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1 Introduction

The collective dynamics of groups of coupled dynamical systems is of great
interest for understanding spontaneous pattern formation in biological and
many other systems; see for example [57]. One can learn a lot about such
systems by first studying idealized cases where the systems are perfectly
identical; this approach has been very successful in understanding general
properties of synchronization as well as particular applications; see for exam-
ple [76]. In this chapter we consider how this can lead to the appearance of
attractors with riddled basins. These basins appear because symmetries of
dynamical systems force the presence of invariant submanifolds; the attrac-
tors within invariant manifolds may be only weakly attracting transverse to
the invariant manifold and this leads to a basin structure that is, roughly
speaking, full of holes.

From a theoretical point of view, this behaviour is of interest because
it is strange or pathological. From a practical point of view, this behaviour
points towards the presence of extreme sensistivity of the dynamics to noise,
also called ‘bubbling’ of attractors. Most interestingly, if we consider generic
dynamics within a class of symmetric systems, riddled basins can appear as
a robust pheonomenon; they can be persistent for open sets of parameters of
the system.

For the remainder of this section we briefly discuss basins of attraction
and a motivating example of a piecewise linear map with an explicitly com-
putable riddled basin attractor. More general properties of riddled sets and
basins are discussed in Section 2 including their noise sensitivity. This is fol-
lowed in Section 3 by a discussion of the use of symmetries, ergodic measures
and Lyapunov exponents tools for identifying riddled basins; we also discuss
anisotropic riddling in Section 4 along the lines of [6]. Finally in Section 5 we
outline a few open problems related to riddling phenomena.

1.1 Attractors for smooth maps on compact manifolds

Qualitative dynamics is about ignoring information. Since one cannot find
explicit solutions to all but the of simplest dynamical systems, the first step
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is usually to concentrate on what happens ‘eventually’, i.e. for the asymptotic
dynamics, and this leads to several possible definitions of attractor. We will
discuss a couple of these notions, though there are other notions or attractor
based on invariant measures are also very useful; see for example [28, 70]. We
refer the reader to the other chapters in this volume for further discussion
and examples of attractors in coupled systems as well as [60]

We concentrate on dynamical systems generated by iterated maps

f : M → M

where M is a compact manifold and f is a smooth map generating a dy-
namical system on iteration, though in some cases we may drop assumptions
of smoothness or may wish to consider flows Ft with t ∈ R. Further com-
ments on generalizations of this to other less restrictive cases later on, and
in particular in Section 5.

The (forward) trajectory through x ∈ M is the set {fn(x) : n =
0, 1, 2, · · ·} and we say a set A ⊂ M is (forward) invariant if f(A) = A.
Define the ω limit set by

ω(x) =
⋂

n>0

{fm(x) : m > n}.

This represents the set of points that the orbit of x accumulates on as t → ∞
respectively.

Note that the set ω(x) is invariant under f . To see this, consider y ∈ ω(x);
then there is a sequence nk such that fnk(x) → y. Continuity of f means
that

fnk+1(x) → f(y)

and so f(y) is also in ω(x). Hence ω(x) is (forward) invariant.
In cases where f is invertible one can apply the same considerations to

α(x), the limits of f−n(x) as n → ∞. An attractor is in some sense the
smallest set that contains all ω(x) limits that one care about; since ω-limit sets
are invariant we need only really need to consider invariant sets as candidates
for attractors. Given an invariant set A, consider the set of points whose orbits
are asymptotic to A

B(A) = {x ∈ M : ω(x) ⊂ A}

which is the basin of attraction of A.
For the definition of attractor given by Milnor [55] we need a Lebesgue

equivalent background measure on M that we denote by `(.) and by `(A) > 0
we include the possibility that it is infinite. Recall that Lebesgue measure is
simply a generalization of length/area/volume such that one can measure
many sets constructed from infinite unions and intersections of open sets.
We say the compact invariant set A is a weak attractor if (M1) holds, it is a
Milnor attractor if (M1) and (M2) hold, and a minimal Milnor attractor if
(M1) and (M2’) hold [15], where:
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(M1) `(B(A)) > 0.
(M2) For any proper compact invariant subset A′ ⊂ A we have

`(B(A) \ B(A′)) > 0.

(M2’) For any proper compact invariant subset A′ ⊂ A we have

`(B(A′)) = 0.

for further comments on these notions see also [23].
One can think of a Milnor attractor as the smallest compact set that

attracts all initial conditions except for a set of zero measure with respect
to some natural ‘background measure’. As shown in [55] Milnor attractors
can be constructed by examining the likely limit sets for positive measure
subsets S ⊂ M ; these are compact sets Λ(S) that are the smallest such that
ω(x) ⊂ Λ except for a zero measure set of x ∈ S.

From the point of view of numerical simulations of a dynamical system,
Milnor attractors are just as reasonable a definition of attractor as for ex-
ample an asymptotically stable attractor; recall that an asymptotically stable
attractor is an A such that (i) for any open set U containing A there is an
open set V containing A such that x ∈ V implies that fn(x) ∈ U for all n
and (ii) ω(x) ⊂ A for all x ∈ V . An A that satisfies only (i) is Lyapunov
stable. Note that an asymptotically stable attractor must be a weak Milnor
attractor with a basin than contains an open set.

