| got proportions 0.4, 0.32, 0.358, 0.3306 and 0.33045.
The Law of Large Numbers says that, if the datareally are independent random
numbers then the proportion should converge to Pr(A3) = 1/3 as the sample size
increases. Thisiswhat we see here. Note that the convergence need not be
monotonic: there is always some sampling variation.

4. The expected number of occurrences of each number is 100/6 = 16.7. In my
sample | have the following counts.
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1 2 3 4 5 6
Observed 12 25 19 12 15 17

Again, thereis some sampling variation but the observed counts are reasonably
close to the expected values. Another way to test the random number generator is
to count the number of times consecutive numbers are equal. The expected
number is 99/6 = 16.5 since the probability that consecutive numbers are equal is
1/6. The observed number in my sampleis 17.

. E(X) = 1(1/6) + 2(1/6) + 3(1/6) + 4(1/6) + 5(1/6) + 6(1/6) = 7/2.

Var(X) = E(X?) — E(X)? = 1(1/6) + 4(1/6) + 9(1/6) + 16(1/6) + 25(1/6) + 36(1/6) —
(7/2)* = 91/6 — 49/4 = 35/12.

E(X+Y) = E(X) + E(Y) = 2E(X) = 7 since X and Y have the same expectation.
E(XY) = E(X)E(Y) =49/4 since X and Y are independent.
Cov(X,Y)=Cor(X,Y)=0snceX and Y areindependent.

Var(X +Y) =Var(X) + Var(Y) + 2Cov(X, Y) = 2Var(X) = 35/6.

Var(X - Y) =Var(X) + Var(Y) — 2Cov(X, Y) = 2Var(X) = 35/6.
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Exercise 4

1. Some example plots are shown in Figure 1.
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Figure 1. Histograms of samples of size 200 from three distributions: Bernoulli(0.4),
Binomial (10, 0.2) and Poisson(2). Boxplots of the Binomial and Poisson data.

2. The Binomial distribution describes the number of successesin afixed number of
independent trials. Here, the number of ‘trials’ would be the number of daysin awinter
and a ‘success’ would be a stormy day. The Binomial distribution will be an unrealistic
model, however, because days are unlikely to be approximately independent. The
parameters of the model are n = 120 days and © = 1/3, with mean nx = 40 days and
variance nm(1 — nt) = 80/3. The probability of awinter having more than 40 stormy days
is0.4572. A plot of my 100 simulated winters is shown in Figure 2. The average number
of stormy daysin my sampleis40.5.
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Figure 2. Time series of 100 simulated winters.

3. Some example plots are shown in Figure 3.
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Figure 3. Histograms of samples of size 200 from three distributions: Uniform(0, 1),
Normal(1, 1) and Gamma(1, 1). Boxplots of the Norma and Gamma data.

4. Histograms of the temperature data are shown in Figure 4. Normal densities with the
same mean and variance as the data are superimposed on each plot. The daily mean
temperatures appear reasonably Normal although there is an apparent discrepancy around
13°C. Daily minimum temperatures al so appear reasonably Normal. Daily maximum
temperatures, on the other hand, seem to have alonger upper tail and a shorter lower tail
than the Normal distribution.

5. The probability that a Normal random variable with mean 10.964 and standard
deviation 5.843 exceeds 15 is 0.245. Thisis lower than the sample proportion (0.29)
because the Normal distribution is not a good fit to the data. Both values are likely to be
poor estimates for 2004 because the temperature distribution in 2003 is unusual for
Reading: a better estimate would be based on alonger temperature record.
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Figure 4. Daily mean, minimum and maximum temperatures (°C) with Normal densities

superimposed.
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Exercise 5

1. The mean of alarge number of random variables should have a distribution that is
approximately Normal according to the Central Limit Theorem. Each of the 100
means has expectation 4 and variance 4/100, so the approximating Normal
distribution will have mean 4 and standard deviation 2/10. A histogram of the 100
means that | ssimulated is shown in Figure 1. The corresponding Normal density is
superimposed and seems to be a good approximation.

Figure 1. Histogram of 100 means and the approximating Normal density.

2. Theusua point estimate is the sample mean, X , which is 11.22°C for my data. If
the true standard deviation, o = 5°C, is known and the sample sizeis nthen a

100(1- & )%-confidence interval is(X—c, o/ Jn, %X+ c,ol \/ﬁ). For a 90%-
confidence interval, c, =1.645; for a 95%-confidence interval, ¢, =1.960; for a
99%-confidence interval, ¢, = 2.576. The three confidence intervals for my data

are therefore (10.40, 12.04), (10.24, 12.29) and (9.93, 12.51) degrees Celsius. In
my case, only the 99%-confidence interval contains the true mean (10°C). The
intervals are designed to contain the true mean 100(1- & )% of the time on
average.

