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. Q. INTRODUCTION

. The study of lens spaces dates back to 1408, when Tieze published his paper
- _jtl Uber die +DP°\°3.'5€-"“"‘-*’\ invarienten menrdimensionaler monnisfa\h%khtm "‘_) o.lth<;a3h
_tre {‘.&rm "lingenraume” (lens space) was not introduced until 1930, \3'3 Seifert qnd
' ,;""Iﬂfe\%ll Since then , the spaces have appeared freguently in works conce_rnmﬂ
: 3- Mc-mColds SUr%e—f“ﬁ ; and. knot 'thca“j; and have the 1mpor~'tant d|3-i;mc,b|m of
be.ung t\ne_ P.rst nentrivial collection of 3-~manifelds to be e,nture.la CIGSSaQ.e.J up
.fo hcme_gmorphtSm ([\8]) Thcb Plaae_d an 1mPor1:an't role in the constr‘uctioh _
_of the' Pmnr.are. Homolo% Sphere , and alse_entered inte Milnoris COvnterexampie
{:o the Hauptw,(‘mu{unj Rare.hj studied in. their own night , they have ae,nemlib
been used as exomples and counterexamples in the study of homology t.keoﬁj, '
Wh:te}\e.ac] torsion , K- ‘t\'l&or‘j,e.{:c Also, there ~appears to have been (,ons,a ahle
lﬂtew.st 0 £Me immeesion and efﬂ‘oedclmﬂ properties of lens spaces in quqn de‘umi o
- 9 tkc, \o.*.e i‘lGO’s anJ 1970 {see the many references in ['33) '

Because, oF -Une. dwwse. nature. 0{3 ‘l:\neur QPPHCQ'O lity , at lea:;t five morqor k-.ss

_ Jls'l:md: de.{-f.m{mns [deSmptsms of the 3-dimensional lens S(mce. Lip,g) can- hc_
o Fo“ﬂé in_emodern ‘topo\oa\j texts | the definition used a‘PQ“d'“ﬁ on the context m
_ w\mdn t’heuj appear. This Pape,r aims to-recencile the seemingly Jisparate: Mo de.l;
of L(e,%) (se<tion 1) , colleet the quor resvlts Concering the spPoces (seclno,, Z
oand. briegij deSr-r.\oQ some of the related spaces whith appear in Lbn‘junr_'{:gm :
o with t"“’-“‘ StUdtg (section 3) . Some areas of the theory are not Ve_n3 well:
docommted inthe Qva.lablc lutera:l:ure and | have dttempted Lo it in an 3&?5
t‘no»t il 'Poqr)d _n'ns is. Partucalarhj the case j, 123, 13.00,15 and 2.3,

R 255 R VD I K

Al concepts used in this paper shoud e Familiar {-oaﬂn'*’ﬂe whnose. ackgroind
S an. unclersmdw:te. topoiow tourse. orc%uwaieﬂt Howewer, {ittle space. s
Jdeyoted ‘Eo,exqmp\esJ so some. ac)c’ honal reqdmﬁ may ke reau.r-o.r} in Some are




1. MODELS OF THE 3-DIMENSIONAL LENS SPACE Llpg)

Fwe. models of the leag space L(P.g) and demonstrations of their gmw.ienus ?ol o |
Thm%‘"wt it is assomed trat qed (pg) =) and 043 <P, although the rame of mchc.e.s :‘f%;ff'-"
LCan be e.x{:mde«d in seme Coses . A -?u“ tmﬁ'l:ment ol? iz paotten ls cyven in 3 Q_ ’

R The. F:rst modd o? L(P.q,\ is formulated in porely alqeoraic terms is used o deL:ne ’Che. SF%& | |
Jin £6,131,041,03, 1491 ,and (221 First, Seme, preliminary definitionsand tesoltsare
eeaed “These conforem to the_ notation and terminology of Dl ], and tea lesser extent, [41

N II A r.y-oup Gr Gets on o set X |(1 there is a moap F: GxX-2 X where , iF we denote. @(3,-;’) \oj 3 %,
oy 1lex=x% VXGX {where. L is the \66;\{:-&:3 in G‘)
@ glx) = @Gh:x VheG and VxeX

' [N !‘J. l? G- acl:s on QtOPO‘QleG.\ Space X 6nd for each 4eG, th?- mppm3 93 X- X 3%\1‘&0 b‘:)
. 95 W=934% 159 hemeomerphism , we. 344 X is a G-space.. _ _

. .1,-..1~3...f Kx ‘5 "E,,g‘:’%‘??"f-_e-,, SUC_L'\ t\nat gx=X for some x = 9=1, then we say Gacts @ree.\ & :

0 I G acks on X, 6 denotes the set of egoivalence classes 1003 X} where =L
&7 %, =4%, for some qe6 . ¥ is called the orbit space of X over G, and th
Gex conskitute o _Cp“e.d:ion of éisioint orloits c.orrvesponc‘,‘.n3 ta the e%uivg-iehi:e,: <

‘ t IS An Q:__ﬂlﬂ_kf\_u‘pg!_rj_ M is o Hauséorw s?adf. such thot each point [n M has C\M%\,‘\OQ ok : L
’nomcomw?\mc to D 3_1& R™ < xh <I§ (Egumatentiﬂ each point In M has a ne.lg Ourk‘._"
. homeomorphie {:oiR as DER" » qven by he D 2 R" where hid = Toagr nxn y
. An n-manifeld- wdz\« bovndary M is a Hausdorff space cuch that each f»omt oM \,ms - .

_._;.ﬂets\"‘-?eroocl homeomo-"p‘mc. to eithes R or the. upper Yol - -space ‘R...’ {_x (., -.
. "ﬂne. set of poits in M. hoving. the latter bot not the former can be shown 4o be dn

(n \) M&n[Fpld (l’,u] p.91) which is cajled the ’Obu\ac)sms of M, dencted M. o

_-' l l6 Tt-.e ?O"On-hna_ le-mma. is cbtm-\eé bg; combnmﬂ twe resotts &»c,m Lud (p. b4- 55) _

7 Le.mn\a.. IF X s R.C.Dmpac‘t Hausdorff G--sPace. wWith Ggmuﬁe. ther, X4 IS compact HQUS(}O{‘FF-
Prook: Lek p: X %6 be given by peo= bl . If wetraat 6 as a gustient space, then op
Sets in¥6 are. deﬁmeﬂ in teems of their P Ppg.maﬂt sets in X, ond pas aui*omabc.aﬂd eontil
X/G is the continuous image of a Compact space X and is therefore Gonpact by elemenrtury o
Suﬂaose SRR X6 and L3373 [x,1. This means 3%, # 4,0, Bor all 9,3, €6 50 gx) = 53 %
and p ()= 137, 19<Gf are dasaqnt subsets of X, Since -‘-hen are farte sets, rgfeated “ lofi'ln caior
the HaUS()ch f.‘tj con be vsed +o Conghroct dns ot [,t,i U, epen i X with P M) S
? St (o5 ). Nl p (= S K= QL0 6, 50 p0p v i e
- ‘Oﬂ OF pm\l:t’.‘uj mah\:) ClDSEd Sﬁts for i=1,2, (the 93 are qli homeomo—fkgsfm) gnJ COHS@GU?HH‘:)
e X . So plxyuy) s closed i */g and W = (e)N P(X\LL") 'S open n Xe for A= 1,2,

Ulehave o7t (XD S U, P TG ¢ pOn

Fwtke(, Wiaw, = (("/G.\\p(xmh)n({%)\?(xm,_}) (xfc)\(ga(x\u,} JP(X\ LL,_\) (x/G-)\P((X\‘-'-ﬁU(X\uq,V

e ( ,'(‘(G:)\?(x\"(uiﬁw"ﬂ (X/G')\ Pr(‘x‘) ¢,- Yo the Havsdor £f C_O*?d Hon s sat tS?fu’.C}. on, x/G-




L7 "Tlne_ prock of the Foliouina theorem 15 fequired as one of the more difficult exercises ‘i {uI_',!' e Y
" Theorem : ¥ G is & Rinite qrovp acting freely on a. G-space X, and X is o com f’ act i
n-manifeld , then Y& is a wompact n-manifetd. . -
o Proot 1 BBecause X is an n- manifeld, it is Hausdorﬁ and the ccmchteons o# 46 au-.g
. Sq._i:__:_s_{la.cé_ So X& s compact Hausderff, and it enfy remains £o be seen that each
_peint in ¥/ has o neghbeurhond homeemorphic to R". Llet G= {i=q.9,,., Gy § -
. Given [X]e Xla, we ‘rmvc_ Xe X with px)={x1. Becavse G octs -Freelj 9, A= X Pm=0,
, So 543 tepeated appi;c.qhon of the Havsderkt Prq:ertxs ,its possible to construct open .
. _fnwahbuwkoods u, ‘l., ,6(.., ot 3ox §0-K,eeny. g res;aec.i.:.velm with u..,nu = ¢ for 1sism,

. LJ(’. Know 'tho.t X ’rms seme. OPen ne\ﬂhbourknoé e in X with W, =R 3ave“ \3.3 Some. L‘ w ...R -

A AU is open in W, , so h(Wen W) is open in R . Smce_ hoo e bl n), Feso wrth e
Nethedshiw, o) . Then Vo=t (N Chien) & N (hoo)z R is anOPant'thqur‘nood Opx in W.

. . Next we will see that 'the-mppnna {pwx) Vi=p¥y) is o homeomerphism ¢ Plvx i MJec{:we. '

¥ as{plVy )(m (pl¥)x) =2 [0 T2 K] D X, =g %, for some 9,66 . Then x”xaev P E A g%

L DM U= U and X € G U K= G € Uo Al D Upn U § = k20 D ogs

DK =X wa is. Swdec:ttk oy definition . Since p1X—> ¥4 is open (simpie reso

_and wwl:muous the. restrickion of P to an open set will also be open and corrﬁmuous

_SoplVyisa homeamwphlsm, and conseguently PV R" p(Ve) is the. I'Eguﬁ‘"

,_open nexah‘aowhmé of 1x] in X6 , qna the result ?ol!cws -

| , !f!-‘@,LTh?-“ .3_tdi_mg!?31on9.i_ _sp_\'ae.re _5_ iS de_gined _'tb_be_t%e. set {(zo,z) € €7 'IBalz-i-__i_:.?;-,‘l‘_z#-.- I?z_

I l‘l '[he C‘{}chc ﬁroup with p alemenJcS (s Zr {og.,p-i} (P is not necessanily PﬁmE)
wkere addition is defined mod p, and O is the addif“!t- identity.