1.2 A motivating example

Simple examples of systems with riddled basin attractors can be found by
considering skew product dynamical systems. A direct product of two maps
g and h is simply the map obtained by f(x, y) = (g(x), h(y)); g and h are
referred to as factors; projecting onto one of the coordinates gives a map that
is well-defined. A skew product is a map of the form

(x, y) 7→ f(x, y) = (g(x), h(x, y)) (1)

that has only one factor, in this case g. In cases where h(x, y) = yĥ(x, y) the
map (1) has an invariant subspace N = {(x, 0)}. We consider as in [5] the
piecewise linear map on (x, y) ∈ [0, 1]× [0,∞) of the form (1) where

g(x) =

{

α−1x for 0 ≤ x < α
(1 − α)−1(x − α) for α ≤ x < 1

(2)

h(x, y) =







γy for y < 1 and 0 ≤ x < α
γ−1y for y < 1 and α ≤ x ≤ 1
1 + β(1 − y) for y ≥ 1

(3)

We will assume that γ > 1, 0 < α < 1
2 and −1 < β < 0 are fixed. Varing

α through 1/2 allows one to observe a blowout bifurcation of an attractor
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A = N . Varying β allows one to change the dynamics between supercritical
and subcritical scenarios; for more details of the other parameter values, see
[5]. In the case −1 < β < 0, any trajectory that arrives in y ≤ 1 will stay
there for ever.

First, observe that this map has an invariant subspace y = 0 on which
the dynamics is chaotic on this set A in the strongest sense that is commonly
in use; the dynamics has Lebesgue measure as an ergodic invariant measure
for which the dynamics is Bernoulli.

Now pick any x ∈ [0, 1] and consider its itinerary under the ‘skewed
doubling map’ g. This defines a symbol sequence {si}i=0,1,2··· where si = 0 if
0 ≤ f i(x) < α and si = 1 if α ≤ f i(x) ≤ 1. Define

lk = {0 ≤ j < k : sj = 0}, rk = {0 ≤ j < k : sj = 1},

the number of times that the itinerary of x is resp. to the left/right of x =
α. For almost all x we can use the fact that Lebesgue measure on [0, 1]
is invariant and ergodic under g to conclude that the following sequences
converge

lim
k→∞

lk
k

= α, lim
k→∞

rk

k
= 1 − α (4)

for almost all x ∈ [0, 1]. If we now define

Mk(x) = γlk−rk

then as long as α < 1
2 we have by (4) that limk→∞

1
k
(lk − rk) = 2α − 1 < 0

so that limk→∞ lk − rk = −∞. Hence

lim
k→∞

Mk(x) = lim
k→∞

exp [(lk − rk) ln γ] = 0

for almost all x. By comparing with (3) one can verify that

fk(x, y) = (gk(x), Mk(x)y) (5)

as long as Mk(x)y does not exceed 1. We define

Y (x) = max

(

1, (sup
k≥0

Mk(x))−1

)

we have and for almost all x 0 < Y (x) ≤ 1. If y < Y (x) then (5) holds for all
k ≥ 0 because Mk(x)y will never exceed 1.

In summary, there is a function Y (x) with Y (x) > 0 for almost all x that
describes the basin of attraction of A:

B(A) = {(x, y) : 0 ≤ y < Y (x)}.

Clearly, the Lebesgue measure of B(A) must be greater than zero; it is simply
`(B(A)) =

∫

x
Y (x) dx, and A is a minimal Milnor attractor because almost
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all x have g orbits that are dense in [0, 1].1 However the function Y (x) is
highly non-smooth and it is this that makes the basin B(A) in fact riddled
as shown in Figure 2.

For this example we can compute the measure within the basin as in [5].
Let ε = 2α− 1 and note that α < 1/2 implies that ε < 0 in what follows. We
partition [0, 1]2 into a set of strips

In = [0, 1]× (γ−n−1, γ−n), n = 0, 1, 2....

where the strip In has height γ−n−1(γ−1). The form of the map means that
it is conjugate to a mapping on the In defined by

T (x, n) = (g(x), m(x, n))

where

m(n, x) =







n − 1 if 0 ≤ x < α and n > 0
n + 1 if α ≤ x ≤ 1 and n > 0
0 if n = 0

which can be viewed as biased random walk with an absorbing state n = 0.
Let qn, n > 0 probability of arriving at the state n = 0; then

qn =
1

2
(1 + ε)qn−1 +

1

2
(1 − ε)qn+1

which has solution qn = Λ−n where Λ = (1 − ε)(1 + ε) will satisfy Λ > 1.
Hence the measure of points that are attracted to the invariant subspace is
given by

`(B(A)) =

∞
∑

n=1

γ−n−1(γ − 1)(1 − Λ−n) =
γ(Λ − 1)

Λγ − 1
.

Clearly `(B(A)) → 0 as ε → 0−. We illustrate in Figure 1 the structure of
the complement of the basin of attraction; note that to there are ‘tongues’ of
instability that come down to touch the x-axis at all points (x, 0) such that
the itinerary of x ends in an infinite number of 0s. Since this set is dense,
we can conclude that the basin of attraction of y ≥ 1 is dense and all points
must exit after a finite time, it follows from this that this set is open and
dense. In terms of Y (x) this means that Y (x) = 0 on a dense set in [0, 1];
since Y (x) is almost everywhere positive, Y (x) is discontinuous on a dense
set on [0, 1]. In fact, Y (x) is upper semicontinuous at almost all x and the
set {(x, y) : y > Y (x)} is open and dense in R

2.
One might suspect that this behaviour is caused by the presence of dis-

continuities in the map (1) but in fact this is not the case; similar basins
appear naturally in smooth and even invertible maps and seem to be robust
in many systems with symmetries or invariant subspaces.