3. The standard deviation of my 100 sample meansis 0.49. The theoretical standard
error of the sample meanis oln=1/2.Of my 100 90%-confidence intervals,
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90 of them contained the true mean (10°C), which is the proportion that we would
expect in the long run.

4. The sampling distributions of my 100 sample means and medians are shown in
Figure 2. The boxplotsindicate that the two estimators are centred on the true
mean but that the median has a greater spread and a skewed distribution. The
greater spread is also reflected in the standard deviations: 0.49 and 0.57. Both
estimators appear to be unbiased, but the sample mean is preferable because it has
lower variance; the skewness has just arisen by chance in my samples. On the
other hand, recall that the mean is more sensitive to outliers.
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Figure 2. Boxplots of 100 sample means and medians.
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Exercise 6

1. The boxplotsin Figure 1 show that the rainfall anounts from both unseeded and
seeded clouds are positively skewed and that there are some large, outlying
observations. The median rainfall amounts for the unseeded and seeded clouds are
44 and 222 acre-feet, indicating that the seeded clouds tend to yield more rain.
The boxplots show that the rainfall from the seeded clouds also has a greater
spread than the unseeded clouds.
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Figure 1. Rainfall amounts (acre-feet) for 26 unseeded and 26 seeded clouds.

2. A possible null hypothesisis H, : x4, = u,, where p, isthe mean rainfall from
unseeded cloudsand , isthe mean rainfall from the seeded clouds. The general
aternative hypothesisis H, : 1, # y, . (If the experimenters wanted to know if
seeding acloud increased rainfall then we could use H,, : x4, < 1, and
H, :u, > u,, but weshall not consider this.) The two-sample t-test can be used to

test such hypotheses. Since the twenty-six clouds in the two samples are not
paired, the unpaired version of the test is appropriate. A reasonable significance
level is anything between 1 and 10%, that is we conduct the test with the
knowledge that we shall incorrectly reject the null hypothesis between 1 and 10%
of the time on average.
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3. The unpaired two-sample t-test assumes that each sample comprises independent
Normal random variables with constant mean and variance, and that the two
samples are independent with equal variances. The exploratory analysisin
Question 1 shows that these assumptions are unreasonabl e for the data. Taking
natural logarithms produces the data plotted in Figure 2, which are well
approximated by Normal distributions. Furthermore, the large, outlying
observations noted in Figure 1 are no longer evident and the standard deviations
of the two samples, 1.64 and 1.60 for the unseeded and seeded clouds, are similar.
The assumptions are acceptabl e for the transformed data, so applying the test to
the logged data will give an accurate result.

Log Rainfall
o = N w N (6] 0] ~ (o]
|

— *

T T
Unseeded Seeded

Figure 2. Log rainfall amounts for 26 unseeded and 26 seeded clouds.

4. The means of the transformed rainfall from the unseeded and seeded clouds are
3.99 and 5.13, with standard deviations 1.64 and 1.60. The difference in the
meansis 1.14 and the pooled standard deviation is 1.62. Thet-statistic is

t =1.144/13/1.62 = 2.54, whichis compared to the T-distribution with 50 degrees

of freedom. For significance level 5% the critical values are +2.01, which are
shown below on the sketch of the density. The statistical tables also show that the
two-sided p-value is between 0.01 and 0.02 since 2.40 < t < 2.68. R yields the p-
value 0.014. The null hypothesisis therefore rejected at the 5% level, but not at
the 1% level for example. | conclude that there is quite strong evidence to suggest
that seeding clouds affects the mean amount of rainfall produced by a cloud. The
dataindicate that the effect is to increase the amount of rainfall.
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Figure 3. Density of the Ts distribution with critical values.

5. Without transforming the data the p-value is 0.051, and the null hypothesis would
not be rejected at the 5% level.

6. Let X bethe number of heads obtained in n = 250 spins of the coin, and let © be
the probability that, when spun, the coin lands showing heads. We have no
information to suggest that the spins are dependent, nor that the chance of heads
changes during the experiment, so it is reasonable to assume that X hasthe
Binomial distribution Bin(n, ). We wish to test the null hypothesis

H,:7 =r,=1/2 that the coin is unbiased against the general alternative

H, : 7 #1/2 that the coin is biased.

The experiment yielded x = 140 heads, so a point estimate for n is
77 =Xx/n=14/25=0.56. Using the Normal approximation N(nzx, ntt (1 — x)) to
the Binomial distribution, a 95% confidence interval for mtis

(;% ~1.96/71-#)In, #+1.96 /71— 7)/ n) ~(0.498, 0.622). Thisinterval
contains o, So the null hypothesisis not rejected at the 5% level of significance.

