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ABSTRACT 

A zonally-averaged general circulation model is presented, and some experiments with it 
described. The model is based on the primitive equations of motion, except that the zonally 
averaged zonal wind is constrained to be in a “spherical geostrophic equilibrium” with the 
geopotential. The effects of the large-scale eddies on the zonally averaged flow are parameterized 
using a scheme based on the work of Green (1970):’The solar and infrared radiation schemes 
allow interaction with the cloud cover predicted via a hydrology cycle. When integrated, the 
model produces realistic energetics and fields of momentum, temperature and relative humidity. 

The effects of moisture on the model circulation are examined. Its inclusion intensifies and 
narrows the upward branch of the Hadley cell, and generally reduces the model ZAPE. The 
response of the surface temperature to changes in the solar constant is reduced by moisture, 
especially in low latitudes. Relative humidity is found to have an inverse relationship with surface 
temperature, if surface albedo is fixed. However, the presence of an ice sheet reduces low level 
relative humidity. Implications for simple energy-balance models and climate sensitivity are 
discussed. 

1. Introduction 

Climate modelling is the attempt to understand 
and simulate the large scale features of the 
earth-atmosphere system via the construction of 
mathematical analogs of the real system. General 
circulation models (GCM’s, see e.g., Somerville et 
al., 1974) attempt to simulate the atmosphere in as 
much detail as possible, this limited only by the 
expense of computer time. Energy balance, or 
Budyko-Sellers models (BSM’s, after Budyko, 
1969 and Sellers, 1969) attempt normally only a 
prediction of zonally averaged surface temperature. 
Lying between these in complexity (and perhaps 
attracting less attention in the literature), are 
statistical-dynamical models (SDM’s). These are 
so-called because they attempt to predict from the 
outset only variables averaged (deliberately rather 
than of necessity) in space and/or time. It is 
precisely such fields, rather than their detailed 
space and time variations, that are of interest in 
many problems in climatology (e.g., the causes of 
ice ages, the infiuence of CO,, etc.,. ;;or such 
problems SDM’s provide, therefore, a more elegant 

approach than GCM’s: aside from their greater 
economy, they greatly simplify analysis of results 
and isolation of important mechanisms. We should 
not, however, view S D M s  as rivals to GCM’s, 
since the latter are in principle more powerful and 
have more general applicability, but as a com- 
plementary tool in climate studies. 

In this paper a zonally averaged statistical- 
dynamical model is described and various experi- 
ments are performed with it. Zonally averaged 
SDM’s have previously been constructed by 
Williams and Davies (1969, Sela and Wiin-Nielsen 
(1971), Kurihara (1970), Wiin-Nielsen and Fuen- 
zalida (1975), Egger (1975), Saltzman and Ver- 
nekar (1971), Ohring and Adler (1978) and Taylor 
(1980). Zonally symmetric studies have been 
performed by Hunt (1973, Schneider (1977), Held 
and Hou (1980) and others. For comprehensive 
reviews, see Schneider and Dickinson (1974) and 
Saltzman (1978). 

Two major problems arise in construction of 
SDMs. The first is to account for the effects of 
zonal asymmetries on the mean flow, which appear 
in the form of Reynolds stresses. Various para- 
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meterizations have been proposed by, amongst 
others, Williams and Davies (1965), Saltzman and 
Vernekar (1968), Green (1970) and Stone (1972). 
The second problem is to parameterize diabatic 
effects. Although perhaps more progress has been 
made in this area, principally through the demands 
of general circulation modelers, problems still 
remain-largely in the areas of cloud prediction 
and their radiative interactions, and the for- 
mulation of boundary layer effects. The model 
presented in this paper differs from all previous 
models in the attempted resolution of these prob- 
lems: the eddy fluxes of heat and momentum are 
parameterized using a scheme based on the 
quasi-conservation of potential vorticity and poten- 
tial temperature by large-scale eddies, and the 
diabatic heating makes explicit use of the model 
predicted hydrology cycle. Also, the set of 
equations forming the dynamical framework has 
not previously been used in a climate model of this 
sort. 

Section 2 is a description of the basic dynamical 
framework of the model. Section 3 discusses the 
physical parameterizations. Sections 4 and 5 are 
descriptions of some numerical experiments per- 
formed with the model. Section 6 summarizes 
and concludes. 

2. Model dynamical framework 

The following list is of only frequently occurring 
or non-standard symbols. Others are defined in the 
text. 

a 
h 
L 
P 
PS 

4 
4+ 
r 
R 
P 
11 
# 
e 
PS 

R 
w 

radius of earth 
geopotential 
latent heat of evaporation of water 
pressure 
surface pressure 
water vapour mixing ratio 
saturated value of 4 
relative humidity 
ideal gas constant 

- 1% PIP, 
latitude 
potential temperature 
surface air density 
earth's rotation rate 
dqldt 

An overbar with no subscript will denote a zonal 
average. The addition of a subscript implies an 
average over that variable also. 

It is observed and found in primitive equation 
numerical models (e.g., Taylor, 1980) that the 
zonally averaged zonal wind is close to geostrophic 
equilibrium. This information may be used to 
simplify the primitive equation, and eliminate 
gravity waves, without seriously impairing the 
usefulness of the resulting set for zonally averaged 
studies. Thus instead of the full meridional momen- 
tum equation (namely in log-pressure co-ordinates 

av av av u 2  ah 
- + 6- + W- + f t i  + -tan # + - 
at ay aq a 

= eddy correlation terms) 

we use: 

u 2  ah 
jii + -tan # + - = 0 

a aY 
(1) 