. j ' 1. 10 Frx Som:%eZZ wnth o<%<p ahd 3cd(p,3) i and fet Z act on ‘53:;5 follows : m-(Za 2, )‘“(e“i'_z.,e_éﬂz)
T‘ms constitutes a 3rou§> action , since : = .

1. 0: 2oz = (.2, ,€° E)—(?omi) L '
, 2 M (n-(2,,20) = M- (C FZ.,€ —:_ni Z) 2“"““*"‘ ,20;31“*(‘“*“ 2) (m*ﬂx'(z"! E\‘)
_ and -t;he__ action 15 we.l\ de-gmed Since. ™m,Em, tm089)$ e.m ' 2= m,_ {zo :-t_‘)

Le.t B3 532 5% be defined b»ﬁ O (20,2, < on-(E0,2) = (e_"“ 2o, 5 z) By well- known

results Ct:mcemmc} product spaces. and Mappings , Om con be Seen -t:o be continuous and

‘to ‘ave. o contingous inverse for each ™. Each' B is also clearly bijective  and -l:he.reﬁore ot
i o. kmcomof\o\-usm . S%is consa%ueﬁt\n a Zp - space,

_ N Z '-"‘C-'tf? ‘Free.\\j on 5 | Since M- (2.;,‘ ,) = (2.,,2 e gﬂ?o =Z, and eﬁ;@_& ‘B, =
A ihe ?nrst eguad;;oq a“ﬂh}ma two pessible cases : egr??' =1 or Z, _o . '
Casel: e “1=>"‘fp€?l;=3?95m=>m o nZ, '
L Case 2 1 Zozmo P lBIslH 2 %0 ﬂe._““i 1 ﬁmﬁl = leg =§ plm {as 3d(p,g)at)

-:.-bmo;nZ




C LR We nows define (REX N Yo e the orbil Space 33/19 wWith respest to this action .

Comsitkr Hhae definition of §° given in 118, ¥ we Set Zom X +4%,, B, aKgtA¥,, we see that e
Cst= i ax) e R rBadagead =i, Thatis, S is the unit sphere in 4-space.

By fe. Heine-Borel theorem 5%is compact, Sine it is a closed bounded svbset of R Further,
o § reoavu_?ﬁg__?_@dm can be used to show that S 5 a 3-manifold (see(ul P,G%)_ I
._U&M\la scen that s i5 o Lp~spPace Vpon which the finite aroup ﬂ? acts M‘ﬁ :
__.'fhe;ft?ott_,k% 67, Lip.g) is a compact 3-rranifdd. '

. ~o
{0 “The next model of Lpg) is of o more Ogerekric nature. I appears in three S\iﬁhﬂﬁ é{“{rqib_:;ggrsfons}
' dis‘!ﬁbuhd more oc less vni%rml\a thmuaixoutﬁne.lﬂe.mtum.: : _ o ey
_ '._\-u (i) (ppears in 122,241} The solid “lensform” shown jn FIG1 with upperand lower cops 't__"d'_e.'-iiti;ied' R
o via G oﬁt\e\qaon@\ projection after a 2'%1’- radian positive robution of the upper cop w,{i,.. : o 7
| respeat o the fowre (more details o Tollow) P T
(i) (Appears in 093,101, 1) The vnit ball D= {x< B : lbes} a5 Shown in FIG 2. woith amlaqeus: |
idertiflications to () o 5

G} (Appears w Tt 1,(161) The ?o\\jhe.ardrv:shuwn in Fi63 which consists of ke ?‘S'“mésau.ﬁy 5

faglar p-gon bases, joined at theie bases, ond with upperand lower faces identifisd afler.
o tuist identificotion aralopus &0 (1) R

&

ERR T Fiel FiG2 Fi53 -

L . . Since. all three solids are dhviously hommrph(c with am'\aaws dentifications | the ﬂ"tﬂ;ee._:
W resulting ientification spaces will be homeomorphic. Yersion G) fums out to be the most

- useful model for our purpeses, so we shall herely dandon versions (i) ond ({ii). ‘

S i;i_-l _ P‘ more acevrate descrigtion of () will be required . Consider & solid lens-Shaped el »
whose surfoce consists of hyo 1dentical, t‘ad\'.auﬁ Snmme.‘a“i: Caps wihich meet ata ci‘mvhf' '
fim .- The exact ?f’o?cr’ti‘of\s are. ﬂnim_?artht . Lozl the, nerth and Seuth ?oies Nands

. fegpratively | and pactition the drcular rimints P egusl ares separted by points LogersXpasr
Join each Xz ko Nandip S with corvilinear segments to divide each cap into p idenkieal

jﬁrian%u\ﬂr seciors .




" The l:rq’*ro.éaq:r\ $wist and projection mentioned before result in each A NX ‘[.;m bcma ::}mt‘{i,c; :
toith ASx Kguzvs (Where all svbscripts are. taken modp). Note that {x,, KgXpgyern Kq,_,)gi <
are all tr}ex\‘cnf—aed and Since. 30&(9,:5%! thic is 3051: the set {x.,x,,_,,x,,,] Co.all Ve,t"fu:_eg are.
ide_n‘f:aﬁncé '&)Tﬂ\?—f‘ , as are all egﬂo&ofm.\ ares Xoix, 2 Yoasy 5 For Smifar reasens. Ob"‘°“5“j Nand§
e idewtsPaec)

Next , we shall e thak moéei 2 is eguivalent to modal 1. Thatis, that the identilicybion
Space descrioed above repregents the orbit space 53/2 -

123 Siﬂtﬁ-’- b is rother difficvit to picture asa sphere in 4-space ; the first ste? will be. o q,ﬂsmt. -
_an msi!*yﬁsudfsd madel of S°, ‘ .

. S is the 5"’“’: ordered puirs oﬂwmv*cx nombers (‘ao,zz\ with 1Zd5 P, I we vse the.
' . mo&ulur repreSe.nﬁahons 2,2%e"™ and B,= e a ; Then ren2at, F,,,_ﬁ,e,-, ““"‘,‘j :
- fikes = (i-e)". So (Zo,2) can e ctss:»c.mtea with g, real triple, (r,6,,8) ,

0$n 81, 056,8,<2F . The collection of triples Svagests a sebid toros in R®, and w\,m
sm{mblj qda.pted this will in fact Become aur. Mode.\ o} S°.

B S R ST

Fies
Note. that when 7,20 or |, the one-to-one corregpondence (Zoi) €, 80,6,) breaks éown
1. W 620, then no=l , and oz = (e** o) whick is independent of 6, , Heace dve
need (0,8,,0)= (0,6, 8,) for all 058,68, <2x
2. lF r=t, then r,a0, and {b,a,)=(o e.“') which (s independent of 6, . Hence, we

. S ne.ed (s 90,9,) = ((,8,,8,) for o\ © €6.,8.) <21

1 we. reprasent points of & sodforus T with meridicnal radivs | as shewn in FIGE,
$hen the First condition s aui:oma,bca“n {-'vlf-;ﬂecl Since. points on the “central circle? .
0= ° ﬂmtﬂéeperdmtogG - SRR N

‘ | FIg 6
n °“)°"' t"g"w‘l the second condition , pse MUSE appropriately identify points on r =i,

_which 15 9T = 3% 8, atorus, EKﬂlmmmj the condition ,we sez that foreach o, ouﬂ-'ﬂ;,, e

.ail pomts on {( N80 6,7, ﬂ:i} , o latitvde on 37, are to be idertified tcge{:i'-&r.}lencgegch B ot
“lobitude, becomes a SZh%\e.fo‘inJc\..‘ and the bouqaql"rﬁ i Q‘F&Qﬁfﬂhﬁ Wﬁq s{aﬁle. mar-lcl\‘m',\._‘



Cutting T across on appf‘o‘)rmtﬁ‘-lj chosen half- -plane. Swas the solid cﬁlmdﬂr of: F‘i&? w‘th

identibied ends , and each of the Sumesteé Vertical seqments identified to a Single ?om{: .

 theceon. The result is homeomorphic to o selid ball D? with ypper and lower heouspheres -
. Wertified via ort»pﬂmpm etion (F@3). To see this, wllapse the vertical seyments of AG 7. :
. _;smulhneodslj ‘

. _agross the dbove Progf- (or any other ) AMc:enstmhn«s that it in ?qc.’c represents, 7“53 te 1
_thet we could egually-well choose a lensform re_\oresev:’cc»t\on with anstagevs néen{u_fé- S
. 'T\f\ts woum Sua est that, Fm\!\aea model 1.2 is valid, L= zs* -For all gQ€Z, a f‘esuH: we w:ﬁ-ﬁi [

-‘2 11 Flrst ut is nce,assw-«j to de.te.rmme -tke etguam\ence classes cf— T (and hence of 33) Um‘!et‘;
- fat‘tmn of Z. %wa\ by m:(z,,2)= (1‘0 e"‘_ Z-e °’
_:selid kocus coordinates , m-{r8,6)=(r, 8 B2 5+ Notice that the valve of ¢ is mqﬂ'gc

’13'-3 Lo ackion . Hence,we can f‘estr.r.t ovr Gﬂ:‘tent\m to individval tor; r=c o sc,f..l) which
' {-01“ be. denote:] T.. Note that T=M T ; alse T and T, ae special cases - theﬁ will be treated laf

L D URIGT Fles e
| T‘ms s a wuckhsuseé identificotion seace 0 topo‘om texts ; kowever ! ‘mve ‘3€t to Come.:. L

late.r m?.m {0 course | if ¢#0, LG,) is an abuse of aur convention on mdsces, howe\&c :

in this model 1t has a weli defined interpretotion.. See 3.2).