A hypothesistest based on the Normal approximation compares the z-statistic,
z2=(1-my)l\7w,(1—7y)/n =190, under the null hypothesis to the standard

Normal distribution. The probability of obtaining a z-statistic at least as large as
thisis 2Pr(Z > z) = 0.058. We conclude that there is only weak evidence that the
coin used in the experiment is biased.

A more accurate test that does not rely on the Normal approximation uses the
Binomial distribution directly. The probability of obtaining aresult as unlikely as
140 heads in 250 spins under the null hypothesisis Pr(X >= 140) + Pr(X <= 110)
= 0.066.

The claim that the Belgian euro is struck asymmetrically assumes that the result
for thissingle coin holds for all Belgian euros. If this were the purpose of the
investigation then a better experiment would be to spin n different coinsinstead of
the same coin n times.
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Exercise 7

1. Thecorrelation is 0.82 (to two decimal places) for all four pairs, which suggests a
strong, positive association in each case. The plotsin Figure 1 show that the
relationships are very different. The correlation is only meaningful for the first
dataset, which has aroughly linear association. The second dataset has a strong,
non-linear relationship that is not reflected in the correlation because it isa
measure of only linear association. The third dataset appears to have an outlier;
apart from that the relationship seems perfectly linear, but again thisis not
revealed by the correlation. The fourth dataset has only two distinct x-values,
which makes it difficult to conclude anything about the relationship. Always plot
the data if you are interested in the relationship between variables!
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Figure 1. Scatter plots for four datasets.

2. Thesimplelinear regression model is Y, = S, + B, +¢,, where Y, isthe
response variable, x isthe explanatory variable, and &, are independent
N(0,5?) random variables. For all four datasets the | east-squares parameter

estimatesare 3, = 3.0 and 3, = 0.5.
3. The coefficients of determination areal R* = 67%, and the p-values for testing

H, : B, =0 against ageneral alternativeare all p = 0.002. These statistics
indicate that the value of the x-variable isinformative about the value of the y-
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variable in each case. In particular, the x-variables explain about two-thirds of the
variation in the y-variables.

Diagnostic plots reveal that the fitted model is acceptable for the first dataset only.
The plots of residuals against fitted values in Figure 2 reveals the non-linear
structure that is missed by the model for the second dataset, and highlights the
influential outliersin the third and fourth datasets. Histograms and probability
plots (not shown) reveal that the assumption of Normal residualsis aso untenable
for datasets 2 and 3.

Only thefirst fitted linear model is useful; for the other datasets, the models will
give misleading results. The second dataset needs a non-linear model, the linear
model for the third dataset should be fitted in such a way that the outlier is
accounted for, and the fourth dataset is not appropriate for modelling the bivariate
relationship.
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Figure 2. Diagnostic plots for the four linear regressions.
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Exercise 8

This investigation aims to assess the evidence for time trends in wintertime Central
England Temperature (CET). The data are mean winter CETs for the years 1866 to 1997
with winter defined to cover months December, January and February, the latter months
identifying the year associated with a particular winter. Mean winter sea-level pressure
(SLP) at four stations in Iceland, the Azores, Gibraltar and Lisbon for the same time
period will aso be used in the analysis.

The mean winter CETs are plotted against year in Figure 1. There appear to be some slow
variations over time. The presence of an occasiona very low temperature is reflected in
the histogram of Figure 2, which isunimodal but has alonger cold tail. The mean
temperature is 4.1°C and the standard deviation is 1.3°C.

A simple linear regression of temperature on year isfitted by ordinary least squares. The
model is

Ti=Bo+ BiX +¢&,
where T, isthe temperaturein year x, and the ¢, areindependent Normal random

variables with zero mean and constant variance. The parameter estimates are ﬁo =11

and f3, = 0.0015 with standard errors 5.7 and 0.003. The slopeis not different from zero
at any reasonable level of significance (p-value = 0.6) and the coefficient of
determination is only 0.2%, suggesting that there is no discernable time trend in the
wintertime CETs. Residual plots such as Figure 3 do not suggest any non-linear time
trend that could be simply modelled.

A simple linear regression of temperature on mean SLP at Iceland is now estimated. The
model is

T =B+ AP + 5,
where p,; isthe Icelandic SLPinyear x . The parameter estimates are /3, =170 and

A

S, =—0.166 with standard errors 13 and 0.013. The slopeis highly significantly different

from zero (p-vaue < 0.001) and the coefficient of determination is 55%. Icelandic SLPis
apowerful explanatory variable for wintertime CET, explaining more than half of the
variation in the temperatures. The CET increases by about 1°C for every decrease of
6hPain Icelandic SLP. Residua plots indicate two, slight departures from the model
assumptions: the distribution of the residuals has along lower tail, and the residuals have
adlight positive trend over time (Figure 4).