This is the only approximation to the primitive set 
to be made. In particular the Coriolis parameter is 
allowed its full latitudinal variation in all terms, the 
static stability is allowed to vary and the metric 
term t i2 tan #/a is retained. For the purposes of 
numerical integration, the following variables are 
defined: 

rn = (u  + Ra cos #)a cos # 
v = up cos #lp, 

w = wp cos #Ips 

(rn is the total angular velocity of a parcel of air). 
The dynamical set is completed by writing the 

u-momentum, thermodynamic, continuity and hyd- 
rostatic equations (see also Harwood and Pyle, 
1975): 

a .  am a - 

at ay all 
p lp ,  cos # - + - (vm) + - ( W 4  

(3) 
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a v  a w  
- + - = O  
ar atl 

--L --Re(;) ah = O  

atl 

(4) 

Note that T / e  = (p/p,)”  = exp (-Kv) where K = 
R/C,. S is a diabatic source term. The zonally- 
averaged quasi-geostrophic set is a much more 
severe approximation to the primitive equations 
than the above set: It is linear, since advection by 
the mean flow of relative vorticity is omitted; the ad- 
vection o f f  (namely F V )  is neglected; and the static 
stability and Coriolis parameter held constant. 

Equation sets similar, but not identical, to 
(1)-(5) have been used by Harwood and Pyle 
(1975) and Rao (1973) for middle atmosphere 
studies. However, they neglected the metric term (U2 
tan @/a) in (1). White (1978) pointed out this is 
energetically inconsistent, and a scale analysis also 
suggests its omission is not always warranted since 
the necessary criterion is: t i2  tan 8 4fGa. Although 
only the geostrophic zonal wind is predicted by (1) 
through (9, it is advected by the non-geostrophic 
wind. In this respect the equations are similar to 
semi-geostrophic set of Hoskins (1975). 

In order to numerically integrate (1) through (5) 
eqs. (5) and (1) are first combined to yield a 
modified spherical thermal wind equation 

In the limit of very small Rossby number (6) 
reduces to the standard thermal wind eqhqtion, 
namely 

am au 
aa 
Equation (4) is used to define a stream function Y 
such that 

-= 

and the equations are non-dimensionalized by 
choosing arbitrary scaling factors for time, t,, and 
potential temperature 8,. We choose also y ,  = a. 
The non-dimensional form of (6) is now used to 
eliminate time derivatives between the non- 

dimensional forms of (2) and (3), which with (7), 
yields a linear equation for the stream function: 

mm, T 
0, (1 + 3 sin2 #)/sin2 4 

( c;f;) HIlm Ham Hm, 
+ ly,, -- - -- +-+- 

COSZ# cos2# cos2# 

+ - -- ‘OS2 (S, + QJ) 
8 p s  sin # 

where 

s =PIPs cos # - 
(:)dia.atlc 

= R alR0, 

The subscripts 7 and # denote derivatives with 
respect to those variables. Given H, S and Q eqs. 
(2) (3) and (8) are a closed set. Boundary 
conditions on (8) of zero normal velocity (Y = 0) 
are used at  the surface, taken at a fixed pressure of 
lo00 mb, and at 240 mb, the latter crudely 
representing the tropopause, the higher static 
stability of the stratosphere inhibiting vertical 
motion. The model may be global or hemispheric 
according as y is set to zero at the two poles or 
pole and equator respectively. 

The model also includes an equation for the 
water vapour mixing ratio q, namely 

P a q a -  a -  
- c o s # - + - ( ~ q ) + - ( w q )  
P ,  at aY as 

=s,-- v’q’cos#- -- w’q’cos#- 
aY a (- 3 a: (- I) 

(9) 

where S ,  accounts for the presence of sources and 
sinks due to precipitation and evaporation from the 
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surface. Surface temperature T, is computed via a 
prognostic equation of the form 

aT, c,-=- (F ,  + F~ + FA 
at 

where F,, FL and FR are the net upward fluxes of 
sensible and latent heat and radiation at the 
surface, and C, is a heat capacity. 

2.1. Numerical integration 
For the integrations to be described the model 

equations (i.e., (2), (3), (8), (9) and (10)) were finite 
differenced with a 5 O  horizontal grid spacing and 3 
vertical levels-the grid is illustrated in Fig. 1, and 
a hemispheric model used. Time integration is 
achieved by solving (7) at each timestep by 
relaxation techniques; the values of V and W 
determined are used in the momentum, tracer and 
thermodynamic equation to integrate forward one 
timestep (by leapfrog) and so on. The balance 
equation must be elliptic at all times if it is to be 
solved by successive-over-relaxation. This is vio- 
lated if 

m{-m, e, + m, 8,) > o (1 1) 

For m > 0, this implies inertial or dry-convective 
instability, which should in any case be prevented 
by physical parameterizations. This will be 
described in Section 3. 

Details of the space differencing schemes are 
given in the Appendix. 

3. Physical parameterizations 

3.1. Large scale horizontal fluxes of heat and 

These fluxes manifest themselves mathematically 
as Reynolds stresses appearing on the right-hand 
sides of (2) and (3), and are expressed in terms of 
the mean fields essentially using schemes suggested 
by Green (1970) and developed further by White 
(1977). The schemes assume that the eddy flux of a 
conserved quantity Q may be related to the mean 
gradient of Q via a tensor array of transfer 
coefficients K. Thus, regarding potential tem- 
perature as a conserved quantity over the timescale 
of an eddy, we have 

momentum 

- ae ae 
V I ~ '  = - K ,  - - K,, - 

aY atf 
(12) 

Approx. 
Preswro (mbl level 

240 7 

390 5 

K 

K - 2  i--"Y+ I 

J-2 J JL2 

Fig. 1. Grid configuration, indicating locations at which 
total angular velocity (m) meridional and vertical velocity 
(V and W) stream function ( w )  and potential tem- 
perature (8) are held. 

where K ,  and K,, are "transfer coefficients". 
Applying the transfer theory to quasi-geostrophic 
potential vorticity, Q, and using the relationship 