T\ne q\owe d%m&‘trﬁtlm oosfi o.iso ke \'\e.lf:fui n Vtsuo.h&na the erbits mduc.ed ‘03 t.hc s o
0[3 Ho On 33 which we shall new caleulate. '

g G+ 8, 3}
= ‘ (re >T€.A +-,$3) Usmsout‘

bdlnen o<e<l, T ‘can be. pcture& as o srt)uo,re with idertified edges, with Whvﬂmﬁ“‘ NIS

wgact\m as the ;- axis anc}t\oe Vertical asthe B-oxis ‘“ﬂ‘ "““5‘"3 from 04 207 o0 the S‘B"’“" |

FIG“‘I

. °|

The_ O«Ctlon o? ™ on 'ﬂne pomt (P, 9,) resulls in t‘icpom{ (9 + 50 1“"‘ 8 + _‘L ) so all a.cflons
_ofZ, are tronslations alonq ines with: gradient B
e Conm)er w5 _an example the cose p=9, =3 . Watine O'F 3@.6@4[; 73 i c’f‘qwn ‘l:“\m"ﬁ“\ a Pomt, - '
enle, we see t\qo.t the e.%uwa\e\nce c\ass o{-' 'B'ﬁe. ?omt contams P—-s points Q%Uqll 9 Spacd‘i‘ i
G\an} 'tke. line. SE

Z‘WM/?.‘ITQW\ = l/z

W ,[".:TTT“_
A LILL
3.?‘1-// E!
mREa [
5 I_/ l—'i—-




Note that the equivalence class contrins exactly one Pornt ineach of the horjzontal bémés ofthe
decomposition shown in Fisu , and of course an an\uﬁwsrtsuﬂ Wil hold forqmﬁ L w% 39“? 9
Sea Single horizental band of width 25X cortming exactly one foint from each e%uwdm Clags

of T. . e €an ﬁ«eﬁrzdc&m the ortlt space as T/&, {tne.,0)1 F2C,056,¢ P:°<9-‘3‘}

This is o short tube with ends “fuist identified” by a —-‘t fuist. :

(foroidal tube
wrikh Luyist
Hentified u\és)

z

’ ’ o FlG‘ 1w o
T\ne.re. are Lo speeud a5es 1l:t: be.'tuken ke consademtmn T, (the centmlqn:k.‘) and Tn( a'rmg}, '_
- tdmtugﬁlmhons} These are d@aenem’k-‘lbq so the orbit spacs cannct be Pic,turo_;! a!, n g\ng__

. CaSc.T To is i:’buac:rdc = 0. The octon of m on a peint of T, sends Go- B+ 20 . lndx:l' '
| . P T2 rotabion | so each E.GUNale.nw_ class contnins exactly one point in each g?rmd'ﬁ“ arc l~ -
?ar'hcular; the are 056 <T-' has exectly one point from each eguivalence. class, and T-/z'

can e viewed a5 an are with identified em}pmnts

T. > ”K\t/zz,,

Fle 3
CaseT, : T, is the bounéﬁmo 2T with latitudes identified to & point epch. This
of as & circle. S'. The action of v ona Point (.lach:uJe.) of T, Sends 6,28, +

o zﬁ;m rotudion . Since Téff,g)a , T e partibion S' into P egual ares
1(_9-‘” $0,< 211' the.n atl og these C&e.‘b Wentified .

. o Fiﬁ-l‘i-

LS Exe—mm Ir'w-f-onieaves poinks on their r‘e,s?ech\'e tori T . it isevidest that 5

oSG._f.@%.r,..e "

UT‘IE_F Tlms
sa coilec.honoc nested ‘l:does with radii osr<l whwse ends ore m;st_“-)gnt‘&ea 5‘3 o &% - padin ‘Nist,,
Canda beUnda of latitude - Segments tohich are identified 4o single points, and then #urﬂntr 5

- xdenh?-neb ?m. P arss o one. (FIS 15 and 6).

=

Fi& 16

1 we Qw'st collapse the lakhade- Seﬁmmﬁs to poiaks e tt\et o. lensform w\\csw. cﬂ"cdn" rim s Jwtdecf inks P
© eqole arcs, all denhified *luje,tker Theupperand lower caps of the kns’?—om WI‘G—SthAtD theendsof the,
solid oahm)e,r of FIgIS , andare, Hoerelore tungt-ideatificd ‘0‘30& faist . Tk:s is of covrse Lpggras

mhalin descrihed n l'io:k\ 12 | so models Ll and LY describe the Some sPace. and qre_ w““g“%%egomlm, S

| Ot qllt'uw.%outtes “\menmuaterea only {11 and 9] deseribe Lip,q) as \aob‘-\ an orbit spage
~and an ﬁtmh%tg»hen spase; and hoth }ml to demonstrabe theeguivalence of these spaces.



‘3 At this pont, o third medel of Lip, ¥ IS ivbroduced - Lipig) is the B‘Maﬁi&ia:.ofﬁ;egﬂﬁfa.
%enusi whose, Heeﬁnuﬁ! dmafnm COﬂS\s‘t's of a {p, %) ‘i’.‘oms knot on the surface of a solid -!-orys
21,11, 191,067, (13, and (28] ali describe L(pq) in this (.Jaﬂ

bn mtb vnderstond this desu-;fﬁon , wemost first jatraduse Some definitions and results:

: _-1-3-1 A Sdr;?o.ce s a Comeuct, connected Z-MQniFo\é -
132 A sucface M s orieatable if its 2nd Homciosn grovp H, (M) is non-trivial (see (11),

133 The famous Classification Theorem states that eveny orientable sorkace 5 of Yo form SSEaT
o for some. well defined nFo . That is, n“hmr\éle{' Sewn tothe 2- sphere. . n is called theﬂ' P
_ chest of the surface , and any N-qanus S'w*f—ace w\“ \oe, {'\omeomor-p‘\m 4o the sorface depiac_w’

. W FIEn, :
o m > > >

“ n-hendles ————f

134 A 'nggg}le.bg du 15 o 3 tanifold -with-bovndary consisting of an arientobie surface and tg A

Intedioe. The. Genus of o l’mnc“e.‘oaé\a H is defined to be the aenus of the surface 2H , as. Jes\hed
in 133, :

435 A -.H.E‘:'%Q{‘r& sélf‘ﬂ‘ins of @ Irmanifeld iz its .éﬁmmrusiﬁaﬂ inte fwo t'\andlebo&ies Hy, Hy °£ SV“" -.;-"‘-': L !
qanus whose sortaces are dentified via o homeamorphism hi 3, 3H, . ' G

L .‘f’»-s;%ﬂf-saﬁ«s._aws. c* o 3-emanifold M s the minimol n for which M can e de.mm,mea
. Toto oo n—ﬁmus Md}zbodles via o Heenqoré sphﬂ'ma

H? Suﬁaosg, M has Hemﬁuné deausn , and thet t‘ne. a-~ %e.nus handlebodies H,, H; with surface
S :Jmhﬂmhﬂﬂ h1dH,~» M, congtitote o HQEﬂaaré sphﬂ‘nrﬁ of M . Then the &ss::c.mkeé .
: ﬂggaaqra dm%fnm of M is Hy ‘fo'ﬁd‘ﬂer with the c;xséomt Simple closed corves himy, . ,k(m,g

whese ™, m, wr'e. ‘l:ha canomr.ql meridians chosen on 2H, a5 Shown tn FIG 8.

) : F IGr 18

o @""] {F 15‘*) C.bn‘h)uns & Sugtinch Proag that Knowleécle. o{: the hi{my) on 3H, alone S\}“w_q,s n

: " the feconstrution of a. 3~ manifeld homeomorphic. to M. That is | if h": GH,-a‘aH.,_ with
W (M hny) for i$4en , then H U R, ZHUH =M,

The fundumental 9roup of a torus can 'be shown 15 bhe lz the free qroup on two ener Gi?br;t
14 MJ?.&). G, Pom‘t Xa on atorus M and denote the canomical lafivde and mecidian (tith ?ttﬁ:’

relotive. ofientations ) 5 Passiag ﬂ"muﬁ\" %, 65 X, m re.sgzmtwe.l‘a , then X and m ean ke, Seen to
denerate T UM, x,) -
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' 'h’.)o solid tori. (l-2. Yunvs i handlebodies ) T, Ty via a homeamorphism hi 3T, 57T, wher

io

=)

fFiEig o
That iS , @very closed loop on M used ok ¥, is in the hometopy class of same altbm (“\.bez

the. S\ﬁns of oyl fe.emsan‘hns the directiong in which £,m are to he traversed ). if 9ed (p.g )=i o -
 fhen o member of the loop class Cplr 59\] is called & (o, 2) tovus knot : Note that Co) and

lo, 0 torus kols are latitudes and meridians, respactively  For further details on torus Kaets,
see [€3,I0], 0[],

wg_'arg now In & Pojition to mtupre.t model {3 . 1t deserites Llpig) a5 the result o{l J°‘“""3
h

b)@s&mehdm\ m on DT, 4o & torus knot (g9) on IT, .

-‘T ‘ T This diustre.te.s the
a5 will alf Furthcr

Fiqures,
meaT, FiG2o h(m} (P <€ BTy 3

s would ke exfec.iu) , the 3-manifold te.sul{inj di tectiy from this identification is difficule to
visvalise @k first . However, we shall eventually See that it is in fact the lens space .L(fl%)i

as Jesu-i’o_aclbtg fnodel 12,

Cutting T, aeress & suitable L-.q\(-‘—pia.ne. \Qxe.tas o seolid cylinder w.l-.k p disjeint Se:.hons Lo
of the Kaot (XY alon5 its side, Tosee this | consider the .dmhhquhon space fﬁfﬁ:senbna
aTq_ as S‘r\o(...mtn Fie2i. A (Pg) torus kast Can be represented as a line thmunab o
wd’k a Smdaen{ (FIG-‘IQ-)

3 _ iy /‘ .

o o)
FiG- 21 FiG 22 .

