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The atmosphere and ocean are two of the most important components of the climate
system, and ﬂuid dynamics is central to our understanding of both. This book provides
a uniﬁed and comprehensive treatment of the ﬁeld that blends classical results with
modern interpretations. It takes the reader seamlessly from the basics to the frontiers of
knowledge, from the equations of motion to modern theories of the general circulation
of the atmosphere and ocean. These concepts are illustrated throughout the book with
observations and numerical examples. As well as updating existing chapters, this second,
full-colour edition includes new chapters on tropical dynamics, El Niño, the stratosphere
and gravity waves. Supplementary resources are provided online, including ﬁgures from
the book and problem sets, making this new edition an ideal resource for students
and scientists in the atmospheric, oceanic and climate sciences, as well as in applied
mathematics and engineering.
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various prizes and awards, including the Adrian Gill Prize (Royal Meteorological Society)
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“Vallis writes explanations as clear as tropical ocean waters, bringing fresh new light to complex
concepts. This expanded text will be immediately useful both for graduate students and seasoned
researchers in the ﬁeld.”
Dargan M. W. Frierson, University of Washington
“In 2006, Vallis’ ﬁrst edition of AOFD offered the atmospheric and oceanic sciences community a
truly great book, marking a milestone in our discipline. Well, Vallis has done it again! This second
edition of AOFD represents the pinnacle of a maturing discipline. It is The Great Book of the
ﬁeld, and it will remain so for a generation or longer. AOFD-2 dives deep into atmospheric and
oceanic ﬂuid dynamics, spanning a wealth of topics while offering the reader lucid, pedagogical,
and thorough presentations across a universe of knowledge. There are really three books here:
one focused on geophysical ﬂuid dynamic fundamentals; a second on atmospheric dynamics; and
a third on oceanic dynamics. Each part offers new material relative to the ﬁrst edition, as well as the
reworking of earlier presentations to enhance pedagogy and update understanding based on recent
research. . . . the reader is privileged to receive a uniﬁed presentation from a master scientiﬁc writer
whose pedagogy is unmatched in the discipline. This book is a truly grand achievement. It will be
well used by ﬂuid dynamicists, oceanographers, atmospheric scientists, applied mathematicians, and
physicists for decades to come. Each sentence, paragraph, section, chapter, and ﬁgure, are thoughtful
and erudite, providing the reader with insights and rigor needed to truly capture the physical and
mathematical essence of each topic.”
Stephen M. Grifﬁes, Geophysical Fluid Dynamics Laboratory and Princeton University
“Vallis speaks my language. He successfully weaves together fundamental theory, physical intuition,
and observed phenomena to tell the story of geophysical ﬂuid behavior at local and global scales.
This multi-pronged approach makes this an ideal text for both beginners and experts alike - there
is something for everyone. This is why it is the book I use for my class, the book I recommend
to incoming graduate students (no matter their background) and the book I go to ﬁrst when I need
clarity on GFD topics. The ﬁrst edition of this book has been my go-to text since it was ﬁrst published
. . . With the new edition, we now get an even more comprehensive view of how the fundamental
processes that dictate the evolution of our atmosphere and oceans drive the complex phenomena we
observe.”
Elizabeth A. Barnes, Colorado State University
“The ﬁrst edition . . . provided an exceptionally valuable introduction to the dynamical theory of
the large-scale circulation of the atmosphere and ocean . . . This second edition is a further major
achievement ... It includes signiﬁcant new material on the atmosphere and on the ocean, presented in
two separate later sections of the book, but building carefully and clearly on the ‘uniﬁed’ material in
the ﬁrst part of the book ... The second edition will be an exceptionally valuable resource for those
designing advanced-level courses, for the students taking those courses and for researchers, many
of whom will surely be stimulated by the clear presentation of existing theory to identify what such
theory does not explain and where progress is needed.”
Peter Haynes, University of Cambridge
“This second edition is even more comprehensive than the ﬁrst. It now covers subjects such as the
derivation of the ﬁrst law of thermodynamics, the fundamental physics involved in the meridional
overturning of the ocean, and equatorial oceanography. The book concentrates on the fundamentals
of each subject, with sufﬁcient motivation to make the exposition clear. For good reason, the ﬁrst
edition is now the standard text for courses in oceanography, and this will clearly continue with this
second edition, helping all of us, not just students, to clarify our understanding of this ﬁeld.”
Trevor J. McDougall, University of New South Wales
“Researchers looking for an informative and coherent treatment of the dynamics of the atmosphere
and ocean, starting at a fundamental level, and proceeding to advanced topics, will ﬁnd that this book
is a truly superb resource. The book is particularly notable for its even-handed treatment of the ocean
and the atmosphere and its synthetic discussion of observations, numerics and analytic methods.”
William R. Young, Scripps Institution of Oceanography
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The Falconer
Turning and turning in the widening gyre
W. B. Yeats.

Soaring and diving in the spiraling gyre
The freed falcon divines
Earth’s air and water.
B. A. Wingate, 2017.
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In the main text, sections that are more advanced or that contain material that is peripheral to
the main narrative are marked with a black diamond, ♦. Sections that contain material that is
still not settled or that describe active areas of research are marked with a dagger, † .

The sea obscured by vapour that … slid in one mighty mass along the sea shore …The distant
country, overhung by straggling clouds that sailed over it, appeared like the darker clouds,
seen at a great distance apparently motionless, while the nearer ones pass quickly over them,
driven by the lower winds. I never saw such a union of earth, sky and sea. The clouds beneath
our feet spread to the water, and the clouds of the sky almost joined them.
Dorothy Wordsworth, Alfoxden Journal, 1798.

Preface

T

his is a book on the dynamics of the atmosphere and ocean, with an emphasis on the

fundamentals and on the large-scale circulation. By ‘large-scale’ I mean scales between that
of the weather (a few hundred kilometres in the atmosphere and a few tens of kilometres
in the ocean, which indeed has its own weather) and the global scale. My focus is our own planet
Earth, for that is where we live, but the principles and methodology used should be appropriate for
the study of the atmospheres and oceans of other planets. And even if we stay at home, I try to take
the reader on a journey — from the most basic and classical material to the frontiers of knowledge.
The book is written at a level appropriate for advanced undergraduate or graduate courses; it is
also meant to be a useful reference for researchers, and some aspects of the book have the nature of a
research monograph. Prior knowledge of fluid dynamics is helpful but is not a requirement, for the
fluid equations are introduced in the first chapter. Similarly, some knowledge of thermodynamics
will ease the reader’s path, but is not essential. On the other hand, the reader is assumed to have a
working knowledge of vector calculus and to know what a partial differential equation is.
Atmospheric and oceanic fluid dynamics (aofd) is both pure and applied. It is a pure because
it involves some of the most fundamental and unsolved problems in fluid dynamics — problems
in turbulence and wave–mean flow interaction, in chaos and predictability, and in the general
circulation itself. It is applied because the climate and weather so profoundly affect the human
condition, and the practice of weather forecasting is a notable example of a successful (yes it is)
applied science. The field is also broad, encompassing such subjects as the general circulation,
instabilities, gyres, boundary layers, waves, convection and turbulence. My goal in this book is
to present a coherent selection of these topics so that the reader will gain a solid grounding in
the fundamentals, motivated by and with an appreciation for the problems of the real world. The
book is primary a theoretical one, but in a number of places observations are used to illustrate the
dynamics and define the problems. And I have tried to lead the reader to the edge of active areas
of research — for a book that limits itself to what is absolutely settled would, I think, be rather dry,
a quality best reserved for martinis and humour.
This book is a major revision of one that first appeared in 2006, and about half of the material
here is new or rewritten. Some of the changes were motivated by the fact that half of the planet lies
equatorward of 30°, that about 20% of the mass of the atmosphere lies above 10 km, and that it rains.
Overall, I have tried to encompass the most important aspects of the dynamics and circulation of
both atmosphere and ocean, for the similarities and differences between the two are so instructive
that even if one’s interest is solely in one there is much to be learned by studying the other. Where
the subject matter verges on areas of research, I have focused on ideas and topics that, I think, will
be of lasting value rather than of current fashion; however, this choice is undoubtedly influenced
by my own interests and expertise, not to mention my prejudices.
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Preface
How to Use this Book
This book is a long one, but it might help to think of it as four short ones with a common theme.
These books are on the fundamentals of geophysical fluid dynamics (gfd); waves, instabilities and
turbulence; atmospheric circulation; and ocean circulation. Each short book forms a Part in this
book, and each might form the basis for a course of about a term or a semester, although there is
more material in each than can comfortably be covered unless the course hums along at a torrid
pace. The ordering of the topics follows a logical sequence, but is not the order that the book need
be read. For example, Chapter 1 covers the basic equations of motion for a fluid, including the
requisite thermodynamics. The thermodynamics of seawater belongs to and is included in that
chapter, but this material is quite advanced and is not needed to understand many of the later
chapters, and may be skipped on a first reading. Typically, sections that are more advanced or that
are peripheral to the main narrative are marked with a black diamond, ♦, and sections that contain
matters that are not settled or that describe active areas of research are marked with a dagger, † ,
but there is some overlap and arbitrariness in the markings. In some of these areas the book may
be thought of as a entrance to the original literature and it gives my own view on the subject.
Putting the various topics together in one book will, I hope, emphasize their coherence as part
of a single field. Still, there are many paths through the woods and the following notes may help
steer the reader, although I do not wish to be prescriptive and experienced instructors will chart
their own course. In a nutshell, the material of Part I forms the basis of all that follows, and subsequent Parts may then be read in any order if the reader is willing to cross refer, often to Part II.
With care, one may also construct a single course that combines aspects of Parts II, III and/or IV.

A basic gfd course
A first course in gfd might cover much of Part I and, in many cases, Rossby waves and possibly
baroclinic instability from Part II. If the students have already had a course in fluid dynamics then
much of Chapter 1 can be skipped. Some of the thermodynamics may in any case be omitted on a
first reading, and a basic course might encompass the following:
For students with no fluid mechanics:
Equations of motion, Sections 1.1–1.6, omitting starred sections.
Compressibility, Sections 1.8 and 1.9.
Energetics, Section 1.10 (optional).
Then, for all students:
Rotational effects and Boussinesq equations, Sections 2.1–2.4.
Pressure coordinates, Section 2.6 (optional, mainly for meteorologists).
Hydrostatic and geostrophic balance, Sections 2.7 and 2.8.
Static instability, Section 2.10.
Shallow water equations and geostrophic adjustment: Sections 3.1, 3.2, 3.5, 3.7–3.9.
Vorticity, Sections 4.1–4.4 (for students with no fluids background).
Potential vorticity, some or all of Sections 4.5 and 4.6.
Geostrophic theory, Sections 5.1–5.5.
Ekman layers, Section 5.7.
Rossby waves, Sections 6.4 and 6.5, and possibly Section 16.5 on vertical propagation.
Jet formation, Section 15.1.
Baroclinic instability, Sections 9.5 and/or 9.6.
One option is to use only the Boussinesq equations (and later the shallow water equations) and
the beta plane, eschewing pressure co-ordinates and sphericity, coming back to them later for atmospheric applications. This option also makes the derivation of quasi-geostrophy a little easier.
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But meteorologists may well prefer to introduce these topics from the outset, and use pressure coordinates and not the Boussinesq approximation. Many first courses will end after Rossby waves,
although a rapidly-moving course for well-prepared students might cover some aspects of baroclinic instability. If waves are being covered separately, then an alternative is to cover some aspect
of the general circulation of the atmosphere or ocean, for example the Stommel model of ocean
gyres in Section 19.1, which is a pedagogical delight.

Subsequent reading
The other three short books, or Parts to this book, are loosely based on more advanced courses that
I have taught at various times, and taken together are an attempt to pull together classical ideas and
recent developments in the field into a coherent whole. Each Part is more-or-less self-contained,
although some aspects of Parts III and IV build on Part II, especially the sections on Rossby waves
and baroclinic instability. An understanding of the essentials of geostrophic turbulence and turbulent diffusion will also help. Provided these sections and the material in Part I is mastered the
remaining Parts may be read in any order if the reader is willing to flip pages occasionally and consult other sections as needed. I won’t suggest any specific syllabus to follow apart from the contents
of the book itself, but let me make a few remarks.

Part II: Waves, instabilities and turbulence
Rossby waves, gravity waves and baroclinic instability could form the first half of a second course
on gfd, with wave–mean-flow interaction and/or turbulence the second half. Any one of these
topics could be a full course, especially if supplemented from other sources. wkb methods are
very useful in a variety of practical problems and can readily be taught in an elementary way. If
needs be equatorial waves (Chapter 8) could be treated separately, for it is a little mathematical,
and perhaps folded into a course covering equatorial circulation more generally. One might also
construct a course based around geostrophic turbulence and the mid-latitude circulation of the
atmosphere and/or ocean.

Part III: Atmospheric circulation
My focus here is on the large scale, and on the fundamental aspects of the general circulation —
how wide is the Hadley Cell? why do the surface winds blow eastward in mid-latitudes? why is
there a tropopause and why is it 10 km high and not 5 or 50 km? and so forth. A basic knowledge
of gfd, such as is in the sample course above, is a pre-requisite; other sections of Part II may be
needed but can be consulted as necessary. Chapters 14 and 15 form a pair and should be read
consecutively, and Chapter 16 is in some ways a continuation of Chapter 5 on waves. There are
numerous ways to navigate through these chapters — one might omit the stratosphere chapter,
or it could form the basis for an entire course if other literature were added. The same applies to
Chapter 18 on the tropics, and here especially the material cuts close to the bone of what is known
and other researchers might write a very different chapter.

Part IV: Oceanic circulation
Many of the above comments on atmospheric circulation apply here, as my goal is to describe and
explain the fundamental dynamical processes determining the large-scale structure and circulation
of the ocean — why go gyres have western boundary currents? what determines the structure of the
thermocline? why does El Niño occur? As for Part III, a basic knowledge of gfd, such as is in the
sample course above, is a pre-requisite. Chapter 19 on wind-driven gyres is the foundation of much
that follows, and Chapter 20 flows naturally from it. The chapters on the meridional overturning
circulation and El Niño delve into active areas of research, and again others might have written
differently. Both here and in my discussion of atmospheric circulation I take the position of a
practical theoretician; such a person seeks theories or explanations of phenomena, but they should
be relevant to the world about us.
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Preface
Miscellany and Acknowledgements
The book was written in LATEX using Minion fonts for text and Minion Math from Typoma for equations. I fear that the references at the end disproportionately represent articles written in English
and by British and North American authors, for that is the community I have mainly socialized
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NOTATION
Variables are normally set in italics, constants (e.g, π, i) in roman (i.e., upright), differential operators in roman, vectors in bold, and tensors in bold sans serif. Thus, vector variables are in bold
italics, vector constants (e.g., unit vectors) in bold upright, and tensor variables are in bold slanting
sans serif. A subscript denotes a derivative only if the subscript is a coordinate, such as 𝑥, 𝑦, 𝑧 or
𝑡, or when so denoted in the text. A subscript 0 generally denotes a reference value (e.g., 𝜌0 ). The
components of a vector are denoted by superscripts. If a fraction contains only two terms in the
denominator then brackets are not always used; thus 1/2π = 1/(2π) ≠ π/2.
The lists below contain only the more important variables or instances of ambiguous notation,
in quasi-alphabetical order, first of Roman characters and then of mainly Greek characters and
operators. Distinct meanings are separated with a semi-colon.

Variable

Description

𝑎
𝑏
𝐵
𝒄𝑔
𝑐𝑝
𝑐𝑣
𝑐𝑠
𝑓, 𝑓0
𝒈, 𝑔
g
𝐢, 𝐣, 𝐤
𝑖; i
𝐼
𝒌
𝑘𝑑
𝐿𝑑
𝐿, 𝐻
𝑚
𝑁
𝑝, 𝑝𝑅
Pr
𝑞
𝑄
𝑄̇
Ra
Re ; Re
Ro
𝑆
𝑆𝑜 , 𝑺 𝑜
𝑇
𝑡
𝒖
𝒗
𝑤
𝑥, 𝑦, 𝑧
𝑍

Radius of Earth.
̃
Buoyancy, −𝑔𝛿𝜌/𝜌0 or 𝑔𝛿𝜃/𝜃.
4
Planck function, often 𝜎𝑇 .
𝑦
Group velocity, (𝑐𝑔𝑥 , 𝑐𝑔 , 𝑐𝑔𝑧 ).
Phase speed; heat capacity at constant pressure.
Heat capacity at constant volume.
Sound speed.
Coriolis parameter, and its reference value.
Vector acceleration due to gravity, magnitude of 𝒈.
Gibbs function.
Unit vectors in (𝑥, 𝑦, 𝑧) directions.
An integer index; square root of minus one.
Internal energy.
Wave vector, with components (𝑘, 𝑙, 𝑚) or (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ).
Wave number corresponding to deformation radius.
Deformation radius.
Horizontal length scale, vertical (height) scale.
Angular momentum about the Earth’s axis of rotation.
Buoyancy, or Brunt–Väisälä, frequency.
Pressure, and a reference value of pressure.
Prandtl ratio, 𝑓0 /𝑁.
Quasi-geostrophic potential vorticity; water vapour specific humidity.
Potential vorticity (in particular Ertel PV).
Rate of heating.
Rayleigh number.
Real part of expression; Reynolds number, 𝑈𝐿/𝜈.
Rossby number, 𝑈/𝑓𝐿.
Salinity; source term on right-hand side of an evolution equation.
Solenoidal term, solenoidal vector.
Temperature; scaling value for time.
Time.
Two-dimensional (horizontal) velocity, (𝑢, 𝑣).
Three-dimensional velocity, (𝑢, 𝑣, 𝑤).
Vertical velocity; water vapour mixing ratio.
Cartesian coordinates, usually in zonal, meridional and vertical directions.
Log-pressure, −𝐻 log 𝑝/𝑝𝑅 ; scaling for 𝑧.
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Variable

Description

𝒜
𝛼
𝛽; 𝛽∗
𝛽𝑇 , 𝛽𝑆 , 𝛽𝑝
𝜖
𝜀
𝜂
𝓕
𝛾
𝛤
𝜅
𝒦
𝛬
𝜇
𝜈
𝑣
𝒫
𝜙
𝜑
𝛷
𝛱
𝝎
𝛺, 𝜴
𝜓
𝜌
𝜌𝜃
𝜎
𝝉
𝝉̃
𝜏
𝜃; 𝛩
𝜗, 𝜆
𝜁
𝜕𝑎
( )
𝜕𝑏 𝑐
𝜕𝑎
|
𝜕𝑏 𝑐
∇𝑎

Wave activity.
Inverse density, or specific volume; aspect ratio.
Rate of change of 𝑓 with latitude, 𝜕𝑓/𝜕𝑦; 𝛽∗ = 𝛽 − 𝑢𝑦𝑦
Coefficient of expansion with respect to temperature, salinity and pressure, respectively.
Generic small parameter (epsilon).
Cascade or dissipation rate of energy (varepsilon).
Specific entropy; perturbation height; enstrophy cascade or dissipation rate.
Eliassen Palm flux, (ℱ 𝑦 , ℱ 𝑧 ).
The ratio 𝑐𝑝 /𝑐𝑣 ; Vorticity gradient, e.g., 𝛽 − 𝑢𝑦𝑦 .
Lapse rate (sometimes subscripted, e.g., 𝛤𝑧 , but here this does not denote a differential).
Diffusivity; the ratio 𝑅/𝑐𝑝 .
Kolmogorov or Kolmogorov-like constant.
Shear, e.g., 𝜕𝑈/𝜕𝑧.
Viscosity; chemical potential.
Kinematic viscosity, 𝜇/𝜌.
Meridional component of velocity.
Pseudomomentum.
Pressure divided by density, 𝑝/𝜌.
Passive tracer.
Geopotential, usually 𝑔𝑧; scaling value of 𝜙.
Exner function, 𝛱 = 𝑐𝑝 𝑇/𝜃 = 𝑐𝑝 (𝑝/𝑝𝑅 )𝑅/𝑐𝑝 ; an enthalpy-like quantity.
Vorticity.
Rotation rate of Earth and associated vector.
Streamfunction.
Density.
Potential density.
Layer thickness, 𝜕𝑧/𝜕𝜃; Prandtl number 𝜈/𝜅; measure of density, 𝜌 − 1000.
Stress vector, often wind stress.
Kinematic stress, 𝝉/𝜌 .
Zonal component or magnitude of wind stress; eddy turnover time; optical depth.
Potential temperature; generic thermodynamic variable, often conservative temperature.
Latitude, longitude.
Vertical component of vorticity.

∇𝑎 ⋅

Divergence operator at constant value of coordinate 𝑎. Thus, ∇𝑧 ⋅ = (𝐢 𝜕𝑥 + 𝐣 𝜕𝑦 )⋅.

⟂

∇
curl𝑧
D
D𝑡
D𝑔
D𝑡

Derivative of 𝑎 with respect to 𝑏 at constant 𝑐.
Derivative of 𝑎 with respect to 𝑏 evaluated at 𝑏 = 𝑐.
Gradient operator at constant value of coordinate 𝑎. Thus, ∇𝑧 = 𝐢 𝜕𝑥 + 𝐣 𝜕𝑦 .
Perpendicular gradient, ∇⟂ 𝜙 ≡ 𝐤 × ∇𝜙.
Vertical component of ∇× operator, curl𝑧 𝑨 = 𝐤 ⋅ ∇ × 𝑨 = 𝜕𝑥 𝐴𝑦 − 𝜕𝑦 𝐴𝑥 .
Material derivative (generic).
Material derivative using geostrophic velocity, for example 𝜕/𝜕𝑡 + 𝒖𝑔 ⋅ ∇.

Part I

FUNDAMENTALS OF
GEOPHYSICAL FLUID DYNAMICS

To begin at the beginning:
It is spring, moonless night in the small town,
starless and bible-black, the cobblestreets silent
and the hunched, courters’-and-rabbits’ wood limping invisible down
to the sloeblack, slow, black, crowblack, fishingboat-bobbing sea.
Dylan Thomas, Under Milk Wood, 1954.

CHAPTER 1

Equations of Motion

H

aving nothing but a blank slate, we begin by establishing the governing equations of

motion for a fluid, with particular attention to the fluids of Earth’s atmosphere and ocean.
These equations determine how a fluid flows and evolves when forces are applied to it, or
when it is heated or cooled, and so involve both dynamics and thermodynamics. And because the
equations of motion are nonlinear the two become intertwined and at times inseparable.

1.1

TIME DERIVATIVES FOR FLUIDS

The equations of motion of fluid mechanics differ from those of rigid-body mechanics because fluids form a continuum, and because fluids flow and deform. Thus, even though the same relatively
simple physical laws (Newton’s laws and the laws of thermodynamics) govern both solid and fluid
media, the expression of these laws differs between the two. To determine the equations of motion
for fluids we must clearly establish what the time derivative of some property of a fluid actually
means, and that is the subject of this section.

1.1.1

Field and Material Viewpoints

In solid-body mechanics one is normally concerned with the position and momentum of identifiable objects — the angular velocity of a spinning top or the motions of the planets around the Sun
are two well-worn examples. The position and velocity of a particular object are then computed as
a function of time by formulating equations of the form
d𝑥𝑖
= 𝐹({𝑥𝑖 }, 𝑡),
d𝑡

(1.1)

where {𝑥𝑖 } is the set of positions and velocities of all the interacting objects and the operator 𝐹 on
the right-hand side is formulated using Newton’s laws of motion. For example, two massive point
objects interacting via their gravitational field obey
d𝒓𝑖
= 𝒗𝑖 ,
d𝑡

𝐺𝑚𝑗
d𝒗𝑖
=
𝒓̂ ,
d𝑡
(𝒓𝑖 − 𝒓𝑗 )2 𝑖,𝑗

𝑖 = 1, 2; 𝑗 = 3 − 𝑖.

(1.2)

We thereby predict the positions, 𝒓𝑖 , and velocities, 𝒗𝑖 , of the objects given their masses, 𝑚𝑖 , and
̂ is a unit vector directed from 𝒓𝑖 to 𝒓𝑗 .
the gravitational constant 𝐺, and where 𝒓𝑖,𝑗

3

4

Chapter 1. Equations of Motion
In fluid dynamics such a procedure would lead to an analysis of fluid motions in terms of
the positions and momenta of different fluid parcels, each identified by some label, which might
simply be their position at an initial time. We call this a material point of view, because we are
concerned with identifiable pieces of material; it is also sometimes called a Lagrangian view, after
J.-L. Lagrange. The procedure is perfectly acceptable in principle, and if followed would provide a
complete description of the fluid dynamical system. However, from a practical point of view it is
much more than we need, and it would be extremely complicated to implement. Instead, for most
problems we would like to know what the values of velocity, density and so on are at fixed points in
space as time passes. (A weather forecast we might care about tells us how warm it will be where we
live and, if we are given that, we do not particularly care where a fluid parcel comes from, or where
it subsequently goes.) Since the fluid is a continuum, this knowledge is equivalent to knowing how
the fields of the dynamical variables evolve in space and time, and this is often known as the field
or Eulerian viewpoint, after L. Euler.1 Thus, whereas in the material view we consider the time
evolution of identifiable fluid elements, in the field view we consider the time evolution of the fluid
field from a particular frame of reference. That is, we seek evolution equations of the general form
𝜕
𝜑(𝑥, 𝑦, 𝑧, 𝑡) = 𝒢(𝜑, 𝑥, 𝑦, 𝑧, 𝑡),
𝜕𝑡

(1.3)

where the field 𝜑(𝑥, 𝑦, 𝑧, 𝑡) represents all the dynamical variables (velocity, density, temperature,
etc.) and 𝒢 is some operator to be determined from Newton’s laws of motion and appropriate
thermodynamic laws.
Although the field viewpoint will often turn out to be the most practically useful, the material
description is invaluable both in deriving the equations and in the subsequent insight it frequently
provides. This is because the important quantities from a fundamental point of view are often those
which are associated with a given fluid element: it is these which directly enter Newton’s laws of
motion and the thermodynamic equations. It is thus important to have a relationship between the
rate of change of quantities associated with a given fluid element and the local rate of change of a
field. The material or advective derivative provides this relationship.

1.1.2

The Material Derivative of a Fluid Property

A fluid element is an infinitesimal, indivisible, piece of fluid — effectively a very small fluid parcel
of fixed mass. The material derivative is the rate of change of a property (such as temperature or
momentum) of a particular fluid element or finite mass of fluid; that is, it is the total time derivative
of a property of a piece of fluid. It is also known as the ‘substantive derivative’ (the derivative associated with a parcel of fluid substance), the ‘advective derivative’ (because the fluid property is being
advected), the ‘convective derivative’ (convection is a slightly old-fashioned name for advection,
still used in some fields), or the ‘Lagrangian derivative’ (after Lagrange).
Let us suppose that a fluid is characterized by a given velocity field 𝒗(𝒙, 𝑡), which determines its
velocity throughout. Let us also suppose that the fluid has another property 𝜑, and let us seek an
expression for the rate of change of 𝜑 of a fluid element. Since 𝜑 is changing in time and in space
we use the chain rule,
𝛿𝜑 =

𝜕𝜑
𝜕𝜑
𝜕𝜑
𝜕𝜑
𝜕𝜑
𝛿𝑡 +
𝛿𝑥 +
𝛿𝑦 +
𝛿𝑧 =
𝛿𝑡 + 𝛿𝒙 ⋅ ∇𝜑.
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜕𝑡

(1.4)

This is true in general for any 𝛿𝑡, 𝛿𝑥, etc. The total time derivative is then
d𝜑 𝜕𝜑 d𝒙
=
+
⋅ ∇𝜑.
d𝑡
𝜕𝑡
d𝑡

(1.5)

If this equation is to represent a material derivative we must identify the time derivative in the
second term on the right-hand side with the rate of change of position of a fluid element, namely
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its velocity. Hence, the material derivative of the property 𝜑 is
d𝜑 𝜕𝜑
=
+ 𝒗 ⋅ ∇𝜑.
d𝑡
𝜕𝑡

(1.6)

The right-hand side expresses the material derivative in terms of the local rate of change of 𝜑 plus
a contribution arising from the spatial variation of 𝜑, experienced only as the fluid parcel moves.
Because the material derivative is so common, and to distinguish it from other derivatives, we
denote it by the operator D/D𝑡. Thus, the material derivative of the field 𝜑 is
D𝜑 𝜕𝜑
=
+ (𝒗 ⋅ ∇)𝜑.
D𝑡
𝜕𝑡

(1.7)

The brackets in the last term of this equation are helpful in reminding us that (𝒗 ⋅ ∇) is an operator
acting on 𝜑. The operator 𝜕/𝜕𝑡 + (𝒗 ⋅ ∇) is the Eulerian representation of the Lagrangian derivative
as applied to a field. We use the notation D/D𝑡 rather generally for Lagrangian derivatives, but the
operator may take a different form when applied to other objects, such as a fluid volume.

Material derivative of vector ﬁeld
The material derivative may act on a vector field 𝒃, in which case
D𝒃 𝜕𝒃
=
+ (𝒗 ⋅ ∇)𝒃.
D𝑡
𝜕𝑡

(1.8)

D𝒃 𝜕𝒃
𝜕𝒃
𝜕𝒃
𝜕𝒃
=
+𝑢
+𝑣
+𝑤
,
D𝑡
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧

(1.9)

In Cartesian coordinates this is

and for a particular component of 𝒃, 𝑏𝑥 say,
D𝑏𝑥 𝜕𝑏𝑥
𝜕𝑏𝑥
𝜕𝑏𝑥
𝜕𝑏𝑥
=
+𝑢
+𝑣
+𝑤
,
D𝑡
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧

(1.10)

and similarly for 𝑏𝑦 and 𝑏𝑧 . In Cartesian tensor notation the expression becomes
D𝑏𝑖 𝜕𝑏𝑖
𝜕𝑏
𝜕𝑏
=
+ 𝑣𝑗 𝑖 = 𝑖 + 𝑣𝑗 𝜕𝑗 𝑏𝑖 ,
D𝑡
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑡

(1.11)

where the subscripts denote the Cartesian components, repeated indices are summed, and 𝜕𝑗 𝑏𝑖 ≡
𝜕𝑏𝑖 /𝜕𝑥𝑗 . In coordinate systems other than Cartesian the advective derivative of a vector is not simply the sum of the advective derivative of its components, because the coordinate vectors themselves change direction with position; this will be important when we deal with spherical coordinates. Finally, we remark that the advective derivative of the position of a fluid element, 𝒓 say, is
its velocity, and this may easily be checked by explicitly evaluating D𝒓/D𝑡.

1.1.3

Material Derivative of a Volume

The volume that a given, unchanging, mass of fluid occupies is deformed and advected by the fluid
motion, and there is no reason why it should remain constant. Rather, the volume will change as
a result of the movement of each element of its bounding material surface, and in particular will
change if there is a non-zero normal component of the velocity at the fluid surface. That is, if the
volume of some fluid is ∫ d𝑉, then
D
∫ d𝑉 = ∫ 𝒗 ⋅ d𝑺,
D𝑡 𝑉
𝑆

(1.12)
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where the subscript 𝑉 indicates that the integral is a definite integral over some finite volume 𝑉,
although the limits of the integral will be functions of time if the volume is changing. The integral
on the right-hand side is over the closed surface, 𝑆, bounding the volume. Although intuitively
apparent (to some), this expression may be derived more formally using Leibniz’s formula for the
rate of change of an integral whose limits are changing. Using the divergence theorem on the
right-hand side, (1.12) becomes
D
∫ d𝑉 = ∫ ∇ ⋅ 𝒗 d𝑉.
D𝑡 𝑉
𝑉

(1.13)

The rate of change of the volume of an infinitesimal fluid element of volume 𝛥𝑉 is obtained by
taking the limit of this expression as the volume tends to zero, giving
lim

𝛥𝑉→0

1 D𝛥𝑉
= ∇ ⋅ 𝒗.
𝛥𝑉 D𝑡

(1.14)

We will often write such expressions informally as
D𝛥𝑉
= 𝛥𝑉∇ ⋅ 𝒗,
D𝑡

(1.15)

with the limit implied.
Consider now the material derivative of some fluid property, 𝜉 say, multiplied by the volume of
a fluid element, 𝛥𝑉. Such a derivative arises when 𝜉 is the amount per unit volume of 𝜉-substance
— the mass density or the amount of a dye per unit volume, for example. Then we have
D
D𝛥𝑉
D𝜉
(𝜉𝛥𝑉) = 𝜉
+ 𝛥𝑉 .
D𝑡
D𝑡
D𝑡

(1.16)

Using (1.15) this becomes
D𝜉
D
(𝜉𝛥𝑉) = 𝛥𝑉 (𝜉∇ ⋅ 𝒗 +
),
D𝑡
D𝑡
and the analogous result for a finite fluid volume is just
D
D𝜉
) d𝑉.
∫ 𝜉 d𝑉 = ∫ (𝜉∇ ⋅ 𝒗 +
D𝑡 𝑉
D𝑡
𝑉

(1.17)

(1.18)

This expression is to be contrasted with the Eulerian derivative for which the volume, and so the
limits of integration, are fixed and we have
𝜕𝜉
d
d𝑉.
∫ 𝜉 d𝑉 = ∫
d𝑡 𝑉
𝑉 𝜕𝑡

(1.19)

Now consider the material derivative of a fluid property 𝜑 multiplied by the mass of a fluid
element, 𝜌𝛥𝑉, where 𝜌 is the fluid density. Such a derivative arises when 𝜑 is the amount of 𝜑substance per unit mass (note, for example, that the momentum of a fluid element is 𝜌𝒗𝛥𝑉). The
material derivative of 𝜑𝜌𝛥𝑉 is given by
D
D𝜑
D
(𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉
+ 𝜑 (𝜌𝛥𝑉).
D𝑡
D𝑡
D𝑡

(1.20)

But 𝜌𝛥𝑉 is just the mass of the fluid element, and that is constant — that is how a fluid element is
defined. Thus the second term on the right-hand side vanishes and
D
D𝜑
(𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉
D𝑡
D𝑡

and

D
D𝜑
d𝑉,
∫ 𝜑𝜌 d𝑉 = ∫ 𝜌
D𝑡 𝑉
𝑉 D𝑡

(1.21a,b)
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Material and Eulerian Derivatives
The material derivatives of a scalar (𝜑) and a vector (𝒃) field are given by:
D𝜑 𝜕𝜑
=
+ 𝒗 ⋅ ∇𝜑,
D𝑡
𝜕𝑡

D𝒃 𝜕𝒃
=
+ (𝒗 ⋅ ∇)𝒃.
D𝑡
𝜕𝑡

(D.1)

Various material derivatives of integrals are:
D
D𝜑
𝜕𝜑
+ 𝜑∇ ⋅ 𝒗) d𝑉 = ∫ (
+ ∇ ⋅ (𝜑𝒗)) d𝑉,
∫ 𝜑 d𝑉 = ∫ (
D𝑡 𝑉
𝑉 D𝑡
𝑉 𝜕𝑡
D
∫ d𝑉 = ∫ ∇ ⋅ 𝒗 d𝑉,
D𝑡 𝑉
𝑉
D
D𝜑
d𝑉.
∫ 𝜌𝜑 d𝑉 = ∫ 𝜌
D𝑡 𝑉
𝑉 D𝑡

(D.2)
(D.3)
(D.4)

These formulae also hold if 𝜑 is a vector. The Eulerian derivative of an integral is:
d
𝜕𝜑
d𝑉,
∫ 𝜑 d𝑉 = ∫
d𝑡 𝑉
𝑉 𝜕𝑡

(D.5)

so that
d
∫ d𝑉 = 0
d𝑡 𝑉

and

d
𝜕𝜌𝜑
d𝑉.
∫ 𝜌𝜑 d𝑉 = ∫
d𝑡 𝑉
𝑉 𝜕𝑡

(D.6)

where (1.21b) applies to a finite volume. That expression may also be derived more formally using
Leibniz’s formula for the material derivative of an integral, and the result also holds when 𝜑 is
a vector. The result is quite different from the corresponding Eulerian derivative, in which the
volume is kept fixed; in that case we have:
𝜕
d
(𝜑𝜌) d𝑉.
∫ 𝜑𝜌 d𝑉 = ∫
d𝑡 𝑉
𝑉 𝜕𝑡

(1.22)

Various material and Eulerian derivatives are summarized in the shaded box above.

1.2

THE MASS CONTINUITY EQUATION

In classical mechanics mass is absolutely conserved and in solid-body mechanics we normally do
not need an explicit equation of mass conservation. However, in fluid mechanics fluid flows into
and away from regions, and fluid density may change, and an equation that explicitly accounts for
the flow of mass is one of the equations of motion of the fluid.

1.2.1

An Eulerian Derivation

We will first derive the mass conservation equation from an Eulerian point of view; that is to say,
our reference frame is fixed in space and the fluid flows through it.
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Fig. 1.1 Mass conservation in an Eulerian cuboid control volume. The mass
convergence, −𝜕(𝜌𝑢)/𝜕𝑥 (plus contributions from the 𝑦 and 𝑧 directions), must
be balanced by a density increase, 𝜕𝜌/𝜕𝑡 .

Cartesian derivation
Consider an infinitesimal, rectangular cuboid, control volume, 𝛥𝑉 = 𝛥𝑥𝛥𝑦𝛥𝑧 that is fixed in space,
as in Fig. 1.1. Fluid moves into or out of the volume through its surface, including through its faces
in the 𝑦–𝑧 plane of area 𝛥𝐴 = 𝛥𝑦𝛥𝑧 at coordinates 𝑥 and 𝑥 + 𝛥𝑥. The accumulation of fluid within
the control volume due to motion in the 𝑥-direction is evidently
𝛥𝑦𝛥𝑧[(𝜌𝑢)(𝑥, 𝑦, 𝑧) − (𝜌𝑢)(𝑥 + 𝛥𝑥, 𝑦, 𝑧)] = −

𝜕(𝜌𝑢)
|
𝛥𝑥 𝛥𝑦 𝛥𝑧.
𝜕𝑥 𝑥,𝑦,𝑧

(1.23)

To this must be added the effects of motion in the 𝑦- and 𝑧-directions, namely
−[

𝜕(𝜌𝑣) 𝜕(𝜌𝑤)
+
]𝛥𝑥 𝛥𝑦 𝛥𝑧.
𝜕𝑦
𝜕𝑧

(1.24)

This net accumulation of fluid must be accompanied by a corresponding increase of fluid mass
within the control volume. This is
𝜕
𝜕𝜌
(density × volume) = 𝛥𝑥 𝛥𝑦 𝛥𝑧 ,
𝜕𝑡
𝜕𝑡

(1.25)

because the volume is constant. Thus, because mass is conserved, (1.23), (1.24) and (1.25) give
𝛥𝑥 𝛥𝑦 𝛥𝑧 [

𝜕𝜌 𝜕(𝜌𝑢) 𝜕(𝜌𝑣) 𝜕(𝜌𝑤)
+
+
+
] = 0.
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧

(1.26)

The quantity in square brackets must be zero and we therefore have
𝜕𝜌
+ ∇ ⋅ (𝜌𝒗) = 0.
𝜕𝑡

(1.27)

This is called the mass continuity equation for it recognizes the continuous nature of the mass field in
a fluid. There is no diffusion term in (1.27), no term like 𝜅∇2 𝜌. This is because mass is transported
by the macroscopic movement of molecules; even if this motion appears diffusion-like any net
macroscopic molecular motion constitutes, by definition, a velocity field.

Vector derivation
Consider an arbitrary control volume 𝑉 bounded by a surface 𝑆, fixed in space, with by convention
the direction of 𝑺 being toward the outside of 𝑉, as in Fig. 1.2. The rate of fluid loss due to flow
through the closed surface 𝑆 is then given by
fluid loss = ∫ 𝜌𝒗 ⋅ d𝑺 = ∫ ∇ ⋅ (𝜌𝒗) d𝑉,
𝑆

𝑉

(1.28)

1.2 The Mass Continuity Equation
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Fluid loss =
=

dS

!

!

ρ v · dS
S

∇ · (ρ v ) dV
V

Surface element,
points outward

Mass increase
Fig. 1.2 Mass conservation in an arbitrary
Eulerian control volume 𝑉 bounded by a surface 𝑆. The mass increase, ∫𝑉 (𝜕𝜌/𝜕𝑡) d𝑉 is
equal to the mass ﬂowing into the volume,
− ∫𝑆 (𝜌𝒗) ⋅ d𝑺 = − ∫𝑉 ∇ ⋅ (𝜌𝒗) d𝑉.

using the divergence theorem.
This must be balanced by a change in the mass 𝑀 of the fluid within the control volume, which,
since its volume is fixed, implies a density change. That is
fluid loss = −

d𝑀
d
𝜕𝜌
= − ∫ 𝜌 d𝑉 = − ∫
d𝑉.
d𝑡
d𝑡 𝑉
𝑉 𝜕𝑡

(1.29)

Equating (1.28) and (1.29) yields

∫[
𝑉

𝜕𝜌
+ ∇ ⋅ (𝜌𝒗)] d𝑉 = 0.
𝜕𝑡

(1.30)

Because the volume is arbitrary, the integrand must vanish and we recover (1.27).

1.2.2

Mass Continuity via the Material Derivative

We now derive the mass continuity equation (1.27) from a material perspective. This is the most
fundamental approach of all since the principle of mass conservation states simply that the mass
of a given element of fluid is, by definition of the element, constant. Thus, consider a small mass
of fluid of density 𝜌 and volume 𝛥𝑉. Then conservation of mass may be represented by
D
(𝜌𝛥𝑉) = 0.
D𝑡
Both the density and the volume of the parcel may change, so

(1.31)

D𝜌
D𝛥𝑉
D𝜌
+𝜌
= 𝛥𝑉 (
+ 𝜌∇ ⋅ 𝒗) = 0,
(1.32)
D𝑡
D𝑡
D𝑡
where the second expression follows using (1.15). Since the volume element is arbitrary, the term
in brackets must vanish and
D𝜌
+ 𝜌∇ ⋅ 𝒗 = 0.
(1.33)
D𝑡
After expansion of the first term this becomes identical to (1.27). This result may be derived more
formally by rewriting (1.31) as the integral expression
𝛥𝑉

D
∫ 𝜌 d𝑉 = 0.
D𝑡 𝑉

(1.34)
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Expanding the derivative using (1.18) gives
D
D𝜌
+ 𝜌∇ ⋅ 𝒗) d𝑉 = 0.
∫ 𝜌 d𝑉 = ∫ (
D𝑡 𝑉
𝑉 D𝑡

(1.35)

Because the volume over which the integral is taken is arbitrary the integrand itself must vanish
and we recover (1.33). Summarizing, equivalent partial differential equations representing conservation of mass are:
D𝜌
𝜕𝜌
+ 𝜌∇ ⋅ 𝒗 = 0,
+ ∇ ⋅ (𝜌𝒗) = 0.
(1.36a,b)
D𝑡
𝜕𝑡

1.2.3

A General Continuity Equation

The derivation of a continuity equation for a general scalar property of a fluid is similar to that for
density, except that there may be an external source or sink, and potentially a means of transferring the property from one location to another differently than by fluid motion, for example by
diffusion. If 𝜉 is the amount of some property of the fluid per unit volume (the volume concentration, sometimes simply called the concentration), and if the net effect per unit volume of all
non-conservative processes is denoted by 𝑄[𝑣,𝜉] , then the continuity equation for concentration
may be written:
D
(𝜉𝛥𝑉) = 𝑄[𝑣,𝜉] 𝛥𝑉.
(1.37)
D𝑡
Expanding the left-hand side and using (1.15) we obtain
D𝜉
+ 𝜉∇ ⋅ 𝒗 = 𝑄[𝑣,𝜉] ,
D𝑡

or

𝜕𝜉
+ ∇ ⋅ (𝜉𝒗) = 𝑄[𝑣,𝜉] .
𝜕𝑡

(1.38)

If we are interested in a tracer that is normally measured per unit mass of fluid (which is typical
when considering thermodynamic quantities) then the conservation equation would be written
D
(𝜑𝜌𝛥𝑉) = 𝑄[𝑚,𝜑] 𝜌𝛥𝑉,
D𝑡

(1.39)

where 𝜑 is the tracer mixing ratio or mass concentration — that is, the amount of tracer per unit
fluid mass — and 𝑄[𝑚,𝜑] represents non-conservative sources of 𝜑 per unit mass. Then, since 𝜌𝛥𝑉
is constant we obtain
D𝜑
= 𝑄[𝑚,𝜑]
D𝑡

or

𝜕(𝜌𝜑)
+ ∇ ⋅ (𝜌𝜑𝒗) = 𝜌𝑄[𝑚,𝜑] ,
𝜕𝑡

(1.40)

using the mass continuity equation, (1.36), to obtain the equation on the right. The source term
𝑄[𝑚,𝜑] is evidently equal to the rate of change of 𝜑 of a fluid element. When this is so, we often
write it simply as 𝜑,̇ so that
D𝜑
= 𝜑.̇
(1.41)
D𝑡
A tracer obeying (1.41) with 𝜑̇ = 0 is said to be materially conserved. If a tracer is materially
conserved except for the effects of sources or sinks, or diffusion terms, then it is sometimes (if
rather loosely) said to be an ‘adiabatically conserved’ variable, although adiabatic properly means
with no heat exchange. If those sources and sinks are in the form of the divergence of a flux with
𝜑 satisfying 𝜌D𝜑/D𝑡 = ∇ ⋅ 𝑭𝜑 or equivalently, using the mass continuity equation, 𝜕(𝜌𝜑)/𝜕𝑡 + ∇ ⋅
(𝜌𝒗𝜑) = ∇⋅𝑭𝜑 , then 𝜑 is said to be a conservative variable because, with no flux boundary conditions,
∫ 𝜌𝜑 d𝑉 = constant. Although momentum as a whole is conserved, momentum is not a materially
conserved variable, as we are about to see.

The heavens themselves, the planets, and this centre
Observe degree, priority, and place,
Insisture, course, proportion, season, form,
Office, and custom, in all line of order.
And therefore is the glorious planet Sol
In noble eminence enthroned and sphered.
William Shakespeare, Troilus and Cressida, c. 1602.

CHAPTER 2

Eppur si muove. (And yet it does move.)
Galileo Galilei, apocryphal, 1633.

Eﬀects of Rotation and Stratiﬁcation

T

he atmosphere and ocean are shallow layers of fluid on a sphere, ‘shallow’ because their

thickness is much less than their horizontal extent. Their motion is strongly influenced
by two effects: rotation and stratification, the latter meaning that there is a mean vertical
gradient of (potential) density that is often large compared with the horizontal gradient. Here we
consider how the equations of motion are affected by these effects. First, we consider some elementary effects of rotation on a fluid and derive the Coriolis and centrifugal forces, and write down the
equations of motion appropriate for motion on a sphere. Then we discuss some approximations
to the equations of motion that are appropriate for large-scale flow in the ocean and atmosphere,
in particular the hydrostatic and geostrophic approximations, and finally we look at the possible
static instability of stratified flows.

2.1

EQUATIONS OF MOTION IN A ROTATING FRAME

Newton’s second law of motion, that the acceleration of a body is proportional to the imposed force
divided by the body’s mass, applies in so-called inertial frames of reference; that is, frames that are
stationary or moving only with a constant rectilinear velocity relative to the distant galaxies. Now
Earth spins round its own axis with a period of almost 24 hours (23h 56m, the difference due to
Earth’s rotation around the Sun) and so the surface of the Earth manifestly is not an inertial frame.
Nevertheless, it is very convenient to describe the flow relative to Earth’s surface (which in fact
is moving at speeds of up to a few hundreds of metres per second), rather than in some inertial
frame.2 This necessitates recasting the equations into a form appropriate in a rotating frame of
reference, and that is the subject of this section.

2.1.1

Rate of Change of a Vector

Consider first a vector 𝑪 of constant length rotating relative to an inertial frame at a constant
angular velocity 𝜴. Then, in a frame rotating with that same angular velocity it appears stationary
and constant. If in a small interval of time 𝛿𝑡 the vector 𝑪 rotates through a small angle 𝛿𝜆 then
the change in 𝑪, as perceived in the inertial frame, is given by (see Fig. 2.1)
𝛿𝑪 = |𝑪| cos 𝜗 𝛿𝜆 𝒎,
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Fig. 2.1 A vector 𝑪 rotating at an angular
velocity 𝜴. It appears to be a constant vector in the rotating frame, whereas in the inertial frame it evolves according to (d𝑪/d𝑡)𝐼 =
𝜴 × 𝑪.

where the vector 𝒎 is the unit vector in the direction of change of 𝑪, which is perpendicular to
both 𝑪 and 𝜴. But the rate of change of the angle 𝜆 is just, by definition, the angular velocity so
that 𝛿𝜆 = |𝜴|𝛿𝑡 and
𝛿𝑪 = |𝑪||𝜴| sin 𝜗̂ 𝒎 𝛿𝑡 = 𝜴 × 𝑪 𝛿𝑡,
(2.2)
̂
using the definition of the vector cross product, where 𝜗 = (π/2 − 𝜗) is the angle between 𝜴 and 𝑪.
Thus
d𝑪
( ) = 𝜴 × 𝑪,
(2.3)
d𝑡 𝐼
where the left-hand side is the rate of change of 𝑪 as perceived in the inertial frame.
Now consider a vector 𝑩 that changes in the inertial frame. In a small time 𝛿𝑡 the change in 𝑩
as seen in the rotating frame is related to the change seen in the inertial frame by
(𝛿𝑩)𝐼 = (𝛿𝑩)𝑅 + (𝛿𝑩)rot ,

(2.4)

where the terms are, respectively, the change seen in the inertial frame, the change due to the vector
itself changing as measured in the rotating frame, and the change due to the rotation. Using (2.2)
(𝛿𝑩)rot = 𝜴 × 𝑩 𝛿𝑡, and so the rates of change of the vector 𝑩 in the inertial and rotating frames
are related by
(

d𝑩
d𝑩
) = ( ) + 𝜴 × 𝑩.
d𝑡 𝐼
d𝑡 𝑅

(2.5)

This relation applies to a vector 𝑩 that, as measured at any one time, is the same in both inertial
and rotating frames.