(13) 

where B* is a measure of static stability of the form 
atl/as and is a function of tf only, leads to the 
following 

l a  ( P U T  cos2 0)) 
___- 
a cos2 0) a# 

fo ae a.Y, a 
B' ay aq as -fo- (PKvy) +--- 

An equation almost identical, but in height 
co-ordinates, was derived by White (1977) (his eq. 
(42)). In applying (12) and (14), two problems 
arise. First our knowledge of the form (and 
magnitude) of the transfer coefficients (the K's) is 
scanty. Second, when (14) is integrated over 
latitude the eddy momentum flux given by the 
right-hand side will not necessarily vanish for 
arbitrary K's. One possible solution to both 
problems is to utilize this integral constraint to yield 
information regarding the vertical variation of the 
K's. If eq. (14) is integrated over the model depth 
and K,,  assumed negligible at the upper and lower 
boundaries, then 
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1 a - p  
(24’ tr’ cos2 #) -- 

a cos2 4 a# 

where 

Y =  
S K,pdv 

We assume the horizontal variation of the K, is 
separable from the vertical, and the horizontal 
derivatives of the momentum and potential tem- 
perature vary little with height. The constant y is 
then evaluated at each timestep using the integral 
constraint of 

The vertical variation of the momentum flux is 
specified to resemble the observed variation-an 
increasing function of height. Although 
specification is somewhat unsatisfactory from a 
theoretical point of view, the observed vertical 
structure is almost invariant with respect to season. 
If the horizontal KP, is set proportional to the 
vertically averaged horizontal temperature 
gradient, 

where KO = 4.8104 m2 s-’ K-I, the maximum 
value of K{y is then typically 3 x lo6 m2 s-’, in 
accord with the theoretical estimates of Green 
(1970) based on the idealized energetics of large- 
scale flows. 

The horizontal heat flux parameterization is sim- 
plified by omitting the smaller term K,, &/aq and 
choosing the heat flux to decrease with height. 
The water vapor flux is treated in precisely the 
same fashion. (This is somewhat ad hoc, and 
cannot be completely justified on theoretical 
grounds, since the mixing ratio of a parcel of air is 
not well conserved on the timescale of an eddy. Its 
justification will therefore be a posteriori.) Sela and 
Wiin-Nielsen (197 1) previously used a similar 
scheme to the one described above, although 

without apparently enforcing the integral constraint 
of (16). In consequence they were forced to 
subtract a constant value from their zonal wind 
fields to compensate for the non-conservation of 
angular momentum by the parameterization 
scheme. White and Green (1982) discuss this in 
more detail. 

Because our knowledge of cyclone-scale eddies 
in the atmosphere is incomplete, no 
parameterization theory can expect to be ideal. 
Simmons and Hoskins (1978) have discussed the 
inadequacies of linear theory, and Held (1978) in a 
two-level model found behavior difficult to account 
for by current parameterization theories. Thus any 
results which rely on the accuracy of the 
parameterized eddy fluxes under different con- 
ditions would have to be doubted, although I 
believe the failings of current schemes do not 
necessarily preclude the usefulness of statistical- 
dynamical models. 

3.2. Vertical heat fluxes 
Vertical heat fluxes occur in baroclinic eddies 

and small scale convective processes. The effect of 
the former is parameterized by setting vertical heat 
flux equal to horizontal eddy heat flux, multiplied 
by the isentropic slope. Although linear stability 
theory suggests that the most unstable trajectory is 
nearer to half the isentropic slope, non-linear 
numerical integrations (Simmons and Hoskins, 
1978) and observation (Oerlemans, 1980) suggest a 
larger value for the trajectory is appropriate over 
the full life cycle of baroclinic eddies. 

Convective heat fluxes occur in the model 
whenever the static stability falls below a critical 
value, and are proportional to the deviation from 
that value. Thus 

where ( W a q ) ,  is a critical value, discussed in 
Section 3.8. K, is given the value (in height 
coordinates) of 75 m2 s-l, implying a timescale of 
-3 days for disturbances half the depth of the 
troposphere. 

These schemes are sufficient to prevent the 
occurrence of hyperbolic regions in (7) via convec- 
tive instability. The explicit prevention of inertial 
instability was found unnecessary. 
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3.3 Solar radiation 
Solar radiation is treated by the so-called adding 

method (see e.g., Lacis and Hensen, 1974). This 
yields the proportion of radiation reflected and 
transmitted through a composite layer comprising 
several “simple” layers for which the reflectivity 
and transmissivity are known. For the three-level 
model the net solar flux is calculated at levels I, 3 ,5  
and 7 and the divergences set proportional to the 
heating rates for layers 2, 4 and 6 .  Fractional cloud 
cover may exist at  all even layers, and random 
overlap between levels is assumed (i.e., the amount 
of overlap between levels of fractional cloud cover 

For each possible cloud combination the adding 
calculation is used, and the net flux obtained by 
combining the results in proportion to the amount 
of sky covered by each combination. In a clear 
layer the absorption by water vapour is given using 
Lacis and Hansen’s empirical formula fitting the 
data of Yamamoto (1962), and reflectivity of the 
layer set to zero. A cloudy layer has a reflectivity 
and transmissivity assigned to it (see Table I), and 
a zenith variation from Ohring and Adler (1978). 
The ground albedo likewise is a given function of 
zenith angle and latitude, and in these integrations 
will not be a function of surface temperature. Fig. 2 

f,J, isf,f*)- 

Table 1. Cloud radiativeproperties 

Cloud albedo 4 
at cos (2) = 0.43 Cloud absorptivity 

Low 0.51 0.14 
Medium 0.5 1 0.1 
High 0.2 0.05 

Albedo varies with zenith angle (2) as 
a= 4 + 0.48 (cos (2) - 0.43). 

4 
0.8 t 

0 0 0.6 
w 

0.4 
U 

0.2 

0 2 0 4 0 6 0 8 0  
LATITUDE 

Flg. 2. Surface albedo as a function of latitude. 

illustrates the variation used for a mean annual 
zenith angle. 