-Cuﬁ“ni\'l',_ aerossa half- -plane or%ojonc\li‘g has *t"\c eflect of disconnccting the léent;F\mhon '

5S¢ vare horizontally. This will resoit in P disjoint line Seqments cutved Grovnd the side of
& Selid c.\ahna?.\" With 1denhiied ands (szﬁ) winch i e%mvalent to tha Q‘Q“w of FiG 24
with o ‘E""' cadian tewist , :

23 Fie24
Smce (e, =1, by Bezout’s ldenkity | there exist rs€Z such that pregs= 2\, Heace

g5t {modpY, Meaning % has an invarse §= g mTa. 8 is um%ue. in Zp , a3 35 2| (medp)
= §¢5'2 5 (modg) 2 5735 (Mmodp) . ' :




_;_Cut_tinj T, t\\rou%l—\ ahalF—p\me Cbn’ca‘ming {ho. maridian qives o solid cnliqder with
. identified ends and « Copy of m arout\.cl each end (FI625) . Now twist the c‘:)\i\n_de.r
mdicms (R 26) and Jecomposg the C"&““(‘Q_f

_.Se that theends are offset by 0
L. inte_pegual "wedqes” as shown i FIG2T. . =

el ome3s TTEEIE T TERgar AR 3
. Because of the tuist, if we label the upper wedge-Faces in & positive circuit 0y1,...,p-1, thgathe
R CO'TE lﬂg lower ,cacgsbecomc.,_f.%",-g‘fﬂ_,:gﬁz,...,-g'ip—*. (reduced mod P) Because —%‘7' hag o
- oniovese in Ze , nobably ~g, £0,¢, 266", ., pICTO}= {0 2np-i} | and identifiying
. jwedoe-faces according to the gjiven ldoelling (Fi628) gives a wmplete cirwit | result
.0 5ohd toroidal form with o “flat” and a “ridged " side (Fis 29),

e lines......  Fl&28 o Fic-29 PO

R Th& p dotted ‘shown in FI619 ace egually spaced around the cylindrical hole ‘dnmu%h the ridged S

.. Sohid torys and corvespond to the p pairs of correspending arcs odons the rims of the wedjg'_ ' e

_faces in Fi527. Hence | if joined end-to-end in thewr ociginal order (0,2, pmi) = T

w__,.‘(.‘?__(_‘?:)..;:% g™, ',13,(73-.,‘),-«; '.TFP..")%.“S-‘})_ {ail reduced mod P, t\'\e'-‘) form a copy of the o
- aecidion ;. AT :

e Now in FI6 28, the Jotted lines lie seguentially as the muttiples of (-5, so a joining orde forthe
' Verhcnlsegmen’tsﬁ _Fi6 24 corresponding , under transtation, to the alove Jeining order for

o the culindrical hle of FIG 23 s Simply (0,7¢,-2g ..., ~(p-0g) (all redoced modp). This i3 the
.._[order ta_which the seqments of FI6 24 were originally joined in the tors knot (Pig) ; bosee’
. bnis, apply a TR - cadion tuwist tothe solid cylinder and orthogenallyy identify the ends, -
bt to T, | |

. Seby insecting ths cyinder-with-twist -identified-ends into the hole of FIG 29 in socha
s W that the vertical seqments colncide, we. are effectively reversing the Heespard selitts
ik qade fise. £ our initially - descroed Heeapard diagram . K follows thet Lépg), as

o Jefned in model 13, is homeomorphic. 10 & lens - shaped solid with varous resyions of the.
... upperand Jower caps ideatified. o |

| - mese

__ J}W-U PpPecand lotwer 95«:650[: Jchtcg‘ *fzérawlwr 3 G"e Idenfn fae»t! ﬂit@f a - cadian tuist..
oo Further, e uppec and lower “ponels” of the ridyed solid torus of FIG29 are identified

. after the same. _%@‘twist._ TTosee this | label the. panels of eachy wedge as shown in FIG 3.
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o /R
k-)4+{~911 1 ~1y Pﬁnd . : i } P‘M‘ . -
(45" o (Rt} g aberes Cading) (a+g)-2™ (ﬂig(—%_)f‘ =K.
_ Fte 3N : ' FIS- 32

Be.cause a(- ")— {argi-g )+ ,t\ne. vpper panel of a wedae is |(§€n'tt£'\e£‘ with the iower T
pomei of the ¢-th wedqe along from it tl"dver‘sin3 the fing in the positive direction =
(refer to Fie:32), This accounts for the Z50- radiun twisk - Se the Lip,g) of model

13 is ) \r\omgmorphlc to the \ensgorm w\{:\f\ H‘\& ac}en'i:&-um‘ttons descrived in moclel 2,

Tlms proues the e%_UuIdle.nc.e. of. models 1.2 .and 1.3.

Thus e.%mva\ence. 15 3emonstmtcd " [“’l] ané [?-‘*3 among others, but in the revzrse dnred-.mn:i‘:_'_'

. Thet i5,.0, core is removed From the. \ensform representation onc) the two pieces afe ¢
o 3\\@ two solid teri and o Heegmr& identification between their surfaces. The advan e
. the, “constructive” demonstration included albove lies in the. explicit Jetermination of the

- : .:;wedag_—___‘\mn_;ng_otée__(‘ _wich canbe. (and invariably is) overlooked in the reverse demostrations

: . o :

| ]q A i'"ourth mode.l OF L(P’%) can be deFined as Follows : Lepg) is the 3-manifold resuitmf}:f:;"
. prom o g De\nn surcjersj Per{-’ov-me_d dm?l “Une ff‘w’\al knet . Ovce t\ms depmtflon ho.s Y :ﬂ”_‘,‘
. Q‘\(P\ﬂtﬂtd 3. fl:w'“ ba{-'a.rl«j U-\S\j 1o see thek it deserives the space LLP,%) of 1 3 | L

_ l 4.1 'The C-oncapt o{'- Sur3eﬂj wos P—.fst mtmdueec} bxj De‘«'m i his talo wnstmd:xon OF tke. -
Poincare Homologqy, Sphere. [t s & methed of Congtruc.‘:mj 3-manifolds i WV‘“% Jﬁm. ta.
o\h‘j mutualiﬂ Jnséomt selid tori from S*and then “sewing them back é\?‘;erenﬂn More,
prec.\se.lﬂ ) se.iec.t and femove n mutuann énsdom't solid toei T T (POSS';"]T) knetted.or ©
lmke.é) fom 53 and_tnke the. closure $3-(T,u~0T.) . Now suppose there is a homaomqshas:n
o 1‘1 BTU “UGTn > T, VU IT, such thoat eadh KT sa hbmeaMorthsm In ST—)QT (I<A.Sh)
T n b implicitly Jescribes how the Ty, Te afe. to be resewn into §3- (T,u- U'Tn)

.:“.. Slmp‘\-\ l"?-ldeﬂ'trF*j +he. bounéqnes of t\ﬁe T vie. the b, . The l"esuiﬂmﬁ 3- mamFoid
M m U (Tu-uTa) :stlnen saidto have.\)e:n obtained From Dehn $w3cn3 on. .':.33

L 142_ M 1S ent.re13 c\e:tmmned ’03 T.p T ﬂ“dh so suryery instruchions are in Eroduced o Prese"t
-t\n is_information in o concise and Useful format . These appear Primarnd 1\3 in 1], bot egoiva
- éﬂo‘tﬁtlonS also_appear in [l and T2ud, Among others . The T can be descrived by alink L 2Bl
. Components Ly,ubn of which Ty, T, are disjoit tubular ne_if)h‘owrhooés respectively . The .
_-_‘;jhomeomorphtsm h tan \oe c'iescrdoed b\:) a_collection Df m’ce_ser P‘l“'-5 (Aybd ey an,bon ). -ﬂ“s s
éaGCaMD\LS\*\P.C) by Cmn a Canonica) latitude, ""@“‘3“”” pair £, m; on each 3T, (onentations g
;. 3as in. FlG 33) 50 that h.(m) s hometopic. ’to alixom; for some 04,0; € Z with 3"6(6“-1\’ )=l
- u: follows from resvlts in 141 that once. L and the coresponding (az,1,) are 3'\*% any Shoice of
{3 _mutully d:s\}omt tubular nmakbour\noor}s Tiofthe Ly .
i GO properly-oriented latitwde , meridian pairs £, My, on -Une. res‘oec’cl\fﬂ ?DT e
. G homeomon phism b such that eachy (W1FLIe) is eguivalent to aihioim,  (Ixisn)
__ _w;ll 3.9.\:1 o mamcold komeo;norph\ﬁ to M,
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If e sink £j. silﬁh‘H belew the
Surfoce of the torvs | my will have.

o right hqr\de.c‘ orientakion with respect. foib_ .

Fi& 35

SO M is ()eSc.r'sbeJ up f:o hommmor-p\msm ba o link L and a coliec.tlon {(Gn,h Y,

knot on. «Une. 501 rdtows

h ,,_‘,53 can. ‘oe. de.eom‘oose.é m{:o two sal-d tcrt suc’h that & merndmn on one is idenhf-.ed
__‘,wrth a latitude onthe o{:her and vice—versa.. This is demonstrated b3 the crsss-section
maﬂmns of FIG 2y,

{solid torug

-l with latitude
{solid torus and meridian
with meridan curves )
and [atibude
curves)

FlG‘ 3'+

s We waH now Proceecl to?n\ious {'he. Surgecy . ms{:mdnons qiven for L(pg) at the besmmrs3 .
op ‘l‘}ns section . First remove a tubylar ne.tahbourl-mcé of the rivia\ kot fram S3. Tlms '
w;\\ be Gn unkno‘tte:) solid torus T, and_when the closure S*T is taken , the resvit 15
a, sec.ond solidtorus | Next, T must e resewn to ST via ‘some homwmorp\fusm

h ST-’BT with Wy = gl+pm , where A,m is « ‘propechy-oriented latitude | meridian qu '
Usmﬂ an alterngte notution |, h ({0, = =(@P) . Since latitudes und méridians are. mbertkamaed
bc:\'w!en T_Qm,d =T, a (%,p) knot on thetoroidal hole left b:jT is in fact &(P,g)
ST ., Therefore , the manifold obtuined from this surqery

ts the result of Sewing +tuwe Soi«} fori tose.thu- Via. & Surface néent{l-ccft.on which 'takes.

a meridien (0,1} to & torus kot Pg). The ydentification van 15 Yherefore a reversal

Q—p the Heeaﬁo.ré Sphftmﬂ for Lg,g) as desarived \03 model 3. So we see ﬂrx,.t Liggyas
_ de.sc.n\)e.d kuj the Suroecy instructions in LY 15 e%mmlent to L(P,g’) a5 descri Be.d bfﬂ -
’dne “three fmuws models.

