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associé á l’Université de Franche-Comté,
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Abstract

Frequency countings close to a phase locked zone in
an electronic receiver show a 1/f power spectral den-
sity. The noise scaling versus the frequency deviation
and the open loop gain is found from Adler’s model
of the phase locked loop. This fully agrees with ex-
periments performed at 5 MHz on a receiver with a
Schottky diode mixer and a low pass filter. The 1/f
amplitude and frequency noise due to the whole set of
(sub)harmonics is explained from a nonlinear mapping,
with a coupling coefficient related to the structure of
prime numbers. The number theoretical approach of
1/f noise and the link to the generalized Riemann hy-
pothesis is explained.
Keywords: oscillators, phase locking, 1/f noise,

number theory

1 INTRODUCTION

The nature of the ubiquitous 1/f noise found in most
electronic circuits still remains uncertain [1, 2]. De-
spite our lack of a universal accepted model we have
at one’s disposal a genuine generator of 1/f noise: the
phase locked loop (PLL) used in a FM radio receiver
[3]. In the time and frequency field, it is used to reg-
ister minute frequency fluctuations of an oscillator un-
der test (RF) versus the frequency of a local oscillator
(LO). The measure of frequency fluctuations is in gen-
eral taken to be the Allan variance [4, 5], that is the
mean squared value σ2(τ) of the relative frequency de-
viation between adjacent samples in the time series,
counted over an integration time τ . The loop includes
a wide band mixer, a low pass filter and an amplifier;
the local oscillator is voltage controlled.
Looking at the whole (sub)harmonic structure we

established that the open loop receiver realizes the
continued fraction expansion of the frequency ratio
ν = ω/ω0 between the input oscillators [6, 7]. Thus
arithmetic enters in a natural way into the frequency

countings at the output of the detector. New effects
were also observed in the closed loop: i) the phase
locked zone equals twice the open loop gain, ii) close
to the phase locked zone, the white frequency noise
with Allan deviation proportional to τ−1/2 and the
flicker pedestal of Allan deviation σ transform into
1/f frequency noise of constant Allan deviation σ̃ , iii)
the level σ̃ of the 1/f noise approximately scales with
the open loop gain K and the beat frequency ω̃LF as
σ̃ = σK/ω̃LF. We could conclude that, either the PLL
set-up behaves as a microscope of the flicker floor σ,
or the 1/f noise is a nonlinear dynamical property of
the PLL [8]. We looked at a possible low dimensional
structure of the time series an found a stable embed-
ding dimension lower or equal to four [9, 10]. But the
dynamical model of 1/f noise still remained elusive [3].
In contrast 1/f noise may well be a property of prime
number distributions [6, 11].
In this paper it is shown that Adlers’s model [12]

of the PLL correctly predicts the main features of the
fundamental beat note as well as the magnification of
1/f noise close to base band. To explain the origin of
1/f noise we derive a more general model accounting
for the (sub)harmonics, which is based on an Arnold
map [14] with a digital coupling coefficient related to
prime number theory.

2 EXPERIMENTS

For the experiments we used a quartz crystal (LO) os-
cillator with a constant frequency f0 = 2πω0 = 5.0206
MHz, a (RF) synthesizer of variable frequency f =
2πω, a balanced mixer with Schottky diodes and a fil-
ter with a low pass frequency equal to 10 kHz. The
PLL was obtained by applying the beat note to the
voltage controlled RF oscillator. To a first approxima-
tion the phase shift θ(t) between the two oscillators
can be described from Adler’s model [12]

θ̇(t) +K sin θ(t) = ωLF, (1)
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Figure 1: Beat frequency close to the phase locked zone
1/1 of a PLL (f0 = 5 MHz). The power spectrum of
these data has a pure 1/f dependance and the Allan
deviation is flat with σ̃ � 0.0095.

where ωLF = ω(t) − ω0 is the frequency shift of input
oscillators. We are interested in the resulting beat note
ω̃LF close to phase locking that one derives from (1)

ω̃LF = (ω2
LF −K2)1/2. (2)

Using differentiation with respect to the frequency shift
ωLF one easily obtains [13]