For radiative calculations, path lengths are 
calculated assuming a fixed distribution of relative 
humidity, namely 

taken from Manabe and Wetherald (1967). Ab- 
sorption in the stratosphere is ignored. 

3.4. Infrared radiation 
For clear skies the emissivity approximation as 

formulated by Rodgers (1967) is used. The effects 
of water vapor and carbon dioxide are included. A 
cloudy layer is assumed black in the infrared. 
Again calculations are performed separately for 
clear and cloudy skies, and combined according as 
the fractional coverage. The effects of the 
stratosphere are crudely modelled by assuming it to 
be in radiative equilibrium: thus, if the upward 
infrared flux at the top of the model is F, and the 
absorption of the stratosphere is a,, then the 
amount of radiation therein absorbed is a,  F. Half 
of this is supposed re-emitted downwards and half 
to space (so defining an effective stratospheric 
radiative temperature of { a ,  F/2a ] lN ) .  a,  is given a 
constant value of 0.15 which yields downward 
fluxes at the model top of -20 W m-’. 

3.5. Sur jke exchanges of momentum and sensible 

Simple, and often used, models of surface effects 
involve bulk aerodynamic formulae, but care must 
be exercised in applying these directly to a zonally 
averaged model since the formulae are not linear. 
For all surface exchanges, linearized versions are 
used to the extent that a constant value is 
substituted for C,I Ul. White (1977) has shown this 
may be preferable in the context of a zonal-average 
model. 

Thus the vertical flux of momentum at the 
surface is parameterized as 

and latent heat 

TS = -p, k, Us 

where Us is the surface wind, obtained by ex- 
trapolation from the lowest two model layers. k, is 
a constant with value 3 cmlsec, and p, the surface 
air density. The flux above the lowest model layer is 
set to zero; the flux divergence then gives the drag 
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A STATISTICAL-DYNAMICAL CLIMATE MODEL 217 

on the lowest model layer. The free atmosphere 
remains inviscid, apart from any truncation effects 
in the finite difference scheme. 

Sensible exchange with the surface is 
parameterized similarly. Thus the flux of sensible 
heat from the ground is 

F, = k, PAT, - T,) (18) 

T, is the undetermined temperature at anemometer 
level. The flux from anemometer level to the lowest 
model level is modelled assuming a constant flux 
layer. Thus 

where - (aT/aq), is a critical lapse rate and k‘ a 
constant. Combining (18) and (19) with aT/aq = 
(T2 - T,)Sq yields. 

where 

K ,  = k’ k, / (k,  6q + k ’ )  

Now, in general K ,  will be larger when T, > (T, - 
(aT/aq)Sq) than when T, < (T, - (aT/aq)Sq). (See 
for instance, Gadd and Keers, 1970.) Thus it is 
incorrect to write, for the zonally averaged flux 

since F, > 0, even when T, = T, - (aT/aq)dq. This 
is roughly accounted for by using for the zonally 
averaged flux 

where A is tuned to give the correct globally 
averaged value for the sensible heat flux. With K ,  
= 3 cm/s, a value for A of 20 W m-z is found. If F, 
< 0, K H  is reduced by a factor of five. Clearly, the 
addition of A is equivalent to choosing a different 
value for (aT/aq), but in (21) the critical lapse rate 
is the same function of temperature as is used in 
( 1  7 )  and not a tunable parameter. 

Evaporation is parameterized along similar lines, 
except there is no “critical lapse rate” in the 
constant flux layer and no additional term is found 
necessary. Thus 

F L  = LP, kL(?, - &) (22) 

4, is the saturated mixing ratio at a temperature T, 
and lo00 mb. 4; is the model predicted value at 
level 2. K L  is a constant with the value 0.6 cm s-’. 

3.6. Condensation 
In three-dimensional GCM’s a common pro- 

cedure is to calculate mixing ratio and temperature 
assuming no condensation. If saturation is ex- 
ceeded mixing ratio and temperature are simul- 
taneously adjusted to restore some critical value of 
relative humidity, often simply unity. For a zonally 
averaged model this recipe is inappropriate since 
the observed precipitation rate is non-zero at all 
latitudes, for all seasons, whereas zonally averaged 
relative humidity has maxima in the tropics and in 
mid-latitudes and is certainly less than unity 
everywhere. The fact that the rate of precipitation 
varies meridionally in the same sense as zonally 
averaged relative humidity and absolute humidity 
suggests a condensation criteria of the following 
form 

(23) 
. 4+ - 

P = - ( r - - r , )  r > r ,  
r 

P = O  r < r, 
where r, and r are constant. Values currently used 
are 0.56 and 1 day, respectively. Halving or 
doubling the value of r changed the condensation 
rate by nowhere more than 10%. Raising or 
lowering the value of r, raised or lowered values of 
atmosphere relative humidity more or less uni- 
formly without changing the meridional or vertical 
distribution. This consequently lowers or raises 
evaporation and hence precipitation, but the distri- 
bution of relative humidity and precipitation are 
relatively insensitive to the numerical values of 
these parameters. 

It is clearly not possible to explicitly simulate the 
distribution of latent heat occurring in cumulus and 
cumulo-nimbus, but their effects on the large-scale 
flow are certainly not negligible. Thus whenever 
condensation occurs in a column in which convec- 
tion is occurring (i.e., there are non-zero eddy 
convective heat fluxes as described in Section 3.2), 
the latent heat of condensation is distributed in the 
vertical such that the heating rate (deg/day) at all 
levels is equal. This is roughly as observed by 
Yanai et al. (1973). 
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1.0 1 i adiabatic lapse rate provides a useful contrast with 

0.8 1 the dry model. 

