North Pole

i Lﬁ*
ML

Numerical modelling of
atmospheres and oceans

More advanced spatial schemes
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Course content

Week 1: The Basics

1.1 Introduction

1.2 Brief history of numerical weather forecasting
and climate modelling

1.3 Dynamical equations for the unforced fluid

Week 2: Modelling the real world
2.1 Physical parameterisations: horizontal mixing and convection
2.2 Ocean modelling

Week 3: Staggered schemes
3.1 Staggered time discretisation and the semi-implicit method
3.2 Staggered space discretisations

Week 4. More advanced spatial schemes
4.1 Lagrangian and semi-lagrangian schemes
4.2 Series expansion methods:

finite element and spectral methods

Week 5: Synthesis

5.1 Revision
5.2 Test
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4.1 Lagrangian schemes

Key idea
Move the grid with the flow so that there
IS no longer any advection termand

hence advective CHL instability can be
avoided (> so larger time steps can be

used).

s FHrames of reference
= 1-dimensional example

= (Good points and bad points of the
method

c) 2006 d.b.stephenson@reading.ac.uk



4.1 Frames of reference

o Euleri - rdi e em geographically
fixed (e.g. latitude-longitude coordinates).

= Lagrangian - coordinate system moves with
the fluid.
Grid paints in fully Lagrangian schemes get
advected along by the flow - therefore no
explicit advection termin the equations.

However, grid becomes horribly distorted
and nornHinear stahility Is likely to occur.
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4.1 1-dimensional exanmple

¢ A f
X=X(t)
i
> X
De _ 6—§+u—§ F
Dt ot OX
®,
f-6= St 2 ox

_4(F u—= jdt+a—§dx
OX

x(t)

= cj (55 j(dx xdt) + cj Fdt

X(t) OX X(t)

= Eulerian: dx-udt=-udkt
o Lagranglan dx-udt=0
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4.1 Eulenan and Lagrangian schemes

A f

Eulerian |

grid points
don’t move

R
Lagrangian
grid points
advect from a /
regular grid

. t
Semi

-Lagrangian
grid points
advect onto
a regular grid
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4.1 Semi-Lagrangian

SO = &(X") = |Ft

X(1)

Steps:

= Back trgjectory calculation to find out
where grid point was on previous time
SEPEY. gn _yn i

= Hndthe field at this location by
Interpolating the field from neighbouring
grid points (e.g. cubic interpolation)

= Hnd the integrated forcing by using
numerical quadrature (e.g. Simpson's rule
over a half time step).
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4.1 Semi-lagrangian

Advantages:
= No advection term

= No advective CHL problems so time step
can be larger (= less time steps needed)

= Less problems with the pole

Disadvantages:

= Have to calculate a back trajectory for
each grid point at each time step

= More CPU needed per time step

= Problems with fast forcing (e.g. doppler
shift of gravity waves over mountains)

= Overly diffusive on low resolution grids

Example:

Ritchie et al. 1995 ECMWF

h=3mins (Eulerian) = 15 mins (Semi-Lagr)

Sl takes 20% more CPU per step so net speed up
Is factor of 4.
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4.1 Summary of main points

= Once gravity waves have been slowed
down using sem-implicit schemes, the
maximum time step Is determined by
advective CHL

= Lagrangian methods can be usedto
remove the advection termand so avoid
these CHL limits

= Semi-lagrangian is better than Lagrangian
because It results in a regular grnd on the
newtime step

= Time step Is then determined by accuracy
requirements rather than by stability
limitations.
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4.2 Series expansion (Galerkin) methods

Key idea -
use a finite set of spatial basis functions

to represent the spatial varation (rather
than a finite set of grid point variables).

s AHnite difference schemes
= AHnite volume schemes

s Galerkin methods;
= Hnite element

5 Spectral
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4.2 Reduction of truncation error

Consider the PDE L{u]-g=0 which has
true solution u. L{.] is a non-inear
differential operator and g is some forcing
function. The numerical solution u*
satisfies L{u*]-g=e where e Is the residual
truncation error.

Three main classes of method:

1. Point collocation - set e to zero only
at specific locations (grid points).

2. Least squares — mnimise e*e
averaged over the whole domain

3. Galerkin - set e to be orthogonal to
the set of pre-defined spatial basis

functi
a Ic)nTCDi(x)e(x,t)dA:O

http:/AMmmwv.cs.ut.ee/~toomas_|/linalg/av/inodel.ntm
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4.2 Hnite volume schemes

Advection term can be written in different ways:

uvge — u; (§i+1,j —Gi1 )+Vij (fi,jﬂ _é:i,j—l)
V.(ué) —» (ui+1,jfi+1,j — U161 )"‘ (Vi,j+1fi,j+1 _Vi,j—lé:i,j—l)
K.V x (Ux&k) —» ?7?7?