' J,_‘is ij; is tntﬁfesbmg to note -thod; a-thenmtma.l result in [l‘f.i s{:cd:es ‘I:hcd: anﬂ finite
' Orw_vfta‘o!e 2~ manifold M which can be represented ‘030. Hezﬁcmwj c’iasmm can be
o‘otmngé Ff‘om a Dehn, UMY [24] includés a PmoF of this \ox_ﬁ induction o the
Heeso\c\rci 9enus M whidn inkroduces "tw\stma homeomorphisms for me‘}'\ncrjnu)\“\j o
: ,:,.,?_._f."m_._l.Pggtm%__s_:_urwi—ﬁ_, on handleaedy surfaces, These appear, alheit in a limited capacity,
.i-in the next model of Lp,q).

(“n,bﬂ} -n'le_ﬁ_'__r
7 ;715 o Mnor C‘mb‘ﬂ""'ﬁ s inthateach & m, por has two possible orientatibng , se- (A ig
- _:Aintcrc.\r\qncambte_ with (-a;-b). _I"ms can be elimingted by cons\c)cr-mta the rationals 2 ‘_
. W?- permit Y0 and c‘?,note. it btaoo Herce our i) instructions for the Cangbmq,t“m
OC A-manifld M have been méuqeé t‘o a link and o rational number (or @)
] ,:;asnﬁned to each Componcn{ t\nev'ao?-




i

LS - The £ifth and final mode} of Lip,g) is ased on the concept of the branched cover, and is
- descrived as follows @ L( Pl@ ic the 2-sheeted cover of $? branched over the c.iose,d
 rational tanalc, P/?> This result 1S Mentioned in vamainj 3mses and with W“ﬁmﬂ anncunts :
of dustnglcatlm , in 161,171, [151,0197, and [213. The most rigorots ovtline, (.\erhq?s i
tobe found =n [C] althowf,\n the appreach is an almost entirely Knst theoretical one.

: The_ apprp(a_r‘mtc, te-minol,o%nﬁ will be intreduced |, and then this model will be 'shountober'_ '. .
,;,k,e%._*_o_‘i\f_@l?—'f\t to 13, It s a rather inwlved model , but serves to jilustrate an important
. relabionship betieen lens spaces and knottheory , and introduces a usefol matriy
- mokakion _ghich s toloe applied in Section 2. |

151: Let M, be n-manifelds (or n-manifolds - with-boundaries) and T # , Lem
| manifolds (o (n-2) - monifolds - with-toundaries) . |
o AF there exists some continuous suréec’cive Ffﬁ“* ™M such that
. : ) P(L\ =L
_;_ Gi) flM\L g M\L is a.k—Fold overing map . That is, each point in ML l«ms. an
L open nctsk‘oar‘nooé A such that (P\M\L.) ") consists of R dlsdbmt Compenents
© each of which ?IM\L maps \-\ammr‘o\'\amllﬂ onto "
@ =R i e My and [p (Bl eR i xet (thaﬁrst tondition Folloias Prom (.n)
-tke.n ™M 15 Said to e a k- sheeted cover of M branched over L | L is called 't\ae_bmnc_\q.ﬁ%

g
FIe¢ 35

e.. annuivs 9\ iso 7_ ske.ete& tover ot the éisc D branched over troo distinct interior po mts (FIG:;‘,C)
T [ . Fi636 Flo a7

R To See.'t\ms duSc.onne_c.t A alenq the dotted circle skowr\ in Flg37. Note that A o.ncl D ara
o 2_ mqur'olés with - -boundoaries, and the branchinglocus is a O-manifold.

e C LU @HOIONOIO oS
: F\G 3% T
R Po S\nown in 'FIG‘SE tmhsiates {-‘romts from the twe Pe-fomd:ed énscs onto ﬁﬁetr C.o.*\f"eg?oné.ns -
?«nts inD. As reguived, all points in D hove Z-peint preimages in A, except the brant, points, -
fﬂ wh\dq have 1-point Pﬁe.tmses To ensure that pg i A\ {brndpts.} D\ fbraneh s d Loould be o 2‘0‘3 -
. ' \ ering Map, the Yinner half" of A was. turne,}ovar on removol (SéConéS*ef‘, Fi16%38). Given ponts - -' .
e w;o{l D not “3‘“3 on the Sewmnt Jmmmﬂ {he_bmnc,\a Pomts we can choese tircdlar netg\m\owhoccls
' ._,...St)q‘tcl?.nt\\a sall 56 65 not to inkersect the seqment | and these have the re%mfﬁa fe- f""e"“"“‘a“
Srmll circatan nctﬁhhourhoaos of points 13‘”3 onthe Se'a“"’e-“‘t alse_laye. tre re%u.,rr.r) Preimages,
ﬁ_ . Since the upper and lowee h&“e.,s_p}; the Pﬂz\"ﬁﬁf- Cemponents are Feid Yentitied “'m‘;ﬂﬂ Cets
W s why the innere halk of A must loe_turned over.). Boondary poinks are treatad Similerly.




153 Asol dtorus T canlse viewed as AxT, anda 3-balt B (homeamorphic fo b ?) as PxT . ffwe -
' defline @ map py Ax{t} = Dx it} foreach teload, anqiqf)ws to the alrccu;lj ~defined
 Mapping P, and dencte the collective Mapping P: T+B, then we see that p provides
‘ a 2~shected cover of B by T which is branched over o rJiS‘inQﬂf Unjinked aces.

(T\mad: L5.1 ) and (it hold ts-mmcém’rf.l,-a obvious, and Lo ur,{:ﬁ () 3.",!9!3 d,mq AxT where
%5 chosen on a given Dxit.} as before )

@.

Fe3 |
o 83 Cﬂnsdiﬂnﬂ FIG i, we, See ‘x‘.’ha,t in FIG 4o, tha P Pfe.maﬁ: Ge the Shqée_é renaon

) on OB is the shadcd rzaaon on T,

Fic4o 8

_lon 3B is homeemorphiz to the shaded region shown on 2T,

. é’f‘%
@ @ . 2O @

_ {a} (0,1) 1ol (a.1)
V bt tn A T F!eqs

. l\bw re?arrm:j back to FIg 4o | o “Nalftwist” on the skade,d disc corf-gg?me,s under g, f:o _
o fu“ '\-Q.nst on the s‘na.aeé annuius { FiG bh) . :

® Qr'Op Qs @
O 0‘““@ @

S FE 44

S U‘i

- aﬂﬂﬂ‘us ST

.__E_ﬁ_:;.gan_sss-‘s:fina,F‘G.‘f&.ﬂ see that in Figha , the p- meqﬁe of the shaded feyion =

{-pg_a& L Q—W‘“Sﬂ"*’- Qorm.,rgh{;o {—_h(, lattu- ASQ. 'I Snae,teé cnwer Bm.ane,é over ﬂ-a-}:ao e,négomb o )
a@ the ove. We can devise & simitar Sequence o?.skq:s totheone Showe in Fig 44 (Q\t\ncdsh Sigmﬂcaatiy,__ L
\oﬂt}er and_More tedious ) tn demonstrate Hhat o haif st on the dise ¢ cervespends toa Foilhust on the .



16

lSlt (e nows de.ﬁme.. homeomorp\-usms hy b, : 'BB-\‘QB and hu\-. 2T>27. : §
. h iS the 16@1&-&3 -?o-r Fo\n{S outside the shaded dise OF FIG40 and acts o {Hedisa as .30%3(_3{;@&
- in FIG 45, t‘l is the iaﬁﬂ‘tttij for points outSadet\-\e_ shaded fegion of FI6 42 and acts on the resjon as

o suscse.stec) in FIG46. B '

L - FIGHS . . Fic46 LB
h is. tkg Id@n‘hﬁ:}?or points oui:stde, ﬂ'le.s\nqdecl annulus of FiIG 40 ond Parfowu-.g o ‘oog,-[:,vc_ e
gui\ -hoist on the onnulus itself . lq 15 the sr)en'brba for points outside the shaded awavlus Q{?-:_
‘F’l(v 42 and pergoms a nesq:kwe. Pulitwist on the anavlus ikself, o

o _:‘__;___é_\@ we co'n,v.ukr ﬁoo copies. oF T and -I-wo oﬁ B, o!enoted T, T, a0d B, B, , then 53 fEMq;);_x, | |
. e )8, the Poilowm3 diayrues commutes : -

ot P BT, aT, P o,
B ,;,,.,,,‘_.,,‘,,..A SR EECE Pl lp Pl LP

" 2B, ——* °B, 2B, = 2B,
) FIGr ‘f?

s

L Sehpaph and hapeph . nthis case, we coll sy hyhy Bt o R, Guthrpectngy,
......?.rmfcﬁ_e%tiye-,\u., o oL

5 155%-.“1 h 315,-:331 is o.\\omaomor-ph.sm t\nen we. Can Sew two copics of B teqether bgj__
idﬁﬂt %ins boundaf‘es qu.h T\ﬁ'& rC-SU\f.n% sFhce willve c‘}(noted B U‘Bz . Sel.d\.na
[S ":o;?; vm. 'L\m, \dt.n‘\:\\:nj i Swe.s S as S\nowh (\h reverse otdex‘) n FiG 49,

3 . e h I FIG‘ "li )
_; A“\j .—_omeg,;,k.m h ¢¥ ]n 5 and k s leayves all points 0{'- aa fixed , except thiose in o
B Part;w\qc r'e.?uq komeomorph\c. to an open disc (Flo 4q). As & resul}, we can @.u-k

w__ms‘lgtonsk‘!d'o-homwmo?h\sm behoeen B, EE and BB, = s* (Pigso).