- 
4. Some numerical integrations e 

W 

V 

0 
=) 0.4 - s 
V 

0.6 - 
This and the next section describe various 

experiments performed with the model. First we 
describe integrations performed with the present 
value of the solar constant for the moist and dry 
models. Then the solar constant is allowed to 
change, but surface albedo is kept fixed. Finally we 
examine the effect of allowing the high latitude 

0 20 40 60 80 100 surface albedo to change. The solar zenith angle for 
all experiments is that of the mean annual average, 
and the model run in all cases until a steady state is 
reached (requiring about 80 seconds cPu time on 

experiments are summarized in Table 2. 

0.2 - 

RELATIVE HUMIDITY (O/o) 

Fig. 3. Cloud-relative humidity parameterization used at 

fractional coverage of 0.1. 
low (L) and mid (M) k v e k  High cloud is fixed at a 

a CDC 7600 for 2 years real-time The 

3.7. Cloud cover 
In an observational study Smagorinsky (1960) 

noted a close, linear relationship between fractional 
cloud cover and relative humidity. Since then 
various GCM’s have used similar relationships 
(e.g., the NCAR GCM: Schneider et al., 1978; the 
BMO GCM: Gadd and Keers, 1970). In this 
model, a linear relationship between low and middle 
fractional cloud cover and relative humidity was 
used (see Fig. 3). High cloud was held fixed at a 
fractional coverage of 0.1 since there is less basis 
for a similar relationship for high, cirrus type cloud. 
These relationships were used to provide a frac- 
tional cloud cover for the control experiment (CW). 

3.8. The critical lapse rate and the dry model 
The model described above is fully moist in that 

it calculates the water vapor mixing ratio, and the 
condensation and evaporation enter into the 
thermodynamic equation. The critical lapse rate for 
this model is set at the local wet adiabatic lapse 
rate. The model may be made essentially dry by 
setting the latent heat of condensation to zero. 
However, in order to avoid gross changes in the 
vertical temperature structure, and to prevent dry 
convective instability, the critical lapse rate is set at 
6.0 K/km, instead of the dry adiabatic lapse rate 
(g/C,,). In the moist model it may be more realistic 
to use a critical lapse rate varying between the wet 
and dry lapse rates, perhaps as a function of 
relative humidity. However, the adoption of the wet 

4.1. Integrations for wet (CW) and dry (CD) 
models 

The moist model is integrated until a steady state 
is reached (experiment CW). Using the cloud 
distribution found in this integration the dry model 
is integrated (experiment CD). The integration C W 
is expected to most closely match the present 
climate of the earth; fields for C D  are illustrated 
only when differing notably from CW. 

4.2. Temperature and zonal wind fields 
The temperature fields are illustrated in Fig. 4. 

For CW they are certainly realistic-note the flat 
temperature gradient in low latitudes, maintained 
primarily by the Hadley circulation, and the slight 
poleward decrease of the low level lapse rate. The 
high polar albedo produces a cold surface but the 
higher temperature of the lower troposphere is 
paintained by the parameterized influx of heat 
from lower latitudes. 

Table 2. List of experiments 

Name Description 

CW Moist control model 
CD 
CW5 
CD5 
SAH Moist: high polar albedo 
SAL Moist: low polar albedo 

As for CW but dry 
As for CW but solar constant reduced by 5% 
As for CW5 but dry 
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=-\ 
\ 

0 2 0 4 0 6 0 8 0  

LATITUDE 
Fig. 4.  Model temperature fields for moist and dry 
models, for surface (S), low (L), mid (M) and high (H) 
levels. Solid line is for CW, broken line for CD. 

The meridional temperature gradient in the dry 
model is somewhat larger since energy can now 
only be transported poleward in the form of 
sensible heat. Notice also the difference in tem- 
perature between the ground and lowest atmos- 
pheric model level. The radiation surplus at the 
ground can only be balanced by sensible heat flux 
in the dry model, whereas about 80% of the deficit 
is transported by latent heat in the moist model. A 
polewards decrease in lapse rate is more marked 
here because in the moist model the increase in wet 

k 
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Fig. 5. Zonal winds at surface and mid level (S and M 
respectively). Solid line is for CW, broken line for CD. 
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adiabatic lapse rate with falling temperature is 
acting to produce the opposite effect. 

The zonal wind for the surface and 5 0 0  mb are 
illustrated in Fig. 5. The lack of upper level 
equatorial easterlies is the main deficiency, which 
may in part be due to the imposition of thermal 
wind equilibrium; a reversal of the temperature 
gradient is then needed for easterlies. (Upper level 
easterlies are found with asymmetric hemispheres in 
a global version of the model. Schneider (1977) 
also discusses this.) The surface winds are easterly 
in low latitudes, westerly in mid-latitudes and with 
weak polar easterlies. Precisely the same form is 
found for the dry model, but the larger temperature 
and thermal wind gradients produce larger transfer 
coefficients. The momentum transport and hence 
surface wind are consequently somewhat bigger. 

4.3. Mean meridional circulation and heat balance 
The mean meridional circulation is illustrated in 

Fig. 6, and is dominated by the Hadley and Ferrel 
cells. The model Ferrel cell owes its existence 
entirely to the parameterized effects of the eddy 
heat and momentum fluxes. In the upper two model 
levels the momentum balance is found to be 
approximately 

l a  

a cosz 4 a( fv = - - (rn cos* 4) 

The Hadley cell is directly driven largely by the 
meridional gradient of diabatic heating, both 
sensible and latent, and the momentum balance 
resides between the Coriolis force and the advec- 
tion of relative momentum. A quasi-geostrophic 
model, on the other hand, requires internal friction 
or eddy fluxes of momentum to produce a mean 
meridional circulation since a (non-zero) steady 
state can arise only through the balance of the 

1 I 1 

I 
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Fig. 6 .  Stream function for mean rneridional circulation 
for CW. Units are lolo kg s-'. 
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Fig. 7 .  Vertical mean heat balance expressed in degrees/ 
day, as a function of latitude in CW (moist) and C D  
(dry). The contributions are defined as: 

vortex stretching and eddy momentum flux terms in 
the vorticity equation. 