2.1.2

Velocity and Acceleration in a Rotating Frame

The velocity of a body is not measured to be the same in the inertial and rotating frames, so care
must be taken when applying (2.5) to velocity. First apply (2.5) to 𝒓, the position of a particle to
obtain
d𝒓
d𝒓
( ) =( ) +𝜴×𝒓
(2.6)
d𝑡 𝐼
d𝑡 𝑅

2.1 Equations of Motion in a Rotating Frame
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or
𝒗𝐼 = 𝒗𝑅 + 𝜴 × 𝒓.

(2.7)

We refer to 𝒗𝑅 and 𝒗𝐼 as the relative and inertial velocity, respectively, and (2.7) relates the two.
Apply (2.5) again, this time to the velocity 𝒗𝑅 to give
d𝒗𝑅
d𝒗
) = ( 𝑅 ) + 𝜴 × 𝒗𝑅 ,
d𝑡 𝐼
d𝑡 𝑅

(2.8)

d
d𝒗
(𝒗 − 𝜴 × 𝒓)) = ( 𝑅 ) + 𝜴 × 𝒗𝑅 ,
d𝑡 𝐼
d𝑡 𝑅
𝐼

(2.9)

d𝒗
d𝜴
d𝒓
d𝒗𝐼
) = ( 𝑅 ) + 𝜴 × 𝒗𝑅 +
×𝒓+𝜴×( ) .
d𝑡 𝐼
d𝑡 𝑅
d𝑡
d𝑡 𝐼

(2.10)

d𝒓
d𝒓
) = ( ) + 𝜴 × 𝒓 = (𝒗𝑅 + 𝜴 × 𝒓),
d𝑡 𝐼
d𝑡 𝑅

(2.11)

(
or, using (2.7)
(
or
(
Then, noting that
(

and assuming that the rate of rotation is constant, (2.10) becomes
(

d𝒗𝑅
d𝒗
) = ( 𝐼 ) − 2𝜴 × 𝒗𝑅 − 𝜴 × (𝜴 × 𝒓).
d𝑡 𝑅
d𝑡 𝐼

(2.12)

This equation may be interpreted as follows. The term on the left-hand side is the rate of change
of the relative velocity as measured in the rotating frame. The first term on the right-hand side is the
rate of change of the inertial velocity as measured in the inertial frame (the inertial acceleration,
which is, by Newton’s second law, equal to the force on a fluid parcel divided by its mass). The
second and third terms on the right-hand side (including the minus signs) are the Coriolis force
and the centrifugal force per unit mass. Neither of these is a true force — they may be thought of
as quasi-forces (i.e., ‘as if ’ forces); that is, when a body is observed from a rotating frame it behaves
as if unseen forces are present that affect its motion. If (2.12) is written, as is common, with the
terms +2𝜴 × 𝒗𝑟 and +𝜴 × (𝜴 × 𝒓) on the left-hand side then these terms should be referred to as
the Coriolis and centrifugal accelerations.3

Centrifugal force
If 𝒓⟂ is the perpendicular distance from the axis of rotation (see Fig. 2.1 and substitute 𝒓 for 𝑪), then,
because 𝜴 is perpendicular to 𝒓⟂ , 𝜴 × 𝒓 = 𝜴 × 𝒓⟂ . Then, using the vector identity 𝜴 × (𝜴 × 𝒓⟂ ) =
(𝜴 ⋅ 𝒓⟂ )𝜴 − (𝜴 ⋅ 𝜴)𝒓⟂ and noting that the first term is zero, we see that the centrifugal force per
unit mass is just given by
𝑭ce = −𝜴 × (𝜴 × 𝒓) = 𝛺2 𝒓⟂ .

(2.13)

This may usefully be written as the gradient of a scalar potential,
𝑭ce = −∇𝛷ce ,
where 𝛷ce = −(𝛺2 𝑟⟂2 )/2 = −(𝜴 × 𝒓⟂ )2 /2.

(2.14)
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Coriolis force
The Coriolis force per unit mass is given by
𝑭Co = −2𝜴 × 𝒗𝑅 .

(2.15)

It plays a central role in much of geophysical fluid dynamics and will be considered extensively
later on. For now, we just note three basic properties:
(i) There is no Coriolis force on bodies that are stationary in the rotating frame.
(ii) The Coriolis force acts to deflect moving bodies at right angles to their direction of travel.
(iii) The Coriolis force does no work on a body because it is perpendicular to the velocity, and so
𝒗𝑅 ⋅ (𝜴 × 𝒗𝑅 ) = 0.

2.1.3

Momentum Equation in a Rotating Frame

Since (2.12) simply relates the accelerations of a particle in the inertial and rotating frames, then
in the rotating frame of reference the momentum equation may be written
D𝒗
1
+ 2𝜴 × 𝒗 = − ∇𝑝 − ∇𝛷,
D𝑡
𝜌

(2.16)

incorporating the centrifugal term into the potential, 𝛷. We have dropped the subscript 𝑅; henceforth, unless we need to be explicit (as in the next section), all velocities without a subscript will
be considered to be relative to the rotating frame.

2.1.4

Mass and Tracer Conservation in a Rotating frame

Let 𝜑 be a scalar field that, in the inertial frame, obeys
D𝜑
+ 𝜑∇ ⋅ 𝒗𝐼 = 0.
D𝑡

(2.17)

Now, observers in both the rotating and inertial frame measure the same value of 𝜑. Further,
D𝜑/D𝑡 is simply the rate of change of 𝜑 associated with a material parcel, and therefore is reference frame invariant. Thus, without further ado, we write
(

D𝜑
D𝜑
) =(
),
D𝑡 𝑅
D𝑡 𝐼

(2.18)

where (D𝜑/D𝑡)𝑅 = (𝜕𝜑/𝜕𝑡)𝑅 + 𝒗𝑅 ⋅ ∇𝜑 and (D𝜑/D𝑡)𝐼 = (𝜕𝜑/𝜕𝑡)𝐼 + 𝒗𝐼 ⋅ ∇𝜑, and the local temporal derivatives (𝜕𝜑/𝜕𝑡)𝑅 and (𝜕𝜑/𝜕𝑡)𝐼 are evaluated at fixed locations in the rotating and inertial
frames, respectively.
Further, using (2.7), we have that
∇ ⋅ 𝒗𝐼 = ∇ ⋅ (𝒗𝑅 + 𝜴 × 𝒓) = ∇ ⋅ 𝒗𝑅 ,

(2.19)

since ∇ ⋅ (𝜴 × 𝒓) = 0. Thus, using (2.18) and (2.19), (2.17) is equivalent to
D𝜑
+ 𝜑∇ ⋅ 𝒗𝑅 = 0,
D𝑡

(2.20)

where all observables are measured in the rotating frame. Thus, the equation for the evolution
of a scalar whose measured value is the same in rotating and inertial frames is unaltered by the
presence of rotation. In particular, the mass conservation equation is unaltered by the presence of
rotation.

2.2 Equations of Motion in Spherical Coordinates
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Although we have taken (2.18) as true a priori, the individual components of the material
derivative differ in the rotating and inertial frames. In particular
(

𝜕𝜑
𝜕𝜑
) = ( ) − (𝜴 × 𝒓) ⋅ ∇𝜑,
𝜕𝑡 𝐼
𝜕𝑡 𝑅

(2.21)

because 𝜴 × 𝒓 is the velocity, in the inertial frame, of a uniformly rotating body. Similarly,
𝒗𝐼 ⋅ ∇𝜑 = (𝒗𝑅 + 𝜴 × 𝒓) ⋅ ∇𝜑.

(2.22)

Adding the last two equations reprises and confirms (2.18).

2.2

EQUATIONS OF MOTION IN SPHERICAL COORDINATES

The Earth is very nearly spherical and it might appear obvious that we should cast our equations
in spherical coordinates. Although this does turn out to be true, the presence of a centrifugal force
causes some complications that we should first discuss. The reader who is willing ab initio to treat
the Earth as a perfect sphere and to neglect the horizontal component of the centrifugal force may
skip the next section.

2.2.1 ♦

The Centrifugal Force and Spherical Coordinates

The centrifugal force is a potential force, like gravity, and so we may therefore define an ‘effective gravity’ equal to the sum of the true, or Newtonian, gravity and the centrifugal force. The
Newtonian gravitational force is directed approximately toward the centre of the Earth, with small
deviations due mainly to the Earth’s oblateness. The line of action of the effective gravity will in
general differ slightly from this, and therefore have a component in the ‘horizontal’ plane, that is
the plane perpendicular to the radial direction. The magnitude of the centrifugal force is 𝛺2 𝑟⟂ ,
and so the effective gravity is given by
𝒈 ≡ 𝒈eff = 𝒈grav + 𝛺2 𝒓⟂ ,

(2.23)

where 𝒈grav is the Newtonian gravitational force due to the gravitational attraction of the Earth and
𝒓⟂ is normal to the rotation vector (in the direction 𝑪 in Fig. 2.2), with 𝑟⟂ = 𝑟 cos 𝜗. Both gravity
and centrifugal force are potential forces and therefore we may define the geopotential, 𝛷, such that
𝒈 = −∇𝛷.

(2.24)

Surfaces of constant 𝛷 are not quite spherical because 𝑟⟂ , and hence the centrifugal force, vary with
latitude (Fig. 2.2); this has certain ramifications, as we now discuss.
The components of the centrifugal force parallel and perpendicular to the radial direction are
𝛺2 𝑟 cos2 𝜗 and 𝛺2 𝑟 cos 𝜗 sin 𝜗. Newtonian gravity is much larger than either of these, and at the
Earth’s surface the ratio of centrifugal to gravitational terms is approximately, and no more than,
𝛼≈

𝛺2 𝑎 (7.27 × 10−5 )2 × 6.4 × 106
≈
≈ 3 × 10−3 .
𝑔
9.8

(2.25)

(At the equator and pole the horizontal component of the centrifugal force is zero and the effective
gravity is aligned with Newtonian gravity.) The angle between 𝒈 and the line to the centre of
the Earth is given by a similar expression and so is also small, typically around 3×10−3 radians.
However, the horizontal component of the centrifugal force is still large compared to the Coriolis
force, the ratio of their magnitudes in mid-latitudes being given by
horizontal centrifugal force 𝛺2 𝑎 cos 𝜗 sin 𝜗
𝛺𝑎
≈
≈
≈ 10,
Coriolis force
2𝛺|𝑢|
4|𝑢|

(2.26)
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Fig. 2.2 Left: directions of forces and coordinates in true spherical geometry. 𝒈 is the eﬀective gravity
(including the centrifugal force, 𝑪) and its horizontal component is evidently non-zero. Right: a modiﬁed
coordinate system, in which the vertical direction is deﬁned by the direction of 𝒈, and so the horizontal
component of 𝒈 is identically zero. The dashed line schematically indicates a surface of constant geopotential. The diﬀerences between the direction of 𝒈 and the direction of the radial coordinate, and between
the sphere and the geopotential surface, are much exaggerated and in reality are similar to the thickness
of the lines themselves.

using 𝑢 = 10 m s−1 . The centrifugal term therefore dominates over the Coriolis term, and is largely
balanced by a pressure gradient force. Thus, if we adhered to true spherical coordinates, both the
horizontal and radial components of the momentum equation would be dominated by a static
balance between a pressure gradient and gravity or centrifugal terms. Although in principle there
is nothing wrong with writing the equations this way, it obscures the dynamical balances involving
the Coriolis force and pressure that determine the large-scale horizontal flow.
A way around this problem is to use the direction of the geopotential force to define the vertical
direction, and then for all geometric purposes to regard the surfaces of constant 𝛷 as if they were
true spheres.4 The horizontal component of effective gravity is then identically zero, and we have
traded a potentially large dynamical error for a very small geometric error. In fact, over time, the
Earth has developed an equatorial bulge to compensate for and neutralize the centrifugal force, so
that the effective gravity does act in a direction virtually normal to the Earth’s surface; that is, the
surface of the Earth is an oblate spheroid of nearly constant geopotential. The geopotential 𝛷 is
then a function of the vertical coordinate alone, and for many purposes we can just take 𝛷 = 𝑔𝑧;
that is, the direction normal to geopotential surfaces, the local vertical, is, in this approximation,
taken to be the direction of increasing 𝑟 in spherical coordinates. It is because the oblateness is very
small (the polar diameter is about 12 714 km, whereas the equatorial diameter is about 12 756 km)
that using spherical coordinates is a very accurate way to map the spheroid. If the angle between
effective gravity and a natural direction of the coordinate system were not small then more heroic
measures would be called for.
If the solid Earth did not bulge at the equator, the behaviour of the atmosphere and ocean
would differ significantly from that of the present system. For example, the surface of the ocean
is, necessarily, very nearly a geopotential surface; if the solid Earth were exactly spherical then the
ocean would perforce become much deeper at low latitudes and the ocean basins would dry out
completely at high latitudes. We could still choose to use the spherical coordinate system discussed
above to describe the dynamics, but the shape of the surface of the solid Earth would have to
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be represented by a topography, with the topographic height increasing monotonically polewards
nearly everywhere.

2.2.2

Some Identities in Spherical Coordinates

The location of a point is given by the coordinates (𝜆, 𝜗, 𝑟) where 𝜆 is the angular distance eastwards
(i.e., longitude), 𝜗 is angular distance polewards (i.e., latitude) and 𝑟 is the radial distance from the
centre of the Earth — see Fig. 2.3. (In some other fields of study co-latitude is used as a spherical
coordinate.) If 𝑎 is the radius of the Earth, then we also define 𝑧 = 𝑟 − 𝑎. At a given location we
may also define the Cartesian increments (𝛿𝑥, 𝛿𝑦, 𝛿𝑧) = (𝑟 cos 𝜗𝛿𝜆, 𝑟𝛿𝜗, 𝛿𝑟).
For a scalar quantity 𝜙 the material derivative in spherical coordinates is
𝑢 𝜕𝜙 𝑣 𝜕𝜙
𝜕𝜙
D𝜙 𝜕𝜙
=
+
+
+𝑤 ,
D𝑡
𝜕𝑡 𝑟 cos 𝜗 𝜕𝜆 𝑟 𝜕𝜗
𝜕𝑟

(2.27)

where the velocity components corresponding to the coordinates (𝜆, 𝜗, 𝑟) are
(𝑢, 𝑣, 𝑤) ≡ (𝑟 cos 𝜗

D𝜆 D𝜗 D𝑟
,𝑟 ,
).
D𝑡 D𝑡 D𝑡

(2.28)

That is, 𝑢 is the zonal velocity, 𝑣 is the meridional velocity and 𝑤 is the vertical velocity. If we define
(𝐢, 𝐣, 𝐤) to be the unit vectors in the direction of increasing (𝜆, 𝜗, 𝑟) then
𝒗 = 𝐢𝑢 + 𝐣𝑣 + 𝐤𝑤.

(2.29)

Note also that D𝑟/D𝑡 = D𝑧/D𝑡.
The divergence of a vector 𝑩 = 𝐢 𝐵𝜆 + 𝐣 𝐵𝜗 + 𝐤 𝐵𝑟 is
∇⋅𝑩 =

cos 𝜗 𝜕 2 𝑟
1 𝜕𝐵𝜆 1 𝜕 𝜗
1
[
+
(𝐵 cos 𝜗) + 2
(𝑟 𝐵 )] .
cos 𝜗 𝑟 𝜕𝜆
𝑟 𝜕𝜗
𝑟 𝜕𝑟

(2.30)

The vector gradient of a scalar is:
∇𝜙 = 𝐢

1 𝜕𝜙
1 𝜕𝜙
𝜕𝜙
+𝐣
+𝐤 .
𝑟 cos 𝜗 𝜕𝜆
𝑟 𝜕𝜗
𝜕𝑟

(2.31)

The Laplacian of a scalar is:
∇2 𝜙 ≡ ∇ ⋅ ∇𝜙 =

1
𝜕
1 𝜕2 𝜙
𝜕𝜙
𝜕
𝜕𝜙
+
[
(cos 𝜗 ) + cos 𝜗 (𝑟2 )] .
2
2
𝑟 cos 𝜗 cos 𝜗 𝜕𝜆
𝜕𝜗
𝜕𝜗
𝜕𝑟
𝜕𝑟

(2.32)

The curl of a vector is:
curl 𝑩 = ∇ × 𝑩 =

𝐢 𝑟 cos 𝜗
𝐣𝑟
1
| 𝜕/𝜕𝜆
𝜕/𝜕𝜗
𝑟2 cos 𝜗 𝐵𝜆 𝑟 cos 𝜗 𝐵𝜗 𝑟
|

𝐤
𝜕/𝜕𝑟 | .
𝐵𝑟 |

(2.33)

The vector Laplacian ∇2 𝑩 (used for example when calculating viscous terms in the momentum
equation) may be obtained from the vector identity:
∇2 𝑩 = ∇(∇ ⋅ 𝑩) − ∇ × (∇ × 𝑩).

(2.34)

Only in Cartesian coordinates does this take the simple form:
∇2 𝑩 =

𝜕2 𝑩 𝜕2 𝑩 𝜕2 𝑩
+
+
.
𝜕𝑥2 𝜕𝑦2 𝜕𝑧2

The expansion in spherical coordinates is of itself, to most eyes, rather uninformative.

(2.35)
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Fig. 2.3 The spherical coordinate system. The orthogonal unit vectors 𝐢, 𝐣 and 𝐤 point in the direction
of increasing longitude 𝜆, latitude 𝜗, and altitude 𝑧.
Locally, one may apply a Cartesian system with variables 𝑥, 𝑦 and 𝑧 measuring distances along 𝐢, 𝐣 and 𝐤.

Rate of change of unit vectors
In spherical coordinates the defining unit vectors are 𝐢, the unit vector pointing eastwards, parallel
to a line of latitude; 𝐣 is the unit vector pointing polewards, parallel to a meridian; and 𝐤, the unit
vector pointing radially outward. The directions of these vectors change with location, and in fact
this is the case in nearly all coordinate systems, with the notable exception of the Cartesian one,
and thus their material derivative is not zero. One way to evaluate this is to consider geometrically
how the coordinate axes change with position. Another way, and the way that we shall proceed, is
to first obtain the effective rotation rate 𝜴flow , relative to the Earth, of a unit vector as it moves with
the flow, and then apply (2.3). Specifically, let the fluid velocity be 𝒗 = (𝑢, 𝑣, 𝑤). The meridional
component, 𝑣, produces a displacement 𝑟𝛿𝜗 = 𝑣𝛿𝑡, and this gives rise to a local effective vector
rotation rate around the local zonal axis of −(𝑣/𝑟)𝐢, the minus sign arising because a displacement
in the direction of the north pole is produced by negative rotational displacement around the 𝐢 axis.
Similarly, the zonal component, 𝑢, produces a displacement 𝛿𝜆𝑟 cos 𝜗 = 𝑢𝛿𝑡 and so an effective
rotation rate, about the Earth’s rotation axis, of 𝑢/(𝑟 cos 𝜗). Now, a rotation around the Earth’s
rotation axis may be written as (see Fig. 2.4)
𝜴 = 𝛺(𝐣 cos 𝜗 + 𝐤 sin 𝜗).

(2.36)

If the scalar rotation rate is not 𝛺 but is 𝑢/(𝑟 cos 𝜗), then the vector rotation rate is
𝑢
𝑢
𝑢 tan 𝜗
(𝐣 cos 𝜗 + 𝐤 sin 𝜗) = 𝐣 + 𝐤
.
𝑟 cos 𝜗
𝑟
𝑟

(2.37)
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Thus, the total rotation rate of a vector that moves with the flow is
𝑣
𝑢
𝑢 tan 𝜗
𝜴flow = −𝐢 + 𝐣 + 𝐤
.
𝑟
𝑟
𝑟

(2.38)

Applying (2.3) to (2.38), we find
D𝐢
𝑢
= 𝜴flow × 𝐢 =
(𝐣 sin 𝜗 − 𝐤 cos 𝜗),
D𝑡
𝑟 cos 𝜗
D𝐣
𝑢
𝑣
= 𝜴flow × 𝐣 = −𝐢 tan 𝜗 − 𝐤 ,
D𝑡
𝑟
𝑟
D𝐤
𝑢
𝑣
= 𝜴flow × 𝐤 = 𝐢 + 𝐣 .
D𝑡
𝑟
𝑟

(2.39a)
(2.39b)
(2.39c)

2.2.3 Equations of Motion
Mass conservation and thermodynamic equation
The mass conservation equation, (1.36a), expanded in spherical co-ordinates, is
𝑢 𝜕𝜌 𝑣 𝜕𝜌
𝜕𝜌
𝜌
𝜕𝑢
𝜕
1 𝜕
𝜕𝜌
+
+
+𝑤
+
[
+
(𝑣 cos 𝜗) +
(𝑤𝑟2 cos 𝜗)] = 0.
𝜕𝑡 𝑟 cos 𝜗 𝜕𝜆 𝑟 𝜕𝜗
𝜕𝑟 𝑟 cos 𝜗 𝜕𝜆 𝜕𝜗
𝑟 𝜕𝑟

(2.40)

Equivalently, using the form (1.36b), this is
1 𝜕(𝑢𝜌)
1
𝜕
1 𝜕
𝜕𝜌
+
+
(𝑣𝜌 cos 𝜗) + 2 (𝑟2 𝑤𝜌) = 0.
𝜕𝑡 𝑟 cos 𝜗 𝜕𝜆
𝑟 cos 𝜗 𝜕𝜗
𝑟 𝜕𝑟

(2.41)

The thermodynamic equation, (1.108), is a tracer advection equation. Thus, using (2.27), its
(adiabatic) spherical coordinate form is
D𝜃 𝜕𝜃
𝑢 𝜕𝜃 𝑣 𝜕𝜃
𝜕𝜃
=
+
+
+𝑤
= 0,
D𝑡
𝜕𝑡 𝑟 cos 𝜗 𝜕𝜆 𝑟 𝜕𝜗
𝜕𝑟

(2.42)

and similarly for tracers such as water vapour or salt.

Momentum equation
Recall that the inviscid momentum equation is:
D𝒗
1
+ 2𝜴 × 𝒗 = − ∇𝑝 − ∇𝛷,
D𝑡
𝜌

(2.43)

where 𝛷 is the geopotential. In spherical coordinates the directions of the coordinate axes change
with position and so the component expansion of (2.43) is
D𝒗 D𝑢
=
𝐢+
D𝑡
D𝑡
D𝑢
𝐢+
=
D𝑡

D𝑣
𝐣+
D𝑡
D𝑣
𝐣+
D𝑡

D𝑤
D𝐢
D𝐣
D𝐤
𝐤+𝑢
+𝑣
+𝑤
D𝑡
D𝑡
D𝑡
D𝑡
D𝑤
𝐤 + 𝜴flow × 𝒗,
D𝑡

(2.44a)
(2.44b)

using (2.39). Using either (2.44a) and the expressions for the rates of change of the unit vectors
given in (2.39), or (2.44b) and the expression for 𝜴flow given in (2.38), (2.44) becomes
D𝒗
D𝑢 𝑢𝑣 tan 𝜗 𝑢𝑤
D𝑣 𝑢2 tan 𝜗 𝑣𝑤
D𝑤 𝑢2 + 𝑣2
= 𝐢(
−
+
) + 𝐣(
+
+
) + 𝐤(
−
).
D𝑡
D𝑡
𝑟
𝑟
D𝑡
𝑟
𝑟
D𝑡
𝑟

(2.45)
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Fig. 2.4 (a) On the sphere the rotation vector 𝜴 can be decomposed into two components, one
in the local vertical and one in the local horizontal, pointing toward the pole. That is, 𝜴 = 𝛺𝑦 𝐣+𝛺𝑧 𝐤
where 𝛺𝑦 = 𝛺 cos 𝜗 and 𝛺𝑧 = 𝛺 sin 𝜗. In geophysical ﬂuid dynamics, the rotation vector in the local
vertical is often the more important component in the horizontal momentum equations. On a
rotating disk, (b), the rotation vector 𝜴 is parallel to the local vertical 𝐤.

Using the definition of a vector cross product the Coriolis term is:
𝐢
𝐣
𝐤
2𝜴 × 𝒗 = | 0 2𝛺 cos 𝜗 2𝛺 sin 𝜗 |
𝑣
𝑤
| 𝑢
|
= 𝐢 (2𝛺𝑤 cos 𝜗 − 2𝛺𝑣 sin 𝜗) + 𝐣 2𝛺𝑢 sin 𝜗 − 𝐤 2𝛺𝑢 cos 𝜗.

(2.46)

Using (2.45) and (2.46), and the gradient operator given by (2.31), the momentum equation (2.43)
becomes:
D𝑢
𝑢
1
𝜕𝑝
− (2𝛺 +
) (𝑣 sin 𝜗 − 𝑤 cos 𝜗) = −
,
D𝑡
𝑟 cos 𝜗
𝜌𝑟 cos 𝜗 𝜕𝜆
𝑢
1 𝜕𝑝
D𝑣 𝑤𝑣
+
+ (2𝛺 +
) 𝑢 sin 𝜗 = −
,
D𝑡
𝑟
𝑟 cos 𝜗
𝜌𝑟 𝜕𝜗
D𝑤 𝑢2 + 𝑣2
1 𝜕𝑝
−
− 2𝛺𝑢 cos 𝜗 = −
− 𝑔.
D𝑡
𝑟
𝜌 𝜕𝑟

(2.47a)
(2.47b)
(2.47c)

The terms involving 𝛺 are called Coriolis terms, and the quadratic terms on the left-hand sides
involving 1/𝑟 are often called metric terms.

2.2.4

The Primitive Equations

The so-called primitive equations of motion are simplifications of the above equations frequently
used in atmospheric and oceanic modelling.5 Three related approximations are involved:

(i) The hydrostatic approximation. In the vertical momentum equation the gravitational term
is assumed to be balanced by the pressure gradient term, so that
𝜕𝑝
= −𝜌𝑔.
𝜕𝑧

(2.48)

The advection of vertical velocity, the Coriolis terms, and the metric term (𝑢2 + 𝑣2 )/𝑟 are all
neglected.
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(ii) The shallow-ﬂuid approximation. We write 𝑟 = 𝑎 + 𝑧 where the constant 𝑎 is the radius of the
Earth and 𝑧 increases in the radial direction. The coordinate 𝑟 is then replaced by 𝑎 except
where it is used as the differentiating argument. Thus, for example,
𝜕𝑤
1 𝜕(𝑟2 𝑤)
→
.
𝑟2 𝜕𝑟
𝜕𝑧

(2.49)

(iii) The traditional approximation. Coriolis terms in the horizontal momentum equations involving the vertical velocity, and the still smaller metric terms 𝑢𝑤/𝑟 and 𝑣𝑤/𝑟, are neglected.
The second and third of these approximations should be taken, or not, together, the underlying
reason being that they both relate to the presumed small aspect ratio of the motion, so the approximations succeed or fail together. If we make one approximation but not the other then we
are being asymptotically inconsistent, and angular momentum and energy conservation are not
assured.6 The hydrostatic approximation also depends on the small aspect ratio of the flow, but
in a slightly different way. For large-scale flow in the terrestrial atmosphere and ocean all three
approximations are in fact very accurate approximations. We defer a more complete treatment
until Section 2.7, in part because a treatment of the hydrostatic approximation is done most easily
in the context of the Boussinesq equations, derived in Section 2.4.
Making these approximations, the momentum equations for a shallow layer are

where

D𝑢
𝑢𝑣
1
𝜕𝑝
− 2𝛺 sin 𝜗𝑣 −
tan 𝜗 = −
,
D𝑡
𝑎
𝑎𝜌 cos 𝜗 𝜕𝜆
D𝑣
𝑢2 tan 𝜗
1 𝜕𝑝
+ 2𝛺 sin 𝜗𝑢 +
=−
,
D𝑡
𝑎
𝜌𝑎 𝜕𝜗
1 𝜕𝑝
0=−
− 𝑔,
𝜌 𝜕𝑧

(2.50b)

D
𝜕
𝑢
𝜕
𝑣 𝜕
𝜕
=( +
+
+ 𝑤 ).
D𝑡
𝜕𝑡 𝑎 cos 𝜗 𝜕𝜆 𝑎 𝜕𝜗
𝜕𝑧

(2.51)

(2.50a)

(2.50c)

We note the ubiquity of the factor 2𝛺 sin 𝜗, and take the opportunity to define the Coriolis parameter, 𝑓 ≡ 2𝛺 sin 𝜗. The associated mass conservation equation for a shallow fluid layer is:
𝜕𝜌
𝑢 𝜕𝜌 𝑣 𝜕𝜌
𝜕𝜌
1 𝜕𝑢
1
𝜕
𝜕𝑤
+
+
+𝑤
+ 𝜌[
+
(𝑣 cos 𝜗) +
] = 0,
𝜕𝑡 𝑎 cos 𝜗 𝜕𝜆 𝑎 𝜕𝜗
𝜕𝑧
𝑎 cos 𝜗 𝜕𝜆 𝑎 cos 𝜗 𝜕𝜗
𝜕𝑧

(2.52)

or equivalently,
𝜕𝜌
1 𝜕(𝑢𝜌)
1
𝜕
𝜕(𝑤𝜌)
+
+
(𝑣𝜌 cos 𝜗) +
= 0.
𝜕𝑡 𝑎 cos 𝜗 𝜕𝜆
𝑎 cos 𝜗 𝜕𝜗
𝜕𝑧

2.2.5

(2.53)

Primitive Equations in Vector Form

The primitive equations on a sphere may be written in a compact vector form provided we make a
slight reinterpretation of the material derivative of the coordinate axes. Instead of (2.39) we take
the material derivative of the unit vectors to be
D𝐢 ̃
𝑢 tan 𝜗
= 𝜴flow × 𝐢 = 𝐣
,
D𝑡
𝑎
D𝐣 ̃
𝑢 tan 𝜗
= 𝜴flow × 𝐣 = −𝐢
,
D𝑡
𝑎

(2.54a)
(2.54b)
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̃ flow = 𝐤𝑢 tan 𝜗/𝑎, which is the vertical component of (2.38) with 𝑟 replaced by 𝑎. Given
where 𝜴
(2.54), the primitive equations (2.50a) and (2.50b) may be written as
D𝒖
1
+ 𝒇 × 𝒖 = − ∇𝑧 𝑝,
D𝑡
𝜌

(2.55)

where 𝒖 = 𝑢𝐢 + 𝑣𝐣 + 0 𝐤 is the horizontal velocity, ∇𝑧 𝑝 = [(𝑎 cos 𝜗)−1 𝜕𝑝/𝜕𝜆, 𝑎−1 𝜕𝑝/𝜕𝜗] is the
gradient operator at constant 𝑧, and 𝒇 = 𝑓𝐤 = 2𝛺 sin 𝜗𝐤. In (2.55) the material derivative of the
horizontal velocity is given by
D𝒖
D𝑢
D𝑣
D𝐢
D𝐣
=𝐢
+𝐣
+𝑢
+𝑣 .
D𝑡
D𝑡
D𝑡
D𝑡
D𝑡

(2.56)

The advection of the horizontal wind 𝒖 is still by the three-dimensional velocity 𝒗.
The vertical momentum equation is the hydrostatic equation, (2.50c), and the mass conservation equation is
D𝜌
𝜕𝜌
+ 𝜌∇ ⋅ 𝒗 = 0
or
+ ∇ ⋅ (𝜌𝒗) = 0,
(2.57)
D𝑡
𝜕𝑡
where D/D𝑡 is given by (2.51), and the second expression is written out in full in (2.53).

2.2.6

The Vector Invariant Form of the Momentum Equation

The ‘vector invariant’ form of the momentum equation is so-called because it appears to take the
same form in all coordinate systems — there is no advective derivative of the coordinate system
to worry about. With the aid of the identity (𝒗 ⋅ ∇)𝒗 = −𝒗 × 𝝎 + ∇(𝒗2 /2), where 𝝎 ≡ ∇ × 𝒗
is the relative vorticity (which we explore at greater length in Chapter 4) the three-dimensional
momentum equation, (2.16), may be written:
𝜕𝒗
1
1
+ (2𝜴 + 𝝎) × 𝒗 = − ∇𝑝 − ∇𝒗2 + 𝒈,
𝜕𝑡
𝜌
2

(2.58)

and this is the vector invariant momentum equation. In spherical coordinates the relative vorticity
is given by:
𝐢 𝑟 cos 𝜗
𝐣𝑟
𝐤
1
|
| 𝜕/𝜕𝜆
𝜕/𝜕𝜗
𝜕/𝜕𝑟
(2.59)
𝑟2 cos 𝜗 𝑢𝑟 cos 𝜗
𝑟𝑣
𝑤 |
|
1 𝜕𝑤 𝜕(𝑟𝑣)
1
𝜕𝑤 𝜕
1
𝜕𝑣
𝜕
=𝐢 (
−
)−𝐣
(
− (𝑢𝑟 cos 𝜗)) + 𝐤
(
−
(𝑢 cos 𝜗)) .
𝑟 𝜕𝜗
𝜕𝑟
𝑟 cos 𝜗 𝜕𝜆 𝜕𝑟
𝑟 cos 𝜗 𝜕𝜆 𝜕𝜗

𝝎 = ∇×𝒗=

We can write the horizontal momentum equations of the primitive equations in a similar way.
Making the traditional and shallow fluid approximations, the horizontal components of (2.58)
become
𝜕𝒖
𝜕𝒖
1
1
+ (𝒇 + 𝐤 𝜁) × 𝒖 + 𝑤
= − ∇𝑧 𝑝 − ∇𝒖2 ,
(2.60)
𝜕𝑡
𝜕𝑧
𝜌
2
where 𝒖 = (𝑢, 𝑣, 0), 𝒇 = 𝐤 2𝛺 sin 𝜗 and ∇𝑧 is the horizontal gradient operator (the gradient at a
constant value of 𝑧). Using (2.59), 𝜁 is given by
𝜁=

1
𝜕
1 𝜕𝑣 1 𝜕𝑢 𝑢
1 𝜕𝑣
−
(𝑢 cos 𝜗) =
−
+ tan 𝜗.
𝑎 cos 𝜗 𝜕𝜆 𝑎 cos 𝜗 𝜕𝜗
𝑎 cos 𝜗 𝜕𝜆 𝑎 𝜕𝜗 𝑎

(2.61)

The separate components of the momentum equation are given by:
𝜕𝑢
𝜕𝑢
1
1 𝜕𝑝 1 𝜕𝒖2
− (𝑓 + 𝜁)𝑣 + 𝑤
=−
(
+
),
𝜕𝑡
𝜕𝑧
𝑎 cos 𝜗 𝜌 𝜕𝜆 2 𝜕𝜆

(2.62)

2.2 Equations of Motion in Spherical Coordinates
and

2.2.7

𝜕𝑣
𝜕𝑣
1 1 𝜕𝑝 1 𝜕𝒖2
+ (𝑓 + 𝜁)𝑢 + 𝑤
=− (
+
).
𝜕𝑡
𝜕𝑧
𝑎 𝜌 𝜕𝜗 2 𝜕𝜗
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(2.63)

Angular Momentum

The zonal momentum equation can be usefully expressed as a statement about axial angular momentum; that is, angular momentum about the rotation axis. The zonal angular momentum per
unit mass is the component of angular momentum in the direction of the axis of rotation and it is
given by, without making any shallow atmosphere approximation,
𝑚 = (𝑢 + 𝛺𝑟 cos 𝜗)𝑟 cos 𝜗.

(2.64)

The evolution equation for this quantity follows from the zonal momentum equation and has the
simple form
D𝑚
1 𝜕𝑝
=−
,
(2.65)
D𝑡
𝜌 𝜕𝜆
where the material derivative is
D
𝜕
𝑢
𝜕
𝑣 𝜕
𝜕
=
+
+
+𝑤 .
D𝑡 𝜕𝑡 𝑟 cos 𝜗 𝜕𝜆 𝑟 𝜕𝜗
𝜕𝑟

(2.66)

Using the mass continuity equation, (2.65) can be written as
D𝜌𝑚
𝜕𝑝
+ 𝜌𝑚∇ ⋅ 𝒗 = −
D𝑡
𝜕𝜆

(2.67)

or

𝜕𝜌𝑚
1 𝜕(𝜌𝑢𝑚)
1
𝜕
1 𝜕
𝜕𝑝
+
+
(𝜌𝑣𝑚 cos 𝜗) + 2 (𝜌𝑚𝑤𝑟2 ) = − .
(2.68)
𝜕𝑡
𝑟 cos 𝜗 𝜕𝜆
𝑟 cos 𝜗 𝜕𝜗
𝑟 𝜕𝑟
𝜕𝜆
This is an angular momentum conservation equation.
If the fluid is confined to a shallow layer near the surface of a sphere, then we may replace 𝑟,
the radial coordinate, by 𝑎, the radius of the sphere, in the definition of 𝑚, and we define 𝑚
̃ ≡
(𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗. Then (2.65) is replaced by
D𝑚
̃
1 𝜕𝑝
=−
,
D𝑡
𝜌 𝜕𝜆

(2.69)

where now

D
𝜕
𝑢
𝜕
𝑣 𝜕
𝜕
=
+
+
+𝑤 .
D𝑡 𝜕𝑡 𝑎 cos 𝜗 𝜕𝜆 𝑎 𝜕𝜗
𝜕𝑧
In the shallow fluid approximation (2.68) becomes
𝜕𝜌𝑚
1 𝜕(𝜌𝑢𝑚)
1
𝜕
𝜕
𝜕𝑝
+
+
(𝜌𝑣𝑚 cos 𝜗) + (𝜌𝑚𝑤) = − ,
𝜕𝑡
𝑎 cos 𝜗 𝜕𝜆
𝑎 cos 𝜗 𝜕𝜗
𝜕𝑧
𝜕𝜆

(2.70)

(2.71)

which is an angular momentum conservation equation for a shallow atmosphere.
♦

From angular momentum to the spherical component equations

An alternative way of deriving the three components of the momentum equation in spherical polar
coordinates is to begin with (2.65) and the principle of conservation of energy. That is, we take the
equations for conservation of angular momentum and energy as true a priori and demand that
the forms of the momentum equation be constructed to satisfy these. Expanding the material

24

Chapter 2. Eﬀects of Rotation and Stratiﬁcation
derivative in (2.65), noting that D𝑟/D𝑡 = 𝑤 and Dcos 𝜗/D𝑡 = −(𝑣/𝑟) sin 𝜗, immediately gives
(2.47a). Multiplication by 𝑢 then yields
𝑢

D𝑢
𝑢2 𝑣 tan 𝜗 𝑢2 𝑤
𝑢
𝜕𝑝
− 2𝛺𝑢𝑣 sin 𝜗 + 2𝛺𝑢𝑤 cos 𝜗 −
+
=−
.
D𝑡
𝑟
𝑟
𝜌𝑟 cos 𝜗 𝜕𝜆

(2.72)

Now suppose that the meridional and vertical momentum equations are of the form
1 𝜕𝑝
D𝑣
+ Coriolis and metric terms = −
,
D𝑡
𝜌𝑟 𝜕𝜗
D𝑤
1 𝜕𝑝
+ Coriolis and metric terms = −
,
D𝑡
𝜌 𝜕𝑟

(2.73a)
(2.73b)

but that we do not know what form the Coriolis and metric terms take. To determine that form,
construct the kinetic energy equation by multiplying (2.73) by 𝑣 and 𝑤, respectively. Now, the
metric terms must vanish when we sum the resulting equations along with (2.72), so that (2.73a)
must contain the Coriolis term 2𝛺𝑢 sin 𝜗 as well as the metric term 𝑢2 tan 𝜗/𝑟, and (2.73b) must
contain the term −2𝛺𝑢 cos 𝜙 as well as the metric term 𝑢2 /𝑟. But if (2.73b) contains the term 𝑢2 /𝑟 it
must also contain the term 𝑣2 /𝑟 by isotropy, and therefore (2.73a) must also contain the term 𝑣𝑤/𝑟.
In this way, (2.47) is precisely reproduced, although the sceptic might argue that the uniqueness of
the form has not been demonstrated.
A particular advantage of this approach arises in determining the appropriate momentum equations that conserve angular momentum and energy in the shallow-fluid approximation. We begin
with (2.69) and expand to obtain (2.50a). Multiplying by 𝑢 gives
𝑢

D𝑢
𝑢2 𝑣 tan 𝜗
𝑢
𝜕𝑝
− 2𝛺𝑢𝑣 sin 𝜗 −
=−
.
D𝑡
𝑎
𝜌𝑎 cos 𝜗 𝜕𝜆

(2.74)

To ensure energy conservation, the meridional momentum equation must contain the Coriolis
term 2𝛺𝑢 sin 𝜗 and the metric term 𝑢2 tan 𝜗/𝑎, but the vertical momentum equation must have
neither of the metric terms appearing in (2.47c). Thus we deduce the following equations:
D𝑢
𝑢 tan 𝜗
1
𝜕𝑝
− (2𝛺 sin 𝜗 +
)𝑣 = −
,
D𝑡
𝑎
𝜌𝑎 cos 𝜗 𝜕𝜆
D𝑣
𝑢 tan 𝜗
1 𝜕𝑝
+ (2𝛺 sin 𝜗 +
)𝑢 = −
,
D𝑡
𝑎
𝜌𝑎 𝜕𝜗
D𝑤
1 𝜕𝜌
=−
− 𝑔.
D𝑡
𝜌 𝜕𝑟

(2.75a)
(2.75b)
(2.75c)

This equation set, when used in conjunction with the thermodynamic and mass continuity equations, conserves appropriate forms of angular momentum and energy. In the hydrostatic approximation the material derivative of 𝑤 in (2.75c) is additionally neglected. Thus, the hydrostatic
approximation is mathematically and physically consistent with the shallow-fluid approximation,
but it is an additional approximation with slightly different requirements that one may choose,
rather than being required, to make. From an asymptotic perspective, the difference lies in the
small parameter necessary for either approximation to hold, namely:
𝐻
≪ 1,
(2.76a)
𝑎
𝐻
small aspect ratio for hydrostatic approximation:
𝛼≡
≪ 1,
(2.76b)
𝐿
where 𝐿 is the horizontal scale of the motion and 𝑎 is the radius of the Earth. For hemispheric or
global scale phenomena 𝐿 ∼ 𝑎 and the two approximations coincide. (Requirement (2.76b) for the
hydrostatic approximation will be derived in Section 2.7.)
shallow fluid and traditional approximations:

𝛾≡

Since all models are wrong the scientist cannot obtain a ‘correct’ one by
excessive elaboration … he should seek an economical description of natural
phenomena.
George E. Box, Science and Statistics, 1976.

The sciences do not try to explain … they mainly make models … a mathematical construct the justification [of which] is that it is expected to work.
John von Neumann, Methods in the Physical Sciences, 1955.

CHAPTER 3

Shallow Water Systems

C

onventionally, ‘the’ shallow water equations describe a thin layer of constant density

fluid in hydrostatic balance, rotating or not, bounded from below by a rigid surface and
from above by a free surface, above which we suppose is another fluid of negligible inertia.
Such a configuration can be generalized to multiple layers of immiscible fluids of different densities
lying one on top of another, forming a stably-stratified ‘stacked shallow water’ system, which in
many ways behaves like a continuously stratified fluid. These types of systems are the main subject
of this chapter. We also introduce the notion of available potential energy, which involves thinking
about a continuously stratified system as if it were a stacked shallow water system.
The single-layer model is one of the simplest useful models in geophysical fluid dynamics because it allows for a consideration of the effects of rotation in a simple framework without the
complicating effects of stratification. A model with just two layers is not only a simple model of a
stratified fluid, it is a surprisingly good model of many phenomena in the ocean and atmosphere.
Such models are more than just pedagogical tools — we will find that there is a close physical and
mathematical analogy between the shallow water equations and a description of the continuously
stratified ocean or atmosphere written in isopycnal or isentropic coordinates, with a meaning beyond a coincidental similarity in the equations. Let us begin with the single-layer case.

3.1

DYNAMICS OF A SINGLE SHALLOW LAYER OF FLUID

Shallow water dynamics apply, by definition, to a fluid layer of constant density in which the horizontal scale of the flow is much greater than the layer depth. The fluid motion is fully determined
by the momentum and mass continuity equations, and because of the assumed small aspect ratio
the hydrostatic approximation is well satisfied, and we invoke this from the outset. Consider, then,
fluid in a container above which is another fluid of negligible density (and therefore negligible inertia) relative to the fluid of interest, as illustrated in Fig. 3.1. Our notation is that 𝒗 = 𝑢𝐢+𝑣𝐣+𝑤𝐤 is
the three-dimensional velocity and 𝒖 = 𝑢𝐢 + 𝑣𝐣 is the horizontal velocity. ℎ(𝑥, 𝑦) is the thickness of
the liquid column, 𝐻 is its mean height, and 𝜂 is the height of the free surface. In a flat-bottomed
container 𝜂 = ℎ, whereas in general ℎ = 𝜂 − 𝜂𝑏 , where 𝜂𝑏 is the height of the floor of the container.
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Fig. 3.1 A shallow water system. ℎ is
the thickness of a water column, 𝐻 its
mean thickness, 𝜂 the height of the free
surface and 𝜂𝑏 is the height of the lower,
rigid, surface above some arbitrary origin, typically chosen such that the average of 𝜂𝑏 is zero. 𝛥𝜂 is the deviation free
surface height, so we have 𝜂 = 𝜂𝑏 + ℎ =
𝐻 + 𝛥𝜂.

3.1.1

Momentum Equations

The vertical momentum equation is just the hydrostatic equation,
𝜕𝑝
= −𝜌0 𝑔,
𝜕𝑧

(3.1)

and, because density is assumed constant, we may integrate this to
𝑝(𝑥, 𝑦, 𝑧, 𝑡) = −𝜌0 𝑔𝑧 + 𝑝𝑜 .

(3.2)

At the top of the fluid, 𝑧 = 𝜂, the pressure is determined by the weight of the overlying fluid and
this is assumed to be negligible. Thus, 𝑝 = 0 at 𝑧 = 𝜂, giving
𝑝(𝑥, 𝑦, 𝑧, 𝑡) = 𝜌0 𝑔(𝜂(𝑥, 𝑦, 𝑡) − 𝑧).

(3.3)

The consequence of this is that the horizontal gradient of pressure is independent of height. That
is
∇𝑧 𝑝 = 𝜌0 𝑔∇𝑧 𝜂,
(3.4)
where
∇𝑧 = 𝐢

𝜕
𝜕
+𝐣
𝜕𝑥
𝜕𝑦

(3.5)

is the gradient operator at constant 𝑧. (In the rest of this chapter we will drop the subscript 𝑧 unless
that causes ambiguity. The three-dimensional gradient operator will be denoted by ∇3 . We will also
mostly use Cartesian coordinates, but the shallow water equations may certainly be applied over
a spherical planet — ‘Laplace’s tidal equations’ are essentially the shallow water equations on a
sphere.) The horizontal momentum equations therefore become
D𝒖
1
= − ∇𝑝 = −𝑔∇𝜂.
D𝑡
𝜌0

(3.6)

The right-hand side of this equation is independent of the vertical coordinate 𝑧. Thus, if the flow is
initially independent of 𝑧, it must stay so. (This 𝑧-independence is unrelated to that arising from
the rapid rotation necessary for the Taylor–Proudman effect.) The velocities 𝑢 and 𝑣 are functions
of 𝑥, 𝑦 and 𝑡 only, and the horizontal momentum equation is therefore
D𝒖 𝜕𝒖
𝜕𝒖
𝜕𝒖
=
+𝑢
+𝑣
= −𝑔∇𝜂.
D𝑡
𝜕𝑡
𝜕𝑥
𝜕𝑦

(3.7)

That the horizontal velocity is independent of 𝑧 is a consequence of the hydrostatic equation, which
ensures that the horizontal pressure gradient is independent of height. (Another starting point
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Fig. 3.2 The mass budget for a column of area 𝐴 in a
shallow water system. The ﬂuid leaving the column is
∮ 𝜌0 ℎ𝒖 ⋅ 𝒏 d𝑙 where 𝒏 is the unit vector normal to the
boundary of the ﬂuid column. There is a non-zero vertical velocity at the top of the column if the mass convergence into the column is non-zero.

would be to take this independence of the horizontal motion with height as the definition of shallow
water flow. In real physical situations such independence does not hold exactly — for example,
friction at the bottom may induce a vertical dependence of the flow in a boundary layer.) In the
presence of rotation, (3.7) easily generalizes to
D𝒖
+ 𝒇 × 𝒖 = −𝑔∇𝜂,
D𝑡

(3.8)

where 𝒇 = 𝑓𝐤. Just as with the primitive equations, 𝑓 may be constant or may vary with latitude,
so that on a spherical planet 𝑓 = 2𝛺 sin 𝜗 and on the 𝛽-plane 𝑓 = 𝑓0 + 𝛽𝑦.

3.1.2 Mass Continuity Equation
From ﬁrst principles
The mass contained in a fluid column of height ℎ and cross-sectional area 𝐴 is given by ∫𝐴 𝜌0 ℎ d𝑨
(see Fig. 3.2). If there is a net flux of fluid across the column boundary (by advection) then this
must be balanced by a net increase in the mass in 𝐴, and therefore a net increase in the height of
the water column. The mass convergence into the column is given by
𝐹𝑚 = mass flux in = − ∫ 𝜌0 𝒖 ⋅ d𝑺,

(3.9)

𝑆

where 𝑆 is the area of the vertical boundary of the column. The surface area of the column is
composed of elements of area ℎ𝒏 𝛿𝑙, where 𝛿𝑙 is a line element circumscribing the column and 𝒏 is
a unit vector perpendicular to the boundary, pointing outwards. Thus (3.9) becomes
𝐹𝑚 = − ∮ 𝜌0 ℎ𝒖 ⋅ 𝒏 d𝑙.

(3.10)

Using the divergence theorem in two dimensions, (3.10) simplifies to
𝐹𝑚 = − ∫ ∇ ⋅ (𝜌0 𝒖ℎ) d𝐴,

(3.11)

𝐴

where the integral is over the cross-sectional area of the fluid column (looking down from above).
This is balanced by the local increase in height of the water column, given by
𝐹𝑚 =

𝜕ℎ
d
d
d𝐴.
∫ 𝜌0 d𝑉 =
∫ 𝜌 ℎ d𝐴 = ∫ 𝜌0
d𝑡
d𝑡 𝐴 0
𝜕𝑡
𝐴

(3.12)
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Because 𝜌0 is constant, the balance between (3.11) and (3.12) leads to
∫ [
𝐴

𝜕ℎ
+ ∇ ⋅ (𝒖ℎ)] d𝐴 = 0,
𝜕𝑡

(3.13)

and because the area is arbitrary the integrand itself must vanish, whence,
𝜕ℎ
+ ∇ ⋅ (𝒖ℎ) = 0
𝜕𝑡

Dℎ
+ ℎ∇ ⋅ 𝒖 = 0.
D𝑡

or

(3.14a,b)

This derivation holds whether or not the lower surface is flat. If it is, then ℎ = 𝜂, and if not ℎ = 𝜂−𝜂𝑏 .
Equations (3.8) and (3.14) form a complete set, summarized in the shaded box on page 109.