-_,B, FES! le

}\e,re. o\re some. cxomp'&:ﬁ oﬂ accepﬁ‘a‘c Jo:mnﬂs ‘:_
Sauﬂn% %\ -l‘.o ‘E»-L. Vi A Siw:.s {kc.?e.rmuta:\:fon B ,(u,‘oxe.,é-}”—?(a,}atc,,c_h_')___ e
.. Sewming 8, to B, vio W, L ives the permubakion (49,00 > (&0 d)
S‘Q,Ul'\a %l b 6 Vu"- L\ %i‘f&3 tl'le_ PL{MUﬁhm (OH\O\"- di} - (\qulcﬂ; ;‘)




7

T\'\e cesults of these identifications will be a‘.o?tes of S Ce-ntmmnﬂ variaus links Cortcs?ondma '
_to the bmm.hmq loci, as in FIG B2, e

0 OO 80

2

. FIG- sS4 :
The. Jink COrr‘csponc)mS to o Composi‘hon of- k 5 and h s Can be constructed bﬁ Slmpls
i _,u_xdduna the appropriate crossings in. the correct eder. FI® 53 gives some exarples,

,%@@W‘

Notc. i 'ﬂuz.clum-_rm croSs-tﬁ ordersforh, and h, resvit from the éipﬁcnnj orientations of the tusists
Nota 2: CrO';sis are added from bottomtotop in Fi6 §3 because h idents Fies xe'as, caith \m)

K

Fi553 Wi h,

” ‘!5..37_‘!%‘“%: -SUPP‘”Q’ Fo,miﬂ,?. ) P prov{des a 2-sheeted cover G-F T: over B,; bronched a\ons
- j.L'; {where __LA_.O_.n d 't,;= P;‘{Li\ are the pairs o-F c}‘.sjciat ares Suﬁjes’ccd n FIG S4). Let
_hi38,208, permute the set of surbace bhranch points (i-e. Thiad hebdhie) hd =1, €
_and Pt to R 9T, (e ho= gl 1 9T,»28,). Then TYT, is a Z-sheeted cover of BY
ibranched over L U L. . Pix) if x€Th
 Prock: We define. P TUT B YB, by Py = P:(x) W 1eT, L o most br_ '-'-bnf-mﬁd “’W—" P ‘3 .
S ::ov\mshent at the boundaries ’aT . Suppose %, &N, and ¥,¢ T, are identified: X = ha ':b |
HUA ?:_“1\ ?1“\ EN)= Ph(m bp.(x) {oy irftme_) ?roper’t.ne'a') P =pox) €28, and Pix) "'thh.) 6-33:.
Q@ ave dentified, so P takes identified points to ientified points . and i therefpre consistent.

ASH (D) is sabishied, since P Y ) =PEY P(L,) p.(a..)u p,_{z.ﬂ LVL,. . .

. 5‘| ) and ) ove sod:.s@.ed For points in the. B~ , Since P: T -bB acts as fi: T,~ By providia
the existence of the. repuired open neihbeorhoeds and correct preicage-set cacdinulbis.
G must now cheek the ‘(G\-hC‘l't of 1.5.1 Gii) and i) on the B,

__¥€3B, is & brunch point & 'hb\‘} €28, 5o brg:;c.\'.hp?,:;t loecavse h permytes the branch points,
s P @ = I enl=  p iheot= L 2 i et iy, Seiskying G0, :
o - ‘?Cohs‘tmd:mf) the regoired open. nexg‘f\boor\noofl of x~hix) in BYB, to satishy (i) 15 @ P"‘d"w\arh
o involved process, which | shall ouHline here t First we select S, S, which are open "ma"‘bw"'m"-‘*
Rl of 2,0 .in.B,B, resfac:bvdsﬁl and Which Sa'bsf-n condition (ii) 'er they MApPInosS ﬂ_ A.— Lz,
QSP""C{:"“‘% Akthwgh 5n9Q, ond 5,028, mm\) net. “matcls | uP. “under h b ispk J fﬁmait
* to choose. open hetﬂ"\%ourkoocls of %,hix) ontuined m the S, Say W, £S5, and W, £S5, , where 10
e W8, and 1,028, de matth up under b, 5o that W W, 5 well-defined. By W{‘es
S of the. Pi aireaéj established , the W, il have the correct i Preimages. That is, each pi (W )
el twil) have. Hwo components LW ond V) L each of whidn is mapped homepmenphi tally ento the
TR WL ;05 the, ag?m?r!&t. resteickion c¥ Pi- Since h(? (‘-’J"‘DT) (?a. (wpadT)  (¥his san be shewn :




withhoo 3et-inclusion arquments, making use of the Iil?eina properties of h) and W, nv' =g,
. the sets U,09T,, V,n 3T, match upw.th U0 T, V20 3T, onder b ’ alt\nouah not necessan b ,,.,
 the desired order. However, by renaming UV, if necessany, we can assume wilog that
_ﬁhlu,naT\ ZU,n DT, and. P\(V AT =VLnT, . Se U, Y Uy and v, Y 2 A are too wet|- c)ecme,d
-.open. sets in T YT, , disjonnt, with N
PR a) (Y 1) = i i) Y (e, Tugd i) w Yw,
o UﬂWkaumgvicﬁwnmv(ﬁwnwn =, Y |
| _P“'(w Yu) = o (WO oW = (L BUD VIV Y VY, Se WL PW, has the Coreet P P”@lmae, I
,,,,-and is the. regwred neighbsurhend of xwh(x in B Y 8, bo satishy (i), L

K { kemem\qof{ﬂ‘m. M«?pmﬁs)'

Fl

o B, 7 —r
v, FiG 54 w0 W

| . 15“ Thv_ De-‘nn twtst about a s.mp\c closed corve ¢ (LJ.{:'h guxec.‘ oﬁen‘bﬁ»‘hon\) on BT' s o

i,')E-Lﬂ\qbow\hmc‘ of: c. (Sumcte.nt13 narrow not v be self- -intersecting = asin FIG 55) Pe.rFurm
. afull twist o?oneaciﬂc with respect to the other (ﬂ-“- in FiG 56‘) tke.n cejoin. 5

: e L FI1G 56
. A D&\-\n 'tuls’t. abovt & meridian M iS5 & meridianal Deha tuwist (f}engt,e_d M:aT- ET) an

\_“__ me. abm;h q lakitude is a Jatitudinal Dehn tuist (dencted L* 31'—'?'1') h, ; h,_ as c\e.c.
;m 1.5.4 can now be seen te. be Egquh:nt -’co LM resped:wz.\:)

As Was. Seen in. ]3 , @VETY s.m‘o\e closzc\ corve on a.’cor-os 15 homotopic to a {:oru_-. \gnq't o-F

__ithe foom afvom (often denoted (b)) for some ajo with ged@m=1, where 4is o
~cononical latitude and m o canenical meridian, with fixed rlative orientations as in F1633.

Jppose. 0<3<P with 9cdle, =1, e eoill now examine the effects of L and M on a torus

Uknot (e e@T: ]
: i L esszn{:mll iea\.res ‘tko num\ae.roF menémno.\ tm\mrsn\s f-;xeé bu‘t‘ adds it to t‘he. nwnber '

01.2 latitudinal Eraversals. Se LEP.gN = (pg, )= it and similarky Micp,gD)
L= (P, P1g) = (P ) {(51): Some. exomples, using the 5tanr3c\rrl torus identification disgruey,

L wi“ Serve to illustrate this @

L]

(2,5} (7,5)

—<-uo::-10u\—

4

=l
HTU;‘ 8 =

: 103,1) m), FIG'S‘J | ‘
ii‘. Con C&s;\g) beshown bﬂ mciud:wn thak L ((F,%!) (??,)(\'. ) M {(F%))“ (P%}(( ) o



IS;I’L%- Slnce. we have. c.hosan P.g with ocg-«p ané qcd (P,g) =\, ¥ isa Pos&-ve chi-.m Cin
. feduced Torm). Now P/«g can alwn55 be expressed as @ tontinued fraction , Le.

= d,+ L
! dy+-. \

+d'+'fd

Fm- Some.n omc! w-t\n each d e{N P\ procedure. for t.a\s;ulo.{;ms the d;%s s 3;ven here ; v
. &)e. koow. i 5% < 441 for some d, ¢ IN. It =4, ; we have a representotion. Otherwise, -
/%>d 2> 0<%-di <t > p,sl_d. > = dy ¢ F?g—d—u\;-»l Fm- some 4 € N, If d,= P,%' T

i‘thmffg = dyr l/du and we. h'ave a fepresentation . Othervise, W >di=p o< w{.a, ~d,< |‘_"‘3¥~1
. 5;?; =d,.” 4 dy Sia,md- = 9+l & some. d3eN, and we con conkinue_ o 3enemte the. .
S d ‘:, n; -hh.&mﬂ That the, segoence Will terminate is not immediately apparedt ; however, on

cgrv.f-ol examunmtton 4his can be. seen to be the case . An example may shed Seme light on -t!ms.-

7 TSR _ 5+ ———3*_,_

s ?-‘M—ufs; 2+ 3+ =24 T =2+ R e —

1y

. 273 W 37 3 2 0
Mwuthcmmubddﬁ"m‘“ﬁ"’ ?“'ttem in the 'ief,me W8 87, 74 251

H‘- Can_be. assmed coios that n s odd, since. iF nis even

d.=2; 2=3, 421, dy=1, dy=2 (nisodd-this is_aic_é‘.’if

td= !;.ﬂﬁ:3;df‘h'éﬁ,_ . niseven, So we reo.SS\gn;‘7-
9=\, 4,=23,d,=4,d,=2, dg=l. "ﬁma qives

-——--—.— s cequiced.. B
R0
{0
13 UOD “—"‘%w\m‘en s odd anci e.ac.\w e, elN B = :
: -Rw.n -the_close.c\ mttoml tangle % . sometimes dencted - @ L/\)X\ l

s{'\k described by FIGS8. According to B2], this is & &

""IVS-'Qdd 1t is sometimes called a. ra.‘bmo.\ lmk._‘_w Q/\ . J
Kn ;(depenqu onﬁne. num‘oer-of Components). o
:70190 re_eoamse. tt &s.on example ota / l i
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IaS.l'f_ Lemma @ IF {,::.c:] ci][ 1 [.c..-z 1][' CM] cn] t\fs] where eath ¢ e N, then

N ~ | 7
Vg = Cat S N Note» that n rust be odd.

c:,_-t- Ye,

) Prooc {Bu |ndud‘_tor\) !c n_ﬁ 3 {c. ] hﬁs VI =€, as rego.rgd NOLJ QSSOMQ,‘EHC feSulthoic}S ) A

Fcr' n. w& will showa t“\a‘t a{: helds 'por N+,

[?-.“’][L - [“"““][ 1=[7] »

AT LI IS R e {;?::‘:;t‘:;‘::t?:::: il

4‘\1-?.