The condensation of moisture in the upwards 
branch of the Hadley cell does produce a more 
intense meridional gradient of heating in the moist 
model, the consequence being a stronger contri- 
bution to the mean heat balance from the mean 

0'3 1 \MOIST (CW) 

-0.3 -Oa2 1 
Fig. 8. Vertical mean vertical velocities for CW (solid 
line) and C D  (broken line). 

meridional circulation (Fig. 7). In fact, a slight 
minimum in the vertically averaged heat balance of 
CW is apparent-a feature also of some obser- 
vations. Fig. 8 graphs the average vertical velocities 
of the moist and dry models. The upward branch of 
the Hadley cell is narrowed and strengthened by 
the effects of moisture, although the total width is 
unaltered. 

4.4. Energetics 
It was noted above that the meridional tempera- 

ture gradient of the dry model was slightly larger 
than in the moist model. The energetics illustrate 
the same effects more dramatically (Fig. 9). The 
wet model appears very much less energetic: the 
ZAPE is smaller, and its generation and conversion 
to EAPE smaller. The ZAPE is smaller simply 
because of the smaller temperature gradient (ZAPE 
is proportional to the square of the zonally 
averaged temperature variance on an isobaric 
surface). The generation of ZAPE is proportional 
to the correlation be twmempera tu re  ( T )  and 
diabatic heating (S)-T*S*-where - is an 
isobaric average and * a deviation from such an 
average. In the moist model latent heat is transfer- 
red polewards before release, so reducing this 
correlation. In the dry model some of this transfer 
is essentially added to the transfer of sensible heat, 
thus increasing -of ZAPE to EAPE 
(proportional to F*(a/@)vT*).  

Fig. 9. Lorenz energy cycle. Figures for CW are without 
brackets. Figures for C D  are in square brackets. 
Observed figures (from Oort, 1964) are in curly brackets. 
Units of energy are lo5 J m-'. Units of transfer are W 
m-'. 
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4.5. Moisture fields for CW 
Water vapor mixing ratio is determined mainly 

by temperature, and is not a sensitive test of a 
model's ability to predict moisture field. A more 
suitable field is relative humidity. This is pictured in 
Fig. 10, and the corresponding precipitation and 
evaporation in Fig. 11 and cloud field in Fig. 12. 
The observed meridional response is reasonably 
well reproduced. The maximum on the equator and 
minimum in the subtropics arise from the effects of 
the mean circulation, and the mid-latitude peak is 
due to the polewards eddy flux. Fig. 13 illustrates 
how the mean circulation is dominant in low 
latitudes in transforming water vapor equatorward 

RELATIVE HUMIDITY 

--1 -' / 

o 10 M 30 ro M 60 ro m 90 

LATITUDE 

Fig. 10. Latitude height distribution of relative humidity. 
The observed values are from London (1957) for winter. 
(Other seasons are qualitatively very similar). 
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Fig. 11. Precipitation (solid line) and evaporation 
(broken line) in CW. 
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Fig. 12. Computed fractional cloud cover at low and 
mid levels (L and M), and the total cover (T, which 
includes the effects of a constant, 0.1, fractional high 
cloud cover). 
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Fig. 13. Computed vertical mean polewards flux of 
water vapor by eddies (dashed line) and the mean flow 
(solid line) Observed values are marked by circles (from 
Oort and Rasmusson, 1971). 

(and up gradient). The vertical structure of the 
relative humidity field is more difficult to under- 
stand, since in the absence of any eddy vertical 
velocities and parameterized vertical transport of 
water vapor, the observed mid-tropospheric mini- 
mum is obtained. The imposition of a lid at 240 mb 
enforces maximum vertical velocities in mid-tropos- 
phere, and this appears sufficient to produce the 
relative humidity maximum. Further research is 
clearly needed to evaluate the effects of the 
precipitation criteria and the importance of vertical 
eddy transports. It should also be pointed out that 
the various observations of upper level relative 
humidity are probably subject to large error. 
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The above integrations show that the moist 
model can reproduce with a fair degree of accuracy 
the observed zonally averaged atmospheric cir- 
culation and that the inclusion of moisture does not 
qualitatively alter the model circulation. The next 
section, however, will show that the detailed 
responses of the two models to a change in solar 
constant have marked differences. 

5. Changes in forcing 

5.1. Solar constant 
Although changes in the solar constant of 

several percent may never have occurred, its 
variation is a useful device in modeling since it is a 
sure means of producing different climatic regimes 
in which the relative roles of various physical pro- 
cesses can be assessed, and intercomparison 
between models facilitated. The next subsections 
describe the major changes occurring in the moist 
and dry models when solar constant was reduced 
by 5%. In general very similar behavior, but of 
opposite sign where appropriate, was found for a 
rise in solar constant of the same magnitude. 

5.1.1. Temperature fields. Fig. 14 illustrates the 
temperature changes caused by a 5% lowering of 
the solar constant. Very similar behavior but of 
opposite sign was found for a rise in solar constant 
of the same magnitude. In the dry model the 
temperature changes show a general decrease 
poleward, due to the fact that the change in 
magnitude of the insolation also decreases 
polewards. The ground temperatures have every- 
where changed more than atmospheric tem- 
peratures. A simple argument explains the cause: 
Suppose we describe the earth-atmosphere system 
by two temperatures T, (which might be the 500 
mb temperature, say) and Tg, the surface tem- 
perature. Assume the atmosphere to be transparent 
to solar radiation, but opaque to infrared radiation 
emitted by the surface. Radiative-convective equili- 
brium demands, for the atmosphere to be in 
energy-balance 