From the 3D mass conservation equation
Since the fluid is incompressible, the three-dimensional mass continuity equation is just ∇ ⋅ 𝒗 = 0.
Writing this out in component form
𝜕𝑤
𝜕𝑢 𝜕𝑣
= −(
+
) = −∇ ⋅ 𝒖.
𝜕𝑧
𝜕𝑥 𝜕𝑦

(3.15)

Integrate this from the bottom of the fluid (𝑧 = 𝜂𝑏 ) to the top (𝑧 = 𝜂), noting that the right-hand
side is independent of 𝑧, to give
𝑤(𝜂) − 𝑤(𝜂𝑏 ) = −ℎ∇ ⋅ 𝒖.

(3.16)

At the top the vertical velocity is the material derivative of the position of a particular fluid element.
But the position of the fluid at the top is just 𝜂, and therefore (see Fig. 3.2)
𝑤(𝜂) =

D𝜂
.
D𝑡

(3.17a)

D𝜂𝑏
,
D𝑡

(3.17b)

At the bottom of the fluid we have similarly
𝑤(𝜂𝑏 ) =

where, apart from earthquakes and the like, 𝜕𝜂𝑏 /𝜕𝑡 = 0. Using (3.17a,b), (3.16) becomes

or, as in (3.14b),

3.1.3

D
(𝜂 − 𝜂𝑏 ) + ℎ∇ ⋅ 𝒖 = 0
D𝑡

(3.18)

Dℎ
+ ℎ∇ ⋅ 𝒖 = 0.
D𝑡

(3.19)

A Rigid Lid

The case where the upper surface is held flat by the imposition of a rigid lid is sometimes of interest.
The ocean suggests one such example, since the bathymetry at the bottom of the ocean provides
much larger variations in fluid thickness than do the small variations in the height of the ocean
surface. If we suppose that the upper surface is at a constant height 𝐻, then from (3.14a) with
𝜕ℎ/𝜕𝑡 = 0 the mass conservation equation is
∇ℎ ⋅ (𝒖ℎ𝑏 ) = 0,

(3.20)
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The Shallow Water Equations
For a single-layer fluid, and including the Coriolis term, the inviscid shallow water equations are
momentum:
mass continuity:

D𝒖
+ 𝒇 × 𝒖 = −𝑔∇𝜂.
D𝑡
Dℎ
+ ℎ∇ ⋅ 𝒖 = 0
or
D𝑡

(SW.1)
𝜕ℎ
+ ∇ ⋅ (ℎ𝒖) = 0, (SW.2)
𝜕𝑡

where 𝒖 is the horizontal velocity, ℎ is the total fluid thickness, 𝜂 is the height
of the upper free surface and 𝜂𝑏 is the height of the lower surface (the bottom
topography). Thus,
ℎ(𝑥, 𝑦, 𝑡) = 𝜂(𝑥, 𝑦, 𝑡) − 𝜂𝑏 (𝑥, 𝑦)
(SW.3)
The material derivative is
D
𝜕
𝜕
𝜕
𝜕
=
+𝒖⋅∇=
+𝑢
+𝑣 ,
D𝑡 𝜕𝑡
𝜕𝑡
𝜕𝑥
𝜕𝑦

(SW.4)

with the rightmost expression holding in Cartesian coordinates.

where ℎ𝑏 = 𝐻 − 𝜂𝑏 . Note that (3.20) allows us to define an incompressible mass-transport velocity,
𝑼 ≡ ℎ𝑏 𝒖.
Although the upper surface is flat, the pressure there is no longer constant because a force must
be provided by the rigid lid to keep the surface flat. The horizontal momentum equation is
D𝒖
1
= − ∇𝑝lid ,
D𝑡
𝜌0

(3.21)

where 𝑝lid is the pressure at the lid, and the complete equations of motion are then (3.20) and
(3.21).7 If the lower surface is flat, the two-dimensional flow itself is divergence-free, and the equations reduce to the two-dimensional incompressible Euler equations.

3.1.4

Stretching and the Vertical Velocity

Because the horizontal velocity is depth independent, the vertical velocity plays no role in advection. However, 𝑤 is certainly not zero for then the free surface would be unable to move up or
down, but because of the vertical independence of the horizontal flow 𝑤 does have a simple vertical structure; to determine this we write the mass conservation equation as
𝜕𝑤
= −∇ ⋅ 𝒖,
𝜕𝑧

(3.22)

and integrate upwards from the bottom to give
𝑤 = 𝑤𝑏 − (∇ ⋅ 𝒖)(𝑧 − 𝜂𝑏 ).

(3.23)

Thus, the vertical velocity is a linear function of height. Equation (3.23) can be written as
D𝑧 D𝜂𝑏
=
− (∇ ⋅ 𝒖)(𝑧 − 𝜂𝑏 ),
D𝑡
D𝑡

(3.24)
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and at the upper surface 𝑤 = D𝜂/D𝑡 so that here we have
D𝜂 D𝜂𝑏
=
− (∇ ⋅ 𝒖)(𝜂 − 𝜂𝑏 ).
D𝑡
D𝑡

(3.25)

Eliminating the divergence term from the last two equations gives
D
𝑧 − 𝜂𝑏 D
(𝑧 − 𝜂𝑏 ) =
(𝜂 − 𝜂𝑏 ),
D𝑡
𝜂 − 𝜂𝑏 D𝑡

(3.26)

D 𝑧 − 𝜂𝑏
D 𝑧 − 𝜂𝑏
(
)=
(
) = 0.
D𝑡 𝜂 − 𝜂𝑏
D𝑡
ℎ

(3.27)

which in turn gives

This means that the ratio of the height of a fluid parcel above the floor to the total depth of the
column is fixed; that is, the fluid stretches uniformly in a column, and this is a kinematic property
of the shallow water system.

3.1.5

Analogy with Compressible Flow

The shallow water equations (3.8) and (3.14) are analogous to the compressible gas dynamic equations in two dimensions, namely
D𝒖
1
= − ∇𝑝
(3.28)
D𝑡
𝜌
and

𝜕𝜌
+ ∇ ⋅ (𝒖𝜌) = 0,
(3.29)
𝜕𝑡
along with an equation of state which we take to be 𝑝 = 𝑓(𝜌). The mass conservation equations
(3.14) and (3.29) are identical, with the replacement 𝜌 ↔ ℎ. If 𝑝 = 𝐶𝜌𝛾 , then (3.28) becomes
D𝒖
1 d𝑝
=−
∇𝜌 = −𝐶𝛾𝜌𝛾−2 ∇𝜌.
D𝑡
𝜌 d𝜌

(3.30)

If 𝛾 = 2 then the momentum equations (3.8) and (3.30) become equivalent, with 𝜌 ↔ ℎ and
𝐶𝛾 ↔ 𝑔. In an ideal gas 𝛾 = 𝑐𝑝 /𝑐𝑣 and values typically are in fact less than 2 (in air 𝛾 ≈ 7/5);
however, if the equations are linearized, then the analogy is exact for all values of 𝛾, for then (3.30)
becomes 𝜕𝒗′ /𝜕𝑡 = −𝜌0−1 𝑐𝑠2 ∇𝜌′ where 𝑐𝑠2 = d𝑝/d𝜌, and the linearized shallow water momentum
equation is 𝜕𝒖′ /𝜕𝑡 = −𝐻−1 (𝑔𝐻)∇ℎ′ , so that 𝜌0 ↔ 𝐻 and 𝑐𝑠2 ↔ 𝑔𝐻. The sound waves of a
compressible fluid are then analogous to shallow water waves, which are considered in Section 3.8.

A little inaccuracy sometimes saves a ton of explanation.
H. M. Munro (Saki), The Square Egg, 1924.

Every decoding is another encoding.
David Lodge, in the voice of Morris Zapp, Small World, 1984.

CHAPTER 4

Geostrophic Theory

L

arge-scale flow in the ocean and the atmosphere is characterized by an approximate

4.1

GEOSTROPHIC SCALING

balance in the vertical direction between the pressure gradient and gravity (hydrostatic balance), and in the horizontal direction between the pressure gradient and the Coriolis force
(geostrophic balance). In this chapter we exploit these balances to simplify the Navier–Stokes equations and thereby obtain various sets of simplified ‘geostrophic equations’. Depending on the precise nature of the assumptions we make, we are led to the quasi-geostrophic (QG) system for horizontal scales similar to that on which most synoptic activity takes place and, for very large-scale
motion, to the planetary-geostrophic (PG) set of equations. By eliminating unwanted or unimportant modes of motion, in particular sound waves and gravity waves, and by building in the
important balances between flow fields, these filtered equation sets allow the investigator to better
focus on a particular class of phenomena and to potentially achieve a deeper understanding than
might otherwise be possible.8
Simplifying the equations in this way relies first on scaling the equations. The idea is that we
choose the scales we wish to describe, typically either on some a-priori basis or by using observations as a guide. We then attempt to derive a set of equations that is simpler than the original set
but that consistently describes motion of the chosen scale. An asymptotic method is one way to
achieve this, for it systematically tells us which terms we can drop and which we should keep. The
combined approach — scaling plus asymptotics — has proven enormously useful, but we should
always remember two things: (i) that scaling is a choice; (ii) that the approach does not explain the
existence of particular scales of motion, it just describes the motion that might occur on such scales.
We have already employed this general approach in deriving the hydrostatic primitive equations,
but now we go further.

4.1.1

Scaling in the Shallow Water Equations

Postponing the complications that come with stratification, we begin with the shallow water equations. With the odd exception, we will denote the scales of variables by capital letters; thus, if 𝐿
is a typical length scale of the motion we wish to describe, and 𝑈 is a typical velocity scale, and
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assuming the scales are horizontally isotropic, we write
(𝑥, 𝑦) ∼ 𝐿
(𝑢, 𝑣) ∼ 𝑈

(𝑥, 𝑦) = 𝒪 (𝐿)
(𝑢, 𝑣) = 𝒪 (𝑈),

or
or

(4.1)

and similarly for other variables. We may then nondimensionalize the variables by writing
(𝑥, 𝑦) = 𝐿(𝑥,
̂ 𝑦),
̂

(𝑢, 𝑣) = 𝑈(̂
𝑢, 𝑣̂),

(4.2)

where the hatted variables are nondimensional and, by supposition, are 𝒪 (1). The various terms
in the momentum equation then scale as:
𝜕𝒖
+ 𝒖 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −𝑔∇𝜂,
(4.3a)
𝜕𝑡
𝑈2
ℋ
𝑈
𝑓𝑈 ∼ 𝑔 ,
(4.3b)
𝑇
𝐿
𝐿
where the ∇ operator acts in the 𝑥–𝑦 plane and ℋ is the amplitude of the variations in the surface
displacement. (We use 𝜂 to denote the height of the free surface above some arbitrary reference
level, as in Fig. 3.1. Thus, 𝜂 = 𝐻+𝛥𝜂, where 𝛥𝜂 denotes the variation of 𝜂 about its mean position.)
The ratio of the advective term to the rotational term in the momentum equation (5.3) is
(𝑈2 /𝐿)/(𝑓𝑈) = 𝑈/𝑓𝐿; this is the Rossby number,9 first encountered in Chapter 2. Using values
typical of the large-scale circulation (e.g., from Table 2.1) we find that Ro ≈ 0.1 for the atmosphere
and Ro ≈ 0.01 for the ocean: small in both cases. If we are interested in motion that has the
advective time scale 𝑇 = 𝐿/𝑈 then we scale time by 𝐿/𝑈 so that
𝑡=

𝐿
𝑡,̂
𝑈

(4.4)

and the local time derivative and the advective term then both scale as 𝑈2 /𝐿, and both are smaller
than the rotation term by a factor of the order of the Rossby number. Then, either the Coriolis term
is the dominant term in the equation, in which case we have a state of no motion with −𝑓𝑣 = 0, or
else the Coriolis force is balanced by the pressure force, and the dominant balance is
𝜕𝜂
,
(4.5)
𝜕𝑥
namely geostrophic balance, as encountered in Chapter 2. If we make this non-trivial choice, then
the equation informs us that variations in 𝜂 (i.e., 𝛥𝜂) scale according to
−𝑓𝑣 = −𝑔

𝛥𝜂 ∼ ℋ =
We can also write ℋ as
ℋ = Ro

𝑓𝑈𝐿
.
𝑔

(4.6)

𝑓2 𝐿2
𝐿2
= Ro 𝐻 2 ,
𝑔
𝐿𝑑

(4.7)

where 𝐿𝑑 = √𝑔𝐻/𝑓 is the deformation radius and 𝐻 is the mean depth of the fluid. The variations
in fluid height thus scale as
𝐿2
𝛥𝜂
∼ Ro 2 ,
(4.8)
𝐻
𝐿𝑑
and the height of the fluid may be written as
𝜂 = 𝐻 (1 + Ro

𝐿2
𝜂̂)
𝐿2𝑑

and

𝛥𝜂 = Ro

𝐿2
𝐻̂
𝜂,
𝐿2𝑑

where 𝜂̂ is the 𝒪 (1) nondimensional value of the surface height deviation.

(4.9)
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Nondimensional momentum equation
If we use (5.9) to scale height variations, (5.2) to scale lengths and velocities, and (5.4) to scale time,
then the momentum equation (5.3) becomes
Ro [

𝜕 𝒖̂
+ (̂
𝒖 ⋅ ∇)̂
𝒖] + 𝒇̂ × 𝒖̂ = −∇̂
𝜂,
𝜕𝑡 ̂

(4.10)

where 𝒇̂ = 𝐤𝑓̂ = 𝐤𝑓/𝑓0 , where 𝑓0 is a representative value of the Coriolis parameter. (If 𝑓 is a
constant, then 𝑓̂ = 1, but it is informative to explicitly write 𝑓̂ in the equations. Also, where the
operator ∇ operates on a nondimensional variable then the differentials are taken with respect to
the nondimensional variables 𝑥,
̂ 𝑦.)
̂ All the variables in (5.10) will be assumed to be of order unity,
and the Rossby number multiplying the local time derivative and the advective terms indicates the
smallness of those terms. By construction, the dominant balance in this equation is the geostrophic
balance between the last two terms.

Nondimensional mass continuity (height) equation
The (dimensional) mass continuity equation can be written as
𝛥𝜂
1 D𝜂
+ (1 +
) ∇ ⋅ 𝒖 = 0.
𝐻 D𝑡
𝐻

(4.11)

Using (5.2), (5.4) and (5.9) this equation may be written

Ro (

𝐿 2 D̂
𝜂
𝐿 2
)
+ [1 + Ro ( ) 𝜂̂] ∇ ⋅ 𝒖̂ = 0.
𝐿𝑑 D𝑡 ̂
𝐿𝑑

(4.12)

Equations (5.10) and (5.12) are the nondimensional versions of the full shallow water equations of
motion. Evidently, some terms in the equations of motion are small and may be eliminated with
little loss of accuracy, and the way this is done will depend on the size of the second nondimensional
parameter, (𝐿/𝐿𝑑 )2 , which we come to shortly.

Froude and Burger numbers
The Froude number may be generally defined as the ratio of a fluid particle speed to a wave speed.
In a shallow water system this gives
Fr ≡

𝑈
𝑈
𝐿
=
= Ro
.
𝐿𝑑
√𝑔𝐻 𝑓0 𝐿𝑑

(4.13)

The Burger number10 is a useful measure of the scale of motion of the fluid, relative to the deformation radius, and may be defined by
Bu ≡ (

𝐿𝑑 2
𝑔𝐻
Ro 2
) = 2 2 =( ) .
Fr
𝐿
𝑓0 𝐿

(4.14)

It is also useful to define the parameter 𝐹 ≡ Bu−1 , which is like the square of a Froude number but
uses the rotational speed 𝑓𝐿 instead of 𝑈 in the numerator.
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4.1.2

Geostrophic Scaling in the Stratiﬁed Equations

We now apply the same scaling ideas, mutatis mutandis, to the stratified primitive equations. We
use the hydrostatic anelastic equations, which we write as
D𝒖
+ 𝒇 × 𝒖 = −∇𝑧 𝜙,
D𝑡
𝜕𝜙
= 𝑏,
𝜕𝑧
D𝑏
= 0,
D𝑡
∇ ⋅ (𝜌𝒗)
̃ = 0,

(4.15a)
(4.15b)
(4.15c)
(4.15d)

where 𝑏 is the buoyancy and 𝜌̃ is a reference density profile. Anticipating that the average stratification may not scale in the same way as the deviation from it, let us separate out the contribution
of the advection of a reference stratification in (5.15c) by writing
̃ + 𝑏′ (𝑥, 𝑦, 𝑧, 𝑡).
𝑏 = 𝑏(𝑧)

(4.16)

The thermodynamic equation then becomes
D𝑏′
+ 𝑁2 𝑤 = 0,
D𝑡

(4.17)

̃
where 𝑁2 ≡ 𝜕 𝑏/𝜕𝑧
(and the advective derivative is still three-dimensional). We then let 𝜙 =
′
̃
𝜙(𝑧) + 𝜙 , where 𝜙̃ is hydrostatically balanced by 𝑏,̃ and the hydrostatic equation becomes
𝜕𝜙′
= 𝑏′ .
𝜕𝑧

(4.18)

Equations (5.17) and (5.18) replace (5.15c) and (5.15b), and 𝜙′ is used in (5.15a).

Nondimensional equations
We scale the basic variables by supposing that
(𝑥, 𝑦) ∼ 𝐿,

(𝑢, 𝑣) ∼ 𝑈,

𝑡∼

𝐿
,
𝑈

𝑧 ∼ 𝐻,

𝑓 ∼ 𝑓0 ,

(4.19)

where the scaling variables (capitalized, except for 𝑓0 ) are chosen to be such that the nondimensional variables have magnitudes of the order of unity. We presume that the scales chosen are such
that the Rossby number is small; that is Ro = 𝑈/(𝑓0 𝐿) ≪ 1. In the momentum equation the
pressure term then balances the Coriolis force,

and so the pressure scales as

|𝒇 × 𝒖| ∼ |∇𝜙′ |,

(4.20)

𝜙′ ∼ 𝛷 = 𝑓𝑜 𝑈𝐿.

(4.21)

Using the hydrostatic relation, (5.21) implies that the buoyancy scales as
𝑏′ ∼ 𝐵 =
and from this we obtain

𝑓0 𝑈𝐿
,
𝐻

(𝜕𝑏′ /𝜕𝑧)
𝐿2
∼
Ro
,
𝑁2
𝐿2𝑑

(4.22)

(4.23)
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where 𝐿𝑑 = 𝑁𝐻/𝑓0 is the deformation radius in the continuously stratified fluid, analogous to the
quantity √𝑔𝐻/𝑓0 in the shallow water system, and we use the same symbol, 𝐿𝑑 , for both. In the
continuously stratified system, if the scale of motion is the same as or smaller than the deformation
radius, and the Rossby number is small, then the variations in stratification are small. The choice of
scale is the key difference between the planetary-geostrophic and quasi-geostrophic equations.
Finally, we will nondimensionalize the vertical velocity by using the mass conservation equation,
1 𝜕 𝜌𝑤
̃
𝜕𝑢 𝜕𝑣
= −(
+
),
(4.24)
𝜌̃ 𝜕𝑧
𝜕𝑥 𝜕𝑦
and we suppose that this implies
𝑈𝐻
.
(4.25)
𝐿
This is a naïve scaling for rotating flow: if the Coriolis parameter is nearly constant the geostrophic
velocity is nearly horizontally non-divergent and the right-hand side of (5.24) is small, and 𝑊 ≪
𝑈𝐻/𝐿. We might then estimate 𝑤 by cross-differentiating geostrophic balance (with 𝜌̃ constant
for simplicity) to obtain the linear geostrophic vorticity equation and corresponding scaling:
𝑤∼𝑊=

𝛽𝑣 ≈ 𝑓

𝜕𝑤
,
𝜕𝑧

𝑤∼𝑊=

𝛽𝑈𝐻
.
𝑓0

(4.26a,b)

However, rather than using (5.26b) from the outset, we will use (5.25) and let the asymptotics guide
us to a proper scaling in the fullness of time. Note that if variations in the Coriolis parameter are
large and 𝛽 ∼ 𝑓0 /𝐿, then (5.26b) is the same as (5.25).
Given the scalings above (using (5.25) for 𝑤) we nondimensionalize by setting
(𝑥,
̂ 𝑦)
̂ = 𝐿−1 (𝑥, 𝑦),
𝑤
̂=

𝐿
𝑤,
𝑈𝐻

𝑧̂ = 𝐻−1 𝑧,
𝑓̂ = 𝑓0−1 𝑓,

(̂
𝑢, 𝑣̂) = 𝑈−1 (𝑢, 𝑣),

𝜙̂ =

𝜙′
,
𝑓0 𝑈𝐿

𝑏̂ =

𝑡̂ =

𝑈
𝑡,
𝐿

𝐻 ′
𝑏,
𝑓0 𝑈𝐿

(4.27)

where the hatted variables are nondimensional. The horizontal momentum and hydrostatic equations then become
D̂
𝒖 ̂
̂
Ro
+ 𝒇 × 𝒖̂ = −∇𝜙,
(4.28)
D𝑡 ̂
and

𝜕 𝜙̂
= 𝑏.̂
𝜕̂
𝑧
The nondimensional mass conservation equation is simply
𝜕 𝑢̂ 𝜕 𝑣̂ 1 𝜕 𝜌̃𝑤
̂
1
∇ ⋅ (𝜌̂
̃𝒗) = (
+
+
) = 0,
𝜌̃
𝜕𝑥̂ 𝜕𝑦̂ 𝜌̃ 𝜕̂
𝑧

(4.29)

(4.30)

and the nondimensional thermodynamic equation is
𝐻𝑈
𝑓0 𝑈𝐿 𝑈 D𝑏̂
+ 𝑁2
𝑤
̂ = 0,
𝐻 𝐿 D𝑡 ̂
𝐿

(4.31)

or

D𝑏̂
𝐿 2
+ ( 𝑑) 𝑤
̂ = 0.
D𝑡 ̂
𝐿
The nondimensional primitive equations are summarized in the box on page 176.
Ro

(4.32)
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Nondimensional Primitive Equations
D̂
𝒖 ̂
+ 𝒇 × 𝒖̂ = −∇𝜙̂
D𝑡 ̂
𝜕 𝜙̂
= 𝑏̂
𝜕̂
𝑧
𝜕 𝑢̂ 𝜕 𝑣̂ 1 𝜕 𝜌̃𝑤
̂
(
+
+
)=0
𝜕𝑥̂ 𝜕𝑦̂ 𝜌̃ 𝜕̂
𝑧
D𝑏̂
𝐿 2
+ ( 𝑑) 𝑤
̂=0
Ro
D𝑡 ̂
𝐿

Horizontal momentum:

Ro

Hydrostatic:
Mass continuity:
Thermodynamic:

(PE.1)
(PE.2)
(PE.3)
(PE.4)

These equations are written for the anelastic equations in a rotating frame of reference. The Boussinesq equations result if we take 𝜌̃ = 1. The equations in pressure
coordinates also have a similar form — see Section 2.6.2.

4.2

THE PLANETARY-GEOSTROPHIC EQUATIONS

We now use the low Rossby number scalings above to derive equation sets that are simpler than
the original, ‘primitive’, ones. The planetary-geostrophic equations are probably the simplest such
set of equations, and we derive these equations first for the shallow water equations, and then for
the stratified primitive equations.

4.2.1 Using the Shallow Water Equations
Informal derivation
The advection and time derivative terms in the momentum equation (5.10) are order Rossby number smaller than the Coriolis and pressure terms (the term in square brackets is multiplied by Ro),
and therefore let us neglect them. The momentum equation straightforwardly becomes
𝒇̂ × 𝒖̂ = −∇̂
𝜂.

(4.33)

The mass conservation equation (5.12), contains two nondimensional parameters, Ro = 𝑈/(𝑓0 𝐿)
(the Rossby number), and 𝐹 = (𝐿/𝐿𝑑 )2 (the ratio of the length scale of the motion to the deformation scale; 𝐹 = Bu−1 ) and we must make a choice as to the relationship between these two numbers.
We will choose
𝐹 Ro = 𝒪 (1),
(4.34)
which implies

𝐿2 ≫ 𝐿2𝑑

or equivalently

𝐹 ≫ 1,

Bu ≪ 1.

(4.35)

That is to say, we suppose that the scales of motion are much larger than the deformation scale.
Given this choice, all the terms in the mass conservation equation, (5.12), are of roughly the same
size, and we retain them all. Thus, the shallow water planetary geostrophic equations are the full
mass continuity equation along with geostrophic balance and a geometric relationship between
the height field and the fluid thickness, and in dimensional form these are:
Dℎ
+ ℎ∇ ⋅ 𝒖 = 0,
D𝑡
𝒇 × 𝒖 = −𝑔∇𝜂,
𝜂 = ℎ + 𝜂𝑏 .

(4.36a,b,c)
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We emphasize that the planetary-geostrophic equations are only valid for scales of motion much larger
than the deformation radius. The height variations are then as large as the mean height field itself;
that is, using (5.8), 𝛥𝜂/𝐻 = 𝒪 (1).

Formal derivation
We make the following assumptions:
(i) The Rossby number is small. Ro = 𝑈/𝑓0 𝐿 ≪ 1.
(ii) The scale of the motion is significantly larger than the deformation scale. That is, (5.34) holds
or equivalently
𝐿 2
𝐹 = Bu−1 = ( ) ≫ 1
(4.37)
𝐿𝑑
and in particular
𝐹 Ro = 𝒪 (1).

(4.38)

(iii) Time scales advectively, so that 𝑇 = 𝐿/𝑈.
The idea is now to expand the nondimensional velocity and height fields in an asymptotic series
with the Rossby number as the small parameter, substitute into the equations of motion and derive a simpler set of equations. It is a nearly trivial exercise in this instance, and so illustrates the
methodology well. The expansions are
𝒖̂ = 𝒖̂0 + Ro 𝒖̂1 + Ro2 𝒖̂2 + …

and

𝜂̂ = 𝜂̂0 + Ro 𝜂̂1 + Ro2 𝜂̂2 + … .

(4.39a,b)

Substituting (5.39) into the momentum equation then gives
Ro [

𝜕 𝒖̂0
+ 𝒖̂0 ⋅ ∇̂
𝒖0 + 𝒇̂ × 𝒖̂1 ] + 𝒇̂ × 𝒖̂0 = −∇̂
𝜂0 − Ro [∇̂
𝜂1 ] + 𝒪 (Ro2 ).
𝜕𝑡 ̂

(4.40)

The Rossby number is an asymptotic ordering parameter; thus, the sum of all the terms at any
particular order in Rossby number must vanish. At lowest order we obtain the simple expression
𝒇̂ × 𝒖̂0 = −∇̂
𝜂0 .

(4.41)

Note that although 𝑓0 is a representative value of 𝑓, we have made no assumptions about the constancy of 𝑓. In particular, 𝑓 is allowed to vary by an order one amount, provided that it does not
become so small that the Rossby number 𝑈/(𝑓𝐿) is not small.
The appropriate height (mass conservation) equation is similarly obtained by substituting (5.39)
into the shallow water mass conservation equation. Because 𝐹 Ro = 𝒪 (1) at lowest order we simply
retain all the terms in the equation to give
𝐹 Ro [

𝜕 𝜂̂0
+ 𝒖̂0 ⋅ ∇̂
𝜂0 ] + [1 + 𝐹 Ro 𝜂̂] ∇ ⋅ 𝒖̂0 = 0.
𝜕𝑡

(4.42)

Equations (5.41) and (5.42) are a closed set, namely the nondimensional planetary-geostrophic
equations. The dimensional forms of these equations are just (5.36).

Variation of the Coriolis parameter
Suppose then that 𝑓 is a constant (𝑓0 ). Then, from the curl of (5.41), ∇ ⋅ 𝒖0 = 0. This means that
we can define a streamfunction for the flow and, from geostrophic balance, the height field is just
that streamfunction. That is, in dimensional form,
𝜓=

𝑔
𝜂,
𝑓0

𝒖 = 𝐤 × ∇𝜓,

(4.43a,b)
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and (5.42) becomes, in dimensional form,
𝜕𝜂
+ 𝒖 ⋅ ∇𝜂 = 0
𝜕𝑡

𝜕𝜂
+ 𝐽(𝜓, 𝜂) = 0,
𝜕𝑡

or

(4.44)

where 𝐽(𝑎, 𝑏) ≡ 𝑎𝑥 𝑏𝑦 − 𝑎𝑦 𝑏𝑥 . But since 𝜂 ∝ 𝜓 the advective term is proportional to 𝐽(𝜓, 𝜓), which
is zero. Thus, the flow does not evolve at this order. The planetary-geostrophic equations are
uninteresting if the scale of the motion is such that the Coriolis parameter is not variable. On Earth,
the scale of motion on which this parameter regime exists is rather limited, since the planetarygeostrophic equations require that the scale of motion also be larger than the deformation radius.
In the Earth’s atmosphere, any scale that is larger than the deformation radius will be such that
the Coriolis parameter varies significantly over it, and we do not encounter this parameter regime.
On the other hand, in the Earth’s ocean the deformation radius is relatively small and there exists
a small parameter regime (called the frontal geostrophic regime) that has scales larger than the
deformation radius but smaller than that on which the Coriolis parameter varies.

Potential vorticity
The shallow water PG equations may be written as an evolution equation for an appropriate potential vorticity. A little manipulation reveals that (5.36) are equivalent to:
D𝑄
= 0,
D𝑡
𝑄=

𝑓
,
ℎ

𝒇 × 𝒖 = −𝑔∇𝜂,

(4.45)
𝜂 = ℎ + 𝜂𝑏 .

Thus, potential vorticity is a material invariant in the approximate equation set, just as it is in the full
equations. The other variables — the free surface height and the velocity — are diagnosed from
it, a process known as potential vorticity inversion. In the planetary geostrophic approximation,
the inversion proceeds using the approximate form 𝑓/ℎ rather than the full potential vorticity,
(𝑓 + 𝜁)/ℎ. Thus, in a strict sense, we do not approximate potential vorticity, because this is the
evolving variable. Rather, we approximate the inversion relations from which we derive the height
and velocity fields. The simplest way of all to derive the shallow water PG equations is to begin
with the conservation of potential vorticity, and to note that at small Rossby number the expression
(𝜁+𝑓)/ℎ may be approximated by 𝑓/ℎ. Then, noting in addition that the flow is geostrophic, (5.45)
immediately emerges. Every approximate set of equations that we derive in this chapter may be
expressed as the evolution of potential vorticity, with the other fields being obtained diagnostically
from it.

4.2.2

Planetary-Geostrophic Equations for Stratiﬁed Flow

To explore the stratified system we will use the inviscid and adiabatic Boussinesq equations of
motion with the hydrostatic approximation. The derivation carries through easily enough using
the anelastic or pressure-coordinate equations, but as the PG equations have more oceanographic
than atmospheric importance, using the incompressible equations is quite appropriate.

Simplifying the equations
The nondimensional equations we begin with are (5.28)–(5.32). As in the shallow water case we
expand these in a series in the Rossby number, so that:
𝑢̂ = 𝑢̂0 + Ro 𝑢̂1 + Ro2 𝑢̂2 + … ,

𝑏̂ = 𝑏̂ 0 + Ro 𝑏̂ 1 + Ro2 𝑏̂ 2 + … ,

(4.46)

4.2 The Planetary-Geostrophic Equations
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̂ Substituting into the nondimensional equations of motion (on page
and similarly for 𝑣̂, 𝑤
̂ and 𝜙.
176) and equating powers of Ro gives the lowest-order momentum, hydrostatic, and mass conservation equations:
𝜕 𝜙̂0
𝒇̂ × 𝒖̂0 = −∇𝜙̂0 ,
= 𝑏̂ 0 ,
∇ ⋅ 𝒗̂0 = 0.
(4.47a,b,c)
𝜕̂
𝑧
If we also assume that 𝐿𝑑 /𝐿 = 𝒪 (1), then the thermodynamic equation (5.32) becomes
(

𝐿𝑑 2
) 𝑤
̂0 = 0.
𝐿

(4.48)

Of course we have neglected any diabatic terms in this equation, which would in general provide
a non-zero right-hand side. Nevertheless, this is not a useful equation, because the set of the equations we have derived, (5.47) and (5.48), can no longer evolve: all the time derivatives have been
scaled away! Thus, although instructive, these equations are not very useful. If instead we assume
that the scale of motion is much larger than the deformation scale then the other terms in the thermodynamic equation will become equally important. Thus, we suppose that 𝐿2𝑑 ≪ 𝐿2 or, more
formally, that 𝐿2 = 𝒪 (Ro−1 )𝐿2𝑑 , and then all the terms in the thermodynamic equation are retained.
A closed set of equations is then given by (5.47) and the thermodynamic equation (5.32).

Dimensional equations
Restoring the dimensions, dropping the asymptotic subscripts, and allowing for the possibility of a
source term, denoted by 𝑆[𝑏′ ] , in the thermodynamic equation, the planetary-geostrophic equations
of motion are:
D𝑏′
+ 𝑤𝑁2 = 𝑆[𝑏′ ] ,
D𝑡
𝜕𝜙′
𝒇 × 𝒖 = −∇𝜙′ ,
= 𝑏′ ,
𝜕𝑧

(4.49)
∇ ⋅ 𝒗 = 0.

The thermodynamic equation may also be written simply as
D𝑏
= 𝑏,̇
D𝑡

(4.50)

where 𝑏 now represents the total stratification. The relevant pressure, 𝜙, is then the pressure that is
in hydrostatic balance with 𝑏, so that geostrophic and hydrostatic balance are most usefully written
as
𝜕𝜙
𝒇 × 𝒖 = −∇𝜙,
= 𝑏.
(4.51a,b)
𝜕𝑧

Potential vorticity
Manipulation of (5.49) reveals that we can equivalently write the equations as an evolution equation for potential vorticity. Thus, the evolution equations may be written as
D𝑄
= 𝑄,̇
D𝑡

𝑄=𝑓

𝜕𝑏
,
𝜕𝑧

(4.52)

̇
where 𝑄̇ = 𝑓𝜕 𝑏/𝜕𝑧,
and the inversion — i.e., the diagnosis of velocity, pressure and buoyancy —
is carried out using the hydrostatic, geostrophic and mass conservation equations.
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Applicability to the ocean and atmosphere
In the atmosphere a typical deformation radius 𝑁𝐻/𝑓 is about 1000 km. The constraint that the
scale of motion be significantly larger than the deformation radius is thus hard to satisfy, since
one quickly runs out of room on a planet whose equator-to-pole distance is 10 000 km. Only the
largest planetary waves can satisfy the planetary-geostrophic scaling in the atmosphere and we
should then also write the equations in spherical coordinates. In the ocean the deformation radius
is about 100 km, so there is lots of room for the planetary-geostrophic equations to hold, and much
of the theory of the large-scale structure of the ocean involves these equations.

Part II

WAVES, INSTABILITIES AND
TURBULENCE

The waves broke and spread their waters swiftly over the shore. One after
another they massed themselves and fell; the spray tossed itself back with
the energy of their fall. The waves were steeped deep-blue save for a pattern
of diamond-pointed light on their backs which rippled as the backs of
great horses ripple with muscles as they move. The waves fell; withdrew
and fell again.

CHAPTER 5

Virginia Woolf, The Waves, 1931.

Wave Fundamentals

W

aves are everywhere: on the sea-shore, on piano wires, in football stadiums, and filling

the space between the distant stars and Earth. This chapter provides an introduction to
their properties, paying particular attention to a wave that is especially important to the
large scale flow in both ocean and atmosphere — the Rossby wave. We start with an elementary
introduction to wave kinematics, discussing such basic concepts as phase speed and group velocity.
Then, beginning with Section 6.4, we discuss the dynamics of Rossby waves, and this part may be
considered to be the natural follow-on from the geostrophic theory of the previous chapter. Finally,
in Section 6.7, we return to group velocity in a more general way and illustrate the results using
Poincaré waves, with more applications to gravity and Rossby waves in later chapters.
The reason for such an ordering of topics is that wave kinematics without a dynamical example
is jejune and dry, yet understanding wave dynamics of any sort is hardly possible without appreciating at least some of its formal structure, and readers should flip pages back and forth through
the chapter as needed. Those readers who wish to cut to the chase may skip the first few sections
and begin at Section 6.4, referring back as needed. (Many of the key elementary results are summarized in the shaded box on page 218.) Other readers may wish to skip the sections on Rossby waves
altogether and, after absorbing the sections on the wave theory move on to Chapter 7 on gravity
waves, returning to Rossby waves (or not) later on. The Rossby wave and gravity wave discussions
are largely independent of each other, although they both require that the reader is familiar with
such ideas as group velocity and phase speed. Rossby waves and gravity waves can co-exist and
close to the equator the two kinds of waves become more intertwined; we deal with the ensuing
waves in Chapter 8. We also extend our discussion of Rossby waves in a global atmospheric context
in Chapter 16.

5.1 FUNDAMENTALS AND FORMALITIES
5.1.1 Deﬁnitions and Kinematics
A wave may be more easily recognized than defined. Loosely speaking, a wave is a propagating
disturbance that has a characteristic relationship between its frequency and size, and a linear wave
may be defined as a disturbance that satisfies a dispersion relation. (Nonlinear waves exist, but the
curious reader must look elsewhere to learn about them.11 ) In order to see what all this means,
and what a dispersion relation is, suppose that a disturbance, 𝜓(𝒙, 𝑡) (where 𝜓 might be velocity,
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streamfunction, pressure, etc.), satisfies the equation
𝐿(𝜓) = 0,

(5.1)

where 𝐿 is a linear operator, typically a polynomial in time and space derivatives; one example is
𝐿(𝜓) = 𝜕∇2 𝜓/𝜕𝑡 + 𝛽𝜕𝜓/𝜕𝑥. If (6.1) has constant coefficients (if 𝛽 is constant in this example)
then harmonic solutions may often be found that are a superposition of plane waves, each of which
satisfy
̃ i𝜃(𝒙,𝑡) = Re 𝜓e
̃ i(𝒌⋅𝒙−𝜔𝑡) ,
𝜓 = Re 𝜓e
(5.2)
̃ is a complex constant, 𝜃 is the phase, 𝜔 is the wave frequency and 𝒌 is the vector wavewhere 𝜓
number (𝑘, 𝑙, 𝑚) (also written as (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ) or, in subscript notation, 𝑘𝑖 ). The prefix Re denotes
the real part of the expression, but we will drop it if there is no ambiguity.
Earlier, we said that waves are characterized by having a particular relationship between the
frequency and wavevector known as the dispersion relation. This is an equation of the form
𝜔 = 𝛺(𝒌),

(5.3)

where 𝛺(𝒌), or 𝛺(𝑘𝑖 ), and meaning 𝛺(𝑘, 𝑙, 𝑚), is some function determined by the form of 𝐿 in
(6.1) and which thus depends on the particular type of wave — the function is different for sound
waves, light waves and the Rossby waves and gravity waves we will encounter in this book (peek
ahead to (6.60) and (7.56), and there is more discussion in Section 6.1.3). Unless it is necessary to
explicitly distinguish the function 𝛺 from the frequency 𝜔, we will often write 𝜔 = 𝜔(𝒌).
If the medium in which the waves are propagating is inhomogeneous then (6.1) will probably
not have constant coefficients (for example, 𝛽 may vary with 𝑦). Nevertheless, if the medium is
varying sufficiently slowly, wave solutions may often still be found with the general form
𝜓(𝒙, 𝑡) = 𝑎(𝒙, 𝑡)e i𝜃(𝒙,𝑡) ,

(5.4)

where the amplitude 𝑎(𝒙, 𝑡) varies slowly compared to the phase, 𝜃. The frequency and wavenumber are then defined by
𝜕𝜃
𝒌 ≡ ∇𝜃,
𝜔≡− .
(5.5)
𝜕𝑡
The example of (6.2) is clearly just a special case of this. Equation (6.5) implies the formal relation
between 𝒌 and 𝜔:
𝜕𝒌
+ ∇𝜔 = 0.
(5.6)
𝜕𝑡
The wkb method, described in Appendix A at the end of this chapter, is one way of finding such
solutions.

5.1.2

Wave Propagation and Phase Speed

A common property of waves is that they propagate through space with some velocity, which in
special cases might be zero. Waves in fluids may carry energy and momentum but not normally,
at least to a first approximation, fluid parcels themselves. Further, it turns out that the speed at
which properties like energy are transported (the group speed) may be different from the speed at
which the wave crests themselves move (the phase speed). Let’s try to understand this statement,
beginning with the phase speed. A summary of key results is given on page 218.

5.1 Fundamentals and Formalities
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Fig. 5.1 The propagation of a two-dimensional wave. (a) Two lines of constant phase (e.g., two
wavecrests) at a time 𝑡1 . The wave is propagating in the direction 𝒌 with wavelength 𝜆. (b) The
same line of constant phase at two successive times. The phase speed is the speed of advancement
of the wavecrest in the direction of travel, and so 𝑐𝑝 = 𝑙/(𝑡2 − 𝑡1 ). The phase speed in the 𝑥-direction
is the speed of propagation of the wavecrest along the 𝑥-axis, and 𝑐𝑝𝑥 = 𝑙𝑥 /(𝑡2 − 𝑡1 ) = 𝑐𝑝 / cos 𝜙.

Phase speed
Consider the propagation of monochromatic plane waves, for that is all that is needed to introduce
the phase speed. Given (6.2) a wave will propagate in the direction of 𝒌 (Fig. 6.1). At a given instant
and location we can align our coordinate axis along this direction, and we write 𝒌 ⋅ 𝒙 = 𝐾𝑥∗ , where
𝑥∗ increases in the direction of 𝒌 and 𝐾2 = |𝒌|2 is the magnitude of the wavenumber. With this,
we can write (6.2) as
∗
∗
̃ i(𝐾𝑥 −𝜔𝑡) = Re 𝜓e
̃ i𝐾(𝑥 −𝑐𝑡) ,
𝜓 = Re 𝜓e
(5.7)
where 𝑐 = 𝜔/𝐾. From this equation it is evident that the phase of the wave propagates at the speed
𝑐 in the direction of 𝒌, and we define the phase speed by
𝑐𝑝 ≡

𝜔
.
𝐾

(5.8)

The wavelength of the wave, 𝜆, is the distance between two wavecrests — that is, the distance
between two locations along the line of travel whose phase differs by 2π — and evidently this is
given by
2π
𝜆=
.
(5.9)
𝐾
In (for simplicity) a two-dimensional wave, and referring to Fig. 6.1, the wavelength and wave
vectors in the 𝑥- and 𝑦-directions are given by,
𝜆𝑥 =

𝜆
,
cos 𝜙

𝜆𝑦 =

𝜆
,
sin 𝜙

𝑘𝑥 = 𝐾 cos 𝜙,

𝑘𝑦 = 𝐾 sin 𝜙.

(5.10)

In general, lines of constant phase intersect both the coordinate axes and propagate along them.
The speed of propagation along these axes is given by
𝑐𝑝𝑥 = 𝑐𝑝

𝑐𝑝
𝑙𝑥
𝐾
𝜔
=
= 𝑐𝑝 𝑥 = 𝑥 ,
𝑙
cos 𝜙
𝑘
𝑘

𝑦

𝑐𝑝 = 𝑐𝑝

𝑐𝑝
𝐾
𝜔
𝑙𝑦
=
= 𝑐𝑝 𝑦 = 𝑦 ,
𝑙
sin 𝜙
𝑘
𝑘

(5.11)

using (6.8) and (6.10), and again referring to Fig. 6.1 for notation. The speed of phase propagation
along any one of the axes is in general larger than the phase speed in the primary direction of
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Wave Fundamentals
• A wave is a propagating disturbance that has a characteristic relationship between its
frequency and size, known as the dispersion relation. Waves typically arise as solutions
to a linear problem of the form
𝐿(𝜓) = 0,
(WF.1)
where 𝐿 is, commonly, a linear operator in space and time. Two examples are
𝜕2 𝜓
− 𝑐2 ∇ 2 𝜓 = 0
𝜕𝑡2

𝜕 2
𝜕𝜓
∇ 𝜓+𝛽
= 0.
𝜕𝑡
𝜕𝑥

and

(WF.2)

The first example is so common in all areas of physics it is sometimes called ‘the’ wave
equation. The second example gives rise to Rossby waves.
• Solutions to the governing equation are often sought in the form of plane waves that have
the form
𝜓 = Re 𝐴e i(𝒌⋅𝒙−𝜔𝑡) ,
(WF.3)
where 𝐴 is the wave amplitude, 𝒌 = (𝑘, 𝑙, 𝑚) is the wavevector, and 𝜔 is the frequency.
• The dispersion relation connects the frequency and wavevector through an equation of
the form 𝜔 = 𝛺(𝒌) where 𝛺 is some function. The relation is normally derived by substituting a trial solution like (WF.3) into the governing equation (WF.1). For the examples
of (WF.2) we obtain 𝜔 = 𝑐2 𝐾2 and 𝜔 = −𝛽𝑘/𝐾2 where 𝐾2 = 𝑘2 + 𝑙2 + 𝑚2 or, in two
dimensions, 𝐾2 = 𝑘2 + 𝑙2 .
• The phase speed is the speed at which the wave crests move. In the direction of propagation and in the 𝑥, 𝑦 and 𝑧 directions the phase speeds are given by, respectively,
𝑐𝑝 =

𝜔
,
𝐾

𝑐𝑝𝑥 =

𝜔
,
𝑘

𝑦

𝑐𝑝 =

𝜔
,
𝑙

𝑐𝑝𝑧 =

𝜔
,
𝑚

(WF.4)

where 𝐾 = 2π/𝜆 and 𝜆 is the wavelength. The wave crests have both a speed (𝑐𝑝 ) and a
direction of propagation (the direction of 𝒌), like a vector, but the components defined
in (WF.4) are not the components of that vector.
• The group velocity is the velocity at which a wave packet or wave group moves. It is a
vector and is given by
𝒄𝑔 =

𝜕𝜔
𝜕𝒌

with components 𝑐𝑔𝑥 =

𝜕𝜔
,
𝜕𝑘

𝑦

𝑐𝑔 =

𝜕𝜔
,
𝜕𝑙

𝑐𝑔𝑧 =

𝜕𝜔
.
𝜕𝑚

(WF.5)

Many physical quantities of interest are transported at the group velocity.
• If the coefficients of the wave equation are not constant (for example if the medium is
inhomogeneous) then, if the coefficients are only slowly varying, approximate solutions
may sometimes be found in the form
𝜓 = Re 𝐴(𝒙, 𝑡)e i𝜃(𝒙,𝑡) ,

(WF.6)

where the amplitude 𝐴 is also slowly varying and the local wavenumber and frequency
are related to the phase, 𝜃, by 𝒌 = ∇𝜃 and 𝜔 = −𝜕𝜃/𝜕𝑡. The dispersion relation is then a
local one of the form 𝜔 = 𝛺(𝒌; 𝑥, 𝑡).

5.1 Fundamentals and Formalities
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the wave. The phase speeds are clearly not components of a vector: for example, 𝑐𝑝𝑥 ≠ 𝑐𝑝 cos 𝜙.
Analogously, the wavevector 𝒌 is a true vector, whereas the wavelength 𝜆 is not.
To summarize, the phase speed and its components are given by
𝑐𝑝 =

𝜔
,
𝐾

𝑐𝑝𝑥 =

𝜔
,
𝑘𝑥

𝑦

𝑐𝑝 =

𝜔
.
𝑘𝑦

(5.12)

Phase velocity
Although it is not particularly useful, there is a way of defining a phase speed so that it is a true
vector, and which might then be called phase velocity. We define the phase velocity to be the
velocity that has the magnitude of the phase speed and the direction in which wave crests are
propagating; that is
𝜔 𝒌
𝒌
𝒄𝑝 ≡
= 𝑐𝑝
,
(5.13)
𝐾 |𝐾|
|𝐾|
where 𝒌/|𝐾| is the unit vector in the direction of wave-crest propagation. The components of the
phase velocity in the 𝑥- and 𝑦-directions are then given by
𝑐𝑝𝑥 = 𝑐𝑝 cos 𝜙,

𝑦

𝑐𝑝 = 𝑐𝑝 sin 𝜙.

(5.14)

Defined this way, the quantity given by (6.13) is a vector velocity. However, the components in
the 𝑥- and 𝑦-directions are manifestly not the speed at which wave crests propagate in those directions, and it is a misnomer to call these quantities phase speeds. Still, it can be helpful to ascribe a
direction to the phase speed and the quantity given by (6.13) may then be useful.

5.1.3

The Dispersion Relation

The above description is kinematic, in that it applies to almost any disturbance that has a wavevector and a frequency. The particular dynamics of a wave are determined by the relationship between
the wavevector and the frequency; that is, by the dispersion relation. Once the dispersion relation is
known a great many of the properties of the wave follow in a more-or-less straightforward manner.
Picking up from (6.3), the dispersion relation is a functional relationship between the frequency
and the wavevector of the general form
𝜔 = 𝛺(𝒌).