YAYCnpiCngg +ECnaz - ¥y .._...._‘I - N S )

: - -+ ——— + - - .

e Q?\_d.. T Yenmts = St g T Chat o v e TS c_.,,_ +27 Cpuy + E.‘TL“_T
; .".-I-

15|s Lemma.r h, h““-h e T*BT .sat.it of h"‘ " ~hyth! 13898 w'“‘”’%(‘m‘tto?
. Brecf:. p(Rohe . LRy =  ph (R0 n S = up (R “‘*"°‘>~ |
IS hi oy = (W hewedp. :

1546 Qe can, now ;;ust?ﬁg,: the description of Lipg) qiven at the outset of 15

f Pj‘g,:c“""'f_"r:;l—_"‘ , then Lemmec 1,504 5[&'2.5 fo&]l:cl.” "] [ “-‘
L Cavie, _
o lnefe _Y/8= / . E uwcdenﬂng L Ng‘" L (o)) = (0,8). :
“pek
vl =l "‘H Sy INEESE -1 "'“3‘”“* = acdw,s)-l And Since 3ca(p.m=u i

,.,:,jf"!us-h‘oet\'\c cose that Y=p cmd'é =g, 50 hy kc""‘ LN E (Fe).

e (Le Ph Hp) Fom The,omm 158 B, VB, has 2- S}IEL.tECl cover T; ;T bmn:.keé
1over. YL . Now T, ¥ % 1 Is the 3- mam#clé re.sul‘tmﬁ Leom sewma two solidtori.

(o) on DT, te & (p,g) torvs kast on AT, . Hence , from medel L3, e see that
BT 2 LEg). Nso, recall from 156, B,YB, 5SS,

ket = BT S 198498 . Then frorm Lo, L5115 | = i‘."*‘“‘*--. ‘zl-, isa lift

—— .
cz+(‘(¢‘) .

_ {bﬁ 1ﬁéo<_tlon hﬁ?cthes.s') as re%u;ru# So t\rse result holdsfor ne e qm—! hence. For' all Az,

tooether via R, e fhove just seen that, R@on=¢p, 27 that is, h takes meném.n' L -

| So LEpig) is thei2-sheeted cover of S° lomanched over L, ¥ Usm3 FigS 52, Ssmsss

. weseethod:‘-'?i.z 45 the closed _rqt.ioml.i:m%.\t Cat T A o = Pfg
e 3 .
Ct-i- '/c_l .

e ,._-.__.___m S

ISIT The case, L(l o) has not ljﬁ'b 'OEEn decd’c mﬁch as /g = ’fc is not we!l de&nec.
owever, in 3.2, we will see that LG, P2 and 1191 demonstrotes ﬂna:& 53
cis & 2- s‘f\ee.teé bmnd\ed cover of 5% branched over S'. This woeuld Sugaest

nthis Sec'tibn toallow neqdtive € %5, it can be sSeen that fo-_-lrot)«- i+ x+V.
o wksd‘\ corresponds to FIGGO , the tnv:al knet. '

Adaative. -

U‘ossinﬂ

ﬂ'nt in_some_Sense ,,@; 15 the trivial knot . CQ"'E;:UU% adup‘&.ng the ft-,safi:s (/ _
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2.. MATOR RESULTS

Some jmporfant resvits concerning 3-dimensional lens spaces , and their procts here
possible, are included here.

2 Particular 'Léns S\:mces i Some le.rj.s Spaces are hom%off,hl’c 4o more fams biar SP“‘ES. ;
. Thevidation of our index-convention in the First Boo examples will be Fuli-j explained in 3, 1

241 Rewit: L= §'xs* '
o Praok : Accof'dm%-b rrodéh 13, Loy is the result of sewing twe copies of a selid torys T 'l'use.‘“\t? L
via Seme homeomorphﬁm hi3T»3T whid, takes a meridien Tv @ (0,1) tores Kaot . This, ‘
~ of course, is justa meridian , 5o can be Chosen as +he identity 4 A19T-»3T. NowT= s'xpt
o and the resolt of Sewing fuio Copies of D* ﬁﬂzﬁ\er via A:3D%> 3D~ is s*. Hence, '
0 if we sew the solid toei %CA"“%“ “one disc statime’ , (ve see that L{oy) 3 S'xg?,
.2.1.1. Resvit: Lb)= 5% Yoezz
_ 'pmog. By md&} L2, L{ug) i the rasult aF arﬂmﬁmlfs dmhﬁj ny the upper am‘ lower
Face.s ot a tensform o&\'er- tuisting one, of the caps 1"“ 20y radians. Since this as
eg,,m;a,t o no twist atall, the cesolt is 52, (Rd!cr back to 1-2.3)

203 Resvlt : L(i,t) RP’
. Proof B".\ model 11, L&"Em;ms /zz . Thatis S wl'\ete. @,,2;) is Wendified with: (Qf% a .
& (&), Ea)‘(ez 2,8 e 32_\) for some mezz1 :
e (221 (e -1 e’ Z,,) for m=0 orl| _ P
ey (202) = (262,) or ~{(2,,2) BT
So L@ is $* with ﬁn’npedod points identified . This is Hhe definition of real ?maar.’h vt
_ s?ace. de.no{-er) iR?

9_.1 Fundame.r&ui G'r'uu? v Lens spaces are importent cxamples of spaces with fnike S
Lo {zundamm{n\ 5roup$ Twie Sqaam{f. fhvo(:s of -B-e. fact 4hat T {U4p, h = Ze ace mc;lvdeéhe.re.

o 221 Lemmat T!me. _canh\nu_ous im«ﬁt oed?ath—comemteéspﬂ-e is path connected.,
.. Prosf ¢ 193- XY is Continuovs and surjectiva ) ‘B‘le‘lsivan obhs Y, there exist &' be¥ with
ez o, q'I=b ond o path t jolning &' 4o ', Then of 15 apath Jining o tob fn Y.

222 Reslt: (LGN Z,

: Proct (A) 1 The natural projection map p: 52> SV Z, FL(Pg) i combinvous , Sin® the

. Open geks of the BUg‘ben“: space SS/ZP are kfined Tn ‘Ee-‘m*s of their p- preimages - s., Le,g) is the

T contiovaus image. of poth-conneched Space S’s and lwenezl ibsell path Connected . So {(Lip), 4o
is a@ec,-\-we}ua mdcfae_née,r,‘t o‘F Yo - A resoltin [20) stades Xis 5“"\?‘:} connected =

- (X, O ERCIN alﬂwtrak the '.?rooc of this tnvolves Hibre cwe_p...,%s ede. and is bﬁjvﬂé

the scope of this Paper - However, 5% 5 known 4o be Simpl Y connected (ﬂ?.c pIBLIW o P-QG [s 3)
so it follows immediately that T {Llpg))5 Z,




L4

. Prook (8) 1 A more obriovs colovlation of T {L(P,g) uses the famous Seifert-Van Kampen
.. Vhaorem. USmaMoae‘ 13, L(p,q) can be represented by tws solid tori T, and T, where _
. PN and BT, are \cknt«ﬁeci in such a aoy that a (1) Knot on BT, becemes a (P)%) knot
o on AT, 1 owe define T/, T, te be T,,T, reSpec.twefj embe dded C'Dﬂcen‘tc_'lmuﬂ i thin
ofen.g'mt;ereﬂ soid tori with sh H:lg lﬁrﬂer meridional mc)n , then the T are open .
eonnected sdosets of L8} with T'a T a thin torsidat s\neu ) alse open and poith-.
nac,tzc) The standard arovp presentations are : -
ATR (Tr )=Ka;=2 -~ (a Solu'} torvs retracts to S' ond has fundamental qrovp. Z)
wRh= o>
T n‘];*) Tf (3!') =<£, -) (ﬁ'tﬁrus ;16\3 Fundamental 3muP E See l. 3 %) o
:—T*"Tz -T aed ¥ T! AT T, dencte the natural inclusion. ”aps then the
: mPen Thcoreﬁ %Nes T, (L(P,sﬁ TQ(T nT )= <9«:‘° (‘P 1) '(‘fzﬂ (‘P m)q(*zm)), o
W irs Some?osh\{am{rﬂar, as a ia{::tuc‘tﬂ on 9T, BeCome.s same B

3 ~r;

;gai;ntto b7, and cong%vmﬂ‘ﬁ redunéant a T»e.zc Mhs%ma‘bon can .
‘Forma.lla re.MaVeut Henca‘m(l-(h%)) <b,b ) Zp- (Fbi‘“ an m‘tf‘oa;ucﬁ:

AL Lemmar 'tié-gj'z'Lq;-gyz LR LER,m8). Obviously some of these re presentations Vidate
On on mrll_ges ‘cn;t we have a valid mterprehztmn r? we aFPml te m.ode_l;

- ‘).tr(*\ 217
ﬂ.‘af. —J(-ﬂ ﬂm’?‘%

e ﬂ =

- (.de. Pu*pvm o set o‘-’ ;Jenb?ma{ions en L, and {;\1?. c.orres‘::ond 0 mmror‘-ima%a ;den‘tu-f-mﬁmqs
v, then the resﬂ’cmﬁ :dent&ca‘kmn sp«ces are, c.‘mrla hemeomorphic. Sin o A host
_wfrasponJS 4o o ~ isten L, i sWs immediately that

u__m__wt I 1[:31 then [T 6] [* T[4 ond aset )
o Prook: Since ([;."1 e )(I- 1)=(C43} [-‘c." ([é,"] LL51)= [0 3t s ‘

et BLSIE T[S °z [%sr' Becasse (7§11 Ia 0TS =11 =1,
[»'f'g]" 51 AnJ since &8 -8f = Irs'—‘ ko th res‘ul'cs?cﬂow '
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233 Resuit: {F {0} %'z +g (modp) or (%) 3’}!5! {modp) , then Lipgrz Lipg"
v L$

- Peock 1 ) 4F 3'=9 (mede) , then e

Lmig” b

=@ 7 , SO b“') miderinn medel 1 vased on

. ofoup astion , we see that L(pqn Z2Up gD . Simiiarl-i_, if §'=~q (mod P) , then _,

Lipgi s L, ~ T L@ by temma 2.5, |
@ Given Lipg), we can Gecompose it info two copies of o Selid Yervs T identilied bb
hvme«:morphbm h13T»9T suehihat hion= (F,%) . Feom an avqument in 1S, h c.m;;?
45 L& MM , & Composition of Dehn hoists, where ?I% = Cpt ;h—_‘—_:—*:—_er , 3*.}.,%

Guill aive. the. required mecidianal image. Now if e switdh the rales of the solid {owi ,"':_é'r'\'{:’" , |

, -'1-6?1141{?3 vig. WY | the fE.SuH:inﬁ space is skill L(p,%‘; . We knows h—t(h%)'___ ) . Lokl

S0 deploging Lemma 232 ond the malcix nolation of 1§ qives tpg) =({an[%4]=

bl = ('Pk, %’t) , §o that LCP)%)EL(P*,%*) . inour case hi= KC'M‘CQ_-.M"‘"""Q TilnE
. (8T and <~
(_{5*%*) = (1) [gﬂaﬂﬁ -y<) . S ?"=——p and g 21 {mod F) . Hence L{fg) g,_(‘a%.x) Lo
SL(p.g") for some T with 7% 21 (medp). | ' ,

Nets ;’uppase._ 22’2 &t (modp) . Then t2g) =1 lmodp) = 2% = g (g (Modp) 3*;_:(#{{} («pg@ o

(bmgg W=t ) A L{pg )2 Ltpg) (byw) = Lipgy= Lip,g) .

uSe of the cnadrix notodion inkroduced in |5 can be put o forther use, 4o Simgli‘n Such ca c0a

a5 defermining the mamfeld with Surey inshochions ﬂ"a@&h ~ an otherwise coi

Vorious proots of this result can be Found in (51,067,cic., but tend 4o be more iﬂw*vzéd»ﬂ\e _.