0 = Zg(Tg) - Ia(T,) + f  W g 9  T,) (24) 

where Z ,  is the total infrared emission of the 
atmosphere, Z, = aT:, andf(T,, T,) represents the 
exchange of sensible and latent heat between 
atmosphere and ground. From (24) 
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Fig. 14. Temperature changes at surface and low, mid 
and high levels induced by a 5 % change in solar constant 
in moist and dry models. 

dT, dZgldTg + (af/aTg), 

dT, dl,/dT, - (aflaT,), 
_ _  - 

If (af/aT,), = -(af/aT,),, which may hold 
approximately if we are describing the exchange of 
sensible heat by bulk-aerodynamic type laws, then 
dT,/dTg is less or greater than unity according as 
dZ,ldT, is less or greater than dZ,/dT,. Now, 
dZg/dTg - 5.4 W m-* K-' (at 288 K) whereas 
using Smagorinsky's (1963) parameters, dZ,/dT, 
typically ranges between 6 and 9 W m-' K-'. Thus 
dT,/dT, is less than unity. 

In the presence of water vapor we clearly do not 
have (af/aT,JTI = (-af/aT& because of the 
presence of water vapor. The simplest possible way 
to include moist effects in this framework is 
through a linear formula of the form 
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where a, b and c are constants. It is now quite 
possible to have (af /aT,) ,  > -(af/aTa)T8 since 
aq,/aT, > aq,/aT, for qs > 4,. Physically, as we 
reduce the solar constant, and hence temperature, 
evaporation falls rapidly and surface and atmos- 
pheric energy balance is maintained only by an 
increase in sensible heat transfer, and an increased 
lapse rate is demanded. Away from the surface the 
increase in wet adiabatic lapse rate with decreasing 
temperature is responsible for the changes in 
vertical temperature structure observed in the wet 
model. 

Held (1978) obtained broadly similar results 
using a two-level three-dimensional primitive 
equation model, although his “dry” model still 
contained surface evaporation and so his effects 
were entirely due to changes in the wet adiabatic 
lapse rate. 

That the simple argument above can quali- 
tatively explain the gross features of the variation 
with latitude of the vertical temperature structure 
changes certainly points to the fact that vertical 
subgrid energy fluxes play an important role in 
determining the surface temperature response. An 
effective parameterization of the large scale hori- 
zontal fluxes is necessary, however, in order to 
produce the meridional variations of temperature 
upon which the vertical parameterizations act. The 
precise interplay between the two parameteri- 
zations is currently the object of study. 

Even in the absence of ice-albedo feedback, 
which is generally considered to amplify high 
latitude changes, the low latitude surface response 

0 20 40 60 80 

Ffg. 15. Percentage increase in relative humidity due to 
5 % fall in solar constant. 

LATITUDE 

is seen to be reduced by moist effects. Unless such 
effects can be parameterized within the framework 
of Budyko-Sellers models their quantitative results 
should clearly be regarded with caution. 

5.1.2. Moisture fields. The relative humidity 
changes in the moist model are depicted in Fig. 15. 
A decrease in solar constant is accompanied by an 
increase in relative humidity (and hence cloudiness, 
if the two are related). Recent experiments with 
GCM’s have given generally similar results. 
Schneider et al. (1979) obtained decreases in 
relative humidity of approximately 1 % per degree 
Celsius rise in sea surface temperature, although 
they do not discuss its distribution. Roads (1978a) 
obtained similar behavior in a more detailed model 
of the hydrology cycle. Wetherald and Manabe 
(1980) also found relative humidity decreasing with 
increasing temperature in the mid- and upper- 
troposphere, although at low levels especially in high 
latitudes relative humidity increased with increas- 
ing temperature. These investigators explained their 
results in terms of an increase in the intensity of the 
hydrology cycle with increasing temperature, so 
causing an increase in the variance of the deviation 
of vertical velocity from its zonal mean. Under 
conditions where cloud cover already exists in 
regions of descent, this causes more drying in 
regions of descent than moistening in regions of 
ascent, and a lower area mean relative humidity. 
Such a mechanism does not exist in a zonally 
averaged model, and other processes are respon- 
sible. We noted above that a decrease in the solar 
constant demands a greater lapse rate. Thus if the 
vertical profile of mixing ratio remains more or less 
unchanged, atmospheric relative humidity will rise, 
a notion also consistent with the results of Roads 
(1978b): Defining scaled evaporation as the ratio of 
surface saturated mixing ratio (q:) to an atmos- 
pheric saturated mixing ratio (4:) then, Roads 
showed, mean atmospheric relative humidity will 
generally increase if scaled evaporation increases. 
Now, if temperature falls then scaled evaporation 
will increase, since q:/qz is a decreasing function of 
temperature, and so relative humidity rises. If lapse 
rate increases, the scaled evaporation and relative 
humidity further increase. 

5.2. Changes in high latitude albedo 
It is the above described process which is 

dominant in this model in producing the general 
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decrease in relative humidity with increased tem- 
peratures. It is presumably also operative in general 
circulation models. Wetherald and Manabe (1980) 
did, however, find that the high latitude low level 
cloud cover increased with increasing temperature, 
this in a region where eddy vertical velocity 
changes were small. This behavior occurred largely 
over a region where surface albedo decreased 
rapidly (due to the retreat of the ice line) causing 
surface temperatures to rise dramatically. 

To examine the effects of changing surface 
albedo, two experiments were performed which 
differed only in surface albedo. Experiment SAH 
has a high (0.7) albedo polewards of 65O, but the 
same as that illustrated in Fig. 1 equatorwards. 
SAL has a low (0.2) albedo polewards of 65O but 
identical SAH equatorwards. 