(5.15)

Perhaps the simplest example of a linear operator that gives rise to waves is the one-dimensional
equation
𝜕𝜓
𝜕𝜓
+𝑐
= 0.
(5.16)
𝜕𝑡
𝜕𝑥
Substituting a trial solution of the form 𝜓 = Re 𝐴e i(𝑘𝑥−𝜔𝑡) we obtain (−i𝜔 + 𝑐i𝑘)𝐴 = 0, giving the
dispersion relation
𝜔 = 𝑐𝑘.
(5.17)
The phase speed of this wave is 𝑐𝑝 = 𝜔/𝑘 = 𝑐. A few other examples of governing equations,
dispersion relations and phase speeds are:
𝜕𝜓
+ 𝒄 ⋅ ∇𝜓 = 0,
𝜕𝑡
𝜕2 𝜓
− 𝑐2 ∇2 𝜓 = 0,
𝜕𝑡2

𝜔 = 𝒄 ⋅ 𝒌,
𝜔2 = 𝑐2 𝐾2 ,

𝑐𝑝 = |𝒄| cos 𝜃,
𝑐𝑝 = ±𝑐,

𝒄⋅𝒌
,
𝑘
𝑐𝐾
𝑐𝑝𝑥 = ± ,
𝑘

𝑐𝑝𝑥 =

𝒄⋅𝒌
,
𝑙
𝑐𝐾
𝑦
𝑐𝑝 = ± ,
𝑙
𝑦

𝑐𝑝 =

(5.18a)
(5.18b)
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Fig. 5.2 Superposition of two sinusoidal
waves with wavenumbers 𝑘 and 𝑘 + 𝛿𝑘, producing a wave (solid line) that is modulated
by a slowly varying wave envelope or packet
(dashed).
The envelope moves at the group velocity,
𝑐𝑔 = 𝜕𝜔/𝜕𝑘 , and the phase moves at the
group speed, 𝑐𝑝 = 𝜔/𝑘.

𝜕 2
𝜕𝜓
∇ 𝜓+𝛽
= 0,
𝜕𝑡
𝜕𝑥

𝜔=

−𝛽𝑘
,
𝐾2

𝑐𝑝 =

𝜔
,
𝐾

𝑐𝑝𝑥 = −

𝛽
,
𝐾2

𝑦

𝑐𝑝 = −

𝛽𝑘/𝑙
,
𝐾2

(5.18c)

where 𝐾2 = 𝑘2 + 𝑙2 and 𝜃 is the angle between 𝒄 and 𝒌, and the examples are all two-dimensional,
with variation in 𝑥 and 𝑦 only.
A wave is said to be nondispersive if the phase speed is independent of the wavelength. This
condition is satisfied for the simple example (6.16) but is manifestly not satisfied for (6.18c), and
these waves (Rossby waves, in fact) are dispersive. Waves of different wavelengths then travel at
different speeds so that a group of waves will spread out — disperse — even if the medium is
homogeneous. When a wave is dispersive there is another characteristic speed at which the waves
propagate, the group velocity, and we come to this shortly.
Most media are inhomogeneous, but if the medium varies sufficiently slowly in space and time
— and in particular if the variations are slow compared to the wavelength and period — we may
still have a local dispersion relation between frequency and wavevector,
𝜔 = 𝛺(𝒌; 𝒙, 𝑡),

(5.19)

where 𝑥 and 𝑡 are slowly varying parameters. We’ll resume our discussion of this topic in Section
6.3, but before that we must introduce the group velocity.

5.2

GROUP VELOCITY

Information and energy do not, in general, propagate at the phase speed. Rather, most quantities
of interest propagate at the group velocity, a quantity of enormous importance in wave theory.12
Roughly speaking, group velocity is the velocity at which a packet or a group of waves will travel,
whereas the individual wave crests travel at the phase speed. To introduce the idea we will consider
the superposition of plane waves, noting that a truly monochromatic plane wave already fills all
space uniformly so that there can be no propagation of energy from place to place.

5.2.1

Superposition of Two Waves

Consider the linear superposition of two waves. Limiting attention to the one-dimensional case
for simplicity, consider a disturbance represented by
̃ i(𝑘1 𝑥−𝜔1 𝑡) + e i(𝑘2 𝑥−𝜔2 𝑡) ).
𝜓 = Re 𝜓(e

(5.20)

Let us further suppose that the two waves have similar wavenumbers and frequency, and, in particular, that 𝑘1 = 𝑘 + 𝛥𝑘 and 𝑘2 = 𝑘 − 𝛥𝑘, and 𝜔1 = 𝜔 + 𝛥𝜔 and 𝜔2 = 𝜔 − 𝛥𝜔. With this, (6.20)
becomes
̃ i(𝑘𝑥−𝜔𝑡) [e i(𝛥𝑘𝑥−𝛥𝜔𝑡) + e −i(𝛥𝑘𝑥−𝛥𝜔𝑡) ]
𝜓 = Re 𝜓e
̃ i(𝑘𝑥−𝜔𝑡) cos(𝛥𝑘 𝑥 − 𝛥𝜔 𝑡).
= 2 Re 𝜓e

(5.21)
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The resulting disturbance, illustrated in Fig. 6.2 has two aspects: a rapidly varying component, with
wavenumber 𝑘 and frequency 𝜔, and a more slowly varying envelope, with wavenumber 𝛥𝑘 and
frequency 𝛥𝜔. The envelope modulates the fast oscillation, and moves with velocity 𝛥𝜔/𝛥𝑘; in
the limit 𝛥𝑘 → 0 and 𝛥𝜔 → 0 this is the group velocity, 𝑐𝑔 = 𝜕𝜔/𝜕𝑘. Group velocity is equal to
the phase speed, 𝜔/𝑘, only when the frequency is a linear function of wavenumber. The energy in
the disturbance must move at the group velocity — note that the node of the envelope moves at
the speed of the envelope and no energy can cross the node. These concepts generalize to more
than one dimension, and if the wavenumber is the three-dimensional vector 𝒌 = (𝑘, 𝑙, 𝑚) then the
three-dimensional envelope propagates at the group velocity given by
𝒄𝑔 =

𝜕𝜔 𝜕𝜔 𝜕𝜔
𝜕𝜔
≡( ,
,
).
𝜕𝒌
𝜕𝑘 𝜕𝑙 𝜕𝑚

(5.22)

The group velocity is also written as 𝒄𝑔 = ∇𝒌 𝜔 or, in subscript notation, 𝑐𝑔𝑖 = 𝜕𝛺/𝜕𝑘𝑖 , with the
subscript 𝑖 denoting the component of a vector.

5.2.2

Superposition of Many Waves

Now consider a slight extension of the above arguments to the case in which many waves are excited. The essential assumption of this derivation is that the wavenumber distribution is sufficiently
narrow so that the dispersion relation can be approximated as
𝜔(𝑘) ≈ 𝜔(𝑘0 ) +

d𝜔
| (𝑘 − 𝑘0 ).
d𝑘 𝑘0

(5.23)

We treat only the one-dimensional case but the three-dimensional generalization is possible.
A superposition of plane waves, each satisfying some dispersion relation, can be represented
by the Fourier integral
∞
i(𝑘𝑥−𝜔𝑡)
̃
𝜓(𝑥, 𝑡) = ∫ 𝐴(𝑘)e
d𝑘.
(5.24a)
−∞

̃ is given by the initial conditions:
The function 𝐴(𝑘)
∞
̃ = 1 ∫ 𝜓(𝑥, 0)e −i𝑘𝑥 d𝑥.
𝐴(𝑘)
2π −∞

(5.24b)

Note that if the waves are dispersionless and 𝜔 = 𝑐𝑘 where 𝑐 is a constant, then
+∞

𝜓(𝑥, 𝑡) = ∫

i𝑘(𝑥−𝑐𝑡)
̃
𝐴(𝑘)e
d𝑘 = 𝜓(𝑥 − 𝑐𝑡, 0),

(5.25)

−∞

by comparison with (6.24a) at 𝑡 = 0. That is, the initial condition simply translates at a speed 𝑐,
with no change in structure.
Now consider the case for which the disturbance is a wave packet — essentially a nearly plane
wave or superposition of waves that is confined to a finite region of space. We will consider a case
with the initial condition
𝜓(𝑥, 0) = 𝑎(𝑥)e i𝑘0 𝑥 ,
(5.26)
where 𝑎(𝑥, 𝑡), rather like the envelope in Fig. 6.3, modulates the amplitude of the wave on a scale
much longer than that of the wavelength 2π/𝑘0 , and more slowly than the wave period. That is,
1 𝜕𝑎
≪ 𝑘0 ,
𝑎 𝜕𝑥

1 𝜕𝑎
≪ 𝑘0 𝑐,
𝑎 𝜕𝑡

(5.27a,b)
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Fig. 5.3 A wave packet. The envelope, 𝑎(𝑥), has a scale, 𝐿𝑥 , much
larger than the wavelength, 𝜆0 , of
the wave embedded inside. The envelope moves at the group velocity,
𝑐𝑔 , and the phase of the waves at
the phase speed, 𝑐𝑝 .

�
�

�

�

and the disturbance is essentially a slowly modulated plane wave. We suppose that 𝑎(𝑥, 0) is peaked
around some value 𝑥0 and is very small if |𝑥−𝑥0 | ≫ 𝑘0−1 ; that is, 𝑎(𝑥, 0) is small if we are sufficiently
many wavelengths of the plane wave away from the peak, as is the case in Fig. 6.3. We would like
to know how such a packet evolves.
We can express the envelope as a Fourier integral by first writing the initial conditions as a
Fourier integral,
∞

𝜓(𝑥, 0) = ∫

+∞
̃ = 1 ∫ 𝜓(𝑥, 0)e −𝑖𝑘𝑥 d𝑥,
𝐴(𝑘)
2π −∞

i𝑘𝑥
̃
𝐴(𝑘)e
d𝑘 where

−∞

(5.28a,b)

so that, using (6.26),
+∞
̃ = 1 ∫ 𝑎(𝑥, 0)e i(𝑘0 −𝑘)𝑥 d𝑥
𝐴(𝑘)
2π −∞

∞

and 𝑎(𝑥) = ∫

i(𝑘−𝑘0 )𝑥
̃
𝐴(𝑘)e
d𝑘.

(5.29a,b)

−∞

We still haven’t made much progress beyond (6.24). To do so, we note first that 𝑎(𝑥) is confined in
space, so that to a good approximation the limits of the integral in (6.29a) can be made finite, ±𝐿
say, provided 𝐿 ≫ 𝑘0−1 . We then note that when (𝑘0 − 𝑘) is large the integrand in (6.29a) oscillates
rapidly; successive intervals in 𝑥 therefore cancel each other and make a small net contribution to
̃ is peaked near 𝑘0 .
the integral. Thus, the integral is dominated by values of 𝑘 near 𝑘0 , and 𝐴(𝑘)
(The finite spatial extent of 𝑎(𝑥, 0) is needed for this argument.)
We can now evaluate how the wave packet evolves. Beginning with (6.24a) we have
∞

𝜓(𝑥, 𝑡) = ∫

̃ exp{i(𝑘𝑥 − 𝜔(𝑘)𝑡)} d𝑘
𝐴(𝑘)

(5.30a)

−∞
∞

̃ exp {i[𝑘0 𝑥 − 𝜔(𝑘0 )𝑡] + i(𝑘 − 𝑘0 )𝑥 − i(𝑘 − 𝑘0 ) 𝜕𝜔 |
𝐴(𝑘)
𝑡} d𝑘,
𝜕𝑘 𝑘=𝑘0
−∞

≈∫

(5.30b)

having expanded 𝜔(𝑘) in a Taylor series about 𝑘0 , using (6.23). We thus have
∞

̃ exp {i(𝑘 − 𝑘0 ) [𝑥 − 𝜕𝜔 |
𝐴(𝑘)
𝑡]} d𝑘
𝜕𝑘 𝑘=𝑘0
−∞

𝜓(𝑥, 𝑡) = exp {i[𝑘0 𝑥 − 𝜔(𝑘0 )𝑡]} ∫ ∫

(5.31)

= exp {i[𝑘0 𝑥 − 𝜔(𝑘0 )𝑡]} 𝑎(𝑥 − 𝑐𝑔 𝑡),
using (6.29b) and where 𝑐𝑔 = 𝜕𝜔/𝜕𝑘 evaluated at 𝑘 = 𝑘0 . That is to say, the envelope 𝑎(𝑥, 𝑡) moves
at the group velocity, keeping its initial shape.
The group velocity has a meaning beyond that implied by the derivation above: it turns out to be
a quite general property of waves that energy (and certain other quadratic properties) propagate at
the group velocity. This is to be expected, at least in the presence of coherent wave packets, because
there is no energy outside the wave envelope so the energy must propagate with the envelope.
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Fig. 5.4 The integrand of (6.32),
namely the function that when integrated over wavenumber gives the wave
amplitude at a particular 𝑥 and 𝑡.
The example shown is for a Rossby
wave with 𝜔 = −𝛽/𝑘, with 𝛽 = 400 and
𝑥/𝑡 = 1, and hence 𝑘0 = 20, for two
times 𝑡 = 1 and 𝑡 = 12. (The amplitude
̃
of the envelope, 𝐴(𝑘)
is arbitrary.) At
the later time the oscillations are much
more rapid in 𝑘, so that the contribution
is more peaked from wavenumbers near
to 𝑘0 .
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The Method of Stationary Phase

We will now relax the assumption that wavenumbers are confined to a narrow band but (since there
is no free lunch) we confine ourselves to seeking solutions at large 𝑡; that is, we will be seeking a
description of waves far from their source. Consider a disturbance of the general form
∞

i[𝑘𝑥−𝜔(𝑘)𝑡]
̃
𝐴(𝑘)e
d𝑘 = ∫

𝜓(𝑥, 𝑡) = ∫
−∞

∞

i𝛩(𝑘;𝑥,𝑡)𝑡
̃
𝐴(𝑘)e
d𝑘,

(5.32)

−∞

where 𝛩(𝑘; 𝑥, 𝑡) ≡ 𝑘𝑥/𝑡 − 𝜔(𝑘). (Here we regard 𝛩 as a function of 𝑘 with parameters 𝑥 and 𝑡;
we will sometimes just write 𝛩(𝑘) with 𝛩′ (𝑘) = 𝜕𝛩/𝜕𝑘.) Now, a standard result in mathematics
(known as the ‘Riemann–Lebesgue lemma’) states that
∞

𝐼 = lim ∫

𝑡→∞ −∞

𝑓(𝑘)e i𝑘𝑡 d𝑘 = 0,

(5.33)

∞

provided that 𝑓(𝑘) is integrable and ∫−∞ 𝑓(𝑘) d𝑘 is finite. Intuitively, as 𝑡 increases the oscillations
in the integral increase and become much faster than any variation in 𝑓(𝑘); successive oscillations
thus cancel and the integral becomes very small.
Looking at (6.32), with 𝐴̃ playing the role of 𝑓(𝑘), the integral will be small if 𝛩 is everywhere
varying with 𝑘. However, if there is a region where 𝛩 does not vary with 𝑘 — that is, if there is
a region where the phase is stationary and 𝜕𝛩/𝜕𝑘 = 0 — then there will be a contribution to the
integral from that region. Thus, for large 𝑡, an observer will predominantly see waves for which
𝛩′ (𝑘) = 0 and so, using the definition of 𝛩, for which
𝑥 𝜕𝜔
=
.
𝑡
𝜕𝑘

(5.34)

In other words, at some space-time location (𝑥, 𝑡) the waves that dominate are those whose group
velocity 𝜕𝜔/𝜕𝑘 is 𝑥/𝑡. An example is plotted in Fig. 6.4 with a dispersion relation 𝜔 = −𝛽/𝑘; the
wavenumber that dominates, 𝑘0 say, is thus given by solving 𝛽/𝑘02 = 𝑥/𝑡, which for 𝑥/𝑡 = 1 and
𝛽 = 400 gives 𝑘0 = 20.
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We may actually approximately calculate the contribution to 𝜓(𝑥, 𝑡) from waves moving with
the group velocity. Let us expand 𝛩(𝑘) around the point, 𝑘0 , where 𝛩′ (𝑘0 ) = 0. We obtain
∞

𝜓(𝑥, 𝑡) = ∫
−∞

̃ exp {i𝑡 [𝛩(𝑘0 ) + (𝑘 − 𝑘0 )𝛩′ (𝑘0 ) + 1 (𝑘 − 𝑘0 )2 𝛩″ (𝑘0 ) …]} d𝑘
𝐴(𝑘)
2

(5.35)

The higher order terms are small because 𝑘 − 𝑘0 is presumed small (for if it is large the integral
vanishes), and the term involving 𝛩′ (𝑘0 ) is zero. The integral becomes
∞

̃ 0 )e i𝛩(𝑘0 ) ∫
𝜓(𝑥, 𝑡) = 𝐴(𝑘

−∞

exp {i𝑡 12 (𝑘 − 𝑘0 )2 𝛩″ (𝑘0 )} d𝑘.
∞

(5.36)

2

We thus have to evaluate a Gaussian, and because ∫−∞ e −𝑐𝑥 d𝑥 = √π/𝑐 we obtain
̃ 0 )e i𝛩(𝑘0 )𝑡 [
𝜓(𝑥, 𝑡) ≈ 𝐴(𝑘

1/2
1/2
−2π
̃ 0 ) [ 2iπ ] e i(𝑘0 𝑥−𝜔(𝑘0 )𝑡) .
]
=
𝐴(𝑘
(i𝑡𝜃″ (𝑘0 ))
(𝑡𝜃″ (𝑘0 ))

(5.37)

The solution is therefore a plane wave, with wavenumber 𝑘0 and frequency 𝜔(𝑘0 ), slowly modulated
by an envelope determined by the form of 𝛩(𝑘0 ; 𝑥, 𝑡), where 𝑘0 is the wavenumber such that 𝑥/𝑡 =
𝑐𝑔 = 𝜕𝜔/𝜕𝑘|𝑘=𝑘0 .

5.3

RAY THEORY

Most waves propagate in a medium that is inhomogeneous; for example, in the Earth’s atmosphere
and ocean the stratification varies with altitude and the Coriolis parameter varies with latitude.
In these cases it can be hard to obtain the solution of a wave problem by Fourier methods, even
approximately. Nonetheless, the idea of signals propagating at the group velocity is a robust one,
and we can often obtain some of the information we want — and in particular the trajectory of a
wave — using a recipe known as ray theory.13

Come with rain, O loud Southwester!
Bring the singer, bring the nester;
Give the buried flower a dream;
Make the settled snowbank steam.
Robert Frost, To the Thawing Wind, 1915.

CHAPTER 6

Barotropic and Baroclinic Instability

W

hat hydrodynamic states occur in nature? If we take as given the applicability of

the Navier–Stokes equations, any flow must be a solution of these equations, subject
to the relevant initial and boundary conditions. Most of the flows we experience are
of course time-dependent solutions, not steady solutions. Why should this be? There are many
steady solutions to the equations of motion — certain purely zonal flows, for example. However,
steady solutions do not abound in nature because, in order to persist, they must be stable to those
small perturbations that inevitably arise. Indeed, all the steady solutions that are known for the
large-scale flow in the Earth’s atmosphere and ocean have been found to be unstable. It is such
instability that makes the subject an interesting one.
There are a myriad forms of hydrodynamic instability, but our focus in this chapter is on
barotropic and baroclinic instability. Baroclinic instability (and we will define the term more precisely later on) is an instability that arises in rotating, stratified fluids that are subject to a horizontal temperature gradient. It is the instability that gives rise to the large- and mesoscale motion in
the atmosphere and ocean — it produces atmospheric weather systems, for example — and so is,
perhaps, the form of hydrodynamic instability that most affects the human condition. Barotropic
instability is an instability that arises because of the shear in a flow, and may occur in fluids of
constant density. It is important to us for two reasons: first, it is important in its own right as
an instability mechanisms for jets and vortices, and as an important process in both two- and
three-dimensional turbulence; second, many problems in barotropic and baroclinic instability are
formally and dynamically similar, so that the solutions and insight we obtain in the often simpler
problems in barotropic instability may be useful in the baroclinic problem.

6.1

KELVIN–HELMHOLTZ INSTABILITY

To introduce the issue, we first consider, rather informally, perhaps the simplest physically interesting instance of a fluid-dynamical instability — that of a constant-density flow with a shear
perpendicular to the fluid’s mean velocity, this being an example of a Kelvin–Helmholtz instability,14 and of a barotropic instability. (More generally, Kelvin–Helmholtz instability involves fluid
with varying density.) Let us consider two fluid masses of equal density, with a common interface
at 𝑦 = 0, moving with velocities −𝑈 and +𝑈 in the 𝑥-direction, respectively (Fig. 9.1). There is
no variation in the basic flow in the 𝑧-direction (normal to the page), and we will assume this is
also true for the instability (these restrictions are not essential). This flow is clearly a solution of
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Fig. 6.1 A simple basic state giving rise to shear-ﬂow
instability. The velocity proﬁle is discontinuous and the
density is uniform.

the Euler equations. What happens if the flow is perturbed slightly? If the perturbation is initially
small then even if it grows we can, for small times after the onset of instability, neglect the nonlinear interactions in the governing equations because these are the squares of small quantities. The
equations determining the evolution of the initial perturbation are then the Euler equations linearized about the steady solution. Thus, denoting perturbation quantities with a prime and basic
state variables with capital letters, for 𝑦 > 0 the perturbation satisfies
𝜕𝒖′
𝜕𝒖′
+𝑈
= −∇𝑝′ ,
𝜕𝑡
𝜕𝑥

∇ ⋅ 𝒖′ = 0,

(6.1a,b)

and a similar equation holds for 𝑦 < 0, but with 𝑈 replaced by −𝑈. Given periodic boundary
conditions in the 𝑥-direction, we may seek solutions of the form
𝜙′ (𝑥, 𝑦, 𝑡) = Re ∑ 𝜙̃𝑘 (𝑦) exp[i𝑘(𝑥 − 𝑐𝑡)],

(6.2)

𝑘

where 𝜙 is any field variable (e.g., pressure or velocity), and Re denotes that only the real part
should be taken. (Typically we use tildes over variables to denote Fourier-like modes, and we will
often omit the marker ‘Re’.) Because (9.1a) is linear, the Fourier modes do not interact and we may
confine attention to just one. Taking the divergence of (9.1a), the left-hand side vanishes and the
pressure satisfies Laplace’s equation
∇2 𝑝′ = 0.
(6.3)
This has solutions in the form
𝑝′ = {

Re 𝑝̃1 e i𝑘𝑥−𝑘𝑦 e 𝜎𝑡
Re 𝑝̃2 e i𝑘𝑥+𝑘𝑦 e 𝜎𝑡

𝑦 > 0,
𝑦 < 0,

(6.4)

where, anticipating the possibility of growing solutions, we have written the time variation in terms
of a growth rate, 𝜎 = −i𝑘𝑐. In general 𝜎 is complex: if it has a positive real component, the amplitude of the perturbation will grow and there is an instability; if 𝜎 has a non-zero imaginary component, then there will be oscillatory motion, and there may be both oscillatory motion and an
instability. To obtain the dispersion relationship, we consider the 𝑦-component of (9.1a), namely
(for 𝑦 > 0)
𝜕𝑣1′
𝜕𝑣′
𝜕𝑝′
+ 𝑈 1 = − 1.
(6.5)
𝜕𝑡
𝜕𝑥
𝜕𝑦
Substituting a solution of the form 𝑣1′ = 𝑣̃1 exp(i𝑘𝑥 + 𝜎𝑡) yields, with (9.4),
(𝜎 + i𝑘𝑈)̃
𝑣1 = 𝑘𝑝̃1 .

(6.6)
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But the velocity normal to the interface is, at the interface, nothing but the rate of change of the
position of the interface itself; that is, at 𝑦 = +0
𝑣1 =

𝜕𝜂′
𝜕𝜂′
+𝑈
,
𝜕𝑡
𝜕𝑥

(6.7)

or
𝑣̃1 = (𝜎 + i𝑘𝑈)̃
𝜂,

(6.8)

where 𝜂′ is the displacement of the interface from its equilibrium position. Using this in (9.6) gives
(𝜎 + i𝑘𝑈)2 𝜂̃ = 𝑘𝑝̃1 .

(6.9)

The above few equations pertain to motion on the 𝑦 > 0 side of the interface. Similar reasoning
on the other side gives (at 𝑦 = −0)
(𝜎 − i𝑘𝑈)2 𝜂̃ = −𝑘𝑝̃2 .

(6.10)

But at the interface 𝑝1 = 𝑝2 , because pressure must be continuous. The dispersion relationship
then emerges from (9.9) and (9.10), giving
𝜎2 = 𝑘 2 𝑈 2 .

(6.11)

This equation has two roots, one of which is positive. Thus, the amplitude of the perturbation
grows exponentially, like e 𝜎𝑡 , and the flow is unstable. The instability itself can be seen in the
natural world when billow clouds appear wrapped up into spirals: the clouds are acting as tracers
of fluid flow, and are a manifestation of the instability at finite amplitude, as seen later in Fig. 9.6.
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Below, a myriad, myriad waves hastening, lifting up their necks,
Tending in ceaseless flow toward the track of the ship,
Waves of the ocean bubbling and gurgling, blithely prying,
Waves, undulating waves, liquid, uneven, emulous waves,
Toward that whirling current, laughing and buoyant.
Walt Whitman, After the Sea-Ship, in Leaves of Grass, 1881.

CHAPTER 7

Waves, Mean-Flows, and their Interaction

W

ave–mean-flow interaction is concerned with how some mean-flow, perhaps a time

or zonal average, interacts with a wave-like departure from that mean, and this chapter
provides an elementary introduction to this topic. It is ‘elementary’ because our derivations and discussion are obtained by straightforward manipulations of the equations of motion in
the simplest case that illustrates the relevant principle. It is implicit in what we do that it is a sensible thing to decompose the fields into a mean plus some departure, and one case when this is so is
when the departure is of small amplitude. Departures from the mean — generically called eddies
— are in reality not always small; for example, in the mid-latitude troposphere the eddies are often
of similar amplitude to the mean-flow, and Chapters 12 and 13 explore this from the standpoint
of turbulence. However, in this chapter we will assume that eddies are indeed of small amplitude,
and, in particular, that eddy–mean-flow interaction is larger than eddy–eddy interaction.
A wave is an eddy that satisfies, at least approximately, a dispersion relation. It is the presence of
such a dispersion relation that enables a number of results to be obtained that would otherwise be
out of our reach. It is implicit in defining waves this way that they are generally of small amplitude,
for it is this that allows the equations of motion to be sensibly linearized and a dispersion relation to
be obtained (although some waves have finite amplitude and still satisfy a dispersion relation), and
the interaction with the mean-flow calculated. The qualitative nature of such interaction can then
provide insights into the finite-amplitude problem, and one goal of wave–mean-flow theory is to
provide a way of qualitatively understanding more realistic situations, and to suggest diagnostics
that might be used to analyze both observations and numerical solutions of the nonlinear problem.
In this chapter we will largely concern ourselves with a zonal mean, since this is the simplest and
often most useful case because of the presence of simple boundary conditions. We will also be
mainly concerned with quasi-geostrophic dynamics on a 𝛽-plane (and hence Rossby waves), using
Boussinesq dynamics, since here the concepts are most clearly illustrated. Thus, in this chapter the
reader will find an introduction to such matters as the ‘transformed Eulerian mean’, the ‘Eliassen–
Palm flux’ and the ‘non-acceleration result’, and later in the chapter we look at how some related
ideas can be used to prove stability of a flow without invoking normal modes. Impatient readers
who are anxious for real examples may wish to first look at Chapters 15 and 17 and then come back
to this chapter as needed.
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7.1 QUASI-GEOSTROPHIC WAVE–MEAN-FLOW INTERACTION
7.1.1 Preliminaries
To fix our dynamical system and notation, we write down the Boussinesq quasi-geostrophic potential vorticity equation
𝜕𝑞
+ 𝐽(𝜓, 𝑞) = 𝐷,
(7.1)
𝜕𝑡
where 𝐷 represents any non-conservative terms and the potential vorticity in a Boussinesq system
is
𝜕 𝑓0
( 𝑏) ,
(7.2)
𝑞 = 𝛽𝑦 + 𝜁 +
𝜕𝑧 𝑁2
where 𝜁 is the relative vorticity and 𝑏 is the buoyancy perturbation from the background state
characterized by 𝑁2 . (In an ideal gas 𝑞 = 𝛽𝑦 + 𝜁 + (𝑓0 /𝜌𝑅 )𝜕𝑧 (𝜌𝑅 𝑏/𝑁2 ), where 𝜌𝑅 is a specified
density profile, and most of our derivations can be extended to that case.) We will refer to lines of
constant 𝑏 as isentropes. In terms of the streamfunction, the variables are
𝜁 = ∇2 𝜓,

𝑏 = 𝑓0

𝜕𝜓
,
𝜕𝑧

𝑞 = 𝛽𝑦 + [∇2 +

𝜕 𝑓02 𝜕
(
)] 𝜓.
𝜕𝑧 𝑁2 𝜕𝑧

(7.3)

where ∇2 ≡ (𝜕𝑥2 + 𝜕𝑦2 ). The potential vorticity equation holds in the fluid interior; the boundary
conditions on (10.3) are provided by the thermodynamic equation
𝜕𝑏
+ 𝐽(𝜓, 𝑏) + 𝑤𝑁2 = 𝐻,
𝜕𝑡

(7.4)

where 𝐻 represents heating terms. The vertical velocity at the boundary, 𝑤, is zero in the absence
of topography and Ekman friction, and if 𝐻 is also zero the boundary condition is just
𝜕𝑏
+ 𝐽(𝜓, 𝑏) = 0.
𝜕𝑡

(7.5)

Equations (10.1) and (10.5) are the evolution equations for the system and if both 𝐷 and 𝐻 are
̂
zero they conserve both the total energy, 𝐸̂ and the total enstrophy, 𝑍:
d 𝐸̂
= 0,
d𝑡
̂
d𝑍
= 0,
d𝑡

1
𝑓2 𝜕𝜓 2
𝐸̂ = ∫ (∇𝜓)2 + 02 ( ) d𝑉,
2 𝑉
𝑁 𝜕𝑧
̂ = 1 ∫ 𝑞2 d𝑉,
𝑍
2 𝑉

(7.6)

where 𝑉 is a volume bounded by surfaces at which the normal velocity is zero, or that has periodic
boundary conditions. The enstrophy is also conserved layerwise; that is, the horizontal integral of
𝑞2 is conserved at every level.

7.1.2

Potential Vorticity Flux in the Linear Equations

Let us decompose the fields into a mean (to be denoted with an overbar) plus a perturbation (denoted with a prime), and let us suppose the perturbation fields are of small amplitude. (In linear
problems, such as those considered in Chapter 9, we decomposed the flow into a ‘basic state’ plus
a perturbation, with the basic state fixed in time. Our approach here is similar, but soon we will
allow the mean state to evolve.) The linearized quasi-geostrophic potential vorticity equation is
then
𝜕𝑞′
𝜕𝑞
𝜕𝑞
𝜕𝑞′
𝜕𝑞′
+𝑢
+ 𝑢′
+𝑣
+ 𝑣′
= 𝐷′ ,
(7.7)
𝜕𝑡
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
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where 𝐷′ represents eddy forcing and dissipation and, in terms of streamfunction,
𝜕𝜓′ 𝜕𝜓′
,
),
(7.8a)
𝜕𝑦 𝜕𝑥
𝜕 𝑓02 𝜕𝜓′
(
).
𝑞′ (𝑥, 𝑦, 𝑧, 𝑡) = ∇2 𝜓′ +
(7.8b)
𝜕𝑧 𝑁2 𝜕𝑧
If the mean is a zonal mean then 𝜕𝑞/𝜕𝑥 = 0 and 𝑣 = 0 (because 𝑣 is purely geostrophic) and
(10.7) simplifies to
𝜕𝑞′
𝜕𝑞′
𝜕𝑞
+𝑢
+ 𝑣′
= 𝐷′ ,
(7.9)
𝜕𝑡
𝜕𝑥
𝜕𝑦
where
𝜕𝑢
𝜕 𝑓0
𝜕𝑞
𝜕2 𝑢
𝜕 𝑓02 𝜕𝑢
𝑞 = 𝛽𝑦 −
+
( 2 𝑏) , and
=𝛽− 2 −
(
).
(7.10a,b)
𝜕𝑦 𝜕𝑧 𝑁
𝜕𝑦
𝜕𝑦
𝜕𝑧 𝑁2 𝜕𝑧
(𝑢′ (𝑥, 𝑦, 𝑧, 𝑡), 𝑣′ (𝑥, 𝑦, 𝑧, 𝑡)) = (−

using thermal wind, 𝑓0 𝜕𝑢/𝜕𝑧 = −𝜕𝑏/𝜕𝑦.
Multiplying by 𝑞′ and zonally averaging gives the enstrophy equation:
1 𝜕 ′2
𝜕𝑞
+ 𝐷 ′ 𝑞′ .
𝑞 = −𝑣′ 𝑞′
2 𝜕𝑡
𝜕𝑦

(7.11)

The quantity 𝑣′ 𝑞′ is the meridional flux of potential vorticity; this is downgradient (by definition)
when the first term on the right-hand side is positive (i.e., 𝑣′ 𝑞′ 𝜕𝑞/𝜕𝑦 < 0), and it then acts to
increase the variance of the perturbation. (This occurs, for example, when the flux is diffusive
so that 𝑣′ 𝑞′ = −𝜅𝜕𝑞/𝜕𝑦, where 𝜅 may vary but is everywhere positive.) This argument may be
inverted: for inviscid flow (𝐷 = 0), if the waves are growing, as for example in the canonical models
of baroclinic instability discussed in Chapter 9, then the potential vorticity flux is downgradient.
If the second term on the right-hand side of (10.11) is negative, as it will be if 𝐷′ is a dissipative
process (e.g., if 𝐷′ = 𝐴∇2 𝑞′ or if 𝐷′ = −𝑟𝑞′ , where 𝐴 and 𝑟 are positive) then a statistical balance
can be achieved between enstrophy production via downgradient transport, and dissipation. If the
waves are steady (by which we mean statistically steady, neither growing nor decaying in amplitude)
and conservative (i.e., 𝐷′ = 0) then we must have
𝑣′ 𝑞′ = 0.

(7.12)

Similar results follow for the buoyancy at the boundary; we start by linearizing the thermodynamic equation (10.5) to give
𝜕𝑏′
𝜕𝑏′
𝜕𝑏
+𝑢
+ 𝑣′
= 𝐻′ ,
(7.13)
𝜕𝑡
𝜕𝑥
𝜕𝑦
where 𝐻′ is a diabatic source term. Multiplying (10.13) by 𝑏′ and averaging gives
1 𝜕 ′2
𝜕𝑏
𝑏 = −𝑣′ 𝑏′
+ 𝐻′ 𝑏′ .
2 𝜕𝑡
𝜕𝑦

(7.14)

Thus growing adiabatic waves have a downgradient flux of buoyancy at the boundary. In the Eady
problem there is no interior gradient of basic-state potential vorticity and all the terms in (10.11)
are zero, but the perturbation grows at the boundary. If the waves are steady and adiabatic then,
analogously to (10.12),
𝑣′ 𝑏′ = 0.
(7.15)
The boundary conditions and fluxes may be absorbed into the interior definition of potential vorticity and its fluxes by way of the delta-function boundary layer construction, described in Section
5.4.3. In models with discrete vertical layers or a finite number of levels it is common practice to
absorb the boundary conditions into the definition of potential vorticity at top and bottom.
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7.1.3

Wave–Mean-Flow Interaction

In linear problems we usually suppose that the mean-flow is fixed and that the zonal mean terms,
𝑢 and 𝑞 in (10.9), are functions only of 𝑦 and 𝑧. However, in reality we might expect that the meanflow would change because of momentum and heat flux convergences arising from the eddy–eddy
interactions. To calculate these changes we begin with the potential vorticity equation (10.1) and,
in the usual way, express the variables as a zonal mean plus an eddy term and obtain
𝜕𝑞
+ ∇ ⋅ (𝒖 𝑞) + ∇ ⋅ (𝒖′ 𝑞′ ) = 𝐷.
𝜕𝑡

(7.16)

Now, since the mean-flow is a zonal mean, and 𝑣 = 0, the first term is zero and the mean-flow
evolves according to
𝜕 ′ ′
𝜕𝑞
+
𝑣 𝑞 = 𝐷.
(7.17)
𝜕𝑡 𝜕𝑦
Similarly, at the boundary the mean buoyancy evolution equation is
𝜕𝑏
𝜕 ′ ′
+
𝑣 𝑏 = 𝐻.
𝜕𝑡 𝜕𝑦

(7.18)

To obtain 𝑢 from 𝑞 and 𝑏 we use thermal wind balance to define a streamfunction 𝛹. That is,
since
𝜕𝑢
𝜕𝑏
1
𝜕𝛹 𝜕𝛹
𝑓0
= − , then (𝑢, 𝑏) = (−
,
)
(7.19a,b)
𝜕𝑧
𝜕𝑦
𝑓0
𝜕𝑦 𝜕𝑧
whence, using (10.10a), the potential vorticity is
𝑞(𝑦, 𝑧, 𝑡) − 𝛽𝑦 =

𝜕 𝑓02 𝜕𝛹
𝜕2 𝛹
( 2
)+ 2.
𝜕𝑧 𝑁 𝜕𝑧
𝜕𝑦

(7.20)

If 𝑞 is known in the interior from (10.18), and 𝑏 (i.e., 𝑓0 𝜕𝛹/𝜕𝑧) is known at the boundaries, then 𝑢
and 𝑏 in the interior may be obtained using (10.20) and (10.19b). The equations are also summarized in the grey box on page 390.
To close the system we suppose that the eddy terms themselves evolve according to (10.9) and
(10.13). If in those equations we were to include the eddy–eddy interaction terms we would simply recover the full system, so in neglecting those terms we have constructed an eddy–mean-flow
system, commonly called a wave–mean-flow system because by eliminating the nonlinear terms in
the perturbation equation the eddies will often be wavelike. Non quasi-geostrophic wave–meanflow systems may be constructed in a similar fashion: for example, we could construct a system
using the primitive equations with separate equations for eddy and zonal-mean temperature and
velocity fields, and an example involving gravity waves is given in Chapter 17.
It is important to realise that such systems do differ from linear ones. In constructing linear
systems we posit that the eddy terms are small compared to the mean-flow and thus neglect the
eddy–eddy interaction terms and keep the mean-flow fixed. In a wave–mean-flow problem we
similarly suppose the eddy terms are small, and we neglect eddy–eddy interaction terms where
they produce another eddy, because the terms involving the mean-flow are larger. However, in
the mean-flow equation, (10.16), there are no mean-flow terms that are larger, so we keep the
eddy–eddy terms and allow the mean-flow to evolve. Such a justification is hardly a rigorous one,
since if the eddy terms are small then the effects on the mean-flow will be small, and so one might
suppose that the mean-flow should be held fixed. The wave–mean-flow equations really can only
be justified on a case-by-case basis with a detailed examination of the size of the terms and the rate
at which they evolve, and that is the subject of weakly nonlinear theory. Another justification for
wave–mean-flow problems is that they lead to insight into the behaviour of the full system.

7.1 Quasi-Geostrophic Wave–Mean-Flow Interaction
We now consider some more properties of the waves themselves — how they propagate and
what they conserve — beginning with a discussion of the potential vorticity flux and its relative,
the Eliassen–Palm flux
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Shootings of water thread down the slope
of the huge green stone —
The white eddy-rose that blossom’d up
against the stream in the scollop,
by fits and starts, obstinate in resurrection —
It is the life that we live.
Samuel Taylor Coleridge, The Eddy-Rose, adapted from notebook, 1799.

CHAPTER 8

Basics of Incompressible Turbulence

T

urbulence is high Reynolds number fluid flow, dominated by nonlinearity, containing

both spatial and temporal disorder. No definition is perfect, and it is hard to disentangle
a definition from a property, but this statement captures the essential aspects. A turbulent
flow has eddies with a spectrum of sizes between some upper and lower bounds, the former often
determined by the forcing scale or the domain scale, and the latter usually by viscosity. The individual eddies come and go, and are inherently unpredictable. Rather like life, turbulent flows are
endlessly fascinating and not a little frustrating.15
The circulation of the atmosphere and ocean is, inter alia, the motion of a forced-dissipative
fluid subject to various constraints such as rotation and stratification. The larger scales are orders
of magnitude larger than the dissipation scale (the scale at which molecular viscosity becomes important) and at many if not all scales the motion is highly nonlinear and quite unpredictable. Thus,
we can justifiably say that the atmosphere and ocean are turbulent fluids. We are not simply talking about the small-scale flows traditionally regarded as turbulent; rather, our main focus will be
the large-scale flows associated with baroclinic instability and greatly influenced by rotation and
stratification, a kind of turbulence known as geostrophic turbulence. However, before discussing
turbulence in the atmosphere and ocean, in this chapter we consider from a fairly elementary standpoint the basic theory of two- and three-dimensional turbulence, and in particular the theory of
inertial ranges. We do not provide a comprehensive discussion of turbulence; rather, we provide
an introduction to those aspects of most interest or relevance to the dynamical oceanographer or
meteorologist. In the next chapter we consider the effects of rotation and stratification, and after
that we look at turbulent diffusion.

8.1

THE FUNDAMENTAL PROBLEM OF TURBULENCE

Turbulence is a difficult subject because it is nonlinear, and because, and relatedly, there are interactions between scales of motion. Let us first see what difficulties these bring, beginning with the
closure problem itself.

8.1.1

The Closure Problem

Although in a turbulent flow it may be virtually impossible to predict the detailed motion of each
eddy, the statistical properties — time averages for example — are not necessarily changing and we
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might like to predict such averages. Effectively, we accept that we cannot predict the weather, but
we can try to predict the climate. Even though we know the equations that determine the system,
this task proves to be very difficult because the equations are nonlinear, and we come up against the
closure problem. To see what this is, let us decompose the velocity field into mean and fluctuating
components,
𝒗 = 𝒗 + 𝒗′ .
(8.1)
Here 𝒗 is the mean velocity field, and 𝒗′ is the deviation from that mean. The mean might be a
time average, in which case 𝒗 is a function only of space and not of time, or it might be a time
mean over a finite period (e.g., a season if we are dealing with the weather), or it might be some
form of ensemble mean. The average of the deviation is, by definition, zero; that is 𝒗′ = 0. The
idea is to substitute (11.1) into the momentum equation and try to obtain a closed equation for the
mean quantity 𝒗. Rather than dealing with the full Navier–Stokes equations, let us carry out this
program for a model nonlinear system that obeys
d𝑢
+ 𝑢𝑢 + 𝑟𝑢 = 0,
d𝑡

(8.2)

where 𝑟 is a constant. The average of this equation is:
d𝑢
+ 𝑢𝑢 + 𝑟𝑢 = 0.
d𝑡

(8.3)

The value of the term 𝑢𝑢 (i.e., 𝑢2 ) is not deducible simply by knowing 𝑢, since it involves correlations between eddy quantities, namely 𝑢′ 𝑢′ . That is, 𝑢𝑢 = 𝑢 𝑢 + 𝑢′ 𝑢′ ≠ 𝑢 𝑢. We can go to the next
order to try (vainly!) to obtain an equation for 𝑢 𝑢. First multiply (11.2) by 𝑢 to obtain an equation
for 𝑢2 , and then average it to yield
1 d𝑢2
+ 𝑢𝑢𝑢 + 𝑟𝑢2 = 0.
2 d𝑡

(8.4)

This equation contains the undetermined cubic term 𝑢𝑢𝑢. An equation determining this would
contain a quartic term, and so on in an unclosed hierarchy. Many methods of closing the hierarchy
make assumptions about the relationship of (𝑛 + 1)th order terms to 𝑛th order terms, for example
by supposing that
𝑢𝑢𝑢𝑢 = 𝛼𝑢𝑢 𝑢𝑢 + 𝛽𝑢𝑢𝑢,
(8.5)
where 𝛼 and 𝛽 are some parameters, and closures set in physical space or in spectral space (i.e., acting on the Fourier transformed variables) have both been proposed. If we know that the variables
are distributed normally then such closures can sometimes be made exact, but this is not generally
the case in turbulence and all closures that have been proposed so far are, at best, approximations.
This same closure problem arises in the Navier–Stokes equations. If density is constant (say
𝜌 = 1) the 𝑥-momentum equation for an averaged flow is
𝜕𝑝
𝜕𝑢
+ (𝒗 ⋅ ∇)𝑢 = −
− ∇ ⋅ 𝒗′ 𝑢′ .
𝜕𝑡
𝜕𝑥

(8.6)

Written out in full in Cartesian coordinates, the last term is
∇ ⋅ 𝒗′ 𝑢′ =

𝜕 ′ ′ 𝜕 ′ ′ 𝜕 ′ ′
𝑢𝑢 +
𝑢𝑣 + 𝑢𝑤.
𝜕𝑥
𝜕𝑦
𝜕𝑧

(8.7)

These terms, and the similar ones in the 𝑦- and 𝑧-momentum equations, represent the effects of
eddies on the mean flow and are known as Reynolds stress terms. The ‘closure problem’ of turbulence may be thought of as finding a representation of such Reynolds stress terms in terms of mean
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flow quantities. Nobody has been able to close the system, in any useful way, without introducing
physical assumptions not directly deducible from the equations of motion themselves. Indeed, not
only has the problem not been solved, it is not clear that in general a useful closed-form solution
actually exists.

8.1.2

Triad Interactions in Turbulence

The nonlinear term in the equations of motion not only leads to difficulties in closing the equations,
but it leads to interactions among different length scales, and in this section we write the equations
of motion in a form that makes this explicit. For algebraic simplicity we will restrict our attention
to two-dimensional flows, but very similar considerations also apply in three dimensions, and the
details of the algebra following are not of themselves important to subsequent sections.16
The equation of motion for an incompressible fluid in two dimensions — see for example (4.67)
or (5.119) — may be written as
𝜕𝜁
+ 𝐽(𝜓, 𝜁) = 𝐹 + 𝜈∇2 𝜁,
𝜕𝑡

𝜁 = ∇2 𝜓.

(8.8)

We include a forcing and viscous term but no Coriolis term. Let us suppose that the fluid is contained in a square, doubly-periodic domain of side 𝐿, and let us expand the streamfunction and
vorticity in Fourier series so that, with a tilde denoting a Fourier coefficient,
̃ 𝑡)e i𝒌⋅𝒙 ,
𝜓(𝑥, 𝑦, 𝑡) = ∑ 𝜓(𝒌,

̃ 𝑡)e i𝒌⋅𝒙 ,
𝜁(𝑥, 𝑦, 𝑡) = ∑ 𝜁(𝒌,

𝒌

𝒌

(8.9)

̃ where 𝑘2 = 𝑘𝑥2 + 𝑘𝑦2 and, to ensure that 𝜓 is real, 𝜓(𝑘
̃ 𝑥 , 𝑘𝑦 , 𝑡) =
where 𝒌 = 𝐢𝑘𝑥 + 𝐣𝑘𝑦 , 𝜁 ̃ = −𝑘2 𝜓
∗
𝑥
𝑦
∗
̃
𝜓 (−𝑘 , −𝑘 , 𝑡), where denotes the complex conjugate, and this property is known as conjugate
̃ 𝑡)
symmetry. The summations are over all positive and negative 𝑥- and 𝑦-wavenumbers, and 𝜓(𝒌,
𝑥 𝑦
̃
is shorthand for 𝜓(𝑘 , 𝑘 , 𝑡). Substituting (11.9) in (11.8) gives, with (for the moment) 𝐹 and 𝜈
both zero,
𝜕
̃ 𝑡)e i𝒒⋅𝒙
̃ 𝑡)e i𝒌⋅𝒙 = ∑ 𝑝𝑥 𝜓(𝒑,
̃ 𝑡)e i𝒑⋅𝒙 × ∑ 𝑞𝑦 𝜁(𝒒,
∑ 𝜁(𝒌,
𝜕𝑡 𝒌
𝒒
𝒑
̃ 𝑡)e i𝒒⋅𝒙 ,
̃ 𝑡)e i𝒑⋅𝒙 × ∑ 𝑞𝑥 𝜁(𝒒,
− ∑ 𝑝𝑦 𝜓(𝒑,
𝒑

(8.10)

𝒒

where 𝒑 and 𝒒 are, like 𝒌, horizontal wave vectors. We may obtain an evolution equation for the
wavevector 𝒌 by multiplying (11.10) by exp(−i𝒌 ⋅ 𝒙) and integrating over the domain, and using
the fact that the Fourier modes are orthogonal; that is
∫ e i𝒑⋅𝒙 e i𝒒⋅𝒙 d𝐴 = 𝐿2 𝛿(𝒑 + 𝒒),

(8.11)

where 𝛿(𝒑 + 𝒒) equals unity if 𝒑 = −𝒒 and is zero otherwise. Using this, (11.10) becomes, restoring
the forcing and dissipation terms,
𝜕
̃ − 𝜈𝑘2 𝜓(𝐤,
̃ 𝑡) = ∑ 𝐴(𝒌, 𝒑, 𝒒)𝜓(𝒑,
̃ 𝑡)𝜓(𝒒,
̃ 𝑡) + 𝐹(𝒌)
̃ 𝑡),
𝜓(𝒌,
𝜕𝑡
𝒑,𝒒

(8.12)

where 𝐴(𝒌, 𝒑, 𝒒) = (𝑞2 /𝑘2 )(𝑝𝑥 𝑞𝑦 − 𝑝𝑦 𝑞𝑥 )𝛿(𝒑 + 𝒒 − 𝐤) is an ‘interaction coefficient’, and the summation is over all 𝒑 and 𝒒; however, only those wavevector triads with 𝒑 + 𝒒 = 𝐤 make a non-zero
contribution, because of the presence of the delta function.
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Fig. 8.1 Two interacting triads,
each with 𝒌 = 𝒑 + 𝒒. On the left,
a local triad with 𝑘 ∼ 𝑝 ∼ 𝑞. On
the right, a non-locpwal triad with
𝑘 ∼ 𝑝 ≫ 𝑞.

Consider, then, a fluid in which just two Fourier modes are initially excited, with wavevectors
𝒑 and 𝒒, along with their conjugate-symmetric partners at −𝒑 and −𝒒. These modes interact, obeying (11.12), to generate third and fourth wavenumbers, 𝒌 = 𝒑 + 𝒒 and 𝒎 = 𝒑 − 𝒒 (along with their
conjugate-symmetric partners). These four wavenumbers can interact among themselves to generate several additional wavenumbers, 𝒌 + 𝒑, 𝒌 + 𝒎 and so on, so potentially filling out the entire
spectrum of wavenumbers. The individual interactions are called triad interactions, and it is by
way of such interactions that energy is transferred between scales in turbulent flows, in both two
and three dimensions. The dissipation term does not lead to interactions between modes with different wavevectors; rather, it acts like a drag on each Fourier mode, with a coefficient that increases
with wavenumber and therefore that preferentially affects small scales.
The selection rule for triad interactions — that 𝒌 = 𝒑 + 𝒒 — does not restrict the scales of these
interacting wavevectors, and the types of triad interactions fall between two extremes:
(i) local interactions, in which 𝑘 ∼ 𝑝 ∼ 𝑞;
(ii) non-local interactions, in which 𝑘 ∼ 𝑝 ≫ 𝑞.
These two kinds of triads are schematically illustrated in Fig. 11.1. Without a detailed analysis of the
solutions of the equations of motion — an analysis that is in general impossible for fully-developed
turbulence — we cannot say with certainty whether one kind of triad interaction dominates. The
theory of Kolmogorov considered below, and its two-dimensional analogue, assume that it is the
local triads that are most important in transferring energy; this is a reasonable assumption because,
from the perspective of a small eddy, large eddies appear as a nearly-uniform flow and so translate
the small eddies around without distortion and thus without transferring energy between scales.