1Recall that a sequence of points xn is dense in a metric space M if any open
set in M contains a point in the sequence.
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Fig. 1. (a) The structure of the basin of attraction of A for the map (1,2,3)
discussed in the text. For α < 0 the invariant set A in y = 0 has a basin with
positive measure whose complement is open and dense and whose structure is shown
by the shaded set. The coding indicates the x-itinerary of those points in y < 1
before they are expelled to y ≥ 1. By including all possible finite words that occur
before expulsion one obtains a set that is dense and open in [0, 1]2 yet which does
not have full measure. (b) shows the strips In for this map (see text).

1.3 Related notions of basin complexity

A somewhat simpler concept than riddled basin, is that of a fractal basin
boundary. It has been observed since the work of Julia and Fatou for complex
maps, that that even linearly stable equilibria e may have basins of attraction
B = B({e}) with boundary such that the Hausdorff dimension dimH(∂B)
is not an integer; for example, see [31, chapter 14] (recall that ∂B = B \
Interior(B)). One should stress however that for riddled basins, not just the
boundary has ‘fractal’ properties, but the whole set is inseparable from its
boundary and in fact ∂B = B up to a set of zero measure.

Another notion of attraction that is weaker than asymptotic stability but
is stronger than Milnor attraction is that of essential asymptotic stability [53];
we say an invariant set A is e.a.s. if it is asymptotically stable if one excludes a
set of small measure compared to small neighbourhoods of A; more precisely
if there is a set S such that for any neighbourhood U of A any any 0 < a < 1
there is a neighbourhood V of A with `(V \ S)/`(V ) > a where x ∈ V \ S
implies that fn(x) remains in U and is asymptotic to A. Such attractors are
found quite commonly and robustly in heteroclinic networks that have lost
asymptotic stability. However in this case the basin of attraction of A may
still be an open unriddled set.
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Fig. 2. The black set shows a numerical approximation of the riddled basin for
the attractor in (x, 0) with α = 0.45, γ = 1.2 and β = −1 for the map (1,2,3). The
box shows points (x, y) ∈ [0, 1]2 while initial conditions in the white set are ejected
to y ≥ 1.

2 Riddled sets and riddled basins

In contrast to attractors with fractal basin boundaries, a riddled basin is
‘fractal’ everywhere. However, since a basin of attraction must have positive
measure within phase space, in fact it must have Hausdorff dimension equal
to that of phase space and so cannot have non-integer dimension. It is a ‘fat
fractal’ in the terminology of [29, 33] in that it contains a dense set of holes.
In the following we will use the definitions as in [15] though we note that
there are several possible equivalent definitions. We denote by Bδ(x) = {y ∈
M : |y − x| < δ} the open δ-ball about x in M .

A riddled subset A ⊂ R
n is a measurable set with the property that for

any δ > 0 and any x ∈ A we have

`(A ∩ Bδ(x)) > 0 and `(Ac ∩ Bδ(x)) > 0. (6)

More generally given any positive measure A one can define its riddled com-
ponent

Arid = {x ∈ A : `(Bδ(x) ∩ A)`(Bδ(x) ∩ Ac) > 0 for all δ > 0}.
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We use this to distinguish cases of full riddling (`(A \ Arid) = 0), lack of
riddling (`(Arid) = 0), with partial riddling being any other case. If A is the
closure of an open set with smooth boundary then ∂A = Arid.

Sometimes one would like to discuss a similar condition to (6) but rather
than comparing A and its complement Ac one would like to compare to
disjoint subsets A and B of R

n. If A and B are disjoint and both have
positive measure then we say A is riddled with B in the case that almost all
x ∈ A and all δ > 0 have

`(Bδ(x) ∩ A)`(Bδ(x) ∩ B) > 0.

In the case that A is riddled with B and B is riddled with A we say they are
intermingled.2

One can show that the riddled component of an invariant set A is invariant
for a large class of maps. We say f is of type (P) if it is continuous, a local
homeomorphism and nonsingular (i.e. for any V , `(V ) = 0 if and only if
`(f(V )) = 0). The following result taken from [15] can be generalised to
cases where f is almost everywhere a local homeomorphism or to some classes
where f is invertible but discontinuous on a set of zero measure [11].

Theorem 1. Suppose that f : M → M is of type (P) and V is invariant,
then Vrid is invariant.

Proof. Consider x ∈ V and choose a neighbourhood U1 of x and U2 of F (x)
such that f : U1 → U2 is a homeomorphism. Consider any δ > 0 such
that Bδ(x) ⊂ U1 and Bδ(f(x)) ⊂ U2. Continuity of F means that we can
find δ > ε > 0 such that f(Bε(x)) ⊂ Bδ(f(x)). Hence `(Bδ(f(x)) ∩ V c) ≥
`(f(Bε(x)) ∩ V c); by considering the local inverse we see that there is a
δ > 0 such that `(Bδ(x) ∩ V c) = 0 if and only if there is an ε > 0 such
that `(Bδ(f(x)) ∩ V c) = 0. Applying the same argument to V in place of V c

means that x is in Vrid if and only if f(x) is. ut
This result can adapted to the case where f is almost everywhere a local

homeomorphism in which case we conclude that Vrid is invariant up to a set
of zero measure.