δω̃LF = δωLF(1 +K2/ω̃2
LF)

1/2. (3)

Relation (2) is defined outside the mode locked zone
|ωLF| > K of width 2K; close to it, if the effective
beat note ω̃LF ≤ K, the square root term is about
K/ω̃LF. If one identifies δωLF/ω̃LF with the pedestal
Allan deviation σ and δω̃LF/ω̃LF with the magnified
Allan deviation σ̃ we get the announced result. In
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Figure 2: Allan deviation σ̃ = δω̃LF/ω̃LF versus beat
frequency ω̃LF at constant gain K = 40 Hz. A good fit
of (3) is obtained (dotted line).

Fig. 1 we counted the instantantaneous beat signal
at ω̃LF � 4.5 Hz with an open loop gain 40 Hz. The

time series was found to produce an almost constant
Allan deviation σ̃ irrespective of the integration time τ ,
which is characteristic of a 1/f noise of power spectral
density S(f) = σ̃/(2 ln 2f). Varying ω̃LF from 1 Hz to
100 Hz at constant gain we still found 1/f noise with
a good fit of relation (3) as shown in Fig. 2. Similarly
we varied the gain K from 2 Hz to 2 kHz and found
the expected linear dependance of the flicker floor as
soon as K ≥ ω̃LF. It is now clear that the model based
on Adler’s equation correctly predicts the amplitude of
1/f noise but fails to discover its origin.

3 ARITHMETIC OF OPEN LOOP
BEAT FREQUENCY MEASUREMENTS

Low frequency noise of electronic oscillators is usefully
interpreted in terms of arithmetic[6]: this is because
the measurement of the frequency f(t) of an oscillator
under test compares the one f0 of a reference oscillator
thanks to a nonlinear mixing set-up and a filter. The
beat frequency

fB = |pif0 − qif(t)| , with pi and qi integers, (4)

follows from the continued fraction expansion of the
frequency ratio ν = f

f0
= [a0; a1, a2, ...ai, a, ...] = a0 +

1/{a1 + 1/{a2 + ....+ 1/{ai + 1/{a...}}}} = pi(a)
qi(a) � pi

qi

of the input oscillators. Here amin ≤ a ≤ amax, with
amin = � f0

fcqi
	, amax = � f0

fdqi
	 and fc and fd are the low

and high frequency cut-off of the filter. Since a 
 1
in typical measurements, the beat note is well approx-
imated by the convergent pi/qi used in (4) which re-
stricts to the partial quotient ai in the expansion. Fig.
3 shows a schematic of the resulting intermodulation
spectrum [7].
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Figure 3: The intermodulation spectrum at the output
of the mixer+filter set-up.

In some bad circumstances [6] the partial quotients
after a don’t play any role and frequency jumps oc-
curs randomly at definite values of a leading to a large
white frequency noise arising from the detection set-up



instead of the oscillator under test. This can be com-
pared to the measurement of time from a moon-sun
calendar. Early calendars have been devised from the
motion of moon and sun as observed from the earth.
The continued fraction expansion of the ratio ν be-
tween the sun year and the moon year is

ν =
365.242191
29.530589

= [12; 2, 1, 2, 1, 1, 17, . . .]. (5)

The first approximation ν = 12 (with 354 days) can
be corrected by adding one month every two years, the
second one (with 369 days) may be corrected by adding
one month every three years and so on. Fluctuation of
the integer a in the frequency measurement set-up has
the same aim to correct the measurement versus time.

4 ARITHMETIC OF PHASE LOCKING
AND 1/F FREQUENCY NOISE

If one accounts for the whole set of harmonics, the
differential equation for the phase shift θ̇(t; qi, pi) at
the harmonic (pi, qi) of angular beat frequency ωLF =
|piω0 − qiω(t)|, can be written as [7]

θ̇(t; qi, pi) + qi H(P )
∑
ri,si

K(ri, si)

× sin(
si

qi
θ(t; qi, pi)− ω0t

qi
(qiri − pisi) + θ0(ri, si))

= ωLF(pi, qi). (6)

