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A Poor Man’s Guide to Electronic and Molecular Glasses

[1] J. C. Phillips, Phys. Today 35 (2), 27 (1982) contains a good popular introduction to molecular glasses, but it is obsolete.  The most common glasses, the silicates, have been known for thousands (some say four) of years.  They are called network glasses, and all the good molecular glass-formers have covalently bonded network structures.  The obvious central problem concerning such glasses is why they exist at all.  The structures have crystalline (periodic lattice) analogues, and all non-network materials crystallize when cooled at reasonable rates.  There is a second problem, much less obvious:  network glasses are brittle, and yet it is possible to prepare window glass, for example, in very large sheets without forming cracks.  Other materials, like steel, rely on their locally crystalline structure to avoid cracking, In fact, steel itself is special: most materials quenched from the melt will crack.

There should be some simple, generic reason that network glasses do not crystallize or crack.  The reason was identified [1] in 1979 in terms of set theory (Cantor 1874) and the special formulation of Newtonian mechanics in terms of constraints invented by Lagrange (1789), discussed very well in [2] H. Goldstein, Classical Mechanics, pp. 11-16.  (A familiar example of a constraint is a ball rolling down an inclined plane without slipping.)  Suppose that instead of one particle, we have N1 particles, N1 >>> 1.  These move in d dimensions with N1d degrees of freedom (set I).  They are also connected by N2 bonds (set II), which we can suppose for convenience correspond to an average nearest neighbor coordination number x, thus N2 = x N1/2.  If we now impose the condition that the two sets have the same size, that is, the number of constraints (including non-central bending forces) is equal to the number of degrees of freedom, we obtain a linear relation between d (dimensionality) and x (number of interatomic forces).  This topological matching condition has been averaged over all atoms, and it is not always valid:  there must be a discrete hierarchy of forces, and this hierarchy must be grouped in such a way that all constraints of strength above a  certain value (fixed by the magnitude of thermal vibrations near the melting temperature) can be satisfied by an attainable geometry.  Only a few networks satisfy this quite stringent condition, and that is why only a few good glass formers exist.  However, if the condition is satisfied, then the network will be essentially strain-free, and will not crack.  Thus the two problems are really one and the same problem; the mean-field condition defines a stiffness transition for the network.

We cannot readily vary d, but we can alloy network glasses and thus vary x.  Alloys have characteristically shown singular behavior in their chemical, mechanical, optical, and thermal properties near the limbo condition.  (The word limbo is used because non-crystallizing glasses are trapped in a metastable state in configuration space.  Lacking excess unconstrained degrees of freedom, they cannot diffuse and crystallize.  On the other hand, lacking excess constraints they cannot gain energy from a thermal fluctuation to start a self-sustaining exothermic reaction to crystallize.)  There is a window near this mean field condition in which the glass transition becomes nearly reversible, and aging effects drop by at least an order of magnitude.  (It appears that protein networks lie in this reversibility window, aka the window of life.  But this topic is too far afield.)

We now turn to electronic glasses.  Can similar things happen in an electronic system?  In principle the answer is yes, but now it is much more difficult to find examples.  The first problem is that electrons must be somehow separated from the atoms, so that they can organize themselves into a separate network.  Such separation happens in metals, but once it happens, one can no longer speak of short range (nearest neighbor) constraints. In fact, just the opposite happens:  the dominant forces become long-rang Coulomb forces, and counting Coulomb forces has been problematic since the days of Coulomb! 

There is, however, one situation where counting becomes possible because a modular structure is imposed on the electronic spectrum.  This is a two-dimensional electron gas in a magnetic field normal to its plane.  The electronic orbits are circles, and these circles are quantized by phase.  The corresponding energy levels are evenly spaced and can be indexed by integers.  As the energy levels are successively filled by varying the density at fixed field (difficult) or by varying the field at fixed density (easy), the system goes through a series of metal-insulator transitions.  If the sample is very pure, so that broadening of the circular cyclotron states is small, at low temperatures and large magnetic fields these transitions can be very sharp. [3] K. v. Klitzing, Rev. Mod. Phys. 58, 519 (1986), used these transitions to determine e2/h to eight significant figures. The resistance oscillations he studied were previously known (1930s) for three dimensional, very pure metals, where they are less sharp because of unconstrained motion along the magnetic field.  The two-dimensional samples are a gift from the microelectronics industry.

Something quite new has recently been discovered, which I call the synergistic quantum Hall effect.  Instead of relying on small level broadening, low temperature, and high fields to enhance modular effects, the sample is placed in a microwave (MW) bath, which itself is modular.  Now we have a two-dimensional electron gas interacting synergistically with two modular fields, an ideal arrangement for mode-locking.  Again oscillations are seen in the resistivity as the two frequencies are tuned against each other, but now they do not require well-separated levels, in fact, they require overlapping levels!  The system attempts to screen the large-scale (few degrees of macroscopic freedom) modular MW field with microscopic electronic currents, but these are constrained to be at least fragments of modular microscopic cyclotron orbits, admixed together from different levels.  The fragments must mix coherently, so there must be little impurity scattering.  In fact, only a few microscopic orbits successfully avoid impurity scattering, but these few orbits carry almost all the macroscopic screening current. Also these orbits are indifferent to scattering of electrons against electrons (the MW bath heats the electrons to a high temperature), so long as the special orbits scatter only among themselves, leaving the current unaffected, as they all have the same e/m ratio (momentum conservation).  This sounds like a typical set-theoretic situation, and in fact it is.  It is governed by the same rules involving phase transitions that apply to other glasses:  in this case, the transition from absolutely convergent to logarithmically convergent series.

What can these special orbits, formed in a double-modular environment, be?  All orbits, as they are modular, can be indexed by integers, but most integers are composite, and correspond to scattered orbits, one for each factor.  Only the prime numbers can be used to index the unscattered orbits, [4] Phillips, cond-mat/0212416;/0303184.  From this picture, and given the prime number theorem, one can predict from Euler’s identity for coherent (common phase) sums of integers and coherent products of primes that the dependence of the resistivity on MW power should be logarithmic; recent experiments show that it is.  Extensions of these experiments to study interference effects between two MW fields may well provide new insights into the nature of the Riemann ς(s) function, especially at the s = 1 phase transition.