2.1 Characterization of riddled basins

One approach to characterizing dynamical invariants of riddled basins has
been to compute their uncertainly exponent; [61, 33]. This allows one to com-
pute a quantity that characterises the ‘riddledness’ of the basin or more

2If two positive measure sets A and B are intermingled then they cannot be
evenly distributed in the following sense; the Lebesgue density theorem [81, p107]
or [31, p69] implies that almost all points in A are points of density for A in the
sense that for almost all x ∈ A, limε→0 `(Bε(x) ∩ A)/`(Bε(x)) = 1. Hence almost
all points in A ∪ B are density points for only one of the sets A or B.
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generally of a ‘fat fractal’. We define this as in [61] for a riddled subset of R
2.

Pick a typical line transverse to the basin and choose two points within 2ε of
each other. If we can estimate the probability p that one point is in the basin
and the other is not by p ∼ εφ we say that there is an uncertainty exponent
φ; in [61] it is shown that one can estimate this as the ratio φ = (λ⊥)2/4Dλ||

where λ⊥ and λ|| are the transverse and tangential Lyapunov exponents and
D is the rate of convergence of variance of finite time Lyapunov exponents.

Another (simpler) characterization of a riddled basin proposed by [61]
is the scaling of the measure near the attractor; this corresponds to taking
a line a distance y from the attractor; in many cases the measure of the
basin intersected with this line scales as yη. This is estimated in [61] as being
η ∼ |λ⊥|/D.

An interesting observation is that the Kaplan-Yorke formula relating di-
mension of attractor to Lyapunov dimension [43] can fail for riddled basin
attractors; one characteristic of blowout bifurcations is that they are associ-
ated with a sudden regain of the validity of the that formula.

2.2 Locally and globally riddled basins

There are cases where an attractor has a basin with full measure in some
open neighbourhood but still a form of riddling in the convergence towards
the attractor. More precisely, consider any open neighbourhood U of A and
define the basin of A relative to U to be

BU (A) = {x ∈ M : ω(x) ⊂ A and fn(x) ⊂ U for all n ≥ 0}.

We say the basin of A is locally riddled if there is a neighbourhood U of A
such that BU (A) is riddled [15] (this is a stronger assumption than that given
in [8] where it is only assumed that the riddled component of BU (A) is dense
in A). It is globally riddled in the case that U can be chosen to be equal to
M .

2.3 Ridding and noise sensitivity; bubbling of attractors

A useful model for noise in iterated maps consists of adding a independent
uniformly distributed random variables to all components at every iteration.
For attractors with riddled basins, this can give rise to discontinuous be-
haviour in the support of attractors as the noise goes to zero and was called
bubbling in [7].

More precisely, suppose that A ⊂ N ⊂ M with A a Milnor attractor for
f : M → M and the basin of A is locally riddled (say BU (A) is riddled with U
compact in M) but which is asymptotically stable in the invariant subspace
N . Consider the perturbed map

xn+1 = fσ(x) = f(xn) + σξn (7)
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where ξn is a vector of i.i.d. random variables uniformly distributed in
[−0.5, 0.5]. Suppose that fσ has an attractor Aσ in the sense that Aσ is
the smallest compact set that contains all limit points for realizations of the
noise ξn and all x in some open region.

We say the attractor A for f is stable to noise if Aσ → A in the Hausdorff
metric as σ → 0. This is a weaker notion than for example stochastic sta-
bility discussed in [17]; the latter considers convergence of measures for the
perturbed system to a natural measure for the noise-free system. Define the
unstable set of A to be

U(A) = {x : ∃{x−n} with f(xn−1) = x−n & limn→∞ d(x−n, A) = 0.}

i.e. the set of points that have a backward trajectory from A (this definition
is simpler if f is invertible); clearly U(A) ⊃ A. If A is stable to noise then
U(A) ⊂ A. Riddled basin attractors typically have U(A) 6⊂ A and so are not
stable to noise.

We will explore further properties of bubbling (in the presence of several
invariant subspaces) in Section 4.

3 Symmetry, transverse stability and riddling

Consider a smooth iterated mapping f : M → M with M = R
m some

Euclidean space and write `N (.) to denote Lebesgue measure on N a linear
subspace of M . Suppose that f commutes with (is equivariant for) the action
of some finite matrix group Γ acting on M (we only consider finite groups
here though similar results can be obtained for compact groups). This means
that for any x ∈ M and for any g ∈ Γ we have that

g.f(x) = f(g.x).

In general this will force a number of linear subspaces of M to be f -invariant.
More precisely, given any subgroup Σ of Γ we define the fixed point subspace

Fix(Σ) = {x ∈ M : gx = x for all g ∈ Σ}

if f -invariant. Not all subgroups give rise to distinct fixed point subspaces;
those that do are characterised by the isotropy subgroups of the action of Γ
on M ; these are the subgroups Σ(x) with x ∈ M such that Σ(x) = {g ∈
Γ : gx = x}; these are precisely the possible symmetries of points in M . We
therefore obtain, for a given group action, a finite number of linear subspaces
Ni ⊂ M , i = 1 · · ·n and isotropy subgroups Σi ≤ Γ such that Ni = Fix(Σi)
and so f(Ni) ⊂ Ni. Note that Ni ⊂ Nj if and only if Σi ≥ Σj . Observe
also that Ni ∪ Nj = Nk for some k is also invariant. Conversely, if Σk is the
smallest isotropy subgroup that contains both Σi and Σj then Ni∪Nj = Nk.