A linear time trend is added to the regression model:
T =Bo+ 5P + BoX + &
The parameter estimates are now f3, =165, A3, = —0.169 and 3, = 0.004 with standard

errors 13, 0.013 and 0.002. Although the time trend is slight, an increase in CET of about
0.4°C per century, it is now significantly different from zero at the 5% level (p-value =
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0.043). The explanatory power of the regression model is only marginally improved,
however: the coefficient of determination is 56%.

Perhaps the most illuminating model includes the Gibraltar SLP:
Ti = Bo+ PPy + BoPa + BaX + &,
where pg; isthe Gibraltar SLPinyear x . The parameter estimates are B, =-104,

A

f,=-011, ,=0.21 and 3, = 0.004 with standard errors 57, 0.02, 0.04 and 0.002.

Both of the SLP terms are highly significantly different from zero (p-value < 0.001) and
the time trend, of about 0.4°C per century remains significantly different from zero at the
5% level (p-value = 0.041). The opposite signs of the coefficients for the Iceland and
Gibraltar SLP termsindicate that the (weighted) pressure difference between these two
locations contributed most to the explanatory power of the model, which has coefficient
of determination equal to 63%.

This analysis has shown that there is evidence, at the 5% level of significance, for an
increasing time trend in CET of about 0.4°C per century. Thistrend is discernible only
after accounting for the influence of atmospheric circulation patterns on CET, in
particular the pressure differential between Iceland and Gibraltar.

One potentia shortcoming of this analysisis the assumption that the residuals are
independent: they might be expected to exhibit serial correlation from one year to the
next. If such behaviour is not accounted for in the model then the results, such as the
statistical significance of atime trend, can be misleading. Models that do account for
correlated residuals are beyond the scope of this module, however, but fortunately the
correlation is weak for the data examined in this exercise. Another potential shortcoming
isthe linear time trend. Thisis very common practice in climate science, but processes
rarely exhibit linear trends: they are usually more complicated, but appropriate statistical
models are a so beyond the scope of this module.
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Figure 1. Mean winter CET (°C) against year for 1866 to 1997.
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Figure 2. Histogram of mean winter CET (°C) from 1866 to 1997.
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Figure 3. Residuals from the linear regression of CET (°C) on year.
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Figure 4. Residuals from the linear regression of CET (°C) on Iceland SLP.
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Exercise 9

1. TheDarwin SLPisplotted in Figure 1. Thereis astrong annual cycle that
accounts for amost al of the variation in the data, which is spread evenly around
the value 10; thereisa dight increase over time.

2. For periodic datait is usual to take moving averages with lengths equal to
multiples of the period. A moving average with length 60 monthsis shown in
Figure 1. This highlights the main, low-frequency variation; shorter lengths have
too much noise. The main pattern appearsto be an overall increase with adip in

the early 1970s.
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Figure 1. Monthly mean SLP (-1000hPa) at Darwin from January 1951 to July 2000. The
centred moving average of length 60 months is superimposed.

3. Theautocorrelation function is given in the lecture notes. The dependence at lag
12 monthsisillustrated in Figure 2.

4. Theplot of the data after applying the backward difference filter of lag 12 is given
in the lecture notes.

5. The series obtained after applying both lag 12 and lag 1 differencesis shown in
Figure 3. If this were white noise then the autocorrel ation function would be zero
for al lags. The actual autocorrelation function is shown in Figure 4 and has
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large, negative correlations at lags 1 and 12. The differenced seriesis therefore
not white noise, but has some remaining dependence structure.

Darwin SLP

Darwin SLP at Lag 12

Figure 2. Darwin SLP plotted against itself at lag 12 months.
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Figure 3. Darwin SLP after applying lag 1 and lag 12 backward difference filters.

10
08
Q6
04
02

O A R S IS L L N
024’- ' ...................
04

06
08
10 1

Autocorrelation

Figure 4. Autocorrelation for the series in Figure 3 with 95% confidence intervals.
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6. The histogram and autocorrelation function from the seasonal ARIMA model are
shown in Figure 5. The distribution of the residuals is approximately Normal (in
fact the residuals have slightly heavier tails) and there is no significant
autocorrelation at the 5% level, indicating that the residuals are well approximated
by white noise. The fitted model has equation

Y, =2Z,-059Z, ,-096Z, ,, +0.56Z, ,,

where Z, iswhitenoiseand Y, isthelag-1 and lag-12 differenced data, i.e.
X=X+ (X, — X3)+Z,-059Z, , -0.96Z, ,, + 0.56Z, ,,.
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Figure 5. Autocorrelation function (with 95% confidence intervals) and histogram for the
residuals from the seasonal ARIMA model.
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