Here the index i in pi and qi indicates the continued
fraction expansion ν = pi/qi at the level of approxi-
mation i imposed by the resolution constraints in the
experiment [6]. The notation K(ri, si) means the ef-
fective gain at harmonic ri/si and H(P ), where the
operator P = d/dt is the open loop transfer function.
Solving (6) is a difficult task. It is enough here to ob-
serve that the reference signal at frequency ω0 acts as
a periodic perturbation of the standard Adler’s model
of the PLL. If one neglects harmonic interactions, (6)
simplifies to the standard Arnold map model [7]

θn+1 = θn + 2πΩ− c sin θn, (7)

where Ω = ω/ω0 is the bare frequency ratio and c =
K/ω0. Such a nonlinear map is studied by introducing
the winding number ν = limn→∞(θn −θ0)/(2πn). The
limit exists everywhere as long as c < 1, the curve ν

versus Ω is a devil’s staircase (as shown in Fig. 3) with
steps attached to rational values of Ω = pi/qi and with
width increasing with the coupling coefficient c. The
phase locking zones may overlap if c > 1 leading to
chaos from quasiperiodicity [14].
To appreciate the impact of harmonics on the cou-

pling coefficient one should observe that each harmonic

of denominator qi leads to the same fluctuating fre-
quency δωLF = qiδω(t). There are ϕ(qi) of them,
where ϕ(qi) is Euler totient function, that is the num-
ber of integers less or equal to qi and prime to it; the av-
erage coupling coefficient is thus expected to be 1/ϕ(qi)
[15]. We developed a more refined model based on the
properties of primes by defining the coupling coefficient
as c∗ = cΛ(n; qi, pi) with

Λ(n; qi, pi) ={
ln b if n = bk, b a prime and n ≡ pi mod(qi),
0 otherwise.

(8)

This means a non zero coupling to harmonics at times
n = pi+qi l, l integer whenever n is a power of a prime;
the coupling at the fundamental mode is the so-called
von Mangoldt function Λ(n)[16].
According to the generalized Riemann hypothesis

one gets the average[17]

c∗av/c =
1
t

t∑
n=1

Λ(n; qi, pi) =
1

ϕ(qi)
+ ε(t), (9)

with ε(t) = 0(t−1/2ln2(t)) which is a good approxima-
tion as long as qi <

√
t. A better estimate may also be

obtained at larger qi[17].
For pi/qi = 1/1 the fluctuating term may be ex-

pressed in terms of the zeros of the Riemann zeta func-
tion ζ(s). The trivial ones at s = −2l, l integer, con-
nect to Bernouilli polynomials; according to Riemann
hypothesis (still unproved), they are infinitely many
non trivial zeros at the critical line s = 1/2 which are
randomly distributed. In the general case of the pi/qi

harmonic, ζ(s) generalizes to a Dirichlet series. One
finds numerically that the power spectral density of
the fluctuating term looks like a 1/f noise [6].
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Figure 4: Phase locking steps for the Arnold map
(plain line), and lack of phase locking steps for the
Arnold–von Mangoldt map (dotted line); coupling co-
efficient c = 1.
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Figure 5: 1/f noise of the winding number in the
Arnold–von Mangoldt map (×) in comparison to the
Arnold map (+); coupling coefficient c = 0.2, fre-
quency ratio Ω = 7/10.

We have studied numerically phase locking proper-
ties of mapping (7) with c∗av as the coupling coefficient
in place of the standard one c. The more drastic effect
is to prevent the phase locking of the oscillators. Fig.
3 shows that the phase locking steps are removed. In
addition the 1/f noise in the power spectral density
of ε(t) converts to 1/f noise in the fluctuation of the
frequency ratio ν as shown in Fig. 4.
In conclusion the present theory relates 1/f noise

to a phase locking between two oscillators. The level
of experimental 1/f frequency noise follows Adler’s
model of the PLL. Assuming that the coupling coef-
ficient of (sub)harmonics is related to prime numbers,
a new model of 1/f amplitude and frequency fluctu-
ations is proposed. For another link between number
theory and physics see http://www.maths.ex.ac.uk/
∼mwatkins/zeta/physics.htm.