Two subgroups Σ1, Σ2 are conjugate if there is a g ∈ Γ such that Σ1 =
g−1Σ2g. The next basic result states that conjugate subgroups have fixed
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point spaces that are mapped onto each other by the group. More precisely
we have the following elementary result.

Lemma 1. Suppose that Σ is an isotropy subgroup and g ∈ Γ . Then g−1Σg
is an isotropy subgroup and Fix(g−1Σg) = g−1Fix(Σ).

Proof. Note that

Fix(g−1Σg) = {x ∈ M : g−1hgx = x for all h ∈ Σ}

= g−1{gx ∈ M : hgx = gx for all h ∈ Σ} = g−1Fix(Σ).

ut
There has been some work on symmetries of general chaotic attractors in

symmetric systems; see [32] for an overview, and [16, 18, 24, 26, 54]. Other
phenomena that can appear include intermittent dynamics between states
with a variety of different symmetries; for example [12, 13, 30].

3.1 Example; invariant subspaces for four globally coupled maps

Consider the map on R
4 defined by

x′
i = (1 − ε)f(xi) +

ε

4

4
∑

j=1

f(xj) + σiηi (8)

for i = 1, · · · , 4, where at each timestep each ηj is an independent random
variable that is uniformly distributed on [−0.5, 0.5]. The local map f(x) =
1 − ax2 is a quadratic map and ε is the coupling strength. The noise in the
ith component can be controlled by setting σi nonzero.

The system (8) has been studied by several authors including notably
Kaneko [41] although only with isotropic noise perturbations, and displays a
wide range of synchronization and chaotic behaviour. Taborev et al [78] have
also recently looked at the noise-free case of n = 3 cells in some detail.

This map has the symmetry of all permutations on n objects; it is equiv-
ariant under the action of the group S4 given by permutation matrices on
R

4. There are many invariant subspaces corresponding to isotropy subgroups;
these can be characterised by partitions of {1..4} into 1 ≤ m ≤ 4 groups of
identical cells and after identifying conjugate subgroups the possible isotropy
subgroups are conjugate to one of the partial clustering states S1, S2, S2×S2,
S3 and S4. These have fixed point subspaces that are given by coordinates
within one partition being equal; for example if H is the subgroup generated
by the two-cycles (12) and (34) then Fix(H) = {(x, x, y, y)}.

One can order the possible subspaces by Σ1 < Σ2 if and only if Fix(Σ2) ⊂
Fix(Σ1); for the case Γ = S4 this gives the containments as shown in the
isotropy lattice in Table 1. Note that for n larger the isotropy lattice of Sn

becomes much more complicated.
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S4

↙ ↘
S3 S2 × S2

↘ ↙
S2

↓
S1

Table 1. The lattice of isotropy subgroups up to conjugacy for the symmetry group
S4 of four globally coupled maps. The arrows indicate containment of subgroups;
the isotropy subgroups can be interpreted as cluster states for the coupled maps.

3.2 Symmetries and Lyapunov exponents

Now suppose we have a compact invariant set A ⊂ N ⊂ M with N a linear
invariant subspace. Assume that A supports an ergodic f -invariant measure
µnat that is a natural measure, i.e. there is a positive measure set (w.r.t.
Lebesgue measure on N) such that points in these sets have ergodic averages
determined by µ; i.e. such that

lim
k→∞

1

k

k−1
∑

j=0

φ(f j(x)) =

∫

y

φ(y) dµ(y)

for any continuous φ : N → R and a positive measure set of x ∈ N . We also
define

Erg(A) = {µ : ergodic measures with support on A}.

With respect to any ergodic measure µ ∈ Erg(A) we define the Lyapunov
exponents (L.E.s)

λ(x, v) = lim
n→∞

1

n
log

|Dfn(x)v|

|v|

which by Oseledec’s theorem [28, 52, 59, 65, 70] will take one of the values
λi(µ), i = 1, · · · , m (counting multiplicity for µ-almost all x and any v. Recall
that given any ergodic measure with support contained within an invariant
subspace N , the Lyapunov exponents (L.E.s) can be split into two groups

[8, 22]; the tangential L.E.s λ
||
j (µ) and the transverse L.E.s λ⊥

j (µ); the former
correspond to perturbations v within N (cf the Sacker-Sell spectrum [74]. We
assume that for any ergodic µ the transverse L.E.s are ordered greatest first;
λ⊥

1 (µ) ≥ λ⊥
2 etc. Define

Λmax = sup
µ∈Erg(A)

λ⊥
1 (µ), Λnat = λ⊥

1 (µnat).

In the case that Λmax > 0 and Λnat < 0 we will obtain an attractor A whose
basin is locally riddled and possibly globally riddled, and at very minimum
they will have a relative basin BU (A) whose riddled component includes A.
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It is however more difficult to come up with necessary conditions for glob-
ally riddled basins that are not very restrictive. See [8, 15, 6, 23] for some
conditions that imply local riddling.

We say a Milnor attractor is regular if for any open neighbourhood U of A
then the measure of the basin of A relative to U is positive; `M (BU (A)) > 0.
A result in [1] implies that any Milnor attractor that is a uniformly hyperbolic
within N with Λnat < 0 will be regular.