Fig. 16 illustrates the temperature differences 
between the two integrations, and Fig. 17 the 
relative humidity differences. The effect of a high 
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Fig. 16. Temperature difference between SAL (low high 
latitude albedo) and SAH (high high latitude albedo). 
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Fig. 17. As for Fig. 16, but percentage change in relative 
humidity. Positive values mean relative humidity was 
higher for SAL. 

albedo is, as expected, to lower surface tem- 
peratures significantly, but the reduction of at- 
mospheric temperatures is moderated by the 
parameterized influx of heat from lower latitudes. 
Thus a much stronger low level inversion arises in 
SAH. Surface evaporation is much smaller because 
the lapse rate is also smaller; a fall in the low level 
relative humidity occurs. Mid-level relative 
humidity shows a small increase. It is interesting to 
note that just equatorwards of the latitude where 
albedo has changed surface temperature changes 
are smaller than the lower troposphere changes 
because of the lateral transport of heat in the 
atmosphere, and here low level relative humidity is 
higher in SAH than SAL, due to the mechanisms 
explained in Section 5 .  

6. Concluding remarks 

This paper has described a highly parameterized 
climate model and some model integrations. 

As far as possible, the eddy flux boundary layer 
and diabatic heating parameterizations all derived 
from physically or dynamically based theories. 
With these schemes, a realistic simulation of the 
zonally averaged atmosphere was posible with the 
moist model. However, there are probably two 
areas in which our ability to parameterize the 
relevant process is still open to much improvement. 

(i) The large scale eddy flux parameterizations. It 
would also be useful in this context to understand 
to what extent present theories are inadequate, 
and to what extent they have predictive ability. 
The parameterization of eddies in the strato- 
sphere is necessary if the model is to be extended 
vertically. 

(ii) Parameterization of cloud fields. The 
parameterization of precipitation was undeniably 
empirical, although apparently giving good results. 
A more dynamically or physically based scheme is 
needed. Similarly, the relationship of zonally 
averaged cloud to zonally averaged moisture fields 
is not entirely clear. For example, most obser- 
vations of the cloud field (e.g., CIAP, 1975) tend to 
show a maximum in mid-to-high latitudes at a 
value higher than the equatorial maximum, even 
though the equatorial relative humidity is often 
higher. This is most likely due to the greater 
variance of eddy vertical velocity at the equator (at 
least in GCM’s, e.g., Wetherald and Manabe, 1980) 

Tellus 34 (1982), 3 



A STATISTICAL-DYNAMICAL CLIMATE MODEL 225 

which will tend to prevent cloud cover from rising 
much above 50%. This may be very difficult to 
parameterize in a zonally-averaged model. 

These inadequacies may preclude the use of 
SDM’s from yielding quantitative results regarding 
the climates sensitivity. Yet their simplicity may 
lead to important insights into mechanisms pos- 
sibly obscured in more complex models. To this 
end experiments were performed first to evaluate 
the influence of latent heat release in the model 
circulation. The model circulation was not quali- 
tatively altered, although detailed differences did 
arise. The wet model was less energetic, in response 
to a reduced meridional temperature gradient, and 
the upward branch of the Hadley cell was 
narrowed and strengthened. 

However, the response of the wet and dry 
models to a change in solar constant was radically 
different. The presence of moisture acted to reduce 
significantly the change in surface temperature 
(and so alter the lapse rate) at low latitudes, 
compared with the dry response. This effect is 
clearly very difficult to model in Budyk-Sellers 
models, since these implicitly assume a lapse-rate 
unchanging with time. 

The effect of surface temperatures responding 
less than atmospheric temperatures is to produce 
an inverse relationship between cloud cover, or 
more strictly relative humidity, and temperature. 
However, this inverse relationship in high latitudes 
is modified if surface albedo is allowed to change, 
for this amplifies surface temperature changes more 
than atmospheric changes. The effect of increasing 
high latitude surface albedo, was to decrease the 
evaporation and relative humidity above the “ice- 
sheet”, because the surface temperature change 
was much larger than the atmosphere’s. This effect 
may be the cause of the increase in low level 
high latitude cloud found by Wetherald and 
Manabe (1980) when solar constant was increased 
by 6%. 

If this is so then clouds would feedback 
positively on any change in solar constant. In low 
and mid-latitudes any increase in cloud cover 
following a reduction in solar constant would 
reduce temperature further. In high latitudes the 
presence of a high surface albedo means the effect 
of clouds in the infrared is dominant and the 
positive feedback effects of an increase in ice- 
sheet extent are amplified by a reduction in cloud 
cover. 
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8. Appendix 

Discrete form of model equations 

Define the finite difference operators dy, 6, 
operating on the scalar t,,k defined at grid points j ,  k 
representing the y and tl co-ordinates respectively, 
by 

Let m and 8 be defined at even values of j and k. 
Denoting cos( by cos,, and plp,  by pr then the 
finite difference form of (2) is, with no eddy or 
source terms, 

P k C O S j m j , k = - d y ( Y j , k ~ j , k ) -  6 v ( w j , k s j , k )  (A*1) 

where 

I f t l , k  = f ( m j +  1.k + m j -  1 . k )  

and 

s j , k = f ( m j , k + l  + m j . k + l )  

The thermodynamic equation is similarly differen- 
ced. The discretization of the water vapor equation 
differs only in the vertical interpolation of mixing 
ratio (i.e., evaluation of +,,k which is taken from 
Arakawa and Lamb, 1978). The finite difference 
form of the thermal wind equation is, for odd 
values of j ,  k 

‘ v m j + 1 , k  + 6 , m j - l , k = X , , j ( d y e j , k + l  + d y e j , k - l )  

(A.2) 
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where and the finite differenced thermodynamic equation, 
so yielding a finite difference version of the balance 

and is not given here. 

XI1 =p~"(tan~)-'(cos:+l(m,+ L.k+l + ml+l.k-l)-l equation. This is long and not immediately useful, 
+ cos~-l(mj-l,k+l -b m]-l,k-l)-'~ 

(A.2) is used to eliminate time derivatives in (A.1) 
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