The converse of the result, that Lp ) 2LGR,q) & 372 &g (modp) o 2% 221 (modp
in £5] ' al{kuﬂk the arﬁmc_nf. 5 benom‘) the Scope of this paper. o
OFf course it p#p’ | Lip,g) * L(p'g") Fer all A Since the spoces have nen-isomacphic

‘-qn_Ja.m ental 4roups.

. Necessity & ?rwed_ in ol and sobficiency in (271 . The former ?roo(: involves block,

& Homc‘\‘b?:\ Clagsificatvon ; Aﬁmln . aote thot if P:fp’}'f'nen L(?‘%) and L(?jg"} Cﬁnm‘t be

homotopy e.suifa.\eﬁt A Sfﬁce H“‘Q have non -komorp_hic fundamental Arovps. _ 7
Resylt : L{p,g) 15 homatepy e.%bifa.ien’t to L(ﬁ%‘) AT ] £m? {medp) for some me] .

dissections and c-"““""-“’%ﬂ“‘“"‘i-s . whil the latler yses incidence malrices. Cohsef,venﬂ‘j.:_

bl ace b&‘dﬁné the $cope of ‘rki; Paper.
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2.84

Homolgyy Gropps 5

TZ ®k=o3
_ g"-su‘t H Hk(L{?‘%\;’ = { 2, .lp h=5
) 0 it k= 1,4,5.6,...
This can be dotained From results [20] Concerning komolvﬁt& and _Cw'éecnm?w'f:ims . An
fm?ai-'tan‘l‘._ '%i)éstioq that arose in the 'SJCW’% of' the. Poinaqré_Conjwi'ufa was Yace o compact
Sonnecked Y-monifolds with the Some homo\o%\(& Qroups ne.ce‘i'hfi'ﬂb homeomgrp%f I The
conghruction of lensspaces provided an mwedicle. Bnswer of " to twis goestion ¢ 2.5.1
- stades that Lipigd and L{p;99 haye the. Same kow\oioﬁ\ﬁ Gosps althorh we know
foom 139 that t\‘\bﬁ need gt e home.omor[:hic.. : o
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_-k{_:_%\,e_r Dimensiono.\ or Geveralised Lens Spaces  appear in W1, (87, (17], and 23], ﬁr{J

e I? dation on 5 G(nmhscd leng spaces can be construched Por dimensions ©, 5,7,
asfollows : Let Zyacton S = {ResnB) € €7tz wizals 1] 5o fhat
m (%o,- zn) (e- [ 'Za,_ —f— z'| }&-\'e

24

3. RELATED SPACES

Sa Fn.r Qn\j i"he 3 Jimensionﬂ.‘ [CI\SS?MQS L(F;%) BG\IC bu.n hv;ﬁ'ti:atﬁd —mm are SWOJ

“other Variakions on the Same theme which appear scatfeced Throuahoul the literature. T'luse. qre.

bne,ﬂj deseribed in s sechion.

bESJ, be $een as an extension of medel b, Here Llpg) was Jdelined as 4he or‘m't spou:e.
2n+l .

'-ltl‘m . q‘f“"‘l. 2""""‘%..

z.,,) where each of Bis--@a 15 chosen to. b?-

. :.Coff‘!me. quH‘l P As inthe B- Aimensfona.\ Case the action is cree, sa the - orbit siam;e

BT ,
. can be e.ﬂ-’e.c%-‘we,\n 6{;’m.nafas"~¢rom-|'h: i\neor-.ﬂ For example | (f (pygp = =d»\ , Seme of-’+h

S L(Pfd,%ﬂ) The onh3 difference is theta Sm:}le ‘l'r\cnaulw-{‘c\ce, in L(PAd, %/&) cg(rqucnés
ted c.onse.cd'hw:, faces in L(p,%) 50 L.Lp ) con he

3.3 | lﬁgiﬁitc Lans Spa.cas make an appearance in {41 as exomples of E:ie.n\:ucs Maclan Spagas.

_ m::de.is of Lep, ) n Section} are meaningless ; however if we oppeal to \.1 we. see. , d:

‘S\mdw‘\‘ﬁ, if % 3 (mod p) , then e. 5 = ¢ F and by model I L(?,%) a l-(p,%) So
W Con festrict %h{"ne. fanae {1y P} 10 cole sut o plethora of deqenerac
L Fma.“in in 2. wa"-.‘;m'i’haf LU:%) $* ond LIGD E 5%5%, (M remacks that S-O'ﬂ“_r
C iters. don’t consider S’ aod S 5% tobe lens spaces. With reservations, then, wc.;an
L cule out ol LGig) with proorl as deaenerate.

o Jeno’teé L(P,% e .,%n\ or L ‘JP,% 12er G 15 & Ln+l manifsld wcﬂ'\ fundamental frovp ZZ.P
. [231 focther defines stondacd lens Spaces to be. those of the Porm L (¢ G

' [25] dgp..\g,, fhemtobe, more pw‘f"cula.cln ,Or the form iy -} W) I The, lotter are referred
C toas or_d._nom lens spaces in [13] ond dencted L7(p).

TN wheceas

%ﬁn&ate; Lens st,oa_es are, d-dimensional lens spaces with nan - sbandard Nfoes,wb"' :

53 the, 3«’_9“\2."&’”(: nadure of the 9roup action,; the same idenfificotions are %‘a,kma ?\u.c.e, as in

re%urc)ec’ as o, daseneru.’ce. tens. Sface.

z“““i

7 .e., L.(o,l) is ?a.rhwla.t"-:) frovbleseme | Since 1.2 r’e«Bwr’es afwist oF ¥ radions whmh
is not defined in “this instance. E

The_ Gre denoted L{w.p), boi' best undersiood as L @ (o escordance with the ordinamy
ie.ns space.s of 3.1), W:j ore obtained a3 telescopically conshructed 3- sneeted coven ngs

_:09‘ S {{he ln?\mi‘t-dmmﬁmnai s?hefﬁ) The c-omP\vE:fﬁ Hne.om\.) bzhind telescopic Caﬂ‘.&.‘t‘l‘ddl'lon-

s benend the s:upe. of +‘m=- Paper but the qenecal jdea is” given here.

Z w:d‘s on S ’mam. L)
Zy acts on 5 Fo give L'ip)

 Ze acks on s*'“‘h» give L'@)

There, are nafural incdusion maps gor 5 -] ‘53"' cg 5 e .. . if we %‘ma all ofthe
8" fogether via these maps and et Z oot onthe result, the oruit space is L7(p)-




26

L 4. REFERENCES

A, ARMSTRONG-' Basic Topoloy , Springer -Verley , New Yorie (19%3)

TBiRMAN ¢ Hezgoord splittings of orientaole 3-manifelds From Kaots, Gmf’s, nd
led, P NEVIRTH) Aan. of Math. Studies no. 84 F?-Z‘!-is‘i Princeton . U"uv?.rsatn' s

5E E-T: ERODY The *"E"""Sm‘ classificotion of the e lars spac spaces ; Ann. Math- 71, . 13- wq (1%0)
6 G &mos and H.ZEISCHANG 1 Rnots |, de Gru\ate.— Barlin (tqss) -

.SHo ! chJ i

V .“‘ 1‘* G- R l'-"'- MAUNDER Alﬁabmxﬁ Tgpaloa'j C‘lmbﬂdﬁ& U"‘WU‘S»Q 91.255 (iqso)
'5 I_M _M.ON'TESNOS Lectures ‘on 3-fold Simple coverings and 3-manifolds From Com‘a{m{:pnn.] t’le.
| TOPO r--ffﬁ‘ﬁ m‘\d Al%v.bmw. G'-e,ome.tw\ (e& TR, HARPER and M. MARDELRAUM) A, Mgth, baq

oseR » Elenentary *""‘%":‘l “"’"*3 & focus kaot , Pacific T Math. 38, p. 737-745 (A7)
|7 e Oﬁﬁoﬂu Vector Buadies , Vol 1 , Academic Press | New York (1932) o
"";“’V lS K‘ RQDEME‘S‘ER Ho“""h’?w““‘ﬁ‘ und iinsenrdome | Ab. Mgth, Sem, Univ. Ha.mhof'% N, ps !0‘
o H P ROLFSEN Knots and Links | Publish or Parish, lne, Berkeley {1476} 5
203 ROTMAN 2 An latroduckion to Algeraic Toelogsy | 3?' tngee-Veclay , New York (m%s‘)
h H SCHU%ERT Knote,n ﬂ'hi‘. Zived bf'U\.\scn N Mqﬁ"'z_ 65 o 133,.370 (NSG’ |
-_?-'L H SEiFm and Wl THRELFALL ¢ A Texdbook of T°P°‘°ﬁ‘&, Academic Press | O«'Icm"a (l"ﬂf-ﬁ

25:_ F UCH\DA K i‘\aeoﬁa 0‘5‘ 1f.ns—hke spaces o.nd S action on SL"H % Su“ Tohoky Mq‘l’_\v\ To1s *
et pe2ov-an bang)
'25 c_—r_rc WAL Surae_na on Compu& Manifoids

, Pcademic Prass , Londen (1970)