8.2

THE KOLMOGOROV THEORY

The foundation of many theories of turbulence is the spectral theory of Kolmogorov.17 This theory
does not close the equations as explicit a manner as (11.5), but it does provide a prediction for the
energy spectrum of a turbulent flow (i.e., how much energy is present at a particular spatial scale)
and it does this by suggesting a relationship between the energy spectrum (a second-order quantity
in velocity) and the spectral energy flux (a third-order quantity).

8.2.1

The Physical Picture

Consider high Reynolds number (Re) incompressible flow that is being maintained by some external force. Then the evolution of a system that has 𝜌 = 1 is governed by
𝜕𝒗
+ (𝒗 ⋅ ∇)𝒗 = −∇𝑝 + 𝑭 + 𝜈∇2 𝒗
𝜕𝑡

(8.13)
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and
∇ ⋅ 𝒗 = 0.

(8.14)

Here, 𝑭 is some force we apply to maintain fluid motion — for example, we stir the fluid with a
spoon. (One might argue that such stirring is not a force, like gravity, but a continuous changing
of the boundary conditions. Having noted this, we treat it as a force.) A simple scale analysis of
these equations seems to indicate that the ratio of the size of the inertial terms on the left-hand side
to the viscous term is the Reynolds number 𝑉𝐿/𝜈, where 𝑉 and 𝐿 are velocity and length scales.
To be explicit let us consider the ocean, and take 𝑉 = 0.1 m s−1 , 𝐿 = 1000 km and 𝜈 = 10−6 m2 s−1 .
Then Re = 𝑉𝐿/𝜈 ≈ 1011 , and it seems that we can neglect the viscous term on the right-hand side
of (11.13). But this can lead to a paradox, as if the fluid is being forced this forcing is likely to put
energy into the fluid. To see this, we obtain the energy budget for (11.13) by multiplying by 𝒗 and
integrating over a domain. If there is no flow into or out of our domain, the inertial terms in the
momentum equation conserve energy and, recalling Section 1.10, the energy equation is
d 𝐸̂
d 1 2
=
∫ 𝒗 d𝑉 = ∫ (𝑭 ⋅ 𝒗 + 𝜈𝒗 ⋅ ∇2 𝒗) d𝑉 = ∫ (𝑭 ⋅ 𝒗 − 𝜈𝝎2 ) d𝑉,
d𝑡
d𝑡 2

(8.15)

where 𝐸̂ is the total energy. If we neglect the viscous term we are led to an inconsistency, since the
forcing term is a source of energy (𝑭 ⋅ 𝒗 > 0), because a force will normally, on average, produce a
velocity that is correlated with the force itself. Without viscosity, energy keeps on increasing.
What is amiss? It is true that for motion with a 1000 km length scale and a velocity of a few
centimetres per second we can neglect viscosity when considering the balance of forces in the
momentum equation. But this does not mean that there is no motion at much smaller length
scales — indeed we seem to be led to the inescapable conclusion that there must be some motion
at smaller scales in order to remove energy. Scale analysis of the momentum equation suggests that
viscous terms will be comparable with the inertial terms at a scale 𝐿𝜈 where the Reynolds number
based on that scale is of order unity, giving
𝜈
𝐿𝜈 ∼ .
(8.16)
𝑉
This is a very small scale for geophysical flows, of order millimetres or less. Where and how are such
small scales generated? Boundaries are one important region; if there is high Reynolds number
flow above a solid boundary, for example the wind above the ground, then viscosity must become
important in bringing the velocity to zero in order that it can satisfy the no-slip condition at the
surface, as illustrated in Fig. 5.4.
Motion on very small scales may also be generated in the fluid interior. How might this happen?
Suppose the forcing acts only at large scales, and its direct action is to set up some correspondingly
large-scale flow, composed of eddies and shear flows and such-like. Then typically there will be an
instability in the flow, and a smaller eddy will grow: initially, the large-scale flow may be treated
as an unchanging shear flow, and the disturbance while small will obey linear equations of motion
similar to those applicable in an idealized Kelvin–Helmholtz instability. This instability clearly
must draw from the large scale quasi-stationary flow, and it will eventually saturate at some finite
amplitude. Although it has grown in intensity, it is still typically smaller than the large scale flow
that fostered it (remember how the growth rate of the shear instability gets larger as the wavelength
of the perturbation decreased). As it reaches finite amplitude, the perturbation itself may become
unstable, and smaller eddies will feed off its energy and grow, and so on.18 Vortex stretching plays
an important role in all this, stretching line elements and creating eddies, and energy, at small scales.
The general picture that emerges is of a large-scale flow that is unstable to eddies somewhat smaller
in scale. These eddies grow, and develop still smaller eddies, and energy is transferred to smaller
and smaller scales in a cascade-like process, sketched in Fig. 11.2. Finally, eddies are generated
that are sufficiently small that they feel the effects of viscosity, and energy is drained away. Thus,
there is a flux of kinetic energy from the large to the small scales, where it is dissipated into heat.
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Fig. 8.2 The passage of energy to
smaller scales: eddies at large scale
break up into ones at smaller scale,
thereby transferring energy to smaller
scales. (The eddies in reality are embedded within each other.)
If the passage occurs between eddies of
similar sizes (i.e., if it is spectrally local)
the transfer is said to be a cascade.

8.2.2

Inertial-range Theory

Given the above picture it becomes possible to predict what the energy spectrum is. Let us suppose
that the flow is statistically isotropic (i.e., the same in all directions) and homogeneous (i.e., the
same everywhere; all isotropic flows are homogeneous, but not vice versa). Homogeneity precludes
the presence of solid boundaries but can be achieved in a periodic domain, and the finite domain
puts an upper limit, sometimes called the outer scale, on the size of eddies.
If we decompose the velocity field into Fourier components, then in a finite domain we may
write
𝑥
𝑦
𝑧
𝑢(𝑥, 𝑦, 𝑧, 𝑡) = ∑ 𝑢̃(𝒌, 𝑡)e i(𝑘 𝑥+𝑘 𝑦+𝑘 𝑧) ,
(8.17)
𝒌

where 𝑢̃ is the Fourier transformed field of 𝑢, with similar identities for 𝑣 and 𝑤, and 𝒌 = (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ).
The sum is a triple sum over all wavenumbers (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ), and in a finite domain these wavenumbers are quantized. Finally, to ensure that 𝑢 is real we require that 𝑢̃(−𝒌) = 𝑢̃∗ (𝒌), where the
asterisk denotes the complex conjugate. Using Parseval’s theorem (and assuming density is unity,
as we shall throughout this chapter) the energy in the fluid is given by
1
1
1
𝑢|2 + |̃
𝑣|2 + |𝑤|
̃ 2 ) ≡ ∑ ℰ𝒌 ,
∫ 𝐸 d𝑉 =
∫ (𝑢2 + 𝑣2 + 𝑤2 ) d𝑉 = ∑ (|̃
𝑉 𝑉
2𝑉 𝑉
2 𝒌
𝒌

(8.18)

where 𝐸 is the energy density per unit mass, 𝑉 is the volume of the domain, and the last equality serves to define the discrete energy spectrum ℰ𝒌 . We will now assume that the turbulence is
isotropic, and that the domain is sufficiently large that the sums in the above equations may be
replaced by integrals. We may then write
𝐸=

1̂
1
𝐸=
∫ 𝒗2 d𝑉 = ∫ ℰ (𝑘) d𝑘,
𝑉
2𝑉 𝑉

(8.19)

where 𝐸 is the average energy, 𝐸̂ is the total energy and ℰ (𝑘) is the energy spectral density, or
the energy spectrum, so that ℰ (𝑘)𝛿𝑘 is the energy in the small wavenumber interval 𝛿𝑘. Because
of the assumed isotropy, the energy is a function only of the scalar wavenumber 𝑘, where 𝑘2 =
𝑘𝑥2 + 𝑘𝑦2 + 𝑘𝑧2 . The units of ℰ (𝑘) are 𝐿3 /𝑇2 and the units of 𝐸 are 𝐿2 /𝑇2 .
We now suppose that the fluid is stirred at large scales and, via the nonlinear terms in the momentum equation, that this energy is transferred to small scales where it is dissipated by viscosity.
The key assumption is to suppose that, if the forcing scale is sufficiently larger than the dissipation
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Dimensions and the Kolmogorov Spectrum
Quantity

Dimension

Wavenumber, 𝑘
1/L
Energy per unit mass, 𝐸
𝑈2 = 𝐿2 /𝑇2
Energy spectrum, ℰ (𝑘)
𝐸𝐿 = 𝐿3 /𝑇2
Energy flux, 𝜀
𝐸/𝑇 = 𝐿2 /𝑇3
If ℰ = 𝑓(𝜀, 𝑘) then the only dimensionally consistent relation for the energy spectrum is
ℰ = 𝒦 𝜀2/3 𝑘−5/3 ,
where 𝒦 is a dimensionless constant.

scale, there exists a range of scales that is intermediate between the large scale and the dissipation scale and where neither forcing nor dissipation are explicitly important to the dynamics. This
assumption, known as the locality hypothesis, depends on the nonlinear transfer of energy being
sufficiently local (in spectral space). This intermediate range is known as the inertial range, because
the inertial terms and not forcing or dissipation must dominate in the momentum balance. If the
rate of energy input per unit volume by stirring is equal to 𝜀, then if we are in a steady state there
must be a flux of energy from large to small scales that is also equal to 𝜀, and an energy dissipation
rate, also 𝜀.
Now, we have no general theory for the energy spectrum of a turbulent fluid, but we might
suppose it takes the general form
ℰ (𝑘) = 𝑔(𝜀, 𝑘, 𝑘0 , 𝑘𝜈 ),
(8.20)
where the right-hand side denotes a function of the spectral energy flux or cascade rate 𝜀, the
wavenumber 𝑘, the forcing wavenumber 𝑘0 and the wavenumber at which dissipation acts, 𝑘𝜈 (and
𝑘𝜈 ∼ 𝐿−1
𝜈 ). The function 𝑔 will of course depend on the particular nature of the forcing. Now, the
locality hypothesis essentially says that at some scale within the inertial range the flux of energy to
smaller scales depends only on processes occurring at or near that scale. That is to say, the energy
flux is only a function of ℰ and 𝑘, or equivalently that the energy spectrum can be a function only
of the energy flux 𝜀 and the wavenumber itself. From a physical point of view, as energy cascades to
smaller scales the details of the forcing are forgotten but the effects of viscosity are not yet apparent,
and the energy spectrum takes the form,
ℰ (𝑘) = 𝑔(𝜀, 𝑘).

(8.21)

The function 𝑔 is assumed to be universal, the same for every turbulent flow.
Let us now use dimensional analysis to give us the form of the function 𝑔(𝜀, 𝑘) (see the shaded
box on page 419). In (11.21), the left-hand side has dimensions 𝐿3 /𝑇2 ; the factor 𝑇−2 can only be
balanced by 𝜀2/3 because 𝑘 has no time dependence; that is, (11.21), and its dimensions, must take
the form
ℰ (𝑘) = 𝜀2/3 𝑔(𝑘),

𝐿3
𝐿4/3
∼ 2 𝑔(𝑘),
2
𝑇
𝑇

(8.22a)
(8.22b)

where 𝑔(𝑘) is some function. Evidently 𝑔(𝑘) must have dimensions 𝐿5/3 , and the functional rela-
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Fig. 8.3 The energy spectrum in threedimensional turbulence, in the theory of
Kolmogorov. Energy is supplied at some rate
𝜀; it is cascaded to small scales, where it is
ultimately dissipated by viscosity. There is
no systematic energy transfer to scales larger
than the forcing scale, so here the energy
falls oﬀ.
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ε
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tionship we must have, if the physical assumptions are right, is
ℰ (𝑘) = 𝒦 𝜀2/3 𝑘−5/3 .

(8.23)

This is the famous ‘Kolmogorov -5/3 spectrum’, enshrined as one of the cornerstones of turbulence
theory. It is sketched in Fig. 11.3, and some experimental results are shown in Fig. 11.4. The parameter 𝒦 is a dimensionless constant, undetermined by this theory; it is known as Kolmogorov’s
constant and experimentally its value is found to be about 1.5.19
An equivalent, and revealing, way to derive this result is to first define an eddy turnover time
𝜏𝑘 , which is the time taken for a parcel with velocity 𝑣𝑘 to move a distance 1/𝑘, 𝑣𝑘 being the velocity
associated with the (inverse) scale 𝑘. On dimensional considerations 𝑣𝑘 = [ℰ (𝑘)𝑘]1/2 so that
𝜏𝑘 = [𝑘3 ℰ (𝑘)]

−1/2

.

(8.24)

Kolmogorov’s assumptions are then equivalent to setting
𝜀∼

𝑣𝑘2 𝑘ℰ (𝑘)
=
.
𝜏𝑘
𝜏𝑘

(8.25)

If we demand that 𝜀 be a constant then (11.24) and (11.25) yield (11.23).

The viscous scale and energy dissipation
At some small length scale we should expect viscosity to become important and the scaling theory
we have just set up will fail. What is that scale? In the inertial range friction is unimportant because
the time scales on which it acts are too long for it be important and dynamical effects dominate.
In the momentum equation the viscous term is 𝜈∇2 𝑢 so that a viscous or dissipation time scale at
a scale 𝑘−1 , 𝜏𝑘𝜈 , is
1
𝜏𝑘𝜈 ∼ 2 ,
(8.26)
𝑘 𝜈
so that the viscous time scale decreases with scale. The eddy turnover time, 𝜏𝑘 — that is, the inertial
time scale — in the Kolmogorov spectrum is
𝜏𝑘 = 𝜀−1/3 𝑘−2/3 .

(8.27)
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Wavenumber
Fig. 8.4 The energy spectrum of 3D turbulence measured in some experiments at the Princeton
Superpipe facility.20 The outer plot shows the spectra from a large number of experiments at different Reynolds numbers up to 106 , with the magnitude of their spectra appropriately rescaled.
Smaller scales show a good −5/3 spectrum, whereas at larger scales the eddies feel the eﬀects of the
pipe wall and the spectra are a little shallower. The inner plot shows the spectrum in the centre of
the pipe in a single experiment at Re ≈ 106 .

The wavenumber at which dissipation becomes important is then given by equating the above two
time scales, yielding the dissipation wavenumber, 𝑘𝜈 and the associated length scale, 𝐿𝜈 ,
𝑘𝜈 ∼ (

𝜀 1/4
) ,
𝜈3

1/4

𝐿𝜈 ∼ (

𝜈3
)
𝜀

.

(8.28a,b)

𝐿𝜈 is called the Kolmogorov scale. It is the only quantity which can be created from the quantities
𝜈 and 𝜀 that has the dimensions of length. (It is the same as the scale given by (11.16) provided
that in that expression 𝑉 is the velocity magnitude at the Kolmogorov scale.) Thus, for 𝐿 ≫ 𝐿𝜈 ,
𝜏𝑘 ≪ 𝜏𝑘𝜈 and inertial effects dominate. For 𝐿 ≪ 𝐿𝜈 , 𝜏𝑘𝜈 ≪ 𝜏𝑘 and frictional effects dominate. In
fact for length scales smaller than the dissipation scale, (11.27) is inaccurate; the energy spectrum
falls off more rapidly than 𝑘−5/3 and the inertial time scale falls off less rapidly than (11.27) implies,
and dissipation dominates even more.
Given the dissipation scale, let us estimate the average energy dissipation rate, d/d𝑇𝐸. This is
given by
d
1
𝐸 = ∫ 𝜈𝒗 ⋅ ∇2 𝒗 d𝑉.
d𝑡
𝑉

(8.29)

The length at which dissipation acts is the Kolmogorov scale and, noting that 𝑣𝑘2 ∼ 𝜀2/3 𝑘−2/3 and
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using (11.28a), the average energy dissipation rate scales as
d/d𝑡𝐸 ∼ 𝜈𝑘𝜈2 𝑣𝑘2𝜈 ∼ 𝜈𝑘𝜈2

𝜀2/3
𝑘𝜈2/3

∼ 𝜀.

(8.30)

That is, the energy dissipation rate is equal to the energy cascade rate. On the one hand this seems
sensible, but on the other hand it is independent of the viscosity. In particular, in the limit of viscosity
tending to zero the energy dissipation remains finite! Surely the energy dissipation rate must go to
zero if viscosity goes to zero? To see that this is not the case, consider that energy is input at some
large scales, and the magnitude of the stirring largely determines the energy input and cascade rate.
The scale at which viscous effects then become important is determined by the viscous scale, 𝐿𝜈 ,
given by (11.28b). As viscosity tends to zero 𝐿𝜈 becomes smaller in just such a way as to preserve the
constancy of the energy dissipation. This is one of the most important results in three-dimensional
turbulence. Now, we established in Section 1.10 that the Euler equations (i.e., the fluid equations
with the viscous term omitted from the outset) do conserve energy. This means that the Euler
equations are a singular limit of the Navier–Stokes equations: the behaviour of the Navier–Stokes
equations as viscosity tends to zero is different from the behaviour resulting from simply omitting
the viscous term from the equations ab initio.
How big is 𝐿𝜈 in the atmosphere? A crude estimate, perhaps wrong by an order of magnitude,
comes from noting that 𝜀 has units of 𝑈3 /𝐿, and that at length scales of the order of 100 m in the
atmospheric boundary layer (where there might be a three-dimensional energy cascade to small
scales) velocity fluctuations are of the order of 1 cm s−1 , giving 𝜀 ≈ 10−8 m2 s−3 . Using (11.28b) we
then find the dissipation scale to be of the order of a millimetre or so. In the ocean the dissipation
scale is also of the order of millimetres. Various inertial range properties, in both three and two
dimensions, are summarized in the shaded box on page 423.

Degrees of freedom
How many degrees of freedom does a turbulent fluid like the atmosphere potentially have? We
might estimate this number, 𝑁 say, by the expression
𝑁∼(

𝐿 3
) ,
𝐿𝜈

(8.31)

where 𝐿 is the length scale of the energy-containing eddies at the large scale. If we take 𝐿 = 1000 km
and 𝐿𝜈 = 1 mm this gives about 1027 ! On a rather more general basis, we can obtain an expression
for 𝑁 using (11.28b), to give
𝑁 ∼ 𝐿3 (

𝜀 3/4
) ,
𝜈3

(8.32)

or, using 𝜀 ∼ 𝑈3 /𝐿,
𝑁∼(

𝑈𝐿 9/4
) = Re 9/4 ,
𝜈

(8.33)

where Re is the Reynolds number based on the large-scale flow. For typical large-scale atmospheric
flows with 𝑈 ∼ 10 m s−1 , 𝐿 ∼ 106 m and 𝜈 = 105 m2 s−1 , Re ∼ 1012 and again 𝑁 ∼ 1027 . Obviously,
this number is very approximate, but nevertheless the number of potential degrees of freedom
in the atmosphere is truly enormous, greater than Avogadro’s number. Thus trying to model the
turbulent atmosphere explicitly is akin to trying to model the gas in a room by following the motion
of each individual molecule, and it seems unnecessary. How should we model it? That, in a nutshell,
is the (unsolved) problem of turbulence.

8.3 Two-dimensional Turbulence
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Inertial Range Properties in 3D and 2D Turbulence
For reference, a few inertial range properties are listed below, omitting nondimensional constants.

3D energy range
Energy spectrum
Turnover time

2D enstrophy range

𝜀2/3 𝑘−5/3
𝜀

−1/3 −2/3

𝑘

3

1/4

Viscous scale, 𝐿𝜈

(𝜈 /𝜀)

Passive tracer spectrum

𝜒𝜀−1/3 𝑘−5/3

𝜂2/3 𝑘−3

(T.1)

−1/3

(T.2)

𝜂

3

1/6

(𝜈 /𝜂)

(T.3)

𝜒𝜂−1/3 𝑘−1

(T.4)

In these expressions:
𝜈 = viscosity, 𝑘 = wavenumber, 𝜀 = energy cascade rate,
𝜂 = enstrophy cascade rate, 𝜒 = tracer variance cascade rate.

8.2.3

A Final Note on our Assumptions

The assumptions of homogeneity and isotropy that are made in the Kolmogorov theory are ansatzes,
in that we make them because we want to have a tractable model of turbulence (and certainly we
can conceive of an experiment in which turbulence is for most practical purposes homogeneous
and isotropic). The essential physical assumptions are: (i) that there exists an inertial range in
which the energy flux is constant; and (ii) that the energy is cascaded from large to small scales in
a series of small steps, as the energy spectra will then be determined by spectrally local quantities.
The second assumption is the locality assumption and without it we could have, instead of (11.23),
ℰ (𝑘) = 𝐶𝜀2/3 𝑘−5/3 𝑔(𝑘/𝑘0 )ℎ(𝑘/𝑘𝜈 ),

(8.34)

where 𝑔 and ℎ are unknown functions. We essentially postulate that there exists a range of intermediate wavenumbers over which 𝑔(𝑘/𝑘0 ) = ℎ(𝑘/𝑘𝜈 ) = 1.
The first, and less obvious, assumption might be called the non-intermittency assumption, and
it demands that rare events (in time or space) with large amplitudes do not dominate the energy
flux or the dissipation rate. If they were to do so, then the flux would fluctuate strongly, the turbulent statistics would not be completely characterized by 𝜀 and Kolmogorov’s theory would not
be exactly right. Note that in the theory 𝜀 is the mean energy cascade rate, and 𝜀2/3 is the twothirds power of the mean, which is not equal to the mean of the two-thirds power. In fact, in high
Reynolds turbulence the −5/3 spectra is often observed to a fairly high degree of accuracy (e.g., as
in Fig. 11.4), although the higher-order statistics (e.g., higher-order structure functions) predicted
by the theory are often found to be in error, and it is generally believed that Kolmogorov’s theory
is not exact.21

8.3

TWO-DIMENSIONAL TURBULENCE

Two-dimensional turbulence behaves in a profoundly different way from three-dimensional turbulence, largely because of the presence of another quadratic invariant, the enstrophy (defined below;

74

Chapter 8. Basics of Incompressible Turbulence
see also Section 5.6.3). In two dimensions, the vorticity equation for incompressible flow is:
𝜕𝜁
+ 𝒖 ⋅ ∇𝜁 = 𝐹 + 𝜈∇2 𝜁,
𝜕𝑡

(8.35)

where 𝒖 = 𝑢𝒊 + 𝑣𝒋 and 𝜁 = 𝒌 ⋅ ∇ × 𝒖 and 𝐹 is a stirring term. In terms of a streamfunction,
𝑢 = −𝜕𝜓/𝜕𝑦, 𝑣 = 𝜕𝜓/𝜕𝑥, and 𝜁 = ∇2 𝜓, and (11.35) may be written as
𝜕∇2 𝜓
+ 𝐽(𝜓, ∇2 𝜓) = 𝐹 + 𝜈∇4 𝜓.
𝜕𝑡

(8.36)

We obtain an energy equation by multiplying by −𝜓 and integrating over the domain, and an enstrophy equation by multiplying by 𝜁 and integrating. When 𝐹 = 𝜈 = 0 we find
1
1
𝐸̂ = ∫ (𝑢2 + 𝑣2 ) d𝐴 = ∫ (∇𝜓)2 d𝐴,
2 𝐴
2 𝐴
1
1
̂ = ∫ 𝜁2 d𝐴 = ∫ (∇2 𝜓)2 d𝐴,
𝑍
2 𝐴
2 𝐴

d 𝐸̂
= 0,
d𝑡
̂
d𝑍
= 0,
d𝑡

(8.37a)
(8.37b)

where the integral is over a finite area with either no-normal flow or periodic boundary condî is known as the enstrophy. The enstrophy invariant
tions. The quantity 𝐸̂ is the energy, and 𝑍
arises because the vortex stretching term, so important in three-dimensional turbulence, vanishes
identically in two dimensions. In fact, because vorticity is conserved on parcels it is clear that the
integral of any function of vorticity is zero when integrated over 𝐴; that is, from (11.35)
D𝑔(𝜁)
=0
D𝑡

and

d
∫ 𝑔(𝜁) d𝐴 = 0,
d𝑡 𝐴

(8.38)

where 𝑔(𝜁) is an arbitrary function. Of this infinity of conservation properties, enstrophy conservation (with 𝑔(𝜁) = 𝜁2 ) in particular has been found to have enormous consequences to the flow
of energy between scales, as we will soon discover.22

Part III

LARGE-SCALE ATMOSPHERIC
CIRCULATION

Blow the wind southerly, southerly, southerly,
Blow the wind south o’er the bonny blue sea;
Blow the wind southerly, southerly, southerly,
Blow bonnie breeze, my lover to me.
Traditional English folk song, Blow the Wind Southerly, c. 1834.

CHAPTER 9

The Overturning Circulation:
Hadley and Ferrel Cells

T

he large-scale circulation of the atmosphere is normally taken to mean the flow on

scales of the weather — several hundred or a thousand kilometres, say — to the global scale.
The general circulation is virtually synonymous with the large-scale circulation, although
the former is sometimes taken to be the time- or ensemble-averaged flow. Our goal in this and
the next few chapters is understand this circulation and other properties of the atmosphere that
accompany it — the temperature and moisture fields, for example. We might hope to answer the
simple question, why do the winds blow as they do? In this chapter we focus on the dynamics of
the Hadley Cell and, rather descriptively, on the mid-latitude overturning cell or the Ferrel Cell,
moving to a more dynamical view of the extratropical zonally averaged circulation in Chapter 15.
The atmosphere is a terribly complex system, and we cannot hope to fully explain its motion
as the analytic solution to a small set of equations. Rather, a full understanding of the atmosphere
requires describing it in a consistent way on many levels simultaneously. One of these levels involves simulating the flow by numerically solving the governing equations of motion as completely
as possible by using a comprehensive General Circulation Model (gcm). Such a simulation brings
problems sof its own, for example understanding the simulation itself and discerning whether it is
a good representation of reality, and so we shall concentrate on simpler, more conceptual models
and the basic theory of the circulation. We begin this chapter with a brief observational overview of
some of the large-scale features of the atmosphere, concentrating on the zonally-averaged fields.23

9.1 BASIC FEATURES OF THE ATMOSPHERE
9.1.1 The Radiative Equilibrium Distribution
A gross but informative measure characterizing the atmosphere, and the effects that dynamics have
on it, is the pole-to-equator temperature distribution. The radiative equilibrium temperature is the
hypothetical, three-dimensional, temperature field that would obtain if there were no atmospheric
or oceanic motion, given the composition and radiative properties of the atmosphere and surface.
The field is a function of the incoming solar radiation and the atmospheric composition, and its
determination entails a complicated calculation, especially as the radiative properties of the atmosphere depend heavily on the amount of water vapour and cloudiness it contains. (The distribution
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Fig. 9.1 (a) The (approximate) observed net average incoming solar radiation and outgoing infrared radiation at the top of the atmosphere, as a function of latitude (plotted on a sine scale).
(b) The temperatures associated with these ﬂuxes, calculated using 𝑇 = (𝑅/𝜎)1/4 , where 𝑅 is the solar ﬂux for the radiative equilibrium temperature and where 𝑅 is the infrared ﬂux for the eﬀective
emitting temperature. Thus, the solid line is an approximate radiative equilibrium temperature

of absorbers is usually taken to be that which obtains in the observed, moving, atmosphere, in order that the differences between the calculated radiative equilibrium temperature and the observed
temperature are due to fluid motion.)
A much simpler calculation that illustrates the essence of the situation is to first note that at the
top of the atmosphere the globally averaged incoming solar radiation is balanced by the outgoing
infrared radiation. If there is no lateral transport of energy in the atmosphere or ocean then at
each latitude the incoming solar radiation will be balanced by the outgoing infrared radiation, and
if we parameterize the latter using a single latitudinally-dependent temperature we will obtain a
crude radiative-equilibrium temperature (the ‘radiative emitting temperature’) for the atmospheric
column at each latitude. Specifically, a black body subject to a net incoming radiation of 𝑆 (watts
4
per square metre) has a radiative-equilibrium temperature 𝑇rad given by 𝜎𝑇rad
= 𝑆, this being
−8
−2 −4
Stefan’s law with Stefan–Boltzmann constant 𝜎 = 5.67 × 10 W m K . Thus, for the Earth, we
have, at each latitude,
4
𝜎𝑇rad
= 𝑆(𝜗)(1 − 𝛼),
(9.1)
where 𝛼 is the albedo of the Earth and 𝑆(𝜗) is the incoming solar radiation at the top of the atmosphere, and its solution is shown in Fig. 14.1. The solid lines in the two panels show the net solar
radiation and the solution to (14.1), 𝑇rad ; the dashed lines show the observed outgoing infrared
radiative flux, 𝐼, and the effective emitting temperature associated with it, (𝐼/𝜎)1/4 . The emitting
temperature does not quantitatively characterize that temperature at the Earth’s surface, nor at
any single level in the atmosphere, because the atmosphere is not a black body and the outgoing
radiation originates from multiple levels. Nevertheless, the qualitative point is evident: the radiative equilibrium temperature has a much stronger pole-to-equator gradient than does the effective
emitting temperature, indicating that there is a poleward transport of heat in the atmosphere–
ocean system. More detailed calculations indicate that the atmosphere is further from its radiative
equilibrium in winter than summer, indicating a larger heat transport. The transport occurs because poleward moving air tends to have a higher static energy (𝑐𝑝 𝑇 + 𝑔𝑧 for dry air; in addition
there is some energy transport associated with water vapour evaporation and condensation) than
the equatorward moving air, most of this movement being associated with the large-scale circulation. The radiative forcing thus seeks to maintain a pole-to-equator temperature gradient, and the
ensuing circulation seeks to reduce this gradient.
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Fig. 9.2 (a) Annual mean, zonallyaveraged zonal wind (heavy
contours and shading) and the
zonally-averaged temperature (red,
thinner contours).
(b) Annual mean, zonally averaged
zonal winds at the surface.
(c) and (d) Same as (a) and (b),
except for northern hemisphere
winter
(December–January–
February, or DJF).
The wind contours are at intervals of 5 m s−1 with shading for
eastward winds above 20 m s−1
and for all westward winds, and
the temperature contours are
labelled. The ordinate of (a) and
(c) is Z = −𝐻 log(𝑝/𝑝𝑅 ), where
𝐻 = 7.5 km and 𝑝𝑅 =100 hPa.

Observed Wind and Temperature Fields

The observed zonally-averaged temperature and zonal wind fields are illustrated in Fig. 14.2. The
vertical coordinate is log pressure, multiplied by a constant factor 𝐻 = 𝑅𝑇0 /𝑔 = 7.5 km, so
that the ordinate is similar to height in kilometres. (In an isothermal hydrostatic atmosphere
(𝑅𝑇0 /𝑔)d ln 𝑝 = − d𝑧, and the value of 𝐻 chosen corresponds to 𝑇0 = 256 K.) To a good approximation temperature and zonal wind are related by thermal wind balance, which in pressure
coordinates is
𝜕𝑢 𝑅 𝜕𝑇
𝑓
=
.
(9.2)
𝜕𝑝 𝑝 𝜕𝑦
In the lowest several kilometres of the atmosphere temperature falls almost monotonically with
latitude and height, and this region is called the troposphere (look ahead to Fig. 15.25). The temperature in the lower troposphere in fact varies more rapidly with latitude than does the effective
emitting temperature, 𝑇𝐸 , the latter being more characteristic of the temperature in the mid-to-
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Fig. 9.3 The observed meridional
overturning circulation (moc) of the
atmosphere ( kg s−1 ) averaged over
December–January–February.
Note
the direct Hadley Cells, particularly
strong in winter (HW and HS , in winter
and summer respectively) with rising
motion near the equator, descending
motion in the subtropics, and the
weaker, indirect, Ferrel Cells (FW and FS )
at mid-latitudes.

upper troposphere. The meridional temperature gradient is much larger in winter than summer,
because in winter high latitudes receive virtually no direct heating from the Sun. The gradient is
also strongest at the edge of the subtropics, and here it is associated with a zonal jet, particularly
strong in winter. There is no need to ‘drive’ this wind with any kind of convergent momentum
fluxes: given the temperature, the flow is a consequence of thermal wind balance, and to the extent that the upper troposphere is relatively frictionless there is no need to maintain it against
dissipation. Of course just as the radiative-equilibrium temperature gradient is much larger than
that observed, so the zonal wind shear associated with it is much larger than that observed. Thus,
the overall effect of the atmospheric and oceanic circulation, and in particular of the turbulent
circulation of the mid-latitude atmosphere, is to reduce the amplitude of the vertical shear of the
eastward flow by way of a poleward heat transport. Observations indicate that about two-thirds
of this transport is effected by the atmosphere, and about a third by the ocean, rather more in low
latitudes.24
Above the troposphere is the stratosphere, and here temperature typically increases with height.
The boundary between the two regions is called the tropopause, and this varies in height from
about 16 km in the tropics to about 8 km in polar regions. We consider the maintenance of this
stratification in Section 15.5.
The surface winds typically have, going from the equator to the pole, an E–W–E (easterly–
westerly–easterly) pattern, although the polar easterlies are weak and barely present in the Northern Hemisphere. (Meteorologists use ‘westerly’ to denote winds from the west, that is eastward
winds; similarly ‘easterlies’ are westward winds.) In a given hemisphere, the surface winds are
stronger in winter than summer, and they are also consistently stronger in the Southern Hemisphere than in the Northern Hemisphere, because in the former the surface drag is weaker because
of the relative lack of continental land masses and topography. The surface winds are not explained
by thermal wind balance. Indeed, unlike the upper level winds, they must be maintained against
the dissipating effects of friction, and this implies a momentum convergence into regions of surface westerlies and a divergence into regions of surface easterlies. Typically, the maxima in the
eastward surface winds are in mid-latitudes and somewhat poleward of the subtropical maxima
in the upper-level westerlies and at latitudes where the zonal flow is a little more constant with
height. The mechanisms of the momentum transport in the mid-latitudes and the maintenance of
the surface westerly winds are the topics of section 15.1.

9.1.3

Meridional Overturning Circulation

The observed (Eulerian) zonally-averaged meridional overturning circulation (moc) is shown in
Fig. 14.3. The figure shows a streamfunction, 𝛹 for the vertical and meridional velocities such that,
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Some Features of the Large-scale Atmospheric Circulation
From Figures 14.1–14.3 we see or infer the following:
1. A pole–equator temperature gradient that is much smaller than the radiative
equilibrium gradient.
2. A troposphere, in which temperature generally falls with height, above which
lies the stratosphere, in which temperature increases with height. The two regions are separated by a tropopause, which varies in height from about 16 km
at the equator to about 6 km at the pole.
3. A monotonically decreasing temperature from equator to pole in the troposphere, but a weakening and sometimes reversal of this above the tropopause.
4. A westerly (i.e., eastward) tropospheric jet. The time and zonally-averaged
jet is a maximum at the edge or just poleward of the subtropics, where it is
associated with a strong meridional temperature gradient. In mid-latitudes
the jet has a stronger barotropic component.
5. An E–W–E (easterlies–westerlies–easterlies) surface wind distribution. The
latitude of the maximum in the surface westerlies is in mid-latitudes, where
the zonally-averaged flow is more barotropic. The surface easterlies at high
latitudes are very weak and seasonal, barely showing on an annual average.

in the pressure coordinates used in the figure,
𝜕𝛹
= −𝜔,
𝜕𝑦

𝜕𝛹
= 𝑣,
𝜕𝑝

(9.3)

where the overbar indicates a zonal average. In each hemisphere there is rising motion near the
equator and sinking in the subtropics, and this circulation is known as the Hadley Cell.25 The
Hadley Cell is a thermally direct cell (i.e., the warmer fluid rises, the colder fluid sinks), much
stronger in the winter hemisphere, and extends to about 25–30°. In mid-latitudes the sense of
the overturning circulation is apparently reversed, with rising motion in the high-mid-latitudes,
at around 60° and sinking in the subtropics, and this is known as the Ferrel Cell. However, as with
most pictures of averaged streamlines in unsteady flow, this gives a misleading impression as to
the actual material flow of parcels of air because of the presence of eddying motion, and we discuss
this in the next chapter. At low latitudes the circulation is more nearly zonally symmetric and the
picture does give a qualitatively correct representation of the actual flow. At high latitudes there is
again a thermally direct cell (although it is weak and not always present), and thus the atmosphere
is often referred to as having a three-celled structure.

9.1.4

Summary

Some of the main features of the zonally-averaged circulation are summarized in the shaded box
on page 515. We emphasize that the zonally-averaged circulation is not synonymous with a zonally
symmetric circulation, and the mid-latitude circulation is highly asymmetric. Any model of the
mid-latitudes that did not take into account the zonal asymmetries in the circulation — of which
the weather is the main manifestation — would be seriously in error. This was first explicitly realized in the 1920s, and taking into account such asymmetries is the main task of the dynamical
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Fig. 9.4 A simple model of the Hadley
Cell. Rising air near the equator moves
poleward near the tropopause, descending in the subtropics and returning.
The poleward moving air conserves its angular momentum, leading to a shear of
the zonal wind that increases away from
the equator. By thermal wind the temperature of the air falls as it moves poleward,
and to satisfy the thermodynamic budget
it sinks in the subtropics.

meteorology of the mid-latitudes, and is the subject of the next chapter. The large-scale tropical
circulation of the atmosphere is to a much larger degree zonally symmetric, and although monsoonal circulations and the Walker circulation (a cell with rising air in the Eastern Pacific and
descending motion in the Western Pacific) are zonally asymmetric, they are relatively weaker than
typical mid-latitude weather systems. Indeed the boundary between the tropics and mid-latitude
may be usefully defined by the latitude at which such zonal asymmetries become dynamically important on the large scale and this boundary, at about 25°–30° on average, roughly coinciding with
edge Hadley Cell. We begin our dynamical description with a study of the low-latitude zonally
symmetric atmospheric circulation.

9.2

A STEADY MODEL OF THE HADLEY CELL
Ceci n’est pas une pipe.
René Magritte. Title of painting, 1929.

9.2.1

Assumptions

Let us try to construct a zonally symmetric model of the Hadley Cell, recognizing that such a model
is likely applicable mainly to the tropical atmosphere, this being more zonally symmetric than the
mid-latitudes.26 We suppose that heating is maximum at the equator, and our intuitive picture,
drawing on the observed flow of Fig. 14.3, is of air rising at the equator and moving poleward at
some height 𝐻, descending at some latitude 𝜗𝐻 , and returning equatorward near the surface. We
will make three major assumptions:
(i) that the circulation is steady;
(ii) that the poleward moving air conserves its axial angular momentum, whereas the zonal flow
associated with the near-surface, equatorward moving flow is frictionally retarded and weak;
(iii) that the circulation is in thermal wind balance.
We also assume the model is symmetric about the equator (an assumption we relax in Section 14.4).
These are all reasonable assumptions, but they cannot be rigorously justified; in other words, we are
constructing a model of the Hadley Cell, schematically illustrated in Fig. 14.4. The model defines
a limiting case — steady, inviscid, zonally-symmetric flow — that cannot be expected to describe
the atmosphere quantitatively, but that can be analysed fairly completely. Another limiting case, in
which eddies play a significant role, is described in Section 14.5. The real atmosphere may defy such
simple characterizations, but the two limiting cases provide useful benchmarks of understanding.

9.2 A Steady Model of the Hadley Cell
9.2.2
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Dynamics

We now try to determine the strength and poleward extent of the Hadley circulation in our steady
model. For simplicity we work with a Boussinesq atmosphere, but this is not an essential aspect.
We first derive the conditions under which conservation of angular momentum will hold, and then
determine the consequences of that.
The zonally-averaged zonal momentum equation may be easily derived from (2.50a) and/or
(2.62) and in the absence of friction it is
′ ′
𝜕𝑢
𝜕𝑢
1
𝜕
2
′ 𝑣′ ) − 𝜕𝑢 𝑤 ,
− (𝑓 + 𝜁)𝑣 + 𝑤
=−
(cos
𝜗𝑢
𝜕𝑡
𝜕𝑧
𝑎 cos2 𝜗 𝜕𝜗
𝜕𝑧

(9.4)

where 𝜁 = −(𝑎 cos 𝜗)−1 𝜕𝜗 (𝑢 cos 𝜗) and the overbars represent zonal averages. If we neglect the
vertical advection and the eddy terms on the right-hand side, then a steady solution, if it exists,
obeys
(𝑓 + 𝜁)𝑣 = 0.
(9.5)
Presuming that the meridional flow 𝑣 is non-zero (an issue we address in Section 14.2.8) then
𝑓 + 𝜁 = 0, or equivalently
1 𝜕𝑢 𝑢 tan 𝜗
−
.
(9.6)
2𝛺 sin 𝜗 =
𝑎 𝜕𝜗
𝑎
At the equator we shall assume that 𝑢 = 0, because here parcels have risen from the surface where,
by assumption, the flow is weak. Equation (14.6) then has a solution of
𝑢 = 𝛺𝑎

sin2 𝜗
≡ 𝑈𝑀 .
cos 𝜗

(9.7)

This gives the zonal velocity of the poleward moving air in the upper branch of the (model) Hadley
Cell, above the frictional boundary layer. We can derive (14.7) directly from the conservation of
axial angular momentum, 𝑚, of a parcel of air at a latitude 𝜗. In the shallow atmosphere approximation we have (cf. (2.64) and equations following)
𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗,

(9.8)

and if 𝑢 = 0 at 𝜗 = 0 and if 𝑚 is conserved on a poleward moving parcel, then (14.8) leads to (14.7).
It also may be directly checked that
𝑓+𝜁=−

1
𝑎2 cos 𝜗

𝜕𝑚
.
𝜕𝜗

(9.9)

We have thus shown that, if eddy fluxes and frictional effects are negligible, the poleward flow
will conserve its angular momentum, the result of which, by (14.7), is that the magnitude of the
zonal flow in the Earth’s rotating frame will increase with latitude (see Fig. 14.5). (Also, given
the absence of eddies our model is zonally symmetric and we shall drop the overbars over the
variables.)
If (14.7) gives the zonal velocity in the upper branch of the Hadley Cell, and that in the lower
branch is close to zero, then the thermal wind equation can be used to infer the vertically averaged
temperature. Although the geostrophic wind relation is not valid at the equator (a more accurate
balance is the gradient wind balance, 𝑓𝑢 + 𝑢2 tan 𝜗/𝑎 = −𝑎−1 𝜕𝜙/𝜕𝜗) the zonal wind is in fact
geostrophically balanced until very close to the equator, and at the equator itself the horizontal
temperature gradient in our model vanishes, because of the assumed interhemispheric symmetry.
Thus, conventional thermal wind balance suffices for our purposes, and this is
2𝛺 sin 𝜗

𝜕𝑢
1 𝜕𝑏
=−
,
𝜕𝑧
𝑎 𝜕𝜗

(9.10)
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Axis of rotation

Fig. 9.5 If a ring of air at the equator moves poleward it
moves closer to the axis of rotation. If the parcels in the ring
conserve their angular momentum their zonal velocity must
increase; thus, if 𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗 is preserved and
𝑢 = 0 at 𝜗 = 0 we recover (14.7).

where 𝑏 = 𝑔 𝛿𝜃/𝜃0 is the buoyancy and 𝛿𝜃 is the deviation of potential temperature from a constant
reference value 𝜃0 . (Be reminded that 𝜃 is potential temperature, whereas 𝜗 is latitude.) Vertically
integrating from the ground to the height 𝐻 where the outflow occurs and substituting (14.7) for
𝑢 yields
1 𝜕𝜃
2𝛺2 𝑎 sin3 𝜗
=−
,
(9.11)
𝑎𝜃0 𝜕𝜗
𝑔𝐻 cos 𝜗
𝐻

where 𝜃 = 𝐻−1 ∫0 𝛿𝜃 d𝑧 is the vertically averaged potential temperature. If the latitudinal extent
of the Hadley Cell is not too great we can make the small-angle approximation, and replace sin 𝜗
by 𝜗 and cos 𝜗 by one, then integrating (14.11) gives
𝜃 = 𝜃(0) −

𝜃0 𝛺2 𝑦4
,
2𝑔𝐻𝑎2

(9.12)

where 𝑦 = 𝑎𝜗 and 𝜃(0) is the potential temperature at the equator, as yet unknown. Away from
the equator, the zonal velocity given by (14.7) increases rapidly poleward and the temperature
correspondingly drops. How far poleward is this solution valid? And what determines the value
of the integration constant 𝜃(0)? To answer these questions we turn to thermodynamics.

9.2.3

Thermodynamics

In the above discussion, the temperature field is slaved to the momentum field in that it seems to
follow passively from the dynamics of the momentum equation. Nevertheless, the thermodynamic
equation must still be satisfied. Let us assume that the thermodynamic forcing can be represented
by a Newtonian cooling to some specified radiative equilibrium temperature, 𝜃𝐸 ; this is a severe
simplification, especially in equatorial regions where the release of heat by condensation is important. The thermodynamic equation is then
D𝜃 𝜃𝐸 − 𝜃
=
,
D𝑡
𝜏

(9.13)

where 𝜏 is a relaxation time scale, perhaps a few weeks. Let us suppose that 𝜃𝐸 falls monotonically
from the equator to the pole, and that it increases linearly with height, and a simple representation
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of this is

𝜃𝐸 (𝜗, 𝑧)
2
𝑧 1
= 1 − 𝛥𝐻 𝑃2 (sin 𝜗) + 𝛥 𝑉 ( − ) ,
(9.14)
𝜃0
3
𝐻 2
where 𝛥𝐻 and 𝛥 𝑉 are nondimensional constants that determine the fractional temperature difference between the equator and the pole, and the ground and the top of the fluid, respectively. 𝑃2
is the second Legendre polynomial, and it is usually the leading term in the Taylor expansion of
symmetric functions (symmetric around the equator) that decrease from pole to equator; it also
integrates to zero over the sphere. 𝑃2 (𝑦) = (3𝑦2 − 1)/2, so that in the small-angle approximation
and at 𝑧 = 𝐻/2, or for the vertically averaged field, we have
𝜃𝐸
1
𝑦 2
= 1 + 𝛥𝐻 − 𝛥𝐻 ( )
𝜃0
3
𝑎

or

𝑦 2
𝜃𝐸 = 𝜃𝐸0 − 𝛥𝜃 ( ) ,
𝑎

(9.15a,b)

where 𝜃𝐸0 is the equilibrium temperature at the equator, 𝛥𝜃 determines the equator–pole radiativeequilibrium temperature difference, and
𝜃𝐸0 = 𝜃0 (1 + 𝛥𝐻 /3),

𝛥𝜃 = 𝜃0 𝛥𝐻 .

(9.16)

Now, let us suppose that the solution (14.12) is valid between the equator and a latitude 𝜗𝐻
where 𝑣 = 0, so that within this region the system is essentially closed. Conservation of potential
temperature then requires that the solution (14.12) must satisfy
∫

𝑌𝐻

𝑌𝐻

𝜃 d𝑦 = ∫

0

0

𝜃𝐸 d𝑦,

(9.17)

where 𝑌𝐻 = 𝑎𝜗𝐻 is as yet undetermined. Poleward of this, the solution is just 𝜃 = 𝜃𝐸 . Now, we may
demand that the solution be continuous at 𝑦 = 𝑌𝐻 (without temperature continuity the thermal
wind would be infinite) and so
𝜃(𝑌𝐻 ) = 𝜃𝐸 (𝑌𝐻 ).
(9.18)
The constraints (14.17) and (14.18) determine the values of the unknowns 𝜃(0) and 𝑌𝐻 . A little
algebra gives
5𝛥𝜃𝑔𝐻 1/2
𝑌𝐻 = (
) ,
(9.19)
3𝛺2 𝜃0
and
5𝛥𝜃2 𝑔𝐻
𝜃(0) = 𝜃𝐸0 − (
).
(9.20)
18𝑎2 𝛺2 𝜃0
A useful nondimensional number that parameterizes these solutions is
𝑅≡

𝑔𝐻𝛥𝜃
𝑔𝐻𝛥
= 2 2𝐻 ,
2
2
𝜃0 𝛺 𝑎
𝛺 𝑎

(9.21)

which is the square of the ratio of the speed of shallow water waves to the rotational velocity of the
Earth, multiplied by the fractional temperature difference from equator to pole. Typical values for
the Earth’s atmosphere are a little less than 0.1. In terms of 𝑅 we have
5 1/2
𝑌𝐻 = 𝑎 ( 𝑅) ,
3

𝜃(0) = 𝜃𝐸0 − (

5
𝑅) 𝛥𝜃.
18

(9.22a,b)

The solution, (14.12) with 𝜃(0) given by (14.22b) is plotted in Fig. 14.6. Perhaps the single most
important aspect of the model is that it predicts that the Hadley Cell has a finite meridional extent,
even for an atmosphere that is completely zonally symmetric. The baroclinic instability that does
occur in mid-latitudes is not necessary for the Hadley Cell to terminate in the subtropics, although
it may be an important factor, or even the determining factor, in the real world.
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Fig. 9.6 The radiative equilibrium temperature
(𝜃𝐸 , dashed line) and the angular-momentumconserving solution (𝜃𝑀 , solid line) as a function of
latitude. The two dotted regions have equal areas.
The parameters are: 𝜃𝐸𝑂 = 303 K, 𝛥𝜃 = 50 K, 𝜃0 =
300 K, 𝛺 = 7.272 × 10−5 s−1 , 𝑔 = 9.81 m s−2 , 𝐻 =
10 km. These give 𝑅 = 0.076 and 𝑌𝐻 /𝑎 = 0.356,
corresponding to 𝜗𝐻 = 20.4°.