Note that for uniformly hyperbolic A (within N) all ergodic measures
on A are limit points of sequences of periodic measures supported within A
[77] and so for such sets the existence of a measure with positive transverse
Lyapunov exponent implies the existence of periodic points with L.E.s that
are arbitrarily close to that of the natural measure.

3.3 Examples of riddled and intermingled basins

Since the phenomena of riddled basins was uncovered [1], riddled basins have
been found in a range of applications, for example learning dynamical systems
[58], coupled chaotic oscillators [7], mechanical systems [82] and electronic
systems [37] and especially coupled maps, e.g. [35] where the literature is too
extensive to list; see other chapters in this book.

As an example, we consider here a smooth map from [10] with a riddled
basin attractor:

f(x, y) = (rx(1 − x) + sxy2, νe−xy + y3) (9)

with r = 4, s = 0.3 and ν = 1.5. This has an attractor within y = 0 given by
A = [0, 1]×{0} on which the dynamics is that of a logistic map with r = 4.3

Evaluating the transverse Lyapunov exponent with respect to any ergodic
measure µ within A amounts to computing the integral

λ⊥(µ) =

∫

(−x + ln(ν)) dµ(x) = ln ν −

∫

x dµ(x).

Observe that (9) has a fixed point in A at (0, 0) has the largest possible λ⊥ =
0.40546511 meaning that Λmax = 0.40546511, while the natural measure gives
Λnat = −0.094534. We can use the topological conjugacy of the map f on
A to a doubling map to conclude that there is a dense set of preimages of
the fixed point at (0, 0); hence we expect the basin of attraction of A to be
locally riddled. In this case we can observe that it is globally riddled; see
Figure 3. Note that unlike the example (1) this map is neither discontinuous
nor a skew product, as long as s 6= 0.

Examples of intermingled basins have been found in maps [1] (three in-
termingled basins) and [40] as well as coupled ODEs [27]. We present an

3In this case the basin of A within y = 0 contains no points outside of A.
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Fig. 3. Numerical approximation of the riddled basin of attraction of an attractor
in y = 0 for the smooth map (9) with r = 4, s = 0.3 and ν = 1.5. The basin is
shown in black, while the points in white converge to attractors at infinity. The
image (a) shows the basin in the area [−0.1, 1.1] × [−0.6, 0.6] while (b) shows a
zoom into [0.5, 0.7] × [−0.1, 0.1].

example in a map due to Ding and Yang [27] of two intermingled basins for
a map on (x, y) ∈ [−1, 1]2 given by f(x, y) = (x′, y′) where

x′ = g(x) + ε(g(y) − g(x) + g(y)3 − g(x)3)
y′ = g(y) + ε(g(x) − g(y) + g(x)3 − g(y)3)

(10)

for g(x) = 3.4x(1−x2)e−x2

and ε = 0.48. This map has attractors A± in the
diagonal x = y on either side of the origin. Figure 4 illustrates the basin of
the attractor A+ in black; the approximation is obtained by computing

An = f−n([0, 1] × [−1, 1]).

If we assume that A± are the only Milnor attractors for f then

⋂

m>n

(

⋃

p>m

Ap

)

will converge (apart from a set of zero measure) to B(A+) as n → ∞. The
sets A6 and A25 are shown; note that the Lebesgue density theorem implies
that almost all points are dense for either white or black set, but there does
appear to be a zero measure set that is a point of density of neither.

3.4 Normal and non-normal parameters

Most analytical studies of blowout bifurcation rely on being able to vary the
dynamics while preserving the dynamics on some invariant subspace. This
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range [-1.000000 1.000000] x [-1.000000 1.000000]

im1.ps

 resolution=512 r = 0.000000 s= 0.000000 nu= -1.055809

range [-1.000000 1.000000] x [-1.000000 1.000000]

im3.ps

 resolution=1024 r = 0.000000 s= 0.000000 nu= -1.102409

(a) (b)

Fig. 4. Numerical approximation of intermingled basins of attraction of an at-
tractor A+ in x = y, x > 0 for the map (10) with ε = 0.48. The basin is shown in
black, while the points in white are an approximation of the set basin of A−. Both
images show the area (x, y) ∈ [−1, 1]2; (a) shows an approximation using 6 iterates
while (b) uses 25 iterates.

allows one to effectively vary the transverse Lyapunov exponents for fixed
invariant measures. More precisely, if fr : M → M is parameterized smoothly
by r ∈ R and if fr(N) = N for all r and some fixed submanifold then we say
r is a normal parameter if fr|N is independent of r. Otherwise we refer to r
as a non-normal parameter . For normal parameters the Lyapunov exponents
will vary with the parameter in a way that may or may not be analytic; see
for example [8, 72, 73]. In cases that the normal Lyapunov exponent does
vary continuously, the transition to riddling of a basin can be determined by
finding the point at which it loses asymptotic stability.

As discussed in [10, 25] the transitions obtained on varying a non-normal
parameter will typically be much more complicated than on varying a normal
parameter, unless the attractor within N is robust [19]. We refer to the other
chapters in this volume for discussion of the blowout bifurcation.

4 Anisotropic riddling in coupled system

Following [6] we consider properties of riddling that can appear in the pres-
ence of more than one invariant subspace. Riddling of the basin may occur in
some directions but not others; we say that riddling is typically anisotropic
in transverse directions and hence anisotropic sensitivity to noise. We also il-
lustrate internal riddling transitions where the number of directions in which
riddling occurs changes.
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For nested invariant subspaces N and P with A ⊂ N ⊂ P ⊂ M we define

{λN,P
i (µ) : i = 1, · · · , dim P − dim N}

to be the set of possible λ⊥(x, v) attained for v ∈ P and x is typical w.r.t.
the measure µ. We also define

ΛN,P
max = sup

µ∈Erg(A)

λN,P
1 (µ)

and
ΛN,P

nat = λN,P
0 (µnat).