5 NUMBER THEORY OF 1/F NOISE

5.1 The 1/f Noise Term and Riemann Hypothesis

We remind the relationship between the fluctuat-
ing term ε(t) and the theory of the Riemann zeta
function[16].
Riemann zeta function ζ(s) is defined from the Euler

product

ζ(s) =
∞∑

n=1

1
ns

=
∏

b prime

1
1− 1

bs

where �(s) > 1. (10)

Riemann’s great achievment in 1859 was his ability to
complete the formula to the whole complex plane of
the parameter s. By logarithmic derivation (10) can
be rewritten as

−ζ ′(s)
ζ(s)

=
∞∑

n=1

Λ(n)n−s

=
∫ ∞

1

t−sdψ(t)

= s

∫ ∞

1

t−s−1ψ(t)dt, (11)

with �(s) > 1 and the von Mangoldt function Λ(n) =
ln(b) if n = bk, b a prime and 0 otherwise. Function
ψ(t) =

∑
n≤t Λ(n) is the summatory function.

The inverse transform

ψ(t) =
1
2iπ

∫ c+i∞

c−i∞
−ζ ′(s)

ζ(s)
ts
ds

s
with c = �(s) > 1,

(12)
allows an estimate of ψ(t) if one knows the singularities
of ζ(s). The pole of − ζ′(s)

ζ(s) at s = 1 contributes t; the

pole 1/s at s = 0 contributes − ζ′(0)
ζ(0) = − ln(2π) and

the zeros # contribute − t�

� . One gets

ψ(t) = t(1 + ε(t)),

tε(t) = − ln(2π)− 1
2
ln(1− t−2)−

∑
�

t�

#
.(13)

The second term in ε(t) is due to the trivial zeros of
ζ(s) which are located at s = −2l (l a positive integer).
The third term is due to the remaining zeros of ζ(s).
Billions of them have been computed; all are found to
be located on the line s = 1

2 . Riemann hypothesis
is the (unsolved) conjecture that all non trivial zeros
belong to the critical line. These zeros are very irregu-
larly spaced and are responsible for the very irregular
shape of the error term as shown in Fig. 4. It was
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Figure 6: The error term ε(t) in the summatory func-
tion ψ(t).

shown numerically[6] that the power spectral density
of ε(t) has a 1/f dependance on the Fourier frequency
f .
The fluctuating term

∑
�

t�

� , where # = 1
2 + iy, can

be bounded if one knows the number N(y) of zeros
between 0 and y. Since N(y) < y ln(y), assuming Rie-
mann hypothesis, this implies the von Koch estimate
ε(t) = O(t−1/2 ln2(t)) of the error term[17].



5.2 Harmonic Interactions, 1/f Noise

and the Generalized Riemann Hypothesis

Euler’s identity (10) can be generalized to the Dirichlet
L-series

L(s, κ) =
∞∑

n=1

κ(n)
ns

=
∏

b prime

1
1− κ(b)b−s

, �(s) > 1

with κ(n) = κ(n) mod(q) for (n, q) = 1

and 0 otherwise. (14)

In (14) the notation (n, q) = 1 means that n and q

are coprimes1. The Dirichlet character κ(n) is thus a
multiplicative function.
Using Λ(n; q, p) in place of Λ(n), (11)-(13) can be

generalized to the summatory function ψ(t; q, p) =∑
n≤t Λ(n; q, p), where n ≡ p mod(q), with the result

ψ(t; q, p) = t(1 + ε(t; q, p)),

with tε(t; q,p) =

−L′(0, κ)
L(0, κ)

+
∑
m≥1

t1−2m

2m− 1
−

∑
�

t�

#
. (15)

The error term is shown in Fig. 5. As above its power
spectral density approximates a 1/f law. The fluctu-
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Figure 7: The error term ε(t; q, p) in the summatory
function ψ(t; q, p); p/q = 3/8.

ating term can be bounded assuming the generalized
Riemann hypothesis that all non trivial zeros of L-
functions belongs to the critical line s = 1

2 . The same
(poor) estimate[17] ε(t; q, p) = O(t−1/2) ln2(t)) follows.
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