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k finite field

X/k smooth hyperbolic geo. connected curve type (g, )
k(X) function field

n base point over generic point  ~  k/k  k(X)%*P/k(X)

XY x .k k(X)

Gr < Cal(k/k) =< Frob, >  Gxy) = Gal(k(X)*/k(X))

l —— Grx)y — Grx) —— Ge —— 1

l l |

I —— m(X) —— m(X) —— Gy —— 1

px : G — Out(wl(X))

Facts
(Pop/Harbater) Gy, %, is profinite free
Structure of G(x) unknown

Structure of 71 (X) and 71 (X) unknown
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X, Y smooth hyperbolic curves over finite fields kx, ky

Theorem (Uchida 77)
The map

ISOm(kx(X), ky(Y)) — Isom(GkX (X)> ka(y))/lnn ka(y)

is a bijection

Theorem (Tamagawa 95 (affine) Mochizuki 04 (proper))
The map

Isom(X,Y) — Isom(m(X), 71 (Y))/ Innm (V)

is a bijection

Consequence
w1 : {hyp. curves/finite field} — {71 (X)}

Fact
{m(X)} < {wl(Y) + px : G — Out(m(y))}

Image of m1 —map mysterious ! !
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Primes = {Prime integers} p = char(k)

> C Primes

A

— m(X) —— Gy —— 1

l |

| — s mX) — mX)® — G —— 1

%

Y, = Primes \{p}

15 mX)P) 5y - G — 1

X =A{l#p;
1o mX) >0 5 G =1

| 1 brofinite completion of 7°P Riemann surface of type

(g,7)

Theorem (Grothendieck 60)

7 (X) (P) ~ I’é{’;) T (Y)Z ~ T l #p

g,"

Fundamental Question
Reconstruct X from IIx or Hg? ?



X, Y smooth hyperbolic curves over finite fields kx, ky

Theorem (Saidi and Tamagawa 06)
The map

Isom(X,Y) — Isom(Ilx, Iy )/ Inn Iy

is a bijection

Expect /Work in progress
If ¥ = Primes \{ Finite subset}. Then the map

Isom(X,Y) — Isom(IT$7, 11”) / Inn 18

is a bijection

Fundamental Question
Determine p : Gy =< Froby >— Out(l“gz i)) which arise from
hyp. curve type (g,r) over the finite field k

Do not know if a pro-/ version holds !!



X, Y smooth hyperbolic curves over finite fields kx, ky

Birational Conjecture/Hom-form

The map
Mor?™(X,Y) — Hom* (G (x), Gy (v))/ Inn Gy (v)
is a bijection

Consequence

The map
Isom(Gry (x), Gry (v)) = Sutj(Gry (x) Gry (v))
is a bijection

Anabelian Conjecture/Hom-form

The map
Mor?°™(X,Y) — Hom®P*" (71 (X), 7 (Y))/Innm (V)
is a bijection

Prime-to-characteristic Hom-form?



Strategy of Proof (Uchida / Tamagawa / Mochizuki)
Assume X, Y, proper

Y

o:m(X) = m(Y)

1. Local theory

o preserves the decomposition groups
o(Dy) = D,
Establish a correspondence
¢ X~y
O'(Dm) = D¢(x)

2. Functions

Recover a bijection

Y

T . ]fx(X)X — ky(Y)X
Kummer theory + Mochizuki’s cuspidalization theory

3. Recover the additive structure
Show that 7 is additive



[ # p prime integer

Us d:efX\S affine

71 (Ug)®! = maximal cuspidally pro-I quotient of w1 (Ug)

def max{m(Us) - H — m1(X) / Ker(H — (X)) pro — [}

Theorem (Mochizuki 04 /Hoshi 06)

If 5« {z1,....,2,} C X(kx) can reconstruct m(Ug)®! from

7T1(X>

Consequence
SCX(kx) &  T=(S)={y1, sy} C Y(ky)
Ve €Y\ T

O_c,l
T (Us)ot —=5 mp(Vp)o!

l l

7T1(X) % 7T1(Y)



o Gk;X(X) —» ka(y)

p = char(kx) = char(ky)

Definition (proper)

The homomorphism o is called proper if 3
¢: X =y
with finite fibres such that:

0(Dz) & Dy

open

o

In particular:

Te.p(a) * Lo = Lo (S5 2(1)%))

My “ Hom, ., (H2(m (X), 20), 20y (5 2(1)@) )

Definition (inertia-rigid)
o is called inertia-rigid if 3 7: Mx — My such that

My — It

TJ/ Ta:,d)(az)l

t
My ’ Iqb(x)

commutes Vx € X



Theorem (Saidi and Tamagawa 06)

There exists a natural map
HOIIl(GkX (X)> ka(y))sur,pr,inrig — Hom(ky (Y), kX (X))
which induces a natural bijection

sur,pr,inrig

ISOm(GkX(X), ka(y)) = Hom(GkX(X)a ka(Y))

Prime-to-p version ?

Uiy (x) def geometrically prime-to-p quotient of Gy (x)

Definition
o . Fk:X(X) —» FkX(Y)

is called rigid if

o(D,) = D,, VYrec X9

Theorem (Saidi and Tamagawa 06)

The natural map
Isom (L', (x), Dhy (v)) = Hom®™ ™ 8 (T o (x, Dy (v))
is a bijection.
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