In the case of symmetries we often obtain attractor within an invariant
subspace N that is nontrivially contained within several distinct invariant
subspaces P1, P2 etc. The L.E.s in different directions Pi can however in
certain circumstances be related:

Theorem 2. Suppose that N = Fix(T ) and N ⊂ Pk = Fix(Σk), k = 1, · · · , l
where Σk are conjugate isotropy subgroups, i.e. Σk = g−1

k Σ1gk for some
gk ∈ T and k = 2, · · · , l. Let N = ∩kPk and suppose that A ⊂ N is an
attractor. Then λN,Pk

i , ΛN,Pk

max and ΛN,Pk

nat are independent of k.

Proof. Consider P1 = Fix(Σ) and g = g2 so that P2 = Fix(g−1Σg) =
g−1Fix(Σ) = g−1P1. Now gx = x and G has orthogonal action, so |gy| =
|y| for any y. Equivariance of f implies equivariance of the derivative
(Df(gx)gv = gDf(x)v). Hence for any x ∈ N and v ∈ Σ1 we have

λ(g−1x, g−1v) = lim
n→∞

1

n
log

|Dfn(gx)gv|

|gv|

= lim
n→∞

1

n
log

|gDfn(x)v|

|gv|
= λ(x, v).

This means that any L.E. λN,P1

i is also a L.E. λN,P2

i etc. ut
The previous result requires that the conjugating element g is in T . More

generally we require that g maps Fix(T ) to itself which in turn implies that
g ∈ Norm(T ) where Norm(T ) = {h ∈ Γ : hT = Th} is the normalizer of
T . In this case the result above can be adapted if the measure µnat has a
symmetry g (a symmetry on average [18]). More precisely,

Theorem 3. Suppose that N = Fix(T ) and N ⊂ Pk = Fix(Σk) for k =
1, · · · , l where Σk = g−1

k Σ0gk for some gk ∈ Norm(T ). Suppose moreover
that µnat is invariant under gk, N = ∩kPk and A ⊂ N is an attractor. Then
λN,Pk

i , ΛN,Pk

max and ΛN,Pk

nat are independent of k.

Proof. This follows as for the previous result on noting that there is a gk-
invariant set of x with full µnat-measure that has the same L.E.s. at each
point. ut
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4.1 Directions of Riddling

Recall that a basin of attraction B(A) is riddled (in M) [1] if for any x ∈ A
and δ > 0 we have

`M (B(A) ∩ Bδ(x))`M (B(A)c ∩ Bδ(x)) > 0

where `M (·) denotes Lebesgue measure on M . Similarly, we say the basin of
attraction of A ⊂ N0 is riddled in the direction Ni for any invariant subspace
Ni where N0 ⊂ Ni if

`Ni
(B(A) ∩ Bδ(x))`Ni

(B(A)c ∩ Bδ(x)) > 0.

Observe that it is necessary for B(A) ∩ Ni to have positive `Ni
-measure in

order to get riddling.
Suppose that A is a Milnor attractor such that A ⊂ N0 ⊂ N1 ⊂ M . If

A is riddled in M then it need not be riddled in either Ni. In fact examples
discussed in [1, 8] have attractors that are riddled in M but asymptotically
stable and therefore unriddled in the largest linear subspace N that contains
the attractor. What we emphasise here is that the it may be unriddled in a
larger invariant subspace. The same holds even if A is not an attractor but a
chaotic saddle in M .

Suppose a Milnor attractor A in M has Λnat < 0 < Λmax for the system
restricted to an invariant subspace N ′ with N ⊂ N ′ ⊂ M . Then the same
inequality holds for the full system and will imply riddling in the full basin,
as long as A is an attractor in M .

One can find systems f : M → M with an invariant set A contained in
an invariant subspace N such that A is an attractor in M but not in N . For
example, consider the flow induced by the vector field

(ẋ, ẏ) = (x3 − y2x, x2y − y3) (11)

shown in Figure 5. This has an equilibrium at (0, 0) that has the open basin
of attraction given by y2 > x2. However, all points with y2 < x2 are repelled
away to infinity. Thus the origin is an attractor in R

2 but has trivial basin
of attraction in the invariant subspace given by the x-axis. In this example
this is a degeneracy caused by non-hyperbolicity of the fixed point at the
origin. We expect that this behaviour cannot occur in sufficiently hyperbolic
systems.

In applications where noise is highly directional, riddled basin attractors
may have a degree of sensitivity of an attractor to anisotropic noise that is
dependent on whether the noise is in directions in which the basin is unriddled
or not as we will see later.

4.2 Internal and other riddling transitions

Given any attractor A with a riddled basin in a system with several invariant
subspaces, we can characterise this basin by examining the dimension d̃ of the



18 Peter Ashwin

x

y

Fig. 5. The dynamics near the non-hyperbolic fixed point at the origin (0, 0) for
(11) such that it is a Milnor attractor for the full system but not for the system
restricted to the invariant subspace (x, 0).

largest invariant subspace N containing A such that the basin of B(A) ∩ N
is unriddled. Note that dim(A) ≤ d̃ ≤ dim(M). Any change in d̃ we term
an internal riddling transition. It is clear that such transitions will occur in
higher-dimensional systems; as A loses asymptotic stability in more directions
the index d̃ will decrease.