15t formis known as “advection fornt
27d formis known as “flux forn’

When eguations are solved in flux form, the
total flux of vorticity into grid cells is conserved.
Rather than thinking of finite differences one
IS thinking of finite volumes.

Equal combination of all 3 forms gives what is
known as the Arakawa jacobian — which
conserves energy and enstrophy. (= hence

more stable!!).
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4.2 Integral formulation of a PDE

Example: diffusion equation

o
S = V(RVe)

Equivalent "weak form” integral formulation:
2 chf dQ2 = _[WV.(KVef) dQ
a 9 §)

= — [WWV ¢ dO

where Wis an arbitrary weight (test) function
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4.2 The Galerkin finite element method

Divide the domain into a

finite set of N elements. Then
approximate the solution as:

E(t,x) =Zé (DD, (x)

Where the @, are the basis functions at
node I.

Solve weak form of the equations for finite
series of test functions, w,

Galerkin method: choose w; = @,
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4.2 Example: basis functions for linear elements

Higher-order (e.g., quadratic) elements
=> more nodes

While higher-order elements are
nominally more accurate, when
combined with adaptive meshing, low-
order elements offer maximum flexibility
(for fixed computational resources) and
the errors can be rigorously controlled
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4.2 Exanple: ICOM

Imperial College Ocean Model

David Marshall (University of Reading), Chris Pain, Matthew Piggott, Philip
Power, Adrian Umpleby, Matthew Eaton, Gerard Gorman, Cassiano de Oliveira,
Tony Goddard (Imperial College, London)

= General-purpose code for solving 3-D Navier-Stokes
equations that incorporates unstructured meshing with
dynamic mesh adaptivity;

= Need to solve a 4th-order elliptic problem - currently use
a conjugate-gradient solver (to be replaced by multigrid
solver). Domain decomposition methods employed for
parallel processors.

= Initially approx. 1/4 degree everywhere:
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4.2 Adapted mesh

Nodes = 25,000

Elements = 65,000
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4.2 Pros and cons of FE schemes

Advantages of finite element schemes:

= can conform very accurately to the basin
geometry;

= various ‘natural’ boundary conditions can be
Included in a very straightforward manner;

= formulation based on rigorous mathematical
foundations, allomng statements about errors,
convergence to be made.

HOWEVER finite-element methods are more
computationally expensive than finite-difference
methods, but some of this can be offset by
adaptive meshing:

= remeshing controlled by a functional that gauges
the quality of the mesh, based on the Hessian of
the velocity/tracer fields and prescribed error
tolerances;

= constraints on aspect ratio of elements and size
variations between adjacent elements and
rescribed minimum and maximum element size. g
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4.2 Spectral methods

Key idea
Use basis functions that are eigensolutions
of the spatial dernvative operators

e.g. Fourier modes:

d — @ (kx+y)

- @ ik
OX

= Perfectly accurate derivatives
Note: ik not 2isin(kd)
= Very sinple Laplacian terms

= Nice smooth solutions (continuous
differentiable)
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4.2 1-d example
o 9& 0%

—+U——K—2:O
ot OX OX

5(X,1) = Zé:k (t)e ™™

dé&k Z—Uk S "‘K(Zﬂkj Gk =

j=1
= PDE converted into a set of N ODEsS -
one for each Fourier mode amplitude
= Diffusion termis very simple — just a
wavenumber dependent damping for
each Fourier mode

= Advection term consists of non-linear triad
Interaction between mode anmplitudes

= Method takes O(N?) CPU operations
rather than O(N) for finite difference so
becomes prohibitive for large NI
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4.2 The transform method

Fast Fourier Transform (F-T) algorithm
O(NlogN) rather than O(NP) operations

Carl Friedrich Gauss, "Nachlass: Theoria interpolationis methodo
nova tractata," Werke band 3, 265-327 (K&nigliche Gesellschaft der
Wissenschaften, Gattingen, 1866). See also M. T. Heideman, D. H.
Johnson, and C. S. Burrus, "Gauss and the history of the fast Fourier
transform," IEEE ASSP Magazine 1 (4), 14-21 (1984).

James W. Cooley and John W. Tukey, "An algorithm for the machine
calculation of complex Fourier series," Math. Comput. 19, 297-301
(1965).