9.2.4

Zonal Wind

The angular-momentum-conserving zonal wind is given by (14.7), which in the small-angle approximation becomes
𝑦2
𝑈𝑀 = 𝛺 .
(9.23)
𝑎
This relation holds for 𝑦 < 𝑌𝐻 . The zonal wind corresponding to the radiative-equilibrium solution is given using thermal wind balance and (14.15b), which leads to
𝑈𝐸 = 𝛺𝑎𝑅.

(9.24)

That the radiative-equilibrium zonal wind is a constant follows from our choice of the second Legendre function for the radiative equilibrium temperature and is not a fundamental result; nonetheless, for most reasonable choices of 𝜃𝐸 the corresponding zonal wind will vary much less than the
angular-momentum-conserving wind (14.23). The winds are illustrated in Fig. 14.7. There is a
discontinuity in the zonal wind at the edge of the Hadley Cell, and of the meridional temperature
gradient, but not of the temperature itself.

9.2.5

Properties of the Solution

From (14.22) we can see that the model predicts that the latitudinal extent of the Hadley Cell is:
• proportional to the square root of the meridional radiative equilibrium temperature gradient:
the stronger the gradient, the farther the circulation must extend to achieve thermodynamic
balance via the equal-area construction in Fig. 14.6;
• proportional to the square root of the height of the outward flowing branch: the higher the
outward flowing branch, the weaker the ensuing temperature gradient of the solution (via
thermal wind balance), and so the further poleward the circulation must go;
• inversely proportional to the rotation rate 𝛺: the stronger the rotation rate, the stronger the
angular-momentum-conserving wind, the stronger the ensuing temperature gradient and
so the more compact the circulation.
These precise dependencies on particular powers of parameters are not especially significant in
themselves, nor are they robust to changes in parameters. For example, were we to choose a meridional distribution of radiative equilibrium temperature different from (14.14) we might find different exponents in some of the solutions, although we would expect the same qualitative dependen-
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Zonal Velocity

9.2 A Steady Model of the Hadley Cell

Fig. 9.7 The zonal wind corresponding to the
radiative equilibrium temperature (𝑈𝐸 ,) and the
angular-momentum-conserving solution (𝑈𝑀 ) as
a function of latitude, given (14.23) and (14.24) respectively.
The parameters are the same as those of Fig. 14.6,
and the radiative equilibrium wind, 𝑈𝐸 is a constant, 𝛺𝑎𝑅. The actual zonal wind (in the model)
follows the thick solid line: 𝑢 = 𝑈𝑚 for 𝜗 < 𝜗𝐻 (𝑦 <
𝑌𝐻 ), and 𝑢 = 𝑈𝐸 for 𝜗 > 𝜗𝐻 (𝑦 > 𝑌𝐻 ).

Latitude

cies. However, the dependencies do provide predictions that may be tested with a numerical model.
Also, as we have already noted, a key property of the model is that it predicts that the Hadley Cell
has a finite meridional extent, even in the absence of mid-latitude baroclinic instability.
Another interesting property of the solutions is a discontinuity in the zonal wind. For tropical
latitudes (i.e., 𝑦 < 𝑌𝐻 ), then 𝑢 = 𝑈𝑀 (the constant angular momentum solution), whereas for
𝑦 > 𝑌𝐻 , 𝑢 = 𝑈𝐸 (the thermal wind associated with radiative equilibrium temperature 𝜃𝐸 ). There is
therefore a discontinuity of 𝑢 at 𝑦 = 𝑌𝐻 , because 𝑢 is related to the meridional gradient of 𝜃 which
changes discontinuously, even though 𝜃 itself is continuous. No such discontinuity is observed in
the real world, although one may observe a baroclinic jet at the edge of the Hadley Cell.

9.2.6

Strength of the Circulation

We can make an estimate of the strength of the Hadley Cell by consideration of the thermodynamic
equation at the equator, namely
𝜕𝜃 𝜃𝐸0 − 𝜃
𝑤
≈
,
(9.25)
𝜕𝑧
𝜏
this being a balance between adiabatic cooling and radiative heating. If the static stability is determined largely by the forcing, and not by the meridional circulation itself, then 𝜃0−1 𝜕𝜃/𝜕𝑧 ≈ 𝛥 𝑉 /𝐻,
and (14.25) gives
𝐻 𝜃𝐸0 − 𝜃
𝑤≈
.
(9.26)
𝜃0 𝛥 𝑉 𝜏
Thus, the strength of the circulation is proportional to the distance of the solution from the radiative equilibrium temperature. The right-hand side of (14.25) can be evaluated from the solution
itself, and from (14.22b) we have
𝜃𝐸0 − 𝜃 5𝑅𝛥𝜃
=
.
(9.27)
𝜏
18𝜏
The vertical velocity is then given by
𝑤≈

5𝑅𝛥𝜃𝐻
5𝑅𝛥𝐻 𝐻
=
.
18𝜏𝛥 𝑉 𝜃0
18𝜏𝛥 𝑉

(9.28)
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Using mass continuity we can transform this into an estimate for the meridional velocity. Thus, if
we let (𝑣/𝑌𝐻 ) ∼ (𝑤/𝐻) and use (14.22), we obtain
𝑣∼

𝛥5/2
𝑅3/2 𝑎𝛥𝐻
∝ 𝐻
𝜏𝛥 𝑉
𝛥𝑉

and

𝛹 ∼ 𝑣𝐻 ∼

𝑅3/2 𝑎𝐻𝛥𝐻
∝ (𝛥𝜃)5/2 ,
𝜏𝛥 𝑉

(9.29)

where 𝛹 is the meridional overturning stream function 𝛹, which evidently increases fairly rapidly
as the gradient of the radiative equilibrium temperature increases. The characteristic overturning
time of the circulation, 𝜏𝑑 is then
𝐻 𝜏𝛥 𝑉
𝜏𝑑 =
∼
.
(9.30)
𝑤 𝑅𝛥𝐻
We require 𝜏𝑑 /𝜏 ≫ 1 for the effects of the circulation on the static stability to be small and therefore
𝛥 𝑉 /(𝑅𝛥𝐻 ) ≫ 1, or equivalently, using (14.16),
𝜃0 𝛥 𝑉 ≫ 𝑅(𝜃𝐸0 − 𝜃0 ).

(9.31)

If instead 𝜏 ≫ 𝜏𝑑 , then the potential temperature would be nearly conserved as a parcel ascended
in the rising branch of the Hadley Cell, and the static stability would be nearly neutral.

9.2.7 † Eﬀects of Moisture
Suppose now that moisture is present, but that the Hadley Cell remains a self-contained system;
that is, it neither imports nor exports moisture. We envision that water vapour joins the circulation
by way of evaporation from a saturated surface into the equatorward, lower branch of the Hadley
Cell, and that this water vapour then condenses in and near the upward branch of the cell. The
latent heat released by condensation is exactly equal to the heat required to evaporate moisture
from the surface, and no heat is lost or gained to the system. However, the heating distribution is
changed from the dry case, becoming a strong function of the solution itself and likely to have a
sharp maximum near the equator. Even if we were to try to parameterize the latent heat release by
simply choosing a flow dependent radiative equilibrium temperature, the resulting problem would
still be quite nonlinear and a general analytic solution seems out of our reach.27
Nevertheless, we may see quite easily the qualitative features of moisture, at least within the
context of this model. The meridional distribution of temperature is still given by way of thermal
wind balance with an angular-momentum-conserving zonal wind, and so is still given by (14.12).
We may also assume that the meridional extent of the Hadley Cell is unaltered; that is, a solution
exists with circulation confined to 𝜗 < 𝜗𝐻 (although it may not be the unique solution). Then, if
𝜃𝐸∗ is the effective radiative equilibrium temperature of the moist solution, we have that 𝜃𝐸∗ (𝑌𝐻 ) =
𝜃𝐸 (𝑌𝐻 ) and, in the small-angle approximation,
∫

𝑌𝐻

0

𝑌𝐻

𝜃 d𝑦 = ∫

0

𝜃𝐸∗ d𝑦 = ∫

𝑌𝐻

0

𝜃𝐸 d𝑦,

(9.32)

where the first equality holds because it defines the solution, and the second equality holds because
moisture provides no net energy source. Because condensation will occur mainly in the upward
branch of the Hadley Cell, 𝜃𝐸∗ will be peaked near the equator, as sketched in Fig. 14.8. This construction makes it clear that the main difference between the dry and moist solutions is that the
latter has a more intense overturning circulation, because, from (14.25), the circulation increases
with the temperature difference between the solution and the forcing temperature. Concomitantly,
our intuition suggests that the upward branch of the moist Hadley circulation will become much
narrower and more intense than the downward branch because of the enhanced efficiency of moist
convection, and these expectations are generally confirmed by numerical integrations of the moist
equations of motion.

9.2 A Steady Model of the Hadley Cell
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Fig. 9.8 Schematic of the eﬀects of moisture on a model of the Hadley Cell. The temperature of the solution (solid line) is the
same as that of a dry model, because this
is determined from the angular-momentumconserving wind. The heating distribution (as
parameterized by a forcing temperature) is
peaked near the equator in the moist case,
leading to a more vigorous overturning circulation.

9.2.8

Temperature

solution

Latitude

The Radiative Equilibrium Solution

Instead of a solution given by (14.12), could the temperature not simply be in radiative equilibrium
everywhere? Such a state would have no meridional overturning circulation and the zonal velocity
would be determined by thermal wind balance; that is,
𝑣 = 0,

𝜃 = 𝜃𝐸 ,

𝑓

𝑢
𝜕 𝜃𝐸
= −𝑔
( ).
𝐻
𝜕𝑦 𝜃0

(9.33)

To answer this question we consider the steady zonally symmetric zonal angular momentum equation with viscosity; that is, the zonally-averaged, viscous, steady, shallow atmosphere version of
(2.68), namely
1
𝜕
𝜕(𝑚𝑤)
𝜈
𝜕
𝜕 𝑢
𝜕2 𝑢
(𝑣𝑚 cos 𝜗) +
=
(cos2 𝜗
) + 𝜈𝑎 cos 𝜗 2 ,
𝑎 cos 𝜗 𝜕𝜗
𝜕𝑧
𝑎 cos 𝜗 𝜕𝜗
𝜕𝜗 cos 𝜗
𝜕𝑧

(9.34)

where the variables vary only in the 𝜗–𝑧 plane. The viscous term on the right-hand side arises from
the expansion in spherical coordinates of the Laplacian. Note that it is angular velocity, not the
angular momentum, that is diffused, because there is no diffusion of the angular momentum due
to the Earth’s rotation. However, to a very good approximation, the viscous term will be dominated
by vertical derivatives and we may then write (14.34) as
∇𝑥 ⋅ (𝒗𝑚) = 𝜈

𝜕2 𝑚
.
𝜕𝑧2

(9.35)

where ∇𝑥 ⋅ is the divergence in the meridional plane. The right-hand side now has a diffusive form,
and in Section 13.5.1 we showed that variables obeying equations like this can have no extrema
within the fluid. Thus, there can be no maximum or minimum of angular momentum in the
interior of the fluid, a result known as Hide’s theorem.28 In effect, diffusion always acts to smooth
away an isolated extremum, and this cannot be counterbalanced by advection. The result also
implies that there can be no interior extrema in a statistically steady state if there is any zonally
asymmetric eddy motion that transports angular momentum downgradient.
If the viscosity were so large that the viscous term was dominant in (14.34), and so with the
horizontal term now important, then the fluid would evolve toward a state of solid body rotation,
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this being the fluid state with no internal stresses. In that case, there would be a maximum of
angular momentum at the equator — a state of ‘super-rotation’. (Related mechanisms have been
proposed for the maintenance of super-rotation on Venus.29 )
Returning now to the question posed at the head of this section, suppose that the radiative
equilibrium solution does hold. Then a radiative equilibrium temperature decreasing away from
the equator more rapidly than the angular-momentum-conserving solution 𝜃𝑀 implies, using thermal wind balance, a maximum of 𝑚 at the equator and above the surface, in violation of the noextremum principle. Of course, we have derived the angular-momentum-conserving solution in
the inviscid limit, in which the no-extrema principle does not apply. But any small viscosity will
make the radiative equilibrium solution completely invalid, but potentially have only a small effect
on the angular-momentum-conserving solution; that is, in the limit of small viscosity the angularmomentum-conserving solution can conceivably hold approximately, at least in the absence of
boundary layers, whereas the radiative equilibrium solution cannot.
However, if the radiative equilibrium temperature varies more slowly with latitude than the
temperature corresponding to the angular momentum conserving solution then a radiative equilibrium solution can obtain, without violating Hide’s theorem. In particular, this is the case if
𝜃𝐸 ∝ 𝑃4 (sin 𝜗), where 𝑃4 is the fourth Legendre polynomial, and so the possibility exists of two
equilibrium solutions for the same forcing; however, 𝑃4 is an unrealistically flat radiative equilibrium temperature for the Earth’s atmosphere.

9.3

A SHALLOW WATER MODEL OF THE HADLEY CELL

Although expressed in the notation of the primitive equations, the model described above takes
no account of any vertical structure in its stratification and is, de facto, a shallow water model. (We
discuss how the primitive equations reduce to the shallow water equations in Sections 3.4 and 18.7.)
Furthermore, the geometric aspects of sphericity play no essential role. Thus, we may transparently
express the essence of the model by:
(i) explicitly using the shallow water equations instead of the stratified equations;
(ii) using the equatorial 𝛽-plane, with 𝑓 = 𝑓0 + 𝛽𝑦 and 𝑓0 = 0.
Let us therefore, if only as an exercise, construct a reduced-gravity model with an active upper
layer overlying a stationary lower layer.

9.3.1

Momentum Balance

The inviscid zonal momentum equation of the upper layer is

or

D𝑢
− 𝛽𝑦𝑣 = 0
D𝑡

(9.36)

D
𝛽𝑦2
(𝑢 −
) = 0,
D𝑡
2

(9.37)

which is the 𝛽-plane analogue of the conservation of axial angular momentum. (In this section, all
variables are zonally averaged, but we omit any notation denoting that.) From (14.37) we obtain
the zonal wind as a function of latitude,
1
𝑢 = 𝛽𝑦2 + 𝐴,
2

(9.38)

where 𝐴 is a constant, which is zero if 𝑢 = 0 at the equator, 𝑦 = 0. The flow given by (14.38) is
then analogous to the angular momentum conserving flow in the spherical model, (14.7). Because
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the lower layer is stationary, the analogue of thermal wind balance in the stratified model is just
geostrophic balance, namely
𝜕ℎ
𝑓𝑢 = −𝑔′ ,
(9.39)
𝜕𝑦
where ℎ is the thickness of the active upper layer. Using (14.39) and 𝑓 = 𝛽𝑦 we obtain
𝑔′

𝜕ℎ
1
= − 𝛽2 𝑦3 ,
𝜕𝑦
2

whence

ℎ=−

1 2 4
𝛽 𝑦 + ℎ(0),
8𝑔′

(9.40a,b)

where ℎ(0) is the value of ℎ at 𝑦 = 0.

9.3.2

Thermodynamic Balance

The thermodynamic equation in the shallow water equations is just the mass conservation equation, which we write as
Dℎ
1
= − (ℎ − ℎ∗ ),
(9.41)
D𝑡
𝜏
where the right-hand side represents heating — ℎ∗ is the field to which the height relaxes on a time
scale 𝜏. For illustrative purposes we will choose
ℎ∗ = ℎ0 (1 − 𝛼|𝑦|).

(9.42)

(If we chose the more realistic quadratic dependence on 𝑦, the model would be more similar to
that of the previous section.) To be in thermodynamic equilibrium we require that the right-hand
side integrates to zero over the Hadley Cell; that is
𝑌

∫ (ℎ − ℎ∗ ) d𝑦 = 0,

(9.43)

0

where 𝑌 is the latitude of the poleward extent of the Hadley Cell, thus far unknown. Poleward of
this, the height field is simply in equilibrium with the forcing — there is no meridional motion and
ℎ = ℎ∗ . Since the height field must be continuous, we require that
ℎ(𝑌) = ℎ∗ (𝑌).

(9.44)

The two constraints (14.43) and (14.44) provide values of the unknowns ℎ(0) and 𝑌, and give
𝑌=(

5ℎ0 𝛼𝑔′ 1/3
) ,
𝛽2

(9.45)

which is analogous to (14.19), as well as an expression for ℎ(0) that we leave as a problem for the
reader. The qualitative dependence on the parameters is similar to that of the full model, although
the latitudinal extent of the Hadley Cell is proportional to the cube root of the meridional thickness
gradient 𝛼.

9.4 †

ASYMMETRY AROUND THE EQUATOR

The Sun is overhead at the equator but two days out of the year, and in this section we investigate the
effects that asymmetric heating has on the Hadley circulation. Observations indicate that except
for the brief periods around the equinoxes, the circulation is dominated by a single cell with rising
motion centred in the summer hemisphere, but extending well into the winter hemisphere. That is,
as seen in Fig. 14.3, the ‘winter cell’ is broader and stronger than the ‘summer cell’, and it behoves
us to try to explain this. We will stay in the framework of the inviscid angular-momentum model
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Fig. 9.9 A Hadley circulation
model in which the heating is centred oﬀ the equator, at a latitude
𝜗0 . The lower level convergence
occurs at a latitude 𝜗1 that is not in
general equal to 𝜗0 . The resulting
winter Hadley Cell is stronger and
wider than the summer cell.

of Section 14.2, changing only the forcing field to represent the asymmetry and being a little more
attentive to the details of spherical geometry.30
To represent an asymmetric heating we may choose a radiative equilibrium temperature of the
form
𝜃𝐸 (𝜗, 𝑧)
2
𝑧 1
= 1 − 𝛥𝐻 𝑃2 (sin 𝜗 − sin 𝜗0 ) + 𝛥 𝑉 ( − )
𝜃0
3
𝐻 2
𝑧 1
𝛥𝐻
[1 − 3(sin 𝜗 − sin 𝜗0 )2 ] + 𝛥 𝑉 ( − ) .
=1+
3
𝐻 2

(9.46)

This is similar to (14.14), but now the forcing temperature falls monotonically from a specified
latitude 𝜗0 . If 𝜗0 = 0 the model is identical to the earlier one, but if not we envision a circulation as
qualitatively sketched in Fig. 14.9, with rising motion off the equator at some latitude 𝜗1 , extending into the winter hemisphere to a latitude 𝜗𝑤 , and into the summer hemisphere to 𝜗𝑠 . We will
discover that, in general, 𝜗1 ≠ 𝜗0 except when 𝜗0 = 0. Following our procedure we used in the
symmetric case as closely as possible, we then make the following assumptions:
(i) The flow is quasi-steady. That is, at any time of year the flow adjusts to a steady circulation
on a time scale more rapid than that on which the solar zenith angle appreciably changes.
(ii) The flows in the upper branches conserve angular momentum, 𝑚. Further assuming that
𝑢 = 0 at 𝜗 = 𝜗1 so that 𝑚 = 𝛺𝑎2 cos2 𝜗1 we obtain
𝑢(𝜗) =

𝛺𝑎(cos2 𝜗1 − cos2 𝜗)
.
cos 𝜗

(9.47)

Thus, we expect to see westward (negative) winds aloft at the equator. In the lower branches
the zonal flow is assumed to be approximately zero, i.e., 𝑢(0) ≈ 0.
(iii) The flow satisfies hydrostatic and gradient wind balance. The meridional momentum equation is then
1 𝜕𝜙
𝑢2 tan 𝜗
=−
,
(9.48)
𝑓𝑢 +
𝑎
𝑎 𝜕𝜗
and because the flow crosses the equator we cannot neglect the second term on the lefthand side. Combining this with hydrostatic balance (𝜕𝜙/𝜕𝑧 = 𝑔𝜃/𝜃0 ) leads to a generalized

9.4 Asymmetry Around the Equator

93

thermal wind balance, which may be written as
𝑚

𝜕𝑚
𝑔𝑎2 cos2 𝜗 𝜕𝜃
=−
.
𝜕𝑧
2𝜃0 tan 𝜗 𝜕𝜗

(9.49)

If the undifferentiated 𝑚 is approximated by 𝛺𝑎2 cos2 𝜗, this reduces to conventional thermal
wind balance, (14.10).
(iv) Potential temperature in each cell is conserved when integrated over the extent of the cell.
Thus,
𝜗𝑠

∫ (𝜃 − 𝜃𝐸 ) cos 𝜗 d𝜗 = 0,
𝜗1

𝜗𝑤

∫ (𝜃 − 𝜃𝐸 ) cos 𝜗 d𝜗 = 0,

(9.50)

𝜗1

for the summer and winter cells, respectively, where 𝜃 is the vertically averaged potential
temperature.
(v) Potential temperature is continuous at the edge of each cell, so that
𝜃(𝜗𝑠 ) = 𝜃𝐸 (𝜗𝑠 ),

𝜃(𝜗𝑤 ) = 𝜃𝐸 (𝜗𝑤 ),

(9.51)

and is also continuous at 𝜗1 . This last condition must be explicitly imposed in the asymmetric model, whereas in the symmetric model it holds by symmetry. Now, recall from
the symmetric model that the value of the temperature at the equator was determined by
the integral constraint (14.17) and the continuity constraint (14.18). We have analogues of
these in each hemisphere, namely (14.50) and (14.51), and thus, if 𝜗1 is set equal to 𝜗0 we
cannot expect that they each would give the same temperature at 𝜗0 . Thus, 𝜗1 must be a free
parameter to be determined.
Given these assumptions, the solution may be calculated. Using thermal wind balance, (14.49),
with 𝑚(𝐻) = 𝛺𝑎2 cos2 𝜗1 and 𝑚(0) = 𝛺𝑎2 cos2 𝜗 we find
−

1 𝜕𝜃 𝛺2 𝑎2 sin 𝜗
=
(
cos4 𝜗1 − sin 𝜗 cos 𝜗) ,
𝜃0 𝜕𝜗
𝑔𝐻 cos3 𝜗

(9.52)

which integrates to
𝜃(𝜗) − 𝜃(𝜗1 ) = −

𝜃0 𝛺2 𝑎2 (sin2 𝜗 − sin2 𝜗1 )2
.
2𝑔𝐻
cos2 𝜗

(9.53)

The value of 𝜗1 , and the value of 𝜃(𝜗1 ), are determined by the constraints (14.50) and (14.51). It
is not in general possible to obtain a solution analytically, but one may be found numerically by
an iterative procedure and one such is illustrated in Fig. 14.10. The zonal wind of the solution
is always symmetric around the equator, because it is determined solely by angular momentum
conservation. The temperature is therefore also symmetric, as (14.53) explicitly shows. However,
the width of the solution in each hemisphere will, in general, be different.
Furthermore, because the strength of the circulation increases with difference between the temperature of the solution and the radiative equilibrium temperature, the circulation in the winter
hemisphere will also be much stronger than that in the summer, a prediction that is consistent
with the observations (see Fig. 14.3). More detailed calculations show that, because the strength of
the model Hadley Cell increases nonlinearly with 𝜗0 , the time-average strength of the Hadley Cell
with seasonal forcing is stronger that that produced by annually averaged forcing. However, this
does not appear to be a feature of either the observations or more complete numerical simulations,
suggesting that an angular-momentum-conserving model has some deficiencies.31
The lack of consideration of zonal asymmetries and the lack of angular momentum conservation because of the effects of baroclinic eddies are issues that are shared with the steady model with
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Fig. 9.10 Solutions of the Hadley Cell model with heating centred at the equator (𝜗0 = 0°, left) and oﬀ
the equator (𝜗0 = +6° N, right), with 𝛥𝐻 = 1/6. The dashed line is the radiative equilibrium temperature
and the solid line is the angular-momentum-conserving solution. In the right-hand panel, 𝜗1 ≈ +18°, and
the circulation is dominated by the cell extending from +18° to −36°.8

hemispheric symmetry. A problem that is unique to the asymmetric model is the quasi-steady assumption, given the presence of a temporally progressing seasonal cycle. Because the latitude of
the upward branch of the Hadley Cell varies with season, the value of the angular momentum entering the system also varies with time, and so a homogenized value of angular momentum is hard
to achieve. Nonetheless, the overall picture that the model paints, with its qualitative explanation
of the strengthened and extended winter Hadley Cell, is very useful, even if quantitatively flawed.

20

Place me on Sunium’s marbled steep,
Where nothing, save the waves and I,
May hear our mutual murmurs sweep.
George Gordon Byron (Lord Byron), The Isles of Greece, 1820.

CHAPTER 10

Planetary Waves and Zonal Asymmetries

P

lanetary waves are large-scale Rossby waves in which the potential vorticity gradient is

provided by differential rotation (i.e., the beta-effect). They are ubiquitous in Earth’s atmosphere and almost certainly in other planetary atmospheres. They propagate horizontally
over the two Poles, and they propagate vertically into the stratosphere and beyond. In the previous
chapter we saw that it is the propagation of Rossby waves away from their mid-latitude source that
gives rise to the mean eastward eddy-driven jet. In this chapter we will see that the dynamics of such
waves also largely determines the large-scale zonally asymmetric circulation of the mid-latitude atmosphere. In the first few sections we discuss the properties and propagation of planetary waves
themselves, and in many ways these sections are a continuation of Chapter 6. We then look more
specifically at planetary waves forced by surface variations in topography and thermal properties,
for it is these waves that give rise to the zonally asymmetric circulation.
In proceeding this way we are dividing our task of constructing a theory of the general circulation of the extratropical atmosphere into two. The first task (Chapters 14 and 15) was to understand
the zonally averaged circulation and the transient zonal asymmetries by supposing that, to a first
approximation, this circulation is qualitatively the same as it would be if the boundary conditions
were zonally symmetric, with no mountains or land–sea contrasts. Given the statistically zonally
symmetric circulation, the second task is to understand the zonally asymmetric circulation. We
may do this by supposing that the latter is a perturbation on the former, and using a theory linearized about the zonally symmetric state. It is by no means obvious that such a procedure will be
successful, for it depends on the nonlinear interactions among the zonal asymmetries being weak.
We might make some a priori estimates that suggest that this might be the case, but the ultimate
justification for the approach lies in its a posteriori success. In our discussion of stationary waves
we will focus first on the response to orography at the lower boundary, and then consider thermodynamic forcing — arising, for example, from an inhomogeneous surface temperature field. Our
focus throughout this chapter is the mid-latitudes.

10.1

ROSSBY WAVE PROPAGATION IN A SLOWLY VARYING MEDIUM

In Chapters 6 and 7 we looked at wave propagation using linearized equations of motion. We now
focus and extend this discussion by looking at Rossby wave propagation in a medium in which the
parameters (such as the zonal wind and the stratification) vary spatially — as occurs in the real
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atmosphere. If the parameters do vary then waves may propagate into a region in which they amplify, perhaps violating the initial assumption of linearity, so let us first look at what the conditions
for linearity are.32

10.1.1

Linear Dynamics

If the linear equations are to be an accurate representation of the dynamics then the perturbation
quantities need to be small compared to the background state, or at least the nonlinear terms must
be small. In reality this is not always the case and indeed it may be that in course of propagation the
waves amplify and may even break. Wave breaking is familiar to anyone who has been to the beach
and watched water waves move toward the shore and crash in the ‘surf zone’ as the mean depth becomes too shallow to support laminar surface waves. Manifestly, the linear approximation breaks
down at this point. More generally, wave breaking simply refers to an irreversible deformation
of material surfaces, generally leading to dissipation. Since Rossby waves generally grow in amplitude as they propagate up (because density falls) we can expect Rossby wave breaking to occur
somewhere in the atmosphere, but waves can also break as they propagate laterally, if and when
they grow in size to such an extent that the nonlinear terms in the equations of motion become
important.
To examine this consider the quasi-geostrophic potential vorticity equation,
(

𝜕
+ 𝒖 ⋅ ∇) 𝑞 = 0,
𝜕𝑡

𝑞 = 𝛽𝑦 + ∇2 𝜓′ +

𝑓02 𝜕 𝜌𝑅 𝜕𝜓
(
).
𝜌𝑅 𝜕𝑧 𝑁2 𝜕𝑧

(10.1a,b)

The derivation of this equation was given in Chapter 5 and all the terms are defined there. In brief, 𝑞
is the quasi-geostrophic potential vorticity and 𝜓 the streamfunction, 𝑓0 is the Coriolis parameter
and 𝜌𝑅 is a density profile, a function of z only. Breaking the above equation up into mean and
perturbation quantities in the usual way we obtain
(

𝜕
𝜕
𝜕𝑢′ 𝑞′ 𝜕𝑣′ 𝑞′
𝜕𝑞
+ 𝑢(𝑦, 𝑧) ) 𝑞′ + 𝑣′
= −(
+
).
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑥
𝜕𝑦

(10.2)

In the linear approximation we neglect the terms on the right-hand side and, seeking wave-like
solutions of the form 𝜓 = 𝐹(𝑥 − 𝑐𝑡), we obtain
(𝑢 − 𝑐)

𝜕𝑞′
𝜕𝑞
+ 𝑣′
= 0.
𝜕𝑥
𝜕𝑦

(10.3)

For the linear approximation to be valid the terms in this equation must be larger than the nonlinear
terms in (16.2), and this will be the case if
|𝑢 − 𝑐| ≫ |𝑢′ |

and

|

𝜕𝑞
𝜕𝑞′
|≫|
|.
𝜕𝑦
𝜕𝑦

(10.4a,b)

Although it is common to only treat the case in which 𝑢 is a constant, we may also consider the
case in which 𝑢 varies slowly, either in latitude or height or both, and (16.3) then approximately
holds locally. But if a wave propagates into a region in which 𝑢 = 𝑐 then the linear criterion must
break down. Regions where 𝑢 = 𝑐 are called critical lines, critical surfaces, critical heights or critical
latitudes, depending on context, and in many circumstances a critical layer of finite width will
surround the critical line, in which frictional and/or nonlinear effects are important. The location
of a critical surface does not depend on the frame of reference used to measure the velocities.
For reference we first write down a few results for the simplest case when 𝜕𝑞/𝜕𝑦, 𝑢, 𝑁2 and 𝜌𝑅
are all constant, referring to Section 6.5 as needed. We look for solutions of the form
̃ i(𝑘𝑥+𝑙𝑦+𝑚𝑧−𝜔𝑡) ,
𝜓′ = Re 𝜓e

(10.5)
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and obtain the dispersion relation
𝜔 = 𝑢𝑘 −

𝑘𝛽
,
𝑘2 + 𝑙2 + Pr2 𝑚2

(10.6)

where Pr = 𝑓0 /𝑁 is the Prandtl ratio. The components of the group velocity are given by
𝑐𝑔𝑥 = 𝑢 +

10.1.2

(𝑘2 − 𝑙2 − 𝑃𝑟2 𝑚2 )𝛽
,
(𝑘2 + 𝑙2 + Pr2 𝑚2 )2

𝑦

𝑐𝑔 =

2𝑘𝑙𝛽
,
2
2
(𝑘 + 𝑙 + Pr2 𝑚2 )2

𝑐𝑔𝑧 =

2𝑘𝑚Pr2 𝛽
.
(𝑘2 + 𝑙2 + Pr2 𝑚2 )2
(10.7a,b,c)

Conditions for Wave Propagation

Suppose that the zonal wind varies slowly with latitude and height, but that, for simplicity, the
density, 𝜌𝑅 , is a constant. The equation of motion is
(

𝜕
𝜕
𝜕𝑞
+ 𝑢(𝑦, 𝑧) ) 𝑞′ + 𝑣′
= 0.
𝜕𝑡
𝜕𝑥
𝜕𝑦

(10.8)

Because the coefficients of the equation are not constant we cannot assume harmonic solutions in
the 𝑦 and 𝑧 directions; rather, we seek solutions of the form
̃ 𝑧)e i𝑘(𝑥−𝑐𝑡) .
𝜓′ = 𝜓(𝑦,

(10.9)

If the parameters in (16.8) are varying slowly compared to the wavelength of the waves then a
dispersion relation still exists (as discussed in Section 6.3), but the relation will be of the form
𝜔 = 𝛺(𝒌; 𝒙, 𝑡); where the function 𝛺 varies slowly in space. Now, if the medium is not an explicit
function of 𝑥 or of time the 𝑥-wavenumber and the frequency will be a constant, and hence 𝑐 is constant too, and we can use the dispersion relation to find what are effectively the other wavenumbers
in the problem. Using (16.9) in (16.8) we find (with 𝑁2 constant)
̃ 𝑓02 𝜕2 𝜓
̃
𝜕2 𝜓
̃ = 0,
+ 2 2 + 𝑛2 (𝑦, 𝑧)𝜓
2
𝜕𝑦
𝑁 𝜕𝑧

where

𝑛2 (𝑦, 𝑧) =

𝜕𝑞/𝜕𝑦
− 𝑘2 .
𝑢−𝑐

(10.10a,b)

Equation (16.10a) is similar to the Rayleigh or Rayleigh–Kuo equation encountered in Chapter
9, but now 𝑐 is given and is not an eigenvalue; rather, the frequency is known and the dispersion
relation gives the quantity 𝑛. The quantity 𝑛 is the refractive index and it greatly affects how the
waves propagate: solutions are wavelike when 𝑛2 is positive and evanescent when 𝑛2 is negative.
2
̃ = 0, whereas
̃
+ 𝑛2 𝜓
To see this in a simple case, suppose there is no 𝑧-variation so that 𝜕2 𝜓/𝜕𝑦
if 𝑛 is constant and real we have harmonic solutions in the 𝑦-direction of the form exp(i𝑛𝑦). If
𝑛2 < 0 the solutions will evanesce. Waves tend to propagate toward regions of large 𝑛2 and turn
away from regions of negative 𝑛2 , as we will see in the examples to follow.
The value of 𝑛2 will become very large if and as 𝑢 approaches 𝑐 from above and the waves,
being very short, will tend to break. If 𝑢 continues to diminish and becomes smaller than 𝑐 then
𝑛2 switches from being large and positive to large and negative. If 𝑛2 diminishes because 𝜕𝑞/𝜕𝑦
diminishes then it will transition smoothly to a negative value. The location where 𝑢 = 𝑐 is called a
critical surface (or line). The location where 𝑛2 passes through zero is called a turning surface (or
line).
The bounds on 𝑛2 can be translated into bounds on the zonal phase speed 𝑐. Given a zonal
wind 𝑢, wave propagation requires that 𝑐 is bounded by
𝑢−

𝜕𝑞/𝜕𝑦
< 𝑐 < 𝑢.
𝑘2 + 𝛾 2

(10.11)
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At the upper bound (a critical surface) the wavelength is small and wave breaking is likely to occur.
At the lower bound (a turning surface) the refractive index tends to zero and the wavelength tends
to infinity. Waves will tend to propagate away from regions with a small 𝑛 and be refracted toward
regions of large 𝑛. The bounds can also be expressed in terms of the zonal velocity:
0<𝑢−𝑐<

𝜕𝑞/𝜕𝑦
.
𝑘2 + 𝛾 2

(10.12)

This form is useful when considering a situation in which the wave speed is given, for example by
boundary conditions; Equation (16.12) then tells us under what configurations of zonal velocity
wave propagation can occur. The lower bound corresponds to a critical surface and the upper
bound to a turning surface.
It is algebraically complicated to continue our analysis in the three-dimensional case, so let us
consider the cases in which the inhomogeneities in the medium occur separately in the horizontal
and vertical. A summary of some key concepts is provided on page 590.

And beyond it, the deep blue air, that shows
Nothing, and is nowhere, and is endless.
Philip Larkin, High Windows, 1974.

CHAPTER 11

The Stratosphere

T

he stratosphere is the region of the atmosphere above the troposphere and below the

mesosphere; thus, it extends from the tropopause at a height of about 8–15 km, or a pressure
of around 200–300 hPa, to the stratopause at about 50 km or about 1 hPa (see Fig. 15.24 on
page 574). The middle atmosphere is the somewhat larger region that also includes the mesosphere,
and so that extends up to the mesopause at about 90 km or 2 × 10−3 hPa, but we won’t consider the
mesosphere here. Our goal in this chapter is to provide an introduction to the dynamics giving
rise to the structure and variability of the stratosphere.33
The outline of this chapter is roughly as follows. We begin with a rather descriptive overview of
the stratosphere as a whole. Then, starting in Section 17.2, we discuss the Rossby and gravity waves
that in many ways serve to drive the circulation. We come back to the circulation itself in Section
17.4, focusing mainly on the generation of zonal flows and the meridional residual overturning
circulation. We round out the chapter with discussions of two striking examples of stratospheric
variability, namely the quasi-biennial oscillation in Section 17.6, and extratropical variability and
sudden warmings in Section 17.7, with these terms to be defined in the sections ahead.

11.1

A DESCRIPTIVE OVERVIEW

In the troposphere the stratification is determined by dynamical processes — largely by convection
at low latitudes and additionally by baroclinic instability at high latitudes — and the tropopause is
the height to which the dynamical activity reaches, as discussed in Chapter 15. In contrast, in the
stratosphere the temperature is determined to a much greater degree by radiative processes and
the dynamics are, compared to those in the tropopause, slow. Over much of the stratosphere the
temperature actually increases with height, and this is due to a layer of ozone that absorbs solar
radiation in the mid-stratosphere between about 20 and 30 km. If there were no ozone we would
certainly have a tropopause and a stratosphere, but the temperature in the stratosphere would
increase much less with height than it in fact does.
The radiative-equilibrium temperature for January is illustrated in Fig. 17.1. This temperature
is that which would putatively ensue without any stratospheric fluid motion, although we take the
distribution of absorbers (such as ozone) to be those present in the actual, moving, atmosphere,
and the calculation involves a linearization around the observed temperature.34 There is quite a
strong lateral gradient in the winter hemisphere and a weaker reversed temperature in the summer hemisphere, and in fact the part of the stratosphere with the highest radiative equilibrium
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Fig. 11.1 The zonally averaged radiative-equilibrium temperature in January and July; that is, the temperature that would nominally arise in the absence of ﬂuid motion in the stratosphere, but with the actual
distribution of radiative absorbers. Above about 50 km the equilibrium temperature generally diminishes
with height. The ordinate is pressure, and the height values are approximate.

temperature is the upper-stratosphere summer pole, at around 1 hPa. The actual observed zonally averaged temperature and zonal-wind structure are plotted in Fig. 17.2. From these figures we
infer the following:
• The stratosphere is very stably stratified, with a typical lapse rate corresponding to 𝑁 ≈
2×10−2 s, about twice that of the troposphere on average. This is in part due to the absorption
of solar radiation by ozone between 20 and 50 km.
• In the summer the solar absorption at high latitudes leads to a reversed temperature gradient
(warmer pole than equator) and, by thermal wind balance, a negative vertical shear of the
zonal wind. The temperature distribution is not far from the radiative equilibrium distribution, and over much of the summer stratosphere the mean winds are negative (westward).
• In winter high latitudes receive very little solar radiation and there is a strong meridional temperature gradient and consequently a strong vertical shear in the zonal wind. Nevertheless,
this temperature gradient is significantly weaker than the radiative equilibrium temperature
gradient, implying a poleward heat transfer by the fluid motions.
How do the dynamics of the stratosphere differ from the troposphere? One way is that there is
little, if any, baroclinic instability in the stratosphere — for various reasons. Suppose we first think
of the stratosphere in isolation. There is no clear reversal of the potential vorticity gradient and
no real opportunity for counter-propagating edge waves or Rossby waves to interact in the stratosphere, and hence stratosphere alone may simply be baroclinically stable. If the stratosphere were
baroclinically unstable the instability would be much weaker, because of its higher stratification. A
typical value of the static stability in the stratosphere is 𝑁 ≈ 2 × 10−2 s−1 , and using a height scale of
20 km gives a value of the deformation radius 𝑁𝐻/𝑓 of about 4000 km, as opposed to the canonical value of 1000 km in the troposphere. (The stratospheric estimate is very approximate because
the scale height, 𝐻𝑠 is much less than 20 km, and a relevant deformation radius is then 𝑁√𝐻𝐻𝑠 /𝑓.
But on the other hand one could also take 𝐻 > 20 km, so 4000 km may be a fair estimate.) Thus,
even with the same horizontal temperature gradient as the troposphere, a typical instability scale
(of the stratosphere in isolation) would be large, perhaps at wavenumber 2 rather than wavenumber 8. The stratospheric growth rate would then be much less than in the troposphere: the Eady
growth rate is given by 𝜎𝐸 ≡ 0.31𝛬𝐻/𝐿𝑑 = 0.31𝑈/𝐿𝑑 , where 𝛬 is the shear, giving the growth rate
that is several times smaller than its tropospheric counterpart. Of course, if baroclinic instability
has a modal form then the instability has the same horizontal scale and grows at the same rate in
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Fig. 11.2 Above: The zonally averaged temperature
and zonal wind in January, from an older (1980s) data
set extending up to 100 km The temperature contour
interval is 10 K, and values less than 220 K are shaded.
Zonal wind contours are 10 m s−1 and negative (westward) values are shaded.35
Left: Temperature (colour shading) and zonal wind
(contours) from a modern reanalysis product, also for
January. Contour interval is 10 m s−1 and negative values are dashed.

the stratosphere as the tropospheric one — it is the same mode! But in this case the higher lapse
rate suppresses the amplitude of the stratospheric instability, as shown in Fig. 9.21.
For all these reasons, baroclinic instability is not the main process leading to a circulation in
the stratosphere — the main process is the propagation and subsequent breaking and dissipation
of gravity and Rossby waves from the troposphere to the stratosphere. This breaking will produce
an acceleration of the zonal flow, and/or a meridional overturning circulation, and a good fraction of this chapter will be devoted to describing that process. But first we’ll provide a little more
description about the circulation itself, and it is convenient to divide that into two parts:
(i) a quasi-horizontal circulation;
(ii) a meridional overturning circulation (moc) that is most usefully described as a residual circulation (the residual meridional circulation, or rmoc) using the tem formalism.

11.1.1

The Quasi-Horizontal Circulation

In the extra-tropics the stratification is high and the Rossby number small and, at least to the extent
that the scales of motion are not truly hemispheric the circulation is well described by the quasigeostrophic equations. Now, not only does any stratospheric baroclinic instability tend to occur on
a large scale, but so does any wave activity that arises from the propagation of Rossby waves up from

102

Chapter 11. The Stratosphere
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Fig. 11.3 The geopotential height on 1 February, 2000, at various levels in the atmosphere —
1000 and 500 hPa are in the troposphere, 200 hPa is around the tropopause and 20 hPa is in the
mid-stratosphere, at about 30 km. Note the general increase in the scale of the variations of the
geopotential with height.

the troposphere. This is because of Charney–Drazin filtering, summarized in Fig. 16.6: the smaller
the wavelength the smaller is the range of zonal winds through which the waves can propagate. If
the wind is too high the waves encounter a turning surface, whereas if the wind is too low they
encounter a critical layer. Thus, we would expect that the general horizontal scale of motion is
larger in the stratosphere than in the troposphere, and this is borne out by inspection of Fig. 17.3,
which shows geopotential height at various levels. The complex patterns of the lower and midtroposphere are well filtered, and in mid-stratosphere the pattern is dominated by wavenumbers 1
and 2. Indeed it seems from the figure (which is typical) that much of the motion is concentrated
around a polar vortex.
Looking at geopotential (which roughly corresponds to a streamfunction) gives a somewhat
misleading impression of the lack of activity away from the poles. Here, because diabatic effects
occur on a rather longer time scale than advective processes, the flow may be characterized by the
advection of potential vorticity on more slowly evolving isentropic surfaces, as illustrated in Figs.
17.4 and 17.5. Both the potential vorticity and the tracer are evocative of two-dimensional turbulence. We see Rossby waves breaking and vortices stretched into filaments and tendrils, the features
of an enstrophy cascade. We also perceive some idea of the spectral non-locality of the enstrophy
transfer — a single large vortex overturns and breaks and there is little sense of a spectrally-local
cascade of enstrophy to dissipative scales. For this reason, the mid-latitude region is sometimes
known as the surf zone. It is precisely this wave breaking that gives rise to the enstrophy flux to
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Fig. 11.4 The tracer distribution in the northern hemisphere lower stratosphere on 28 January
1992. The tracer was initialized on 16 January by
setting it equal to the potential vorticity ﬁeld calculated from an observational analysis, and then
advected for 12 days by the observed wind ﬁelds.36

small scales and its dissipation, and which in turn gives rise to the overturning circulation that we
discuss below.
The surf-zone does not usually extend to the pole, and in winter dense cold air over the pole
forms itself into a cyclonic vortex, apparent in both Fig. 17.3 and 17.5. Although the vortex is
ultimately the result of diabatic forcing, and has a preferred location, the tendency of quasi-twodimensional flow to organize itself into vortices (as we see in Figs. 9.6 and 11.8) contributes to its
coherence and isolation from the rest of the hemisphere. The boundary of the vortex, as measured
by the value of the potential vorticity or of the tracer, is quite sharp with the value of PV often
jumping by a factor of 2 or so, and the vortex is quite persistent — in fact it is a near-permanent
feature of the winter hemisphere. Within the vortex potential vorticity tends to homogenize, and
once formed the main communication that the vortex has with the surf zone is via occasional wave
breaking at its boundary. It is interesting that, although the potential vorticity gradient is strong at
the edge of the vortex, the exchange of properties is weak, implying a failure of notions of diffusion,
or at least diffusion with a constant value of diffusivity; the edge of the vortex is a mixing barrier.
We saw this property before, in our discussion of potential vorticity staircases in Section 12.1.3.
Stable as it is, the polar vortex is nevertheless sometimes disrupted by wave activity from below;
this tends to occur when the wave activity itself is quite strong, and when the mean conditions are
such as to steer that wave activity polewards. Occasionally, this activity is sufficiently strong so as
to cause the vortex to break down, or to split into two smaller vortices, and so allow warm midlatitude air to reach polar latitudes — an event known as a stratospheric sudden warming, and one
such is illustrated in Fig. 17.22. We come back to the mechanism of such warmings later in the
chapter.
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Fig. 11.5 The potential vorticity on two isentropic surfaces, the 310 K surface (left) and the 475 K
surface (right), on 19 January, 2005. The shaded bar is in PV units. The 310 K surface is mainly in the
troposphere (see Fig. 15.16) where baroclinic instability is abundant. The 475 K surface is at about
20 km altitude, and on it we see a polar stratospheric vortex with a fairly sharp boundary where the
PV gradient is high, and a mid-latitude region of smaller-scale features and wave breaking.37

Fig. 11.6 The
observed
thickness-weighted
(residual) streamfunction in the
stratosphere, in Sverdrups
(109 kg s−1 ). The circulation is
clockwise where the contours
are solid.
The circulation is stronger
in the winter hemispheres,
whereas the equinoctial
circulations
(September,
March) are more interhemispherically symmetric.38
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Fig. 11.7 A sketch of the residual mean meridional circulation of the atmosphere. The solid arrows
indicate the residual circulation (B-D for Brewer–Dobson) and the shaded areas the main regions
of wave breaking (i.e., enstrophy dissipation) associated with the circulation. In the surf zone the
breaking is mainly that of planetary Rossby waves, and in the troposphere and lower stratosphere
the breaking is that of baroclinic eddies. The surf zone and residual ﬂow are much weaker in the
summer hemisphere. Only in the Hadley Cell does the residual circulation consist mainly of the
Eulerian mean; elsewhere the eddy component dominates.
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I’m singing in the rain, Just singing in the rain,
What a glorious feelin’, I’m happy again.
I’m laughing at clouds, So dark up above,
The sun’s in my heart, And I’m ready for love .
Lyrics by Arthur Freed, music by Nacio Herb Brown, Singin’ in the Rain, 1929.

CHAPTER 12

Water Vapour and the Tropical
Atmosphere

W

ater is an ordinary substance with extraordinary effects. The most obvious is that

oceans themselves are made of water, and if our planet were dry this book would perforce be much shorter (if only). Leaving aside the dynamical effects of the oceans, water
covers over two-thirds of Earth’s surface and because it is warm in some places and cold in others,
and because the atmosphere is in motion, water evaporates into the atmosphere in one place and
condenses from it elsewhere. The condensation leads to rain, one of the most talked-about aspects
of weather and climate. Water also freezes to form ice, so that at any given time water exists on
Earth in all three phases. Radiatively, water vapour is a greenhouse gas, meaning that it absorbs
infrared radiation that might otherwise be lost to space and so maintains the surface of the planet
at a temperature over 20 K higher than an equivalent dry planet. Dynamically, the condensation
of water vapour in the atmosphere releases energy, warming the air and tending to make it more
unstable than otherwise and leading to convection. Further, the net transport of water vapour
from low to high latitudes is effectively a meridional transport of energy.
In this chapter we focus on a small number of these issues, mainly on the kinematics and dynamics of water vapour itself and on some aspects of the dynamics of the tropical atmosphere,
where the effects of water vapour are most manifest. The tropics would certainly differ from the
mid-latitudes even if the atmosphere were dry — its Coriolis parameter is small among other things
— so our attention there is by no means confined to the effects of water vapour. Nevertheless, tropical convection and the attendant ‘radiative-convective equilibrium’ are greatly influenced by the
presence of water. We begin with a discussion of the thermodynamic properties of water vapour
itself. We then move on to an essentially kinematic description of the factors determining the
large scale distribution of relative humidity, before finally looking at convection and at tropical
dynamics more generally.39

12.1

A MOIST IDEAL GAS

Water is the compound of hydrogen and oxygen with the chemical formula H2 O, although in informal conversation water is often understood to mean only the liquid form of the compound. Water
vapour is a gas made up of molecules of H2 O, and ice is the solid form of water. Steam, in common
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parlance, is a mixture of air, water vapour and suspended droplets of water, usually at a very high
temperature. Steam is formed when water vapour at temperatures above boiling point cools under
contact with air and some of the water vapour condenses, forming a fine mist. Cloud and fog are
also mixtures of dry air, water vapour and water droplets, but need not be at high temperature.
Our focus will be on water vapour which, as we will see, can exist over a wide range of temperatures; let us first say how we quantify it and how it affects the equation of state. A number of
thermodynamic derivations are also given in Appendix A (page 720). Those derivations are more
systematic but less pedagogical than those below, and may appeal to some.