The Transform Method

Calculate du/dx etc. in wavenumber space
Transform themto physical space by F-T
Multiply themtogether to get advection terms
Inverse FFT back to wavenumber space

O(NlogN) rather than O(N?2) - speed up of 20 (N=100) 145 (N=1000)

Orszag, S. A., 1970:

Transform method for the calculation of vector-coupled sums:
Application to the spectral form of the vorticity equation. J. Atmos.
Sci., 27, 890-895.
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4.2 The ECMWF spectral model

Set up corstants

RESTART »{ Read initial data
Set uwp work flles

INITIAL Normal mode
initialication
MASTER i
N1 —  SCANTT 5 1]
CONTROL || ——  SCA Inverse Fourler transform
STERON. 15 Time filtering
= GPC —
First part of grid-peint dyramics
Giobal mean statistics
%rr(l
spaoz Completion of gridpoint dynamics
L-GPCSL
Physical parametrization
First part of semi-implicit adjustment

= Direct Fourler transform

Vo

—»  SCANZ 71 SCANZT

Drect Legendre transform

Horizontal diffusion and conipletion g
™| of semi-implicit adjustment F.Su_r,er Spacg.

L SCAN3 | — SCANIT

Inverse Legendre transform

Fig. 1.2 Simplified flow diagram of the ECMWF forecast model



4.2 Spectral methods in GCMs

The spectral technique has become the most
widely used method of integrating the governing
equations of numerical weather prediction over
hemispheric or global domains.

Follonming the development of efficient transform
methods by Orszag (1970) and Eliasen et al.
(1970), and the construction and testing of mullti-
level primitive-equation models (e.g. Bourke,
1974; Hoskins and Simmons, 1975; Daley et al.,
1976), spectral models were introduced for
operational forecasting in Australia and Canada
during 1976. The technique has been used
operationally in the USA since 1980, in France
since 1982, and in Japan and at ECIVWWF- since
1983. The method Is also extensively used by
groups involved in climate modelling.

Comprehensive accounts of the technique are
given by Machenhauer (1979), and Jarraud and

Simmons (1984).
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4.2 Spectral methods on the sphere

On aflat 2-dimensional domain we could
use Fourier modes:

E(X y,0) =Y & ()&t

BUT the Earthisn't flat and so these are
eigensolutions of the Laplacian operator
on the sphere. So instead need to use
surface harmonics (spherical harmonics):

E(x,sind,t) =) > & ()Y, (x,sino)

Y™(x,sin8) = €™P"(siné)
= N=truncation
= M=zonal wavenumber |ml<=n
= Fourier mode in x-direction (in longitude)

= Associated Legendre polynomial in
|atitude direction with n-|m| zeros between
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4.2 Some spherical harmonics




4.2 Some definitions and properties

m 2Nn+1)(n—m)! (1— 2ym/2 dn+m n
Pn (y): ( )( ) ( ):) _ (yz—]_)
2(n+m)! 2'nl  dy
—
1
PO—_—
© W2
3 3(1-y?)
PO =y = plz\/
A .
> 15 15
PO: 3 2_1 ~ P1: 1_ 2 Lo P2: B ) 15
R PR e U FT-
1 271 . fl m|: m n|: n
= [ [\, ndydx = _
4r 51 0 othenwise
—N(n+1
VZYnm — (2 )Ynm
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4.2 Truncation and resolution

Two types of truncation:
Triangular e.g. T42
Rhomboidal e.g. R15

Triangular gives isotropic resolution whereas
rhomboidal gives more resolution meridionally

T42 means maximum number of waves
around equator m=42 -
resolution ~ 0.5 * 360deg/42 ~ 4.3 degrees
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[Reprinted from BULLETIN OF THE AMERICAN METEOROLOGICAL SOCIETY, Vol. 73, No. 9, September 1992]
' Printed in U. S. A.

The resolution of global spectral models

René Laprise

Physics Department, University of Québec at Montréal
Montréal, Quebec, Canada

The letter of Professor Pielke (1991) suggesting a
definition of horizontal resolution of gridpoint models
prompts me to reciprocate with a short essay on a
corresponding analysis for global spectral models.
The horizontal structure of dependent variables in
spectral models is represented by series expansion of
spherical harmonics Y7, where 0 < |m| = n (e.g,,
Kubota 1959); the transform method (Machenhauer
and Rasmussen 1972) is used to calculate nonlinear
terms on a Gaussian latitude—longitude grid in all
modern spectral models. Triangular truncation (0 < n
< N) of the series is often used, as it offers uniform
resolution on a spherical domain. As this note will try
to show, there does not seem to be any straightfor-
ward way to define an equivalent mesh size for spec-
tral models; this makes the estimation of effective
resolution even more difficult than in gridpoint models.

A sometimes quoted estimate of spectral-model
resolution consists in the average spacing between
Gaussian latitudes of the transform grid; for triangular
truncation, this spacing is equal to that between longi-
tudes at the equator: L, = 27a/(8N + 1), with a the
radius of the earth. Hence, L, = 13.3/N in units of
thousands of kilometers; fora T31 model, L, =426 km.
This estimate of resolution is overly opttmlstsc because
the dimensions of the transform grid are chosen to
allow calculation of quadratic terms without aliasing of
the resolved spectral fields, and hence the transform
grid is finer than required by the information content of
the corresponding spectral series.

A more realistic estimate of resolution is given by
the size of half a wavelength of the shortest resolved
zonal wave at the equator: L, = 7a/N = 20/N in units of
thousands of kilometers. Hence, a T31 model would
have a resolution of L, = 646 km, according to this
measure. Triangular truncation provides an isotropic
and uniform resolution on a sphere. The shortest
resolved zonal wave (Iml = N ) used to determine L,
corresponds to a mode with the gravest mendlonal

©1992 American Meteorological Society

Bulletin American Meteorological Society

structure, because modes that are very short in one
direction must be elongated in the other direction:
sectorial spherical harmonics (Iml = n.) have modal
structures shaped as orange segments and have their
largest amplitude in the tropics, hardly an adequate
measure of resolution for general circulation models.

An alternative way to estimate the resolution of
spectral nodels is as follows. Consider that the area of
the earth’s surface is given by 4ma?; there are (N + 1)
real coefficients to a spherical harmonic series at
triangular truncation with maximum index N, that is,
N(N + 1)/2 complex coefficients for the modes 1 <
Im| = N, plus (N + 1) real coefficients for the modes
withm = 0. Ifan equal area on the surface of the earth
is assigned to every piece of information contained in
the series, this gives a footprint of surface area equal
to 4ma®/(N + 1)?for every real coefficient. Resolution
in a spectral model could be defined as the width L, of
a flat, rectangular tile of the same surface area: L, =
(4m)'"2a/(N + 1) = 22.6/N in units of thousands of
kilometers. Hence, a T31 model would have a resolu-
tion of Ly = 728 km, according to this measure.

Yet another definition of resolution for spectral
models would be to consider the representative spa-
tialdimensionofhigh-ordertesseral harmonics (0<|m|
< n = N). The eigenvalue of the Laplacian operator
applied on a spherical harmonics Y7 is —K2= —n(n +
1)/&%. Equating the eigenvalue of the highest resolved
mode with the corresponding eigenvalue of Fourier
modes in Cartesian geometry for the purpose of
estimatingresolutiongives: K2 = N(N + 1)/a2 = k2 + K=
Considering modes with unity aspect ratio, ka_ kf
k2, that is, with checkerboard-like modal siructure
gives k? = N(N + 1)/(2a?). An alternative measure of
resolution would be one-half of the corresponding
wave-length: L, = wk = 2"27a/N =~ 28.3/N in units of
thousands of kilometers. So for a T31 model, L, =
899 km.

It is noteworthy that the estimates of resolution
givenby L, L, and L, are all coarser than the simple-
minded, overly optimistic estimate given by L,.Pielke’s
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remarks about the “effective” resolution of finite-differ-
ence models being coarser than the mesh size also
apply to spectral models to some extent. It would be
naive to think that the effective resolution of a spectral
model is defined by even the most pessimistic of the
estimates suggested above. Eventhough the Galerkin
formalism of spectral models removes the numerical
approximations associated with the horizontal
discretization in finite-difference models, time-
discretization errors and aliasing in the calculation of
some of the terms, especially in the parameterization
of physical effects, are unavoidable. Also, the horizon-
tal dissipation that is applied to the upper part of the
spectrum to prevent “spectral blocking” effectively
reduces the information content below its theoretical
limit given by the spectral truncation. For example,
even the most scale-selective formulation suggested
by Leith (e.g., Boer et al. 1984) substantially damps
the upper 20% part of the resolved spectrum in low-
resolution versions; other formulations, such as har-

monic or biharmonic diffusion, are even less scale
selective. Therefore any of the aforementioned defi-
nitions of L must be viewed simply as upper limits to the
effective resolution of a spectral model for a given
truncation.
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4.2 Summary of main points

= Hnite differences are a rather naive way
of solving PDES

= Better approach is to use a set of spatial
basis functions — either local piecewise
functions (Hnite Elements) or harmonics
(Spectral methods)

= These methods generally take more
computer time per time step but can
achieve more accurate results
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