12.1.1

Ideal Gas Equation of State

The thermal equation of state for an ideal gas is conventionally written in the form
𝑝𝑉 = 𝑁𝑘𝐵 𝑇 = 𝑛𝑅∗ 𝑇,

(12.1)

where 𝑁 is the total number of molecules in the volume 𝑉, 𝑛 is the number of moles in that
volume, and 𝑁 = 𝑛𝑁𝐴 where 𝑁𝐴 is Avogadro’s number. A mole is the amount of a substance
that contains the same number of elementary entities, usually atoms or molecules, as there are
atoms in 12 grams of carbon-12, that number being Avogadro’s number (𝑁𝐴 ≈ 6.02 × 1023 ). Two
moles of a substance contains two times Avogadro’s number of elementary units. The constants
in the above equation are Boltzmann’s constant, 𝑘𝐵 , and the universal gas constant, 𝑅∗ , where
𝑅∗ ≡ 𝑁𝐴 𝑘𝐵 = 8.314 J mol−1 K−1 . As noted in Chapter 1, for any particular gas it is convenient to
define the specific gas constant by 𝑅 = 𝑅∗ /𝜇 where 𝜇 is the molar mass (mean molecular weight
in kg/mol). For a single component gas we then divide (18.1) by the total mass 𝑀 = 𝑛𝜇 to obtain
𝑝 = 𝜌𝑅𝑇.

(12.2)

Throughout this chapter we will be concerned only with ‘simple ideal gases’, or ‘perfect gases’, for
which the gas constants at constant composition are, in fact, constant.
For a multi-component ideal gas the partial pressure of each component is independent of the
presence of the other components (because the volume of the molecules is negligible) and so is
equal to the hypothetical pressure of that gas if it alone occupied the volume of the mixture. The
total pressure is therefore the sum of the partial pressures of each gas, a dictum known as Dalton’s
law of partial pressures. The partial pressure of each constituent in a mixture is proportional to the
number of molecules of that constituent, and therefore also proportional to the number of moles.
Because of Dalton’s dictum we can obtain a simple expression for the equation of state of a mixture,
as follows. Denoting the constituents by subscript 𝑖, the total pressure is given by
𝑝 = ∑ 𝑝𝑖 = ∑
𝑖

𝑖

1
𝑀 𝑛𝜇
𝑛 𝑅∗ 𝑇 = ∑ ( ) 𝑖 𝑖 𝑅∗ 𝑇.
𝑉 𝑖
𝑉 𝑀𝜇𝑖
𝑖

(12.3)

Let us define the effective molar mass, 𝜇𝑒 , by
1
𝑛𝜇
𝜑
= ∑ 𝑖 𝑖 = ∑ 𝑖,
𝜇𝑒
𝑀𝜇
𝑖
𝑖
𝑖 𝜇𝑖

(12.4)

where 𝜑𝑖 = (𝑛𝑖 𝜇𝑖 )/𝑀 is the mass fraction of the i-th constituent. We then have
𝑝 = 𝜌𝑅𝑇,

where

𝑅=

𝑅∗
= ∑ 𝜑 𝑖 𝑅𝑖 ,
𝜇𝑒
𝑖

(12.5a,b)

and 𝑅𝑖 = 𝑅∗ /𝜇𝑖 . The effective gas constant of the mixture is thus the mass-weighted mean of the
specific gas constants of its constituents. Any given gas has a specific gas constant that is inversely
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proportional to its molecular weight. Thus, for a given fluid density and temperature a gas with a
higher molecular weight will exert a lower pressure than one that has a smaller molecular weight,
because it will have fewer molecules per unit mass. Similar expressions apply to the heat capacities
𝑐𝑝 and 𝑐𝑣 , so that a heavier gas (higher molecular weight) has a smaller specific heat capacity.

12.1.2

Application to Moist Air

Dry air has virtually constant composition and its mean molar mass is 𝜇𝑑 = 29.0 × 10−3 kg mol−1 ,
giving 𝑅𝑑 = 𝑅∗ /𝜇𝑑 = 287 J kg−1 K−1 . Water vapour has a molar mass of 𝜇𝑣 = 18.014×10−3 kg mol−1
giving 𝑅𝑣 = 461.5 J kg−1 K−1 . The two gas constants are related by
𝑅𝑣 𝜇𝑑 1
=
≡ ≈ 1.608.
𝑅𝑑 𝜇𝑣 𝜖

(12.6)

Now consider a mixture of dry air and water vapour.

Measures of moisture
When mixtures are present we use superscripts 𝑑, 𝑣 and 𝑙 to denote thermodynamic quantities
associated with dry air, water vapour and liquid water. The absolute humidity is the amount of
water vapour per unit volume, with units of kg m-3 , or informally g m-3 . The mixing ratio, 𝑤, is the
ratio of the mass of water vapour, 𝑚𝑣 , to that of dry air, 𝑚𝑑 , in some volume of air and is thus
𝑤≡

𝑚𝑣 𝜌𝑣
=
.
𝑚𝑑 𝜌𝑑

(12.7)

It is a nondimensional measure but it is often expressed in terms of grams per kilogram. In the
atmosphere values range from close to zero to about 20 g kg−1 (2 × 10−2 ) in the tropics on a humid
day.
The specific humidity, 𝑞, is the ratio of the mass of water vapour to the total mass of air — dry
air plus water vapour — and so is
𝑞≡

𝑚𝑣
𝑤
=
𝑑
𝑣
𝑚 +𝑚
1+𝑤

and 𝑤 =

𝑞
.
1−𝑞

(12.8a,b)

The specific humidity is just the mass concentration of water vapour in air. In most circumstances
in Earth’s atmosphere 𝑚𝑣 ≪ 𝑚𝑑 so that 𝑞 ≈ 𝑤, usually to an accuracy of about one percent. In
most of this chapter we will ignore the differences between 𝑤 and 𝑞, but this is not appropriate for
all planetary atmospheres.
The partial pressure of water vapour in air, 𝑒, is the pressure exerted by water molecules and is
proportional to the number of moles of water vapour in the volume. It is given by
𝑒=

𝑛𝑑

𝑛𝑣
𝑚𝑣 /𝜇𝑣
𝑝= 𝑑 𝑑
𝑝,
𝑣
+𝑛
𝑚 /𝜇 + 𝑚𝑣 /𝜇𝑣

(12.9)

where 𝑛𝑣 and 𝑛𝑑 are the number of moles of water vapour and dry air in the mixture and 𝑝 is the
total pressure. Using (18.7) we can write (18.9) as
𝑒=

𝑤𝑝
𝑤+𝜖

or 𝑤 =

𝜖𝑒
.
𝑝−𝑒

(12.10)

𝜖𝑒
,
𝑝 − 𝑒(1 − 𝜖)

(12.11)

In terms of 𝑞 instead of 𝑤 these expressions are
𝑒=

𝑞𝑝
𝑞 + 𝜖(1 − 𝑞)

and 𝑞 =
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In Earth’s atmosphere 𝑤 ≪ 1 so that
𝑒≈𝑤

𝑝
= 1.61𝑤𝑝
𝜖

and

𝑒
𝑞≈𝑤≈𝜖 .
𝑝

(12.12)

If the mixing ratio of water vapour is 10 g kg−1 (a typical tropical value) and 𝑝 = 1000 hPa then
𝑒 ≈ 16 hPa.
The relative humidity, ℋ , is the ratio of the actual vapour pressure to the saturation vapour
pressure, 𝑒𝑠 , which is the maximum vapour pressure that can occur at a given temperature before
condensation occurs, as will be discussed in Section 18.1.4. Thus, ℋ = 𝑒/𝑒𝑠 ≈ 𝑞/𝑞𝑠 where 𝑞𝑠 is the
specific humidity at saturation.

12.1.3

Equation of State and Virtual Temperature

Using (18.5b) the effective gas constant of moist air varies with humidity according to
𝑅=

1
𝑚𝑑 𝑅𝑑 + 𝑚𝑣 𝑅𝑣
= (1 − 𝑞)𝑅𝑑 + 𝑞𝑅𝑣 = 𝑅𝑑 [1 + 𝑞 ( − 1)] ,
𝑚𝑑 + 𝑚𝑣
𝜖

(12.13)

with similar expressions for 𝑐𝑝 and 𝑐𝑣 . In humid air, with 𝑅𝑑 = 287 J kg−1 K−1 and 𝑞 = 0.02 say, we
have 𝑅 = 𝑅𝑑 (1 + 0.02 × 0.61) = 290.5 J kg−1 K−1 ,
The heat capacity of water vapour can be estimated from its molecular properties. Water vapour
is a triatomic molecule with three translational and three rotational degrees of freedom. If these
were the only degrees of freedom then the internal energy would be given by 𝐼 = 6𝑅𝑣 𝑇/2, whence
𝑐𝑣𝑣 ≈ 3𝑅𝑣 = 1384 W m−2 and 𝑐𝑝𝑣 = 𝑅𝑣 + 𝑐𝑣𝑣 = 1846 J kg−1 K−1 , where 𝑐𝑣𝑣 and 𝑐𝑝𝑣 are the specific
heat capacities for water vapour at constant volume and pressure, respectively. In fact vibrational
degrees of freedom can sometimes be excited and the measured values are a little higher, namely
𝑐𝑣𝑣 = 1397 J kg−1 K−1 and 𝑐𝑝𝑣 = 1859 J kg−1 K−1 (at 273 K, increasing very slightly with temperature).
The heat capacity of moist air is thus slightly higher than that of dry air, but since values of 𝑞 are
small the difference is only about 1%.
The variation of gas constant with humidity can be inconvenient in numerical models. A
workaround is to define a so-called virtual temperature, 𝑇𝑣 , which is the temperature that dry air
would need to be in order to have the same density and pressure as moist air. That is, by definition,
𝑝 = 𝜌𝑅𝑇 = 𝜌𝑅𝑑 𝑇𝑣 ,

(12.14)

where 𝑅 is given by (18.13). Using (18.13) we obtain
𝑝 = 𝜌𝑅𝑑 𝑇𝑣 ,

1
where 𝑇𝑣 = 𝑇 [1 + 𝑞 ( − 1)] ≈ 𝑇(1 + 0.61𝑞).
𝜖

(12.15)

The virtual temperature, 𝑇𝑣 , increases with specific humidity and if 𝑞 = 20 g kg−1 then 𝑇𝑣 is about
12%, or 3 K, larger than the actual temperature. Such a temperature is often used in numerical
models of the atmosphere because it enables various thermodynamic equations to keep their original form, with gas constants that actually are constant.
Because the concentration of water vapour in Earth’s atmosphere is so small, the variations of
the heat capacities are small and constant values are often used to calculate quantities such as the
potential temperature and the adiabatic lapse rate. This is not always appropriate, and Appendix
A of this chapter indicates how, in principle, more accurate calculations could be made.

12.1.4

Saturation Vapour Pressure

Vapour pressure is the partial pressure of water vapour in the atmosphere. At any given temperature, there is a maximum value of that vapour pressure beyond which condensation normally
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occurs and this is known as the saturation vapour pressure. Why should this be so, and why don’t
other atmospheric gases, such as oxygen or carbon dioxide, also condense? To understand this, we
have to understand the thermodynamic equilibrium between a liquid and a gas.

Equilibration of the Gibbs function
Consider a system that consists of an enclosed, insulated container partially filled with liquid, and
with vapour above it. The two subsystems can exchange mass and energy, with liquid potentially
evaporating into vapour and vapour condensing into the liquid. Energy is required to evaporate the
liquid into a vapour to overcome the molecular forces in the liquid and this is given by 𝑀(ℎ𝑣 − ℎ𝑙 ),
where 𝑀 is the mass that has evaporated, ℎ𝑣 is the specific enthalpy of the vapour and ℎ𝑙 is the
specific enthalpy of the liquid. The enthalpy of vaporization, more commonly called the latent
heat of evaporation, is defined by the difference between the two enthalpies at a temperature 𝑇,
namely,
𝐿(𝑇) ≡ ℎ𝑣 − ℎ𝑙 ,
(12.16)
with 𝐿 having units of J kg−1 . It is a function of temperature, because the enthalpies of liquid water
and water vapour are both functions of temperature, and a very weak function of pressure — see
Appendix A for details. For water, 𝐿 diminishes almost linearly by about 10% going from 0° C to
100° C, from 2.5 × 106 to 2.26 × 106 J kg−1 .
Now suppose we leave the container alone for a long time so that the liquid and vapour come
into equilibrium at a temperature 𝑇. If a mass 𝑀 is to evaporate from liquid into vapour then the
energy required, 𝐸, can be related to the entropy difference between the liquid and vapour phases,
𝐸 = 𝑀𝐿 = 𝑀(ℎ𝑣 − ℎ𝑙 ) = 𝑀𝑇(𝜂𝑣 − 𝜂𝑙 ),

(12.17)

where 𝜂𝑣 and 𝜂𝑙 are the specific entropies of the vapour and liquid, and the temperature is fixed
because all the energy put into the liquid is used for evaporation. Re-arranging we find
ℎ𝑣 − 𝑇𝜂𝑣 = ℎ𝑙 − 𝑇𝜂𝑙

or

g𝑣 = g𝑙,

(12.18a,b)

where g 𝑙 ≡ ℎ𝑙 − 𝑇𝜂𝑙 and g 𝑣 ≡ ℎ𝑣 − 𝑇𝜂𝑣 are the specific Gibbs functions for the liquid and vapour
(Section 1.5.2). That is, the specific Gibbs functions for the liquid and water phases of a substance are
the same at equilibrium. The result follows directly from (18.17): the energy required to evaporate
a mass of liquid, which is equal to the mass times the specific enthalpy difference between the
vapour and the liquid, is also equal to the mass times the specific entropy difference between the
vapour and liquid. The equality is true only at equilibrium, when temperature remains fixed, so
that (18.18b) is an equation, not an identity.
Another way to derive the above result is to begin with the fact that the total Gibbs function,
for the entire system, must remain constant. That is, if 𝑀𝑙 and 𝑀𝑣 are the masses of liquid and
water, then
𝐺 = 𝑀𝑙 g 𝑙 + 𝑀 𝑣 g 𝑣
(12.19)
and
𝛿𝐺 = 𝑀𝑙 𝛿g 𝑙 + 𝑀𝑣 𝛿g 𝑣 + (g 𝑣 − g 𝑙 ) 𝛿𝑀 = 0,

(12.20)

where 𝛿𝑀 is the mass exchanged between liquid and vapour arising from a small fluctuation. Now,
from (1.78) changes in Gibbs functions arise because of changes in temperature and pressure; that
is, in general,
𝛿g = −𝜂 𝛿𝑇 + 𝛼 𝛿𝑝,
(12.21)
and given this, (18.20) becomes
𝛿𝐺 = 𝑀𝑙 (−𝜂𝑙 𝛿𝑇 + 𝛼𝑙 𝛿𝑝) + 𝑀𝑣 (−𝜂𝑣 𝛿𝑇 + 𝛼𝑣 𝛿𝑝) + (g 𝑣 − g 𝑙 ) 𝛿𝑀 = 0,

(12.22)
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where 𝛼𝑙 and 𝛼𝑣 are the specific volumes (the inverse density) of the liquid and vapour, respectively.
But the temperature and pressure are fixed, and thus, in order that 𝛿𝐺 = 0 we must have that
g 𝑣 = g 𝑙 . The reason for equality of the two Gibbs functions — as opposed to the equality of some
other thermodynamic potential — stems from the fact that the Gibbs function is the only potential
for which the natural variables are intensive, namely temperature and pressure. The derivation we
have given exploits this directly, for we kept 𝑝 and 𝑇 fixed.

12.1.5

Clausius–Clapeyron Equation

Now suppose that the temperature of the liquid-vapour system changes by an amount 𝛿𝑇, leading
to a change in the vapour pressure and in the specific Gibbs functions for the liquid and water
vapour. Using (18.21) the change in the two Gibbs functions is given by
𝛿g 𝑙 = −𝜂𝑙 𝛿𝑇 + 𝛼𝑙 𝛿𝑝,

𝛿g 𝑣 = −𝜂𝑣 𝛿𝑇 + 𝛼𝑣 𝛿𝑝,

(12.23)

and, since the two changes must be the same, 𝛿g 𝑙 = 𝛿g 𝑣 . Re-arranging (18.23) and taking the limit
of small changes then gives
d𝑝 𝜂𝑙 − 𝜂𝑣
=
.
(12.24)
d𝑇 𝛼𝑣 − 𝛼𝑙
Using (18.16) and (18.17) this equation can be written
d𝑝
ℎ 𝑙 − ℎ𝑣
𝐿
=
=
,
𝑣
𝑙
𝑣
d𝑇 𝑇(𝛼 − 𝛼 ) 𝑇(𝛼 − 𝛼𝑙 )

(12.25)

where to obtain the rightmost expression we use the definition of 𝐿. The quantity 𝑝 is the vapour
pressure of the vapour above the liquid, which we are denoting 𝑒. Furthermore, it is the saturation
vapour pressure, 𝑒𝑠 , because the vapour is in equilibrium with the liquid: if more vapour were
added it would immediately condense. Using this notation, the saturation vapour pressure of a
condensible gas above a liquid is given by
d𝑒𝑠
𝐿
=
.
𝑣
d𝑇 𝑇(𝛼 − 𝛼𝑙 )

(12.26)

This is the Clausius–Clapeyron equation, and it tells us how the pressure of a vapour that is in
thermodynamic equilibrium with an adjacent liquid varies with temperature. If for some reason
the vapour pressure is higher than this value, and if there is an adjacent surface of liquid water,
then the vapour will condense into a liquid — a common manifestation of which is the formation
of clouds and rain. Evidently, since 𝐿 > 0 and 𝛼𝑣 > 𝛼𝑙 , the saturation vapour pressure increases
with temperature so that a reduction in temperature can lead to saturation. At the temperature at
which the saturation vapour pressure of a substance equals that of the ambient pressure then any
liquid present will boil. For water at a pressure of 1000 hPa this occurs at about 100° C, with a lower
temperature needed at a lower pressure, which is why it takes longer to properly boil an egg at high
altitude.
The presence of a liquid surface is crucial to the derivation, and it means that the equation only
applies to a condensible. For gases such as carbon dioxide or oxygen at temperatures encountered
on Earth, the saturation vapour pressure is very much higher than the actual pressure at the Earth’s
surface and the gas never condenses; the partial pressure of the gas is then determined by the ideal
gas relation and not by (18.26). On Mars, temperatures are sufficiently low that carbon dioxide
(the main constituent of the Martian atmosphere) is a condensate and as much as 25% of the Martian atmosphere will condense in winter. On Titan temperatures are even lower and methane is a
condensate, and methane lakes are scattered over the dystopian surface.
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On Earth, the partial pressure of water vapour, however, is constrained by (18.26), meaning
that the partial pressure will often reach the saturated value and the vapour will then normally
condense. Condensation is not, however, guaranteed, and to see this imagine a container that
contains unsaturated water vapour and no liquid water, and suppose its temperature is then lowered; the pressure of the vapour will then fall following the ideal gas law. The saturation vapour
pressure falls more quickly than this and so at some temperature the vapour pressure will exceed
the saturation vapour pressure, but the vapour will not automatically condense since there is no
liquid present and (18.26) does not apply. The vapour is then said to be supersaturated. A supersaturated state is unstable and condensation will eventually occur and liquid water will form, and
subsequent changes in temperature induce pressure changes that satisfy the Clausius–Clapeyron
equation. Supersaturated water vapour is fairly rare in Earth’s atmosphere because there is usually
no shortage of condensation nuclei.
At the other end of the temperature scale, liquid water can exist at temperatures well below
freezing when there is insufficient water for the molecules to become organized into a crystalline
structure, and super-cooled water droplets rather than ice then result — a common situation in
clouds. If the liquid that is present is in the form of small spherical droplets then the saturation
vapour pressure will differ slightly from that when the vapour is over a flat surface, because surface
tension will affect the energy required for a molecule to escape from the droplet and so the latent
heat of vaporization will differ. If the vapour is in contact with ice instead of water then its saturation vapour pressure will differ again, because the specific enthalpy of ice is different from that of
liquid water.

Application to an ideal gas
In a mixture of ideal gases the partial pressure of one gas is unaffected by the presence of the other
gases (because the volume of the gas molecules is assumed to be negligible) and in particular the
saturation vapour pressure for a particular component is independent of the presence of other components. We can then, at least approximately, integrate (18.26) to see how the saturation vapour
pressure of a particular component varies with temperature. Let us assume that density of the
vapour is much less than that of the liquid, so that 𝛼𝑣 ≫ 𝛼𝑙 . Given that the partial pressure of the
vapour satisfies the ideal gas law, namely 𝑒𝑣 𝛼𝑣 = 𝑅𝑣 𝑇, where 𝑅𝑣 is the specific gas constant for the
vapour, the Clausius–Clapeyron equation becomes
d𝑒𝑠
𝐿𝑒𝑠
=
.
d𝑇 𝑅𝑣 𝑇2

(12.27)

This is the form of Clausius–Clapeyron equation that is normally used in atmospheric applications.
If we further assume that 𝐿 is a constant then (18.27) can be integrated to give
𝑒𝑠 = 𝑒0 exp [

𝐿 1
1
( − )] ,
𝑣
𝑅 𝑇0 𝑇

(12.28)

where 𝑒0 and 𝑇0 are constants, for example 𝑇0 = 273 K and 𝑒0 = 6.12 hPa. Equation (18.28) is a
good approximation if the temperature range is not too wide, and as seen in Fig. 18.1 the saturation vapour pressure of water increases approximately exponentially over commonly encountered
terrestrial temperatures. Note that the expression for saturation vapour pressure does not depend
on the presence or otherwise of dry air.
The fact that water vapour content cannot normally exceed the saturation value distinguishes
the distribution of water from other tracers in the atmosphere, even without taking the heating
effects of condensation into account. Note finally that if the atmosphere were motionless it would
everywhere be in thermodynamic equilibrium with the moist surface and the surface layers would
be saturated, and diffusion of water vapour upwards would then saturate the rest of the atmosphere.
Thus, the relative humidity of the atmosphere is determined by its circulation, as we now discuss.
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v

Fig. 12.1 The saturation vapour pressure of
water vapour, calculated using the analytic formula (18.28), which assumes that 𝐿 is constant
(dashed line), and using a more accurate, semiempirical formula (solid line).40 The inset is the
same plot over a smaller range.
The parameters used in the analytic formula are
𝑇0 = 273 K, 𝑒0 = 6.12 hPa, 𝐿 = 2.44 × 106 J kg-1
and 𝑅𝑣 = 462 J kg-1 K -1 .

12.2

THE DISTRIBUTION OF RELATIVE HUMIDITY

To a first approximation, the distribution of water in the atmosphere is determined by the distribution of temperature. This is because of the near-exponential dependence of absolute humidity on
temperature through the Clausius–Clapeyron equation, so that variations of relative humidity of
even an order of magnitude, from 10% to 100% say, are barely noticeable in the specific humidity
distribution, as seen in Fig. 18.2. It is, however, the relative humidity that determines such basic
quantities as rainfall, and its distribution (Fig. 18.3 and Fig. 18.4) shows a quite different picture,
with the following features evident:
• High, near-saturated values close to the ground.
• Low relative humidity in the subtropics at latitudes between 15° to 40° (depending on season)
in both hemispheres.
• High values near the equator extending up to the tropopause.
• Vertically near-uniform values in mid- and high latitudes, increasing with latitude close to
the pole in some cases.
• Very low values over much of the stratosphere.
The gross distribution of zonally-averaged temperature can be understood, at least in a rough
way, using fairly simple arguments. The incoming solar radiation at the top of the atmosphere
would lead, in the absence of atmospheric motion, to a strong meridional radiative equilibrium
temperature gradient, as in Fig. 14.1. The meridional transport of heat by the Hadley Cell and by
mid-latitude baroclinic eddies flattens that temperature gradient, and one might crudely model this
transport as a diffusion. In the vertical heat is transported upwards by convection and baroclinic
eddies, which might be modelled as a relaxation back to some specified neutrally stable profile or
specified isentropic slope. However, arguments of this type cannot capture some basic features of
the relative humidity distribution, and diffusive arguments in particular can be quite misleading.
The effects of advection, either explicitly or as represented by a stochastic process, are crucial, and
in this section we consider advection-diffusion-condensation models of the general form
𝜕𝑞
+ 𝒗 ⋅ ∇𝑞 = ∇ ⋅ 𝜅∇𝑞 − 𝑆,
𝜕𝑡

(12.29)

where 𝑞 is the specific humidity, 𝒗 is a specified velocity field, 𝜅 is a diffusion coefficient and 𝑆 is
the condensational sink.42 Condensation in the atmosphere involves complicated microphysical
processes but the basic effect is to remove liquid water once the volume becomes saturated and to
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Fig. 12.2 Zonally-averaged speciﬁc humidity distribution (g/kg) in the atmosphere, as retrieved
from a microwave satellite, for boreal summer in 2008 (top) and boreal winter 2008–2009 (bottom).41 Note the logarithmic scale.

largely prevent relative humidity from exceeding 100% (although supersaturation can occur locally
if there are no particulates in the air onto which the water vapour may condense). A simple analytic
way to represent such a condensation process is to let
𝑆={

0,
(𝑞 − 𝑞𝑠 )/𝜏,

𝑞 ≤ 𝑞𝑠 ,
𝑞 > 𝑞𝑠 ,

(12.30)

where the time 𝜏 is much smaller than any large scale diffusion time, 𝐿2 /𝜅, where 𝐿 is a characteristic length. Such a sink effectively prevents 𝑞 from exceeding 𝑞𝑠 except by a tiny amount. In (18.29)
we may consider the advection and diffusion terms as representing larger scale processes and the
sink as representing small-scale microphysical processes. We begin our exploration by omitting
advection, and a summary can be found on page 683.

12.2.1

A Diﬀusion-Condensation Model

If we omit advection in (18.29) we have a simple diffusion-condensation model
𝜕𝑞
= ∇ ⋅ 𝜅∇𝑞 − 𝑆.
𝜕𝑡

(12.31)

Although superficially plausible, such a model is too-often unable to reproduce locally unsaturated
regions. For simplicity consider the one-dimensional case satisfying
𝜕𝑞
𝜕2 𝑞
= 𝜅 2 − 𝑆,
𝜕𝑡
𝜕𝑥

(12.32)
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Fig. 12.3 Zonally-averaged relative humidity distribution in the atmosphere (in percent, shading),
and isolines of equivalent potential temperature (contours), inferred from satellite as in Fig. 18.2.
(Equivalent potential temperature is a modiﬁcation of potential temperature to account for water
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Water Vapour Transport and Relative Humidity
• Water vapour in the atmosphere is primarily transported by advection, much of this
on large, near planetary scales but also by convection and smaller scale turbulence.
Specific humidity is materially conserved in the absence of condensation and diffusion.
• If the vapour pressure exceeds the saturated value (as given by the Clausius–
Clapeyron relation) condensation will occur provided condensation nuclei or liquid
water are present. The condensation normally occurs much more quickly than largescale advective processes, and this situation is known as the fast condensation limit.
• When dealing with large-scale flows in Earth’s atmosphere the limit is a good approximation. Levels of relative humidity are then determined mainly by advective processes rather than the microphysical details of the condensation process. Specifically,
the relative humidity of a parcel is determined by the temperature at the location of
last saturation, as in (18.35).
• If the advection is not fully resolved — for example if there is some small-scale turbulence in the flow — then introducing some diffusion seems natural, as is commonly
done for tracers, but a large diffusivity can give unrealistic results because of the irreversible nature of condensation. Diffusion is then not a good representation of
small-scale quasi-random flow and is overly prone to produce saturation.
• In Earth’s atmosphere some of the large-scale features of the relative humidity distribution may be explained as follows:
• High levels of relative humidity close to the surface. These are due to transport
from a saturated surface, especially over the ocean and moist ground.
• High levels of relative humidity in the ascending branch of the Hadley Cell.
These are due to upward advection from a nearly saturated surface. The branch
is, however, not saturated on the zonal-average, because of the presence of
smaller scale motion such as downdrafts that unsaturate the air.
• A subtropical minimum of relative humidity. This largely arises because of the
mean descending motion, advecting water vapour into a warmer region and
decreasing its relative humidity.
• Variable relative humidity in mid- and high latitudes, with locally strong gradients. Chaotic advection by baroclinic eddies takes moisture upwards and polewards into cooler regions where it becomes saturated, but also downwards and
equatorwards so reducing relative humidity.
• Very low levels of relative humidity in the stratosphere. The tropopause is a
cold trap and so relative humidity is very low beyond it. The cold-trap effect
occurs in both advective and diffusive models. In Earth’s atmosphere, the little
water vapour that is in the stratosphere mainly enters advectively through the
tropical tropopause.
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Fig. 12.5 Steady solution of the diﬀusion-condensation model (18.32) and (18.33), with ℋ𝑏 = 0.7
at 𝑥 = 0 and temperature (° C) falling linearly from 𝑥 = 0 as shown. Water vapour falls linearly
away from the boundary at 𝑥 = 0 until it becomes saturated at 𝑥 = 0.23, after which the region is
saturated. Two solutions are plotted, the one with dashed lines showing the solution with twice
the diﬀusivity as that with solid lines. The two solutions are nearly identical except for the sink
term, the rainfall.

with constant 𝜅. In this model, any interior minimum of 𝑞𝑠 will lead to saturation in that neighbourhood. To see this, note that in any region where moisture is present and that has 𝜕2 𝑞/𝜕𝑥2 > 0
and 𝑞 < 𝑞𝑠 , there will be a net flux of water vapour into that region. Saturation must eventually
occur, at which point 𝑞 remains very close to the value of 𝑞𝑠 . If 𝜕2 𝑞𝑠 /𝜕𝑥2 > 0 then the diffusive
flux will maintain the saturated state. Given the monotonic dependence of 𝑞𝑠 on temperature this
result means that, in a moist atmosphere in which water vapour is transported diffusively, the
neighbourhood of an interior minimum of temperature will become saturated.
A corollary of this result is that, unless there is a source of moisture at a boundary, a region
with 𝜕2 𝑞𝑠 /𝜕𝑥2 > 0 everywhere will under many conditions eventually lose nearly all its moisture.
Suppose that 𝜕𝑞/𝜕𝑥 = 0 at 𝑥 = 0 and that 𝑞𝑠 has a maximum at 𝑥 = 0, and that the region
extends to infinity and is initially saturated. (Envision a semi-infinite domain with temperature
decreasing linearly away from a no-flux boundary, and therefore with no source of moisture, at
𝑥 = 0.) Moisture is transported to higher values of 𝑥 where condensation occurs and moisture is
removed. As time progresses the region of saturation moves to higher and higher vales of 𝑥, but
nevertheless water is continuously removed. In a finite domain, with no flux boundary conditions
at either end, a small amount of moisture will remain in the system for all time because a finite
amount of water vapour is needed for condensation to occur.
Now consider the more atmospherically relevant situation with a moisture source at 𝑥 = 0,
with 𝑞𝑠 decreasing monotonically away and with the other boundary either extending to infinity
or being a no-flux boundary at finite 𝑥. Such a situation might represent an atmosphere sitting
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Fig. 12.6 As for Fig. 18.5, but now with ℋ𝑏 = 1 and an interior temperature minimum, a ‘cold
trap’, at 𝑥 = 0.7 (see temperature panel), and water vapour has a log scale. Relative humidity falls
rapidly beyond the cold trap and the rainfall there is zero.

atop a moist surface with temperature decreasing with height. Consider the case
𝑞 = ℋ𝑏 𝑞𝑠 (𝑇0 ),
𝜕𝑞
= 0,
𝜕𝑥

𝑥 = 0,
𝑥 = 1,

(12.33)

where ℋ𝑏 is a parameter such that if the boundary is effectively saturated then ℋ𝑏 = 1, and ℋ𝑏 < 1
otherwise, and we suppose that 𝑇 decreases between 𝑇0 at 𝑥 = 0 and 𝑇1 at 𝑥 = 𝑥1 . Consider first the
case with 𝐻𝑏 = 1. If 𝑇 falls linearly then the value of 𝑞𝑠 falls approximately exponentially between
𝑥 = 0 and 𝑥 = 1, with 𝜕2 𝑞𝑠 /𝜕𝑥2 > 0, and the steady solution of this problem is that the domain is
saturated everywhere. To see this, suppose that 𝑞 < 𝑞𝑠 is some region so that 𝑆 = 0. Water vapour
will then diffuse into that region until condensation begins, maintaining 𝑞 ≈ 𝑞𝑠 everywhere, with,
if (18.30) applies, 𝑞 in fact exceeding 𝑞𝑠 by a very small amount so that the diffusion into the region
is balanced by condensation. If 𝐻𝑏 < 1 then the region next to the surface will not be saturated
and in steady state the water vapour content will decrease linearly, to satisfy 𝜕2 𝑞/𝜕𝑥2 = 0, until at
some value of 𝑥, 𝑥𝑠 say, the atmosphere becomes saturated and remains so for 𝑥 > 𝑥𝑠 . The actual
solution is
ℋ 𝑞 (0) + 𝑥𝛥𝑞/𝑥𝑠 ,
𝑥 < 𝑥𝑠 ,
𝑞(𝑥) = { 𝑏 𝑠
(12.34)
𝑞𝑠 (𝑥),
𝑥 ≥ 𝑥𝑠 ,
where 𝛥𝑞 = (𝑞𝑠 (𝑥𝑠 )− ℋ𝑏 𝑞𝑠 (0)) and 𝑥𝑠 is such that the flux is continuous there. A moment’s thought
reveals that 𝑥𝑠 = 𝛥𝑞/(𝜕𝑞𝑠 /𝜕𝑥)𝑥=𝑥𝑠 and 𝑥𝑠 = 0 if ℋ𝑏 = 1. It is interesting that the values of water
vapour in the solution (plotted in Fig. 18.5) do not depend upon 𝜅 and only very weakly on 𝜏. In
the fast condensation limit (in which 𝜏 is small compared to the diffusion time) variations of 𝜏
determine only the tiny amount by which 𝑞 exceeds 𝑞𝑠 . The amount of condensation is actually
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Fig. 12.7 Annually-averaged relative humidity (in percent) at 925 hPa, about 750 m above sea
level. The contrast over land and ocean is apparent especially in the subtropics. (In regions of high
topography values are interpolated.)

largely determined by the value of 𝜅: large values of 𝜅 lead to a stronger diffusion of water vapour
into dryer regions where it is almost immediately removed by condensation. This result illustrates
the tenet that on large scales precipitation is at leading order determined by the motion of the fluid
(here represented by diffusion), with variations in 𝜏 (crudely representing complex microphysical
processes) being of less import. Microphysical processes are nevertheless important in many ways
— a weather forecast model with poor microphysics would likely have little skill in forecasting the
onset of precipitation, even if the climatology of the model were good.
Although the above model is over-simple in some respects, the dependence of the solution on
ℋ𝑏 does capture the dependence of relative humidity in the lower atmosphere on the nature of the
surface beneath, as seen in Fig. 18.7 showing relative humidity at 925 hPa. Over the desert regions
the relative humidity is unsurprisingly low. Perhaps what is surprising is that the general dryness
of the subtropics cannot be seen over the oceans — the surface moisture source simply overwhelms
the drying effects of descending air (discussed more below).
A variation on the above theme introduces a temperature minimum, or ‘cold trap’, in the interior
of the domain, as at 𝑥 = 0.7 in Fig. 18.6. This configuration is a crude model of the tropopause,
with temperatures increasing in the stratosphere beyond. Water vapour has to pass through the
cold trap and so, since the specific humidity cannot be higher than the saturated value at the cold
trap, the atmosphere will be unsaturated beyond it with relative humidity decreasing rapidly, as is
seen in the real atmosphere in Fig. 18.3.
Although informative, diffusive-condensation models are fundamentally limited in what they
can achieve, because of the deficiencies of diffusion in parameterizing the motion of a tracer in the
presence of condensation. In particular, in the absence of a cold trap, diffusive models are prone
to produce saturation everywhere. If the atmosphere obeyed (18.31) with a saturated surface, then
the atmosphere would become saturated everywhere up to the tropopause, which from Fig. 18.3 is
manifestly not the case. To remedy this we turn our attention to the effects of advection.
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Fig. 12.8 Steady-state distributions of relative humidity (ﬁlled contours, left) and water vapour
(right) in a single cell as deﬁned by the streamfunction (red contours, clockwise ﬂow. so air rising
at the ‘equator’ at y = 0) in a closed domain. The domain boundary is saturated at the bottom,
and temperature decreases linearly with height. The diﬀusivity 𝜅 = 0.001 and so the Peclet number,
Pe ≡ 𝑈𝐿/𝜅 ∼ 1000.
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Fig. 12.9 As for Fig. 18.8, but with bigger diﬀusivity, 𝜅 = 0.1 and Pe ∼ 10. Most of the domain is
now much wetter.
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Part IV

LARGE-SCALE OCEANIC
CIRCULATION

As I ebb’d with the ocean of life,
As I wended the shores I know,
As I walk’d where the ripples continually wash you Paumanok …
As the ocean so mysterious rolls toward me closer and closer …
I perceive I have not really understood any thing,
not a single object, and that no man ever can,
Nature here in sight of the sea taking advantage of me
to dart upon me and sting me,
Because I have dared to open my mouth to sing at all.

CHAPTER 13

Walt Whitman, As I Ebb’d with the Ocean of Life, from Leaves of Grass, 1881.

Wind-Driven Gyres

U

nderstanding the circulation of the ocean involves a combination of observations,

comprehensive numerical modelling, and more conceptual modelling or theory.43 All
are essential, but in this chapter and the ones following our emphasis is on the last of the
triad. Its (continuing) role is not to explain every feature of the observed ocean circulation, nor to
necessarily describe details best left to numerical simulations. Rather, it is to provide a conceptual
and theoretical framework for understanding the circulation of the ocean, for interpreting observations and suggesting how new observations may best be made, and to aid the development and
interpretation of numerical models.
The aspect of the ocean that most affects the climate is the sea-surface temperature (sst),
as illustrated in Fig. 19.1, and aside from the expected latitudinal variation there is significant
zonal variation too — the western tropical Pacific is particularly warm, and the western Atlantic is
warmer than the corresponding latitude in the east. These variations owe their existence to ocean
currents, and the main ones are sketched — in a highly schematic and non-quantitative fashion —
in Fig. 19.2. Over most of the ocean, the vertically averaged currents have a similar sense to the surface currents, one exception being at the equator where the surface currents are mainly westward
but the vertical integral is dominated by the eastward undercurrent. Two dichotomous aspects of
this picture stand out: (i) the complexity of the currents as they interact with topography and the
geography of the continents; (ii) the simplicity and commonality of the large-scale structures in the
major ocean basins, and in particular the ubiquity of subtropical and subpolar gyres. Indeed these
gyres, sweeping across the great oceans carrying vast quantities of water and heat, are perhaps the
single most conspicuous feature of the circulation. The subtropical gyres are anticyclonic, extending polewards to about 45°, and the subpolar gyres are cyclonic and polewards of this, primarily in
the Northern Hemisphere. The existence of the great gyres, and that they are strongest in the west,
has been known for centuries; this western intensification leads to such well-known currents as the
Gulf Stream in the Atlantic (charted by Benjamin Franklin), the Kuroshio in the Pacific, and the
Brazil Current in the South Atlantic.
For much of this chapter we consider a model, and variations about it, that explains the largescale features of ocean gyres and that lies at the core of ocean circulation theory — the steady,
forced-dissipative, homogeneous model of the ocean circulation first formulated by Stommel.44
In all of the geosciences there is perhaps no other model that combines elegance and as relevance
as much as this one.
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Fig. 13.1 The sea-surface temperature (sst, ° C) of the world’s ocean, as determined from a great
many observations, combined in the World Ocean Circulation Experiment (woce).
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Fig. 13.2 Idealization of the main currents of the global ocean. Key: STG – Subtropical Gyre;
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of the vertically integrated ﬂow, in Sverdrups (1 Sv = 109 kg s−1 ). Note the presence of an anticyclonic
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13.1

THE DEPTH INTEGRATED WIND-DRIVEN CIRCULATION

Although even today we barely have sufficient observations to produce a detailed synoptic map
of the ocean currents, except at the surface, the large-scale mean currents are fairly well mapped
and Fig. 19.3 illustrates the average current pattern of the North Atlantic using a combination of
observations and a numerical model, and the Gulf Stream is clearly visible. Similar features are
seen in all the major ocean basins (Fig. 19.4) where we see subtropical and subpolar gyres, all of
them intensified in the west.45 Our goal in this chapter is to explain the main features seen in these
figures in as simple and straightforward a manner as is possible.
The equations that govern the large-scale flow in the oceans are the planetary-geostrophic equations. Greatly simplified as these are compared to the Navier–Stokes equations, or even the hydrostatic Boussinesq equations, they are still quite daunting: a prognostic equation for buoyancy is
coupled to the advecting velocity via hydrostatic and geostrophic balance, and the resulting problem is formidably nonlinear. However, it turns out that thermodynamic effects can effectively be
eliminated by the simple device of vertical integration; the resulting equations are linear, and the
only external forcing is that due to the wind stress. The resulting model then, at the price of some
comprehensiveness, gives a useful picture of the wind-driven circulation of the ocean. We will
consider the vertical structure of this flow in the next chapter.

13.1.1

The Stommel Model

The planetary-geostrophic equations for a Boussinesq fluid are:
D𝑏
= 𝑏,̇
D𝑡
𝒇 × 𝒖 = −∇𝜙 +

∇3 ⋅ 𝒗 = 0,
1 𝜕𝝉
,
𝜌0 𝜕𝑧

𝜕𝜙
= 𝑏.
𝜕𝑧

(13.1a,b)

(13.2a,b)

These equations are, respectively, the thermodynamic equation (19.1a), the mass continuity equation (19.1b), the horizontal momentum equation (19.2a), (i.e., geostrophic balance, plus a stress

0
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term), and the vertical momentum equation (19.2b) — that is, hydrostatic balance. These equations are derived more fully in Chapter 5, but they are essentially the Boussinesq primitive equations with the advection terms omitted from the horizontal momentum equation, on the basis of
small Rossby number. In this chapter we will henceforth absorb the factor of 𝜌0 into the 𝝉, so that
𝝉 denotes the kinematic stress, and the gradient operator will be two dimensional, in the 𝑥-𝑦 plane,
unless noted.
Take the curl of (19.2a) (that is, cross differentiate its 𝑥 and 𝑦 components) and integrate over
the depth of the ocean to give
∫ 𝒇∇ ⋅ 𝒖 d𝑧 +

𝜕𝑓
∫ 𝑣 d𝑧 = curl𝑧 (𝝉𝑇 − 𝝉𝐵 ),
𝜕𝑦

(13.3)

where the operator curl𝑧 is defined by curl𝑧 𝑨 ≡ 𝜕𝐴𝑦 /𝜕𝑥 − 𝜕𝐴𝑥 /𝜕𝑦 = 𝐤 ⋅ ∇ × 𝑨, and the subscripts
𝑇 and 𝐵 are for top and bottom. The divergence term vanishes if the vertical velocity is zero at
the top and bottom of the ocean. Strictly, at the top of the ocean the vertical velocity is given by
the material derivative of height of the ocean’s surface, Dℎ/D𝑡, but on the large-scales this has a
negligible effect and we may make the rigid-lid approximation and set it to zero. At the bottom of
the ocean the vertical velocity is only zero if the ocean is flat-bottomed; otherwise it is 𝒖⋅∇𝜂𝐵 , where
𝜂𝐵 is the orographic height at the ocean floor. The neglect of this topographic term is probably the
most restrictive single approximation in the model. Given this neglect, (19.3) becomes
𝛽𝑣 = curl𝑧 (𝝉𝑇 − 𝝉𝐵 ),

(13.4)

where henceforth, in this section, quantities with an overbar are understood to be the vertical
integral over the depth of the ocean. If the stresses depend only on the velocity fields then thermodynamic fields do not affect the vertically integrated flow.
At the top of the ocean, the stress is given by the wind. At the bottom, in the absence of topography we assume that the stress may be parameterized by a linear drag, or Rayleigh friction, as might
be generated by an Ekman layer; it is this assumption that particularly characterizes this model as
being due to Stommel. (Note that we parameterize the friction by a drag acting on the vertically
integrated velocity. Using the velocity at the bottom of the ocean would be more realistic, but this
wrinkle is beyond the scope of vertically integrated models.) Equation (19.4) then becomes
𝛽𝑣 = −𝑟𝜁 + 𝐹𝜏 (𝑥, 𝑦),

(13.5)

where 𝐹𝜏 = curl𝑧 𝝉𝑇 is the wind-stress curl at the top of the ocean and is a known function. Because
the velocity is divergence-free, we can define a streamfunction 𝜓 such that 𝑢 = −𝜕𝜓/𝜕𝑦 and 𝑣 =
𝜕𝜓/𝜕𝑥. Equation (19.5) then becomes
𝑟∇2 𝜓 + 𝛽

𝜕𝜓
= 𝐹𝜏 (𝑥, 𝑦).
𝜕𝑥

(13.6)

This equation is often referred to as the Stommel problem or the Stommel model, and may be posed
in a variety of two dimensional domains.

13.1 The Depth Integrated Wind-Driven Circulation
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Fig. 13.4 A state estimate of the streamfunction of the vertically integrated ﬂow for the near global ocean.
Red shading indicates clockwise ﬂow, and blue shading anticlockwise, but in both hemispheres the subtropical (subpolar) gyres are anticyclonic (cyclonic).47
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There is a tide in the affairs of men,
which, taken at the flood, leads on to fortune.
Omitted, all the voyage of their life is bound in shallows and in miseries.
On such a full sea are we now afloat,
and we must take the current when it serves, or lose our ventures.
William Shakespeare, Julius Caesar, c. 1599.

CHAPTER 14

Structure of the Upper Ocean

I

n the previous chapter we developed an understanding of the vertically integrated flow of the

worlds oceans. If we are to proceed further we must develop an understanding of the vertical
structure of the oceans, and that is the subject of this chapter. Our main focus will be on the
upper ocean and we will proceed as follows:
1. We first explore the vertical structure of the wind-driven circulation, largely as a continuation of the investigation of the previous chapter. We use the quasi-geostrophic equations to
understand why the subsurface ocean moves at all, and we introduce the notion of potential
vorticity homogenization.
2. A limitation of the quasi-geostrophic approach is that these equations take the stratification,
𝑁(𝑧), as a given and therefore cannot provide a answer to the question as to what produces
the density structure itself. Thus, beginning in Section 20.4, we relax the quasi-geostrophic
restriction and, using the planetary-geostrophic equations, we try to understand the dynamics
that give rise to the vertical structure of density itself. We focus on the main thermocline, the
region of the upper ocean in which temperature and density vary most rapidly, in all seasons,
and we discuss the structure of both the internal thermocline and the ventilated thermocline,
the meaning of which will become apparent later.
As with many fluid problems, the dynamics becomes intertwined with the thermodynamics,
and the mean flow becomes intertwined with the smaller, turbulent, baroclinic eddies, in rather
subtle ways that, to this day, are not fully understood and that large numerical models are only
beginning to properly simulate. We begin by looking at the vertical structure of the wind-driven
gyres, and if and how the influence of the wind can be communicated to the subsurface ocean.

14.1 VERTICAL STRUCTURE OF THE WIND-DRIVEN CIRCULATION
14.1.1 A Two-layer Quasi-Geostrophic Model
We pose the problem using the quasi-geostrophic equations, taking the background stratification
of the ocean as a given.48 The simplest system that has vertical structure is a two-layer model
and that is where we start. We don’t yet wish to consider the effects of mesoscale eddies, so we’ll
limit ourselves to motion larger than the deformation scale, although not so large that the quasigeostrophic system itself does not hold.
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Scales of motion
On scales that are sufficiently larger than the deformation radius we can ignore the relative vorticity
compared to planetary vortex stretching and the 𝛽-effect. Since quasi- geostrophic scaling itself
applies only to scales that are not significantly larger than the deformation scale, our analysis will
be formally valid under the following set of inequalities:
𝛽𝐿 ≪ 𝑓0
𝛽𝐿 > 𝑈/𝐿

(small variations in Coriolis parameter),
(to ignore relative vorticity compared to planetary vorticity),

𝐿2 > 𝐿2𝑑

(to ignore relative vorticity compared to vortex stretching),

2

Ro 𝐿 ≪

𝐿2𝑑

(to keep the variations in stratification small),

where 𝐿𝑑 is the deformation radius and 𝐿 the scale of the motion. The first and last of the above
inequalities are standard quasi-geostrophic requirements, with the ‘≫’ symbol denoting the asymptotic ordering. The middle two inequalities are taken within the quasi-geostrophic dynamics, and
are needed in order to ignore relative vorticity and give a balance between the 𝛽-effect and vortex
stretching. The simultaneous satisfaction of all these conditions may seem restrictive, but the plangent dynamics contained within the quasi-geostrophic equations and the generality of the method
employed below will suggest that the principal results obtained may transcend the limitations of
the equations used. In the mid-latitude ocean 𝐿𝑑 ≈ 105 m and the above inequalities are reasonably
well satisfied for 𝐿 ≈ 106 m and 𝑈 ≈ 0.1 m s−1 with 𝛽 = 10−11 m−1 s−1 and 𝑓0 = 10−4 s−1 .

Constructing the model
We now make the following simplifications for our model ocean:
(i) We use the two-layer quasi-geostrophic equations, with layers of equal thickness.
(ii) We seek only statistically-steady solutions.
(iii) We include a frictional term coming from a downgradient flux of potential vorticity. Given
the neglect of relative vorticity, this is equivalent to an interfacial drag.
(iv) We neglect the western boundary layer.
Because of the equal-layer-thickness assumption, which makes the algebra simpler, it is best considered as a model for the upper ocean above a level where the vertical velocity is approximately
zero. The equations of motion are then
𝐽(𝜓1 , 𝑞1 ) =

1
curl𝑧 𝝉𝑇 − ∇ ⋅ 𝑻1 ,
𝐻0

𝐽(𝜓2 , 𝑞2 ) = −∇ ⋅ 𝑻2

(14.1a,b)

where
𝑞1 = 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1 ),

𝑞2 = 𝛽𝑦 + 𝐹(𝜓1 − 𝜓2 ).

(14.2a,b)

Here, 𝐹 = 𝑓02 /(𝑔′ 𝐻0 ) = 1/𝐿2𝑑 is a measure of the stratification, where 𝐻0 is the thickness of either
layer, and the ∇⋅ 𝑻 terms represent interfacial eddy stresses, which, if needed, we will parameterize
by a downgradient flux of potential vorticity,
𝑻1 = −𝜅∇𝑞1 = −𝜅(𝐹∇(𝜓2 − 𝜓1 ) + 𝛽 𝐣),

𝑻2 = −𝜅∇𝑞2 = −𝜅(𝐹∇(𝜓1 − 𝜓2 ) + 𝛽 𝐣),

(14.3)

where 𝜅 is a constant. We will mostly be interested in the limit of small 𝜅, or more specifically
𝑈𝐿/𝜅 ≫ 1, which is a large Péclet number condition. (The Péclet number is similar to a Reynolds
number, but with the diffusivity replacing the kinematic viscosity.) So first consider the case when
𝜅 is identically zero. An exact solution to (20.1) has 𝜓2 = 0, so that (20.1a) becomes 𝛽𝜕𝜓1 /𝜕𝑥 =
𝐻0−1 curl𝑧 𝝉𝑇 , with solution
𝑥𝐸
1
(14.4)
𝜓1 = −
∫ curl𝑧 𝝉𝑇 d𝑥.
𝐻0 𝛽 𝑥

14.1 Vertical Structure of the Wind-Driven Circulation
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Fig. 14.1 Contours of 𝑞 = 𝛽𝑦 + 𝐴 sin π𝑦(1 − 𝑥), with 𝛽 = 1, for three values of 𝐴. The red dashed
line is 𝑞 = 1, which separates the blocked region to the east (𝑞 < 1) from the closed region to the
west (𝑞 > 1). See Fig. 20.2 for plots of the other ﬁelds.

That is, there is no flow in the lower layer, and the upper layer solution is given by Sverdrup balance.
The solution satisfies 𝜓1 = 0 at 𝑥 = 𝑥𝐸 and, because 𝜓2 = 0, the nonlinear term on the left-hand
side of (20.1a) vanishes identically. This is both counter-intuitive and counter-observations, for we
know the subsurface ocean is not quiescent. Is there another solution?

A general solution
We now construct the solution without assuming 𝜓2 = 0. Although the equations are nonlinear,
we can obtain a linear equation for a streamfunction by adding (20.1a) and (20.1b), giving
𝐽(𝜓1 , 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1 )) + 𝐽(𝜓2 , 𝛽𝑦 + 𝐹(𝜓1 − 𝜓2 )) =

1
curl𝑧 𝝉𝑇 .
𝐻0

(14.5)

The nonlinear terms cancel leaving
𝐽(𝜓, 𝛽𝑦) =

1
curl𝑧 𝝉𝑇 ,
𝐻0

where 𝜓 = 𝜓1 + 𝜓2 ,

(14.6a,b)

with solution, as in (20.4),
𝜓=−

𝑥𝐸
1
∫ curl𝑧 𝝉𝑇 d𝑥′ .
𝐻0 𝛽 𝑥

(14.7)

This simply says that the vertically integrated flow obeys Sverdrup balance. For the canonical wind
stress
𝝉𝑇 = −𝜏0 cos π𝑦 𝐢,

(14.8)

and we obtain 𝜓 = (π𝜏0 /𝛽𝐻0 )(𝑥𝐸 − 𝑥) sin π𝑦. It is useful to define
𝑞 ≡ (𝛽𝑦 + 𝐹𝜓),

(14.9)

and then 𝑞 = 𝛽[𝑦 + 𝐴(1 − 𝑥) sin π𝑦], where 𝐴 = π𝜏0 /(𝛽𝐻0 ) parameterizes the wind strength, and
this is plotted in Fig. 20.1. For 𝑞 < 1 (below and to the right of the dashed line) all the geostrophic
contours intersect the eastern boundary and the flow is ‘blocked’. For 𝑞 > 1 the flow is ‘closed’.
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Fig. 14.2 Upper- and lower-level potential vorticity and streamfunction for the canonical wind
stress (20.8). The ﬁeld of 𝑞 is that of Fig. 20.1 with 𝐴 = 1. The dashed line divides the blocked region
from the closed region. The lower layer streamfunction 𝜓2 is non-zero only in the closed region, and
here 𝑞2 = 𝛽𝐿 and 𝑞1 = 2𝛽𝑦 − 𝛽𝐿. In the blocked region the upper layer carries all of the Sverdrup
transport. Both the streamfunction and potential vorticity are continuous at the divide: 𝜓2 = 0
and 𝑞2 = 𝑞 = 𝛽𝐿.

Lower layer
Although the full equations are nonlinear, using (20.9) we can obtain a linear equation for the lower
layer. Because the Jacobian of a field with itself vanishes, (20.1b) and (20.2b) imply that
𝐽(𝜓2 , 𝑞) = −∇ ⋅ 𝑻2 ,

(14.10)

and this is useful because 𝑞 is a function of the wind, using (20.9). If ∇ ⋅ 𝑻2 = 0 then
𝐽(𝜓2 , 𝑞) = 0.

(14.11)

As well as the possibility that 𝜓2 = 0 we now have the more general solution
𝜓2 = 𝐺(𝑞),

(14.12)

where 𝐺 is an arbitrary function of its argument. Isolines of 𝜓2 and 𝑞 are then coincident. (Contours that are isolines of both streamfunction and potential vorticity are known as geostrophic
contours.)

Our heads are round so our thoughts may change direction.
Francis Picabia (1879–1953).

Paradigms Lost.
Apologies to John Milton.

CHAPTER 15

The Meridional Overturning Circulation
and the Antarctic Circumpolar Current

T

he meridional overturning circulation, or the moc, of the ocean is the circulation associ-

ated with sinking mostly at high latitudes and upwelling elsewhere, with much of the meridional transport taking place below the main thermocline. Understanding this circulation is
one of the main goals of this chapter. The theory explaining the moc is not nearly as settled as that
of the quasi-horizontal wind-driven circulation discussed in Chapter 19, but considerable progress
has been made, in particular with a significant re-thinking of the fundamentals occurring in the
late 20th and early 21st century, as we will discover. Our other main goal is to glean an understanding of the Antarctic Circumpolar Current, or acc, the theory of which has also undergone a
transformation over that same period. The acc is important not only in its own right, but because
it mediates the mocs of the individual ocean basins, connecting them into a global circulation.
That there is a deep circulation has been known for a long time, largely from observations
of tracers such as temperature, salinity, and constituents such as dissolved oxygen and silica.49
We can also take advantage of numerical models that are able to assimilate observations (from
hydrographic measurements, floats and satellites) and produce a state estimate of the overturning
circulation that is consistent with both the observations and the equations of motion, and one such
estimate is illustrated in Fig. 21.1. We see that the water does not all upwell in the subtropics as we
tacitly assumed in the previous chapter. In fact, much of the mid-depth circulation more-or-less
follows the isopycnals that span the two hemispheres (Fig. 21.2), sinking in the North Atlantic and
upwelling in the Southern Ocean, with the transport in between being, at least in part, adiabatic.
The moc used to be known as the ‘thermohaline’ circulation, reflecting the belief that it was
primarily driven50 by buoyancy forcing arising from gradients in temperature and salinity. Such a
circulation requires that the diapycnal mixing must be sufficiently large, but many measurements
have suggested this is not the case and that has led to a more recent view that the moc is at least
partially, and perhaps primarily, mechanically driven, mostly by winds, and so along isopycnals
instead of across them. However, the situation is not wholly settled, and it is almost certain that
both buoyancy and wind forcing, as well as diapycnal diffusion, all contribute. The possible role of
multiple basins (Atlantic, Pacific, etc.) on the moc is likewise not fully understood.
In the first half of the chapter we mainly discuss somewhat classical topics associated with
the buoyancy forcing. Then, beginning in Section 21.6, we discuss the role of wind forcing in
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Fig. 15.1 An estimate of the mean
meridional overturning circulation
of the Atlantic (i.e., the streamfunction of the zonally averaged meridional ﬂow) in Sverdrups.51

producing a moc. This forces us to take an extended diversion into the dynamics of the acc in
Section 21.7 and then, in the last two sections, we present a theory of the moc that incorporates
both wind and buoyancy effects. We start by considering a simple but revealing fluid model of
buoyancy forcing at the surface in a very idealised setting.

15.1

SIDEWAYS CONVECTION

Perhaps the simplest and most obvious fluid dynamical model of the overturning circulation is
that of sideways convection. The physical situation is sketched in Fig. 21.3. A fluid (two- or threedimensional) is held in a container that is insulated on all of its sides and its bottom, but its upper
surface is non-uniformly heated and cooled. In the purest fluid dynamical problem the heat enters
the fluid solely by conduction at the upper surface, and one may suppose that here the temperature
is imposed. Thus, for a simple Boussinesq fluid the equations of motion are
D𝒗
+ 𝒇 × 𝒗 = −∇𝜙 + 𝑏𝐤 + 𝜈∇2 𝒗,
D𝑡

D𝑏
= 𝜅∇2 𝑏,
D𝑡

∇ ⋅ 𝒗 = 0,

(15.1a,b,c)

where 𝒇𝑓𝐤, and with boundary conditions
𝑏(𝑥, 𝑦, 0, 𝑡) = 𝑔(𝑥, 𝑦),

(15.2)

where 𝑔(𝑥, 𝑦) is a specified field, and 𝜕𝑛 𝑏 = 0 on the other boundaries, meaning that the derivative
normal to the boundary, and so the buoyancy flux, is zero. The oceanographic relevance of (21.1)
and (21.2) should be clear: the ocean is heated and cooled from above, and although the thermal
forcing in the real ocean may differ in detail (being in part a radiative flux, and in part a sensible
and latent heat transfer from the atmosphere), (21.2) is a useful idealization. An alternative upper
boundary condition would be to impose a flux condition whereby
flux = 𝜅

𝜕
𝑏(𝑥, 𝑦, 0, 𝑡) = ℎ(𝑥, 𝑦),
𝜕𝑧

(15.3a)

where ℎ(𝑥, 𝑦) is given. In some numerical models of the ocean, the heat input at the top is parameterized by way of a relaxation to some specified temperature. This is a form of flux condition in
which
𝜕𝑏
𝜅
= 𝐶(𝑏∗ (𝑥, 𝑦) − 𝑏),
(15.3b)
𝜕𝑧

15.1 Sideways Convection

137
0
250

Fig. 15.2 The
climatological
zonally-averaged potential density
(𝜎𝜃 ) in the Atlantic ocean. Note the
break in the vertical scale at 1000 m.
The region of rapid change of
density (and temperature) is concentrated in the upper kilometre, in
the main thermocline, below which
the density is more uniform. The
ﬂow of the moc is largely, but not
exactly, parallel to the isopycnals. 52
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and 𝐶 is an empirical constant and 𝑏∗ (𝑥, 𝑦) is given.53 Although this may be a little more relevant
than (21.2) for the real ocean, which of the three boundary conditions is chosen will not affect the
arguments below, and we use (21.2).

15.1.1

Two-dimensional Convection

We may usefully restrict attention to the two-dimensional problem, in latitude and height. This
is a poor model of the actual overturning circulation of the ocean, but the results do not depend
on this idealization. The incompressibility of the flow then allows one to define a streamfunction
such that
𝜕𝜓
𝜕2 𝜓 𝜕2 𝜓
𝜕𝜓
,
𝜁 = ∇𝑥2 𝜓 = ( 2 + 2 ) ,
(15.4)
𝑣=− , 𝑤=
𝜕𝑧
𝜕𝑦
𝜕𝑦
𝜕𝑧
where 𝜁 is the vorticity in the meridional plane. We will omit the subscript 𝑥 on the Laplacian
operator where there is no ambiguity.
Taking the curl of Boussinesq equations of motion (21.1) then gives
𝜕∇2 𝜓
𝜕𝑏
+ 𝐽(𝜓, ∇2 𝜓) =
+ 𝜈∇4 𝜓,
𝜕𝑡
𝜕𝑦
𝜕𝑏
+ 𝐽(𝜓, 𝑏) = 𝜅∇2 𝑏,
𝜕𝑡

(15.5a)
(15.5b)

where 𝐽(𝑎, 𝑏) ≡ (𝜕𝑦 𝑎)(𝜕𝑧 𝑏) − (𝜕𝑧 𝑎)(𝜕𝑦 𝑏).

Nondimensionalization and scaling
We nondimensionalize (21.5) by formally setting
𝑏 = 𝛥𝑏 𝑏,̂

̂
𝜓 = 𝛹𝜓,

𝑦 = 𝐿𝑦,
̂

𝑧 = 𝐻̂
𝑧,

𝑡=

𝐿𝐻
𝑡,̂
𝛹

(15.6)

where the hatted variables are nondimensional, 𝛥𝑏 is the temperature difference across the surface, 𝐿 is the horizontal size of the domain, and 𝛹, and ultimately the vertical scale 𝐻, are to be
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Fig. 15.3 Sketch of sideways convection. The ﬂuid is diﬀerentially
heated and cooled along its top
surface, whereas all the other walls
are insulating.
The result is, typically, a small region of convective instability and
sinking near the coldest boundary, with generally upwards motion elsewhere.54

determined. Substituting (21.6) into (21.5) gives
̂ 2𝜓
̂
𝜕∇
̂ ∇2 𝜓)
̂ =
+ 𝐽(̂ 𝜓,
𝜕𝑡 ̂
𝜕 𝑏̂
̂ 𝑏)̂ =
+ 𝐽(̂ 𝜓,
𝜕𝑡 ̂

𝐻3 𝛥𝑏 𝜕 𝑏̂
𝜈𝐿 ̂ 4
̂
+
∇ 𝜓,
2
𝛹 𝜕𝑦̂ 𝛹𝐻

(15.7a)

𝜅𝐿 ̂ 2 ̂
∇ 𝑏,
𝛹𝐻

(15.7b)

̂ 2 = (𝐻/𝐿)2 𝜕2 /𝜕𝑦̂2 + 𝜕2 /𝜕̂
𝑧2 and the Jacobian operator is similarly nondimensional. If we
where ∇
now use (21.7b) to choose 𝛹 as
𝜅𝐿
𝛹=
,
(15.8)
𝐻
̂ then (21.7) becomes
so that 𝑡 = 𝐻2 𝑡/𝜅,
̂ 2𝜓
̂
𝜕 𝑏̂
𝜕∇
̂ 2 𝜓)
̂ 4 𝜓,
̂ = Ra𝜎𝛼5
̂
̂ ∇
+ 𝐽(̂ 𝜓,
+ 𝜎∇
𝜕𝑡 ̂
𝜕𝑦̂
𝜕 𝑏̂
̂ 2 𝑏.̂
̂ 𝑏)̂ = ∇
+ 𝐽(̂ 𝜓,
𝜕𝑡 ̂

(15.9)
(15.10)

It is possible to make different scaling choices, but they all lead to the appearance of the same non
dimensional parameters, or combinations thereof, and the three that govern the behaviour of the
system are
Ra = (

𝛥𝑏𝐿3
),
𝜈𝜅

𝜈
,
𝜅
𝐻
𝛼= ,
𝐿
𝜎=

(the Rayleigh number),

(15.11a)

(the Prandtl number),

(15.11b)

(the aspect ratio).

(15.11c)

Sometimes 𝐻 is used instead of 𝐿 in the Rayleigh number definition; we use 𝐿 here because it is
an external parameter. The Rayleigh number is a measure of the strength of the buoyancy forcing
relative to the viscous term, and in the ocean it will be very large indeed, perhaps ∼ 1024 if molecular
values are used.
For steady non-turbulent flows, and also perhaps for statistically steady flows, we can demand
that the buoyancy term in (21.9) is 𝒪 (1). If it is smaller then the flow is not buoyancy driven, and
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Fig. 15.4 The density and streamfunction in two numerical simulations of two-dimensional sideways
convection, with Rayleigh numbers of 106 (top) and 109 (bottom). The imposed temperature at the top
linearly decreases from the centre outward, the side and bottom walls are insulating, and the Prandtl number is 10. The two density plots use the same colourmap, but the streamfunction plots do not. There is
a sinking plume at the centre, with a weaker circulation and a thinner thermocline at the higher Rayleigh
number.56

if it is larger there is nothing to balance it. Our demand can be satisfied only if the vertical scale of
the motion adjusts appropriately and, for 𝜎 = 𝒪 (1), this suggests the scalings:55
1/5

𝐻 = 𝐿𝜎−1/5 Ra−1/5 = (

𝜅2 𝐿2
)
𝛥𝑏

,

𝛹 = Ra1/5 𝜎−4/5 𝜈 = (𝜅3 𝐿3 𝛥𝑏)1/5 .

(15.12a,b)

The vertical scale 𝐻 arises as a consequence of the analysis, and the vertical size of the domain plays
no direct role. [For 𝜎 ≫ 1 we might expect the nonlinear terms to be small and if the buoyancy
term balances the viscous term in (21.9) the right-hand sides of (21.12) are multiplied by 𝜎1/5
and 𝜎−1/5 . For seawater, 𝜎 ≈ 7 using the molecular values of 𝜅 and 𝜈. If small scale turbulence
exists, then the eddy viscosity will likely be similar to the eddy diffusivity and 𝜎 ≈ 1.] Numerical
experiments (an example is shown in Fig. 21.4) provide support for the scaling of (21.12), and a
few simple and robust points that have relevance to the real ocean emerge:
• Most of the box fills up with the densest available fluid, with a boundary layer in temperature
near the surface required in order to satisfy the top boundary condition. The boundary gets
thinner with decreasing diffusivity, consistent with (21.12). This is a diffusive prototype of
the oceanic thermocline.
• The horizontal scale of the overturning circulation is large, nearly the scale of the box.
• The downwelling regions (the regions of convection) are of smaller horizontal scale than the
upwelling regions, especially as the Rayleigh number increases.
Let us now try to explain some of the features in a simple and heuristic way, beginning with the
scale of the motion.
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ρ2

z2

Δz
Fig. 15.5 Two ﬂuid parcels, of density 𝜌1 and 𝜌2 and initially at positions
𝑧1 and 𝑧2 respectively, are interchanged. If 𝜌2 > 𝜌1 then the ﬁnal potential
energy is lower than the initial potential energy, with the diﬀerence being
converted into kinetic energy.

15.1.2

ρ1

z1

The Relative Scale of Convective Plumes and Diﬀusive Upwelling

Why is the downwelling region narrower than the upwelling? The short answer is that high Rayleigh
number convection is much more efficient than diffusive upwelling, so that the convective buoyancy flux can match the diffusive flux only if the convective plumes cover a much smaller area than
diffusion.57 Suppose that the basin is initially filled with water of an intermediate temperature, and
that surface boundary conditions of a temperature decreasing linearly from low latitudes to high
latitudes are imposed. The deep water will be convectively unstable, and convection at high latitudes (where the surface is coldest) will occur, quickly filling the abyss with dense water. After
this initial adjustment the deep, dense water at lower latitudes will be slowly warmed by diffusion,
but at the same time surface forcing will maintain a cold high latitude surface, thus leading to high
latitude convection. A steady state or statistically steady state is eventually reached with the deep
water having a slightly lower potential density than the surface water at the highest latitudes, and
so maintaining continual convection, but convection that takes place only at the highest latitudes.
To see this more quantitatively consider the respective efficiencies of the convective heat flux
and the diffusive heat flux. Consider an idealized re-arrangement of two parcels, initially with the
heavier one on top as illustrated in Fig. 21.5. The potential energy released by the re-arrangement,
𝛥𝑃 is given by
𝛥𝑃 = 𝑃final − 𝑃initial
= 𝑔 [(𝜌1 𝑧2 + 𝜌2 𝑧1 ) − (𝜌1 𝑧1 + 𝜌2 𝑧2 )]
= 𝑔(𝑧2 − 𝑧1 )(𝜌1 − 𝜌2 ) = 𝜌0 𝛥𝑏𝛥𝑧,

(15.13)
(15.14)
(15.15)

where 𝛥𝑧 = 𝑧2 − 𝑧1 and 𝛥𝑏 = 𝑔(𝜌1 − 𝜌2 )/𝜌0 .
The kinetic energy gained by this re-arrangement, 𝛥𝐾 is given by 𝛥𝐾 = 𝜌0 𝑤2 and equating
this to (21.13) gives
𝑤2 = −𝛥𝑏𝛥𝑧.
(15.16)
If the heavier fluid is initially on top then 𝜌2 > 𝜌1 and, as defined, 𝛥𝑏 < 0. The vertical convective
buoyancy flux per unit area, 𝐵𝑐 , is given by 𝐵𝑐 = 𝑤𝛥𝑏 and using (21.16) we find
𝐵𝑐 = (−𝛥𝑏)3/2 (𝛥𝑧)1/2 .

(15.17)

The upwards diffusive flux, 𝐵𝑑 , per unit area is given by
𝐵𝑑 = 𝜅

𝛥𝑏
,
𝐻

(15.18)

where 𝐻 is the thickness of the layer over which the flux occurs. In a steady state the total diffusive
flux must equal the convective flux so that, from (21.17) and (21.18),
(−𝛥𝑏)3/2 (𝛥𝑧)1/2 𝛿 = 𝜅

𝛥𝑏
,
𝐻

(15.19)
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where 𝛿 is the fractional area over which convection occurs. If we set 𝛥𝑧 = 𝐻, and use (21.12a) we
find
1/10
𝜅2 𝐿2
𝛥𝑏
(−𝛥𝑏)3/2 (
) 𝛿=𝜅 2 2
,
(15.20)
𝛥𝑏
(𝜅 𝐿 /𝛥𝑏)1/5
giving
1/5

𝛿=(

𝜅2
)
𝛥𝑏𝐿3

= (Ra 𝜎)−1/5 .

(15.21)

For geophysically relevant situations this is a very small number, usually smaller than 10−5 . Although the details of the above calculation may be questioned (for example, the use of the same
buoyancy difference and vertical scale in the convection and the diffusion), the physical basis for
the result is transcendent: for realistic choices of the diffusivity the convection is much more efficient than the diffusion and so will occur over a much smaller area.

15.1.3

Phenomenology of the Overturning Circulation

No water can be denser (or, more accurately, have a greater potential density) than the densest water
at the surface. If the surface water is denser than the water at depth then it will be convectively
unstable and sink in a plume.58 The plume slowly entrains the warmer water that surrounds it,
and then spreads horizontally when it reaches the bottom or when its density becomes similar to
that of its surroundings. The presence of water denser than its surroundings creates a horizontal
pressure gradient, and the ensuing flow will displace any adjacent lighter fluid, and so the domain
fills with the densest available fluid. This process is a continuous one: the plumes take cold water
into the interior, where the water slowly warms by diffusion, and the source of cold water at the
surface is continuously replenished. If diffusion is small, the end result is that the potential density
of the fluid in the interior will be slightly less than that of the densest fluid formed at the surface.
(Because diffusion can act only to reduce extrema, no fluid in the interior can be colder than the
coldest fluid formed at the surface.)
However, the value at the surface is given by the boundary condition 𝑏(𝑥, 𝑦, 𝑧 = 0) = 𝑓(𝑥, 𝑦).
Thus, the interior cannot fill all the way to the surface with this cold water and there must be a
boundary layer connecting the cold, dense interior with the surface; its thickness 𝛿 is given by
the height scale of (21.12a); that is 𝛿 ∼ 𝐻 = (𝜅2 𝐿2 /𝛥𝑏)1/5 . Such a strong boundary layer will
not necessarily be manifest in the velocity field, however, because the no-normal flow boundary
condition on the velocity field is satisfied by setting 𝜓 = 0 as a boundary condition to the elliptic
problem ∇2 𝜓 = 𝜁, where 𝜁 is the prognostic variable in (21.5a), and this boundary condition has a
global effect on the velocity field.
Why is the horizontal scale of the circulation large? The circulation transfers heat meridionally, and it is far more efficient to do this by a single overturning cell than by a multitude of small
cells; hence, although we cannot entirely eliminate the possibility that some instability will produce such small scales of motion, it seems likely the horizontal scale of the mean circulation will
be determined by the domain scale. (At low Rayleigh number we can in fact explicitly calculate an
approximate analytic solution for the flow, demonstrating this.) For higher Rayleigh number perturbation approaches fail and we must resort to numerical solutions; these (e.g., Fig. 21.4), do show
the circulation dominated by a single overturning circulation rather than many small convective
cells over a large range of Rayleigh number.
Finally, it is important to realize that even for large diffusion and viscosity there is no stationary
solution: as soon as we impose a temperature gradient at the top the fluid begins to circulate, a
manifestation of the dictum that a baroclinic fluid is a moving fluid, encountered in Section 4.2. Put
simply, a temperature gradient leads a density gradient, which in turn leads to a pressure gradient.
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The pressure gradient leads to motion: viscosity cannot prevent that, for it can have an effect only
if the velocity is non-zero.

In the afternoon they came unto a land
In which it seemed always afternoon.
All round the coast the languid air did swoon,
Breathing like one that hath a weary dream.
Alfred Tennyson, The Lotus Eaters, 1832.

CHAPTER 16

Equatorial Circulation and El Niño

E

quatorial oceanography deceives us, hiding fascinating, non-intuitive dynamics beneath

the languorous tropical air. The mid-latitudes give us the great gyres with their intense western boundary currents and mesoscale eddies, and by comparison the equatorial currents
may seem, on the surface, featureless and vapid. Yet the equatorial regions are home to the resolute equatorial undercurrents that tunnel across the basins, opposite in bearing to the winds that
drive them. And the equatorial ocean and atmosphere — in a collaboration that is more tango
than waltz — give rise to the marvellous phenomenon that is El Niño, the most dramatic example
of climate variability on human timescales that this planet has to offer. Such phenomena are the
subjects of this chapter.
The defining feature of equatorial dynamics is that the Coriolis parameter becomes small, at
least by comparison with the mid-latitudes, and balanced and unbalanced dynamics become intertwined, as we encountered in Chapter 8. Yet if we move more than a few degrees away from the
equator the Rossby number again becomes quite small, suggesting that familiar ways of investigating the dynamics — Sverdrup balance for example — might yet play a role. Let’s first see what we
are trying to understand and if the observations can give us some intuition.

16.1

OBSERVATIONAL PRELIMINARIES

In mid-latitudes the gyres are very robust features, existing in all the basins, and may be understood
as the direct response to the curl of the wind stress. In the equatorial regions the currents also
display some robust and distinctive features, illustrated in Fig. 22.1 and the top panel of Fig. 22.2,
but their relation to the winds is less obvious. The main features are as follows:
1. A shallow westward59 flowing surface current, typically confined to the upper 50 m or less,
strongest within a few degrees of the equator, although not always symmetric about the equator. Its speed is typically a few tens of centimetres per second.
2. A strong coherent eastward undercurrent extending to about 200 m depth, confined to within
a few degrees of the equator. Its speed is up to a metre per second or a little more, and it is
this current that dominates the vertically integrated transport at the equator. Beneath the
undercurrent the flow is relatively weak.
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Fig. 16.1 Sections of the observed mean zonal current (shading and associated contours) at two longitudes in the Paciﬁc (upper panels), in the Atlantic (lower left) and in the Indian Ocean (lower right). The
contours are every 20 cm s−1 in the upper two panels and every 10 cm s−1 in the lower panels. Note the
well-deﬁned eastward undercurrent at the equator in all panels, and a weaker eastward countercurrent at
about 6° N and/or 6° S. The red, more horizontal, lines are isolines of potential density.60

3. Westward flow on either side of the undercurrent, with eastward countercurrents poleward
of this. In the Pacific the countercurrent is strongest in the Northern Hemisphere where it
reaches the surface.

16.2

DYNAMICAL PRELIMINARIES

In mid-latitudes the large scale currents system may be understood using the planetary geostrophic
equations of motion. Applying these allows us to understand formation of the great wind-driven
gyres, with Sverdrup balance providing a solid foundation on which to build. As we approach
lower latitudes the Coriolis parameter, 𝑓, decreases and the Rossby number increases and one
might expect that dynamics based on geostrophic balance will ultimately fail. A little surprisingly,
it is only very close to the equator that the Rossby number exceeds unity: if we take a velocity of
0.5 m s−1 and a length scale of 500 km then the Rossby number at 5° latitude is 0.08, at 2°, 0.2 and at
1°, 0.4. These numbers suggest that until we are virtually at the equator (where the Rossby number
is infinite) we can use some of the familiar tools from the mid-latitude dynamics. At the equator the
Coriolis parameter switches sign and this leads to some interesting features. The vertical structure
is also a little complex so let us first see the extent to which the familiar Sverdrup balance can
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Fig. 16.2 Vertically integrated
zonal transport in the Paciﬁc.
Red colours indicate eastward
ﬂow, blue colours westward.
The top panel shows the observed ﬂow, the middle panel
shows the ﬂow calculated using Sverdrup balance with the
observed wind, and the bottom panel shows the ﬂow calculated with a ‘generalized’ Sverdrup balance that includes the
nonlinear terms in a diagnostic
way.61

explain the vertically integrated flow.

16.2.1

The Vertically Integrated Flow and Sverdrup Balance

The horizontal momentum may be written
𝜕𝒖
1 𝜕𝝉
+ 𝒖 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −∇𝜙 +
,
𝜕𝑡
𝜌0 𝜕𝑧

(16.1)

where 𝝉 is the stress on the fluid. The mass conservation equation is
𝜕𝑢 𝜕𝑣 𝜕𝑤
+
+
= 0,
𝜕𝑥 𝜕𝑦 𝜕𝑧

(16.2)

which, on vertical integration over the depth of the ocean, gives
𝜕𝑈 𝜕𝑉
+
= 0,
𝜕𝑥 𝜕𝑦

(16.3)

where 𝑈 and 𝑉 are the vertically integrated zonal and meridional velocities (e.g., 𝑈 = ∫ 𝑢 d𝑧) and
we assume the ocean has a flat bottom and a rigid lid at the top. If we assume the flow is steady and
integrate (22.1) vertically, then take the curl and use (22.3), we obtain
𝛽𝑉 = curl𝑧 (̃
𝝉𝑇 − 𝝉̃𝐵 ) + curl𝑧 𝑵,

(16.4)

where 𝝉̃ is the kinematic stress (̃
𝝉 = 𝝉/𝜌0 where 𝜌0 is the reference density of seawater) with the
subscripts 𝑇 and 𝐵 denoting top and bottom, 𝑵 represents all the nonlinear terms and curl𝑧 is
defined by curl𝑧 𝑨 ≡ 𝜕𝐴𝑦 /𝜕𝑥 − 𝜕𝐴𝑥 /𝜕𝑦 = 𝐤 ⋅ ∇3 × 𝑨. Equations (22.4) and (22.3) are closed
equations for the vertically averaged flow. In oceanography we very often deal with the kinematic
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Fig. 16.3 Schema of Sverdrup ﬂow at the equator between two meridional boundaries. The mean
winds are all westward, but with a minimum in magnitude at the equator. By Sverdrup balance,
(22.5), the wind stress produces the divergent meridional ﬂow shown, which in turn induces an
eastward equatorial zonal ﬂow, strongest in the western part of the basin.

stress rather than the stress itself, so henceforth we will drop the tilde over the 𝜏 symbol as well as
the adjective ‘kinematic’. In the cases that we need to refer to the actual stress we will denote this
by 𝜏∗ ; thus, 𝜏 = 𝜏∗ /𝜌0 .
If we neglect the nonlinear terms and the stress at the bottom (we’ll come back to these terms
later) then (22.4) becomes
𝛽𝑉 = curl𝑧 𝝉𝑇 .
(16.5)
This is just Sverdrup balance, familiar from Chapter 19. The zonal transport is obtained by differentiating (22.5) with respect to 𝑦, using (22.3) to replace 𝜕𝑦 𝑉 with 𝜕𝑥 𝑈, and then integrating from
the eastern boundary (𝑥𝐸 ). This procedure gives
1 𝑥 𝜕
curl𝑧 𝝉𝑇 d𝑥′ + 𝑈(𝑥𝐸 , 𝑦).
𝑈=− ∫
𝛽 𝑥𝐸 𝜕𝑦

(16.6)

We don’t integrate from the western boundary because a boundary layer can be expected there,
whereas the value of 𝑈 at the eastern boundary will be small.
If 𝑈(𝑥𝐸 , 𝑦) = 0 and the stress is zonal and uniform, then (22.6) becomes
𝑈(𝑥, 𝑦) =

1
𝜕2 𝜏 𝑥
(𝑥 − 𝑥𝐸 ) 2𝑇 .
𝛽
𝜕𝑦

(16.7)

That is, the depth integrated flow is proportional to the second derivative of the zonal wind stress,
and because 𝑥 < 𝑥𝐸 we have 𝑈 ∝ −𝜕2 𝜏𝑥𝑇 /𝜕𝑦2 . Evidently, the result will depend rather sensitively
on the wind pattern. Although the zonal wind is generally westward in the tropics there is a minimum in the magnitude of that wind near the equator (that is, a local maximum as schematized
in Fig. 22.3) so that 𝜕2 𝜏𝑥𝑇 /𝜕𝑦2 is negative. Thus, using (22.7), 𝑈 will generally be positive at the
equator. Using the observed wind field the Sverdrup flow — that is, the solution of (22.6) with
𝑈(𝑥𝐸 , 𝑦) = 0 — can be calculated and this is plotted in the middle panel of Fig. 22.2. There is a
good but not perfect agreement with the observations: the observed flow has its maximum further
east. Further, in the western equatorial Pacific the observed eastward flow is quite broad whereas
the eastward Sverdrup flow is narrow, flanked on either side by westward flow. Some of the discrepancy can be attributed to the role of the nonlinear and frictional terms, as illustrated in the bottom
panel of Fig. 22.2. To obtain the flow illustrated, the calculation proceeds from (22.4) in the same
way as before, but now includes the nonlinear terms and a representation of frictional effects in
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Fig. 16.4 The left panel shows three putative surface zonal (atmospheric) winds, 𝑢, all with westward winds in the tropics and with the solid line being the most realistic. The right panel shows the
corresponding negative of the second derivative, −𝜕2 𝑢/𝜕𝑦2 , proportional to the (oceanic) Sverdrup
transport, in arbitrary units. The wind represented by solid (blue) line gives an eastward transport
at the equator, as is observed, with the others diﬀering markedly.

a diagnostic fashion. Thus, for example, the nonlinear terms of the form curl𝑧 (∫ 𝒖 ⋅ ∇𝒖 d𝑧) are
evaluated and used to calculate a generalized Sverdrup flow, where the velocities are taken from
a nonlinear model forced by the observed winds. Of the nonlinear terms, the largest ones involve
the meridional derivatives of the zonal flow, for example 𝜕𝑦 (𝑢𝑢𝑥 ). The effect of the nonlinear terms
is to decelerate the eastward flow in the eastern Pacific, with friction tending to damp the flow especially in the central Pacific, and the resulting flow is evidently closer to the observations than is
linear Sverdrup balance. Of course the full solution (22.4) must give a vertically integrated flow
that closely resembles the observations, because there are only very weak approximations made in
deriving it. The success of the Sverdrup theory lies in the extent to which the vertically integrated
flow can be satisfied by the simple linear balance (22.5), and then improved by adding nonlinear
and dissipative terms in a diagnostic fashion.

16.2.2

Sensitivity of the Sverdrup Flow

Although the calculations of Sverdrup flow do show good agreement with observations, the calculation — and, most likely, the observed flow — is rather sensitive to the precise form of the winds,
as in Fig. 22.4. The figure shows three surface zonal wind distributions, with the ‘w’ shaped solid
line having a minimum in the westward flow (i.e., a minimum in the trade winds) at the equator
and so being the most realistic. The right-hand panel shows the negative of the second derivative
of the winds which is proportional to the zonal Sverdrup flow. Only in the one case does the wind
produce an eastward Sverdrup flow. In fact, in the case illustrated with the dashed lines, the small
changes in the meridional gradient of the wind between 15° and 20° produce large variations in
the Sverdrup transport. Given this delicacy, the small difference in the latitudinal variation of the
Sverdrup flow and the observed flow, illustrated in the top and middle panels of Fig. 22.2, is not
surprising and cannot be considered a major failure of the theory. However, the difference in the
longitudinal structure of the two fields is indicative of the importance of other terms in the vorticity
balance.
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wind-driven abyssal, 829
Ocean currents, 732
Ocean gyres, 731
Omega equation, 192
Outcropping, 788
Parabolic cylinder functions, 330
Parcel method, 97–99, 695
Passive tracer, 437–441
in three dimensions, 439
in two dimensions, 439
spectra of, 437
Perfect gas, 47
Phase speed, 217, 216–219
Phase velocity, 219
Phillips instability problem, 356
Piecewise linear ﬂows, 338
Plane waves, 216
Planetary waves, 585
Planetary-geostrophic equations, 176–180
for shallow water ﬂow, 176
for stratiﬁed ﬂow, 178
Planetary-geostrophic potential vorticity
equation, 178, 179
shallow water, 178
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Index
stratiﬁed, 179
Poincaré waves, 124, 125, 244
Poincaré, Henri, 141
Polar vortex, 629
Polarization properties of internal waves, 261
Polarization relations, 261
Polytropic ﬂuid, 14
Potential density, 24, 25, 27, 30, 32
and static instability, 97
of seawater, 27, 32
Potential enthalpy, 36, 46, 49
Potential temperature, 24, 30, 49
equivalent, 694
ideal gas, 25
moist air, 722
of liquids, 28
seawater, 28, 34
Potential vorticity, 143, 156–168
and Bernoulli’s theorem, 167
and the frozen-in property, 158
Boussinesq equations, 163
concentration, 165
conservation of, 156
diﬀusion of, 505
for baroclinic ﬂuids, 157
for barotropic ﬂuids, 156
homogenization of, 793
hydrostatic equations, 164
impermeability of isentropes, 165
mixing, 575, 576
moisture eﬀect, 160
ocean observations, 770
on isentropic surfaces, 164
planetary-geostrophic, 178
quasi-geostrophic, 190
relation to circulation, 156
salinity eﬀect, 160
shallow water, 120, 162, 182
staircase, 451–453
substance, 165
Potential vorticity ﬂux, 566
Potential vorticity ﬂuxes, atmospheric, 566
Potential vorticity homogenization, 487
Potential vorticity transport
and tropospheric stratiﬁcation, 574
Prandtl number, 439, 804
Predictability, 433–437
of Lorenz equations, 433
of turbulence, 435
of weather, 437
Pressure, 11, 17
Pressure coordinates, 79, 81
and quasi-geostrophy, 192
relation to Boussinesq equations, 82
Primitive equations, 64
potential vorticity conservation, 164

vector form, 65
Pseudoenergy, 406
and hydrodynamic instability, 406
and wave activity, 407
Pseudomomentum, 384
and hydrodynamic stability, 403
and zonal jets, 544
QBO, 652–662
essentials, 655
Quasi-biennial oscillation, 652–662
Quasi-equilibrium, 698, 699
Quasi-geostrophic
wave–mean-ﬂow interaction, 380
Quasi-geostrophic potential vorticity
equation, 190
relation to Ertel PV, 195
Quasi-geostrophic turbulence, 454
Quasi-geostrophy, 180–195
asymptotic derivation, 188
buoyancy advection at surface, 191
continuously stratiﬁed, 187
energetics, 198
in isentropic coordinates, 196
informal derivation, 193
multi-layer, 185–186
pressure coordinates, 192
shallow water, 180
sheet at boundary, 191
single layer, 180
stratiﬁed equations, 187–194
two-layer, 184–185
two-level, 194
Radiation condition, 543
Radiative equilibrium temperature, 511
Radiative equililibrium, 700–703
Radiative transfer, 724
Radiative-convective equililibrium, 703–706
Radius of deformation, 124, 125
Random walk, 476
Ray theory, 224–226, 621
Ray tracing, 621
Rayleigh criterion for instability, 345
Rayleigh equation, 338
Rayleigh number, 804
Rayleigh’s equation, 338
Rayleigh–Kuo criterion, 346, 404
Rayleigh–Kuo equation, 338
Rays, 226, 273
equatorial, 314
in internal waves, 273
Reanalysis, 537, 537
Recharge-discharge oscillator, 901
Reduced gravity equations, 110–112

Index
Reference, circular, see Circular reference
Reﬂection
internal waves, 268
Rossby waves, 237
Refractive index, 587, 599
Relative humidity, 675, 676, 680–690
in mid-latitudes, 688
Relative vorticity, 152
Residual circulation, 388
and thickness-weighted circulation, 391
atmospheric, mid-latitude, 571
atmospheric, observations of, 572
stratospheric, 642
Resonance of stationary waves, 610
Reynolds number, 46
Reynolds stress, 415
Reynolds, Osborne, 53
Rhines length, 447
Rhines scale, 446
Rhines–Young model, 761
Richardson number, 494
Richardson’s four-thirds law, 482
Richardson, Lewis Fry, 442
Rigid body rotation, 144
Rigid lid, 108, 111
Rossby number, 87
Rossby wave trains, 611
Rossby waves, 226–240, 585
and barotropic jets, 542
and ray tracing, 621
and turbulence, 446
barotropic, 227
breaking, 599, 642
continuously stratiﬁed, 231, 599
critical layers, 594
dispersion relation, 228
energy ﬂux, 234–236
ﬁnite deformation radius, 229
group velocity property, 384
horizontal propagation, 588
mechanism of, 229
meridional propagation, 621
momentum transport in, 542
planetary geostrophic, 302
propagation, 585
reﬂection, 237
topographic, 602
two layers, 230
vertical propagation, 599, 603, 605, 606
Rossby, Carl-Gustav, 212
Rotating frame, 55–59
Salinity, 13, 33
eﬀect on potential vorticity, 160
in box models, 814
Salt, 13
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Sandström’s eﬀect, 809
Saturated adiabatic lapse rate, 692, 695
Saturation vapour pressure, 676
Scale height
atmosphere, 42
density, 27
temperature, 28
Scale height, atmosphere, 83
Scaling, 46–47
geostrophic, 171
in rotating shallow water equations, 171
in rotating stratiﬁed equations, 174
Schwarzchild equations, 724
Seawater, 13, 33
adiabatic lapse rate, 34
equation of state, 13, 33, 34
heat capacity, 34
potential temperature, 34
thermodynamic properties, 33
Shadow zone, 791
Shallow water
quasi-geostrophic equations, 180
Shallow water equations
multi-layer, 112
potential vorticity conservation, 162
reduced gravity, 110
rotation eﬀects, 121
Shallow water model of Hadley Cell, 524
Shallow water systems, 105–123
conservation properties of, 120
potential vorticity in, 120
Shallow water waves, 123–127
Shallow-ﬂuid approximation, 65
Sideways convection, 802–813
conditions for maintenance, 809
energy budget, 808
limit of small diﬀusivity, 811
maintenance of, 808
mechanical forcing of, 812
phenomenology, 807
Sigma coordinates, 82
Singing in the rain, 673
Single-particle diﬀusivity, 478
Skew diﬀusion, 491
Skew ﬂux, 491
Skew ﬂuxes, 490
Sloping convection, 347
Solenoidal term, 145
Solenoids, 146, 151
Sound waves, 40
Southern Ocean, 836
Southern Oscillation, 888
Speciﬁc heat capacities, 20
Speciﬁc humidity, 675
Spectra of passive tracers, 437
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Index
Spherical coordinates, 59–68
centrifugal force in, 59
Squire’s theorem, 375
Stacked shallow water equations, 112
Staircases of potential vorticity, 451–453
Standard atmosphere, 572
State estimate, 537
Static instability, 97–99, 695
Stationary phase, 223
Stationary waves, 609–625
adequacy of linear theory, 614
and ray tracing, 621
Green function, 613
in a single-layer, 609
meridional propagation, 621
one-dimensional wave trains, 611
resonant response, 610
thermal forcing of, 615
Stokes, George, 53
Stommel box models, 813
Stommel wind-driven model, 733
boundary layer solution, 737
properties of, 741
quasi-geostrophic formulation, 736
the nonlinear problem, 745
Stommel, Henry, 758
Stommel–Arons model, 821
single-hemisphere, 821
two-hemisphere, 826
Stommel–Arons–Faller model, 818
Stratiﬁcation
in mid-latitudes, 579
of the atmosphere, 572
Stratiﬁed geostrophic turbulence, 454
Stratosphere, 514, 572, 627
polar vortex, 629
sudden warming of, 631
Stratospheric dynamics, 627–669
Stratospheric sudden warmings, 663
Stress
Ekman layer, 201
kinematic, 202
Stretching, 149
Sudden warming, 631
Sudden warmings, 663
Super-rotation, 523
Surf zone, 629
Surface drifters, 483
Surface westerlies, 540
Surface winds, 567
observed, 514
Sverdrup balance, 737
near the equator, 863
Sverdrup interior ﬂow, 738
Symmetric diﬀusivity tensor, 490

Tangent plane, 69
Taylor–Goldstein equation, 597
Taylor–Proudman eﬀect, 90
TEM, 379, 387, 389, 392
TEM equations, 387
for primitive equations, 581
Temperature, 17, 724
dew point, 724
potential, 24, 724
wet-bulb, 724
Thermal equation of state, 13, 47
moist air, 721
Thermal wind, 87
in shallow water equations, 118, 119
Thermal wind balance, 87–93
pressure coordinates, 91
Thermobaric eﬀect, 14, 33
on potential density, 36
on potential vorticity, 161
Thermocline, 761, 774–798
advective scaling, 777
boundary-layer analysis, 782
diﬀusive, 805
diﬀusive scaling, 777
internal, 779
kinematic model, 775
main, 774
one-dimensional model, 780
reduced-gravity, single-layer model, 786
scaling for, 776
summary and overview, 790
ventilated, 785
wind-inﬂuenced diﬀusive scaling, 778
Thermodynamic equation, 21–30
Boussinesq equations, 72
for liquids, 25, 30
summary table, 26
Thermodynamic equilibrium, 21
Thermodynamic potentials, 17–19
Thermodynamic relations, 14–21
fundamental, 16
Maxwell, 17
Thermodynamics
ﬁrst law, 15
fundamental postulate, 14
moist, 720
Thermohaline circulation, 801
Thickness, 83
Thickness diﬀusion, 502, 504
Thomas, Dylan, 3
Tilting and tipping, 149
Topographic eﬀects
atmospheric stationary waves, 609
JEBAR, 756
oceanic western boundary current, 753

Index
Toy models, 908
El Niño, 898
Tracer continuity equation, 10
Tracer homogenization, 487
Traditional approximation, 65
Transformed Eulerian Mean, 379, 392, 387–392
and eddy transport, 506
isentropic coordinates, 389
primitive equations, 581
quasi-geostrophic form, 387
spherical coordinates, 581
Triad interactions, 415
two-layer geostrophic turbulence, 457
Tropics, 673
Tropopause, 572–581, 706–708
deﬁnition, 572
Tropopause height
in mid-latitudes, 579
theory of, 706, 707, 725
Troposphere, 514, 572
and potential vorticity transport, 574
stratiﬁcation, 572, 574, 578
ventilation and moist convection, 577
Truesdell, Cliﬀord, 52
Turbulence, 413
beta-plane, 448
closure problem, 413
degrees of freedom, 422
fundamental problem, 413
predictability of, 433
three-dimensional, 416
two-dimensional, 423
Turbulent diﬀusion, 473, 475, 490
and the TEM, 506
in the atmosphere and ocean, 493
macroscopic perspective, 487
requirements for, 485
thickness, 502
two-dimensional, 483
Turbulent diﬀusivity, 478
Turning line, 589, 607
Two-box model, 814
Two-dimensional turbulence, 423–433
beta eﬀect, 445
eddy diﬀusion in, 483
energy and enstrophy transfer, 424
numerical solutions, 432
Two-dimensional vorticity equation, 147
Two-layer instability problem, 356
Two-layer model
of atmospheric mid-latitudes, 554
Two-layer QG equations, 184
Two-level QG equations, 194
Two-particle diﬀusivity, 480, 482
Under Milk Wood, 3
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Unit vectors
rate of change on sphere, 62
Vapour pressure
saturation, 676
Vector invariant momentum equation, 66
Ventilated pool, 794
Ventilated thermocline, 785–798
reduced-gravity, single-layer model, 786
two-layer model, 788
Vertical coordinates, 79–83
Vertical vorticity equation, 155
Virtual temperature, 674, 676
Viscosity, 12
eﬀect on energy budget, 45
Viscous scale, 420
Viscous-advective range, 439
Vorticity, 96, 143–153
equation for a barotropic ﬂuid, 146
equation on beta plane, 156
evolution equation, 145
evolution in a rotating frame, 153
frozen-in property, 147
in two dimensional ﬂuids, 147
stretching, 151
stretching and tilting, 149
vertical component, 155
Vorticity equation, 96
Vorticity, relative, 152
vr vortex, 144
Walker Cell, 717
Walker circulation, 328, 888, 891
Water, 673
Water vapour, 673–676
measures of, 675
Wave activity, 384
and pseudomomentum, 384
group velocity property, 384
orthogonality of modes, 385
Wave breaking, 642
Wave packet, 221
Wave propagation, 585
Wave trains, 611
Wave–mean-ﬂow interaction, 379, 382
quasi-geostrophic, 380
Wave–turbulence cross-over, 446
Waveguides
for equatorial waves, 314
for internal waves, 274
Wavelength, 217
Waves, 215
acoustic-gravity, 293
barotropic Rossby, 227
breaking, 642
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Index
frequency, 216
group velocity property, 240
hydrostatic gravity, 261
inertial, 126
Kelvin, 126, 636
kinematics, 215
Lamb, 295
Poincaré, 124, 125, 244
Rossby, 226
Rossby dispersion relation, 228
Rossby wave mechanism, 229
Rossby, continuously stratiﬁed, 231
Rossby, single-layer, 227
Rossby, two-layer, 230
rotating shallow water, 124
shallow water, 123
sound, 40
wavevector, 216
Wavevector, 216
Weak temperature gradient approximation, 712,
714
adjustment to, 716
for stratiﬁed ﬂow, 717
in shallow water equations, 716

Weather predictability, 437
West, Mae, 156
Western boundary currents
topographic and inviscid, 753
Western boundary layer, 739
frictional, 738
inertial, 747
Western intensiﬁcation, 731
Western pool, 793
Wet-bulb temperature, 724
Wind-driven gyres, 731
Wind-driven ocean circulation, 733–770
continuously stratiﬁed, 767
homogeneous model, 733
two-layer model, 761
vertical structure, 761
WKB approximation, 247–249, 623
internal waves, 271
Rossby waves, 589, 590, 598
Zonal boundary layers in ocean gyres, 744
Zonal ﬂow in turbulence, 446
Zonal ﬂows in beta-plane turbulence, 448
Zonally-averaged atmospheric circulation, 539