Similarly one can apply the standard riddling bifurcation criteria in each
subspace to predict parameter values when internal riddling transitions will
occur; see [15, 47, 50, 62, 80]. Such transitions will typically be rather unclear
on varying system parameters if the chaotic attractors are not structurally
stable; only by examining normal parameters of the system such that the
dynamics on the attractor is left unchanged can one hope to find internal
riddling transitions appearing as codimension one transitions. Similar tran-
sitions where riddling bifurcations are replaced by blowout bifurcations will
also occur in such systems; see for example the systems studied in [4].

4.3 A numerical example

If we examine the map (8) for parameter values that are intermediate between
strong and weak coupling one may find a wide variety of attractors of different
symmetries that are multi-stable. One can also find, for example, (i) chaotic
saddles that have basins that are riddled within certain invariant subspaces
(ii) attractors that are riddled in some directions but not others and hence
(iii) anisotropic bubbling response to anisotropic noise.

Here we consider an attractor in

Fix(S2 × S2) = {(p, p, q, q) : p, q ∈ R}.

that occurs when a = 1.71 and ε = 0.15. Figure 6(i) shows a timeseries on
this attractor for an initial condition very close to
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(p, p, q, q) = (0.00292, 0.00292, 0.8004, 0.8004)

and no added noise; σj = 0 for all j. On addition of noise (iia) shows x1−x2 for
the same initial condition but with σ1 = 10−5. The large deviations away from
x1 = x2 indicative of bubbling in the direction (1, 0, 0, 0) and hence indicate
that the basin of attraction of this attractor is riddled to perturbations into
the invariant subspace (p, q, r, r). By contrast, (iib) shows x3 − x4 for for the
same initial condition but with σ3 = 10−5. In this case there is apparently
stable response indicating that the basin is not riddled into the invariant
subspace (p, p, q, r). Note that (i) shows that the statistics of x1 and x3 are
quite different; the natural invariant measure associated with this attractor
is not invariant under the transformation

(x1, x2, x3, x4) 7→ (x3, x4, x1, x2).

If this symmetry did leave the attractor invariant then by applying Theo-
rem 3 either both or neither of the directions (1, 0, 0, 0) and (0, 0, 1, 0) would
be riddled. Numerical calculations indicate that the transverse L.E. in the
direction (1, 0, 0, 0) is approximately −7.8×10−4 whereas it is approximately
−0.2842 in the direction (0, 0, 1, 0); this agrees with the anisotropic bubbling
observations.

5 Some open problems

In the final section we highlight some open problems and themes of interest
related to riddled basins.

5.1 Unfolding of blowout and riddling

One of the most intriguing aspects of blowout bifurcation and associated
transitions to riddled basins are the observation, noted first by [63] in many
examples one can clearly classify the nonlinear stability of the system into
one of two scenarios: either subcritical, where a riddled basin attractor loses
its basin at blowout to become a repellor, or supercritical, where an attractor
is locally but not globally riddled before blowout, and after blowout there is
on-off intermittency [36, 68, 69] or a stuck-on attractor [2]. (See [66, 67, 83]
for more early work on loss of chaotic synchronization)

By analogy with bifurcation of fixed points, it would be nice to understand
precisely what determines criticality at blowout and hence whether basins of
attraction are locally or globally riddled. The map (1,2,3) was studied in [5]
where it was noted that for this map, the two scenarios could be distinguished
subcritical (resp. supercritical) if the essential basin of attraction of A was
zero (resp. positive) measure at the point of blowout.4 In the general case this

4The essential basin of A is defined as the set of points y whose trajectories visit
any neighbourhood of A with positive frequency; i.e. such that lim sup

n→∞

1

n
#{0 ≤

k < n : fk(y) ∈ U} > 0 for all U neighbourhoods of A.
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Fig. 6. Anisotropic bubbling behaviour caused by anisotropic riddling of the basin
of an attractor for a system of four globally coupled maps (8) that lies in an invariant
subspace with symmetry S2 ×S2. (i) shows timeseries for the noise-free system; the
circles show the values of x1 and x2 while the crosses show the values of x3 and x4.
In (ii) the attractor in (i) is subject to very low amplitude noise. In (iia) the noise
is added in only the x1 direction giving rise to bubbling in this direction. In (iib) it
is added in only the x3 direction giving a stable response, due to the attractor not
being riddled in this direction.
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amounts to a conjecture. Other work has examined absorbing areas [20, 51]
and weak attractors [15] to give criteria for supercriticality; for example in [15]
the presence of a larger weak attractor containing a riddled basin attractor
seems to indicate that blowout will be supercritical.

Generally, can one find conditions that ensure that a ‘scenario’ occurs at
blowout and if we can do this, find conditions so that the classification of the
blowout into a scenario is computable in some sense? So far, it seems that is
may only be possible to answer this in a very limited sense; if so, why can
one nevertheless observe this scenario in many simulations?

5.2 Riddling for infinite dimensions

Many mathematical models that arise include temporal delays and/or spatial
extension in such a way that the phase space on which the dynamics occurs
is unavoidably infinite dimensional. So far there is no corresponding concept
for riddled basin, or indeed Milnor attractor, that works in cases where a nice
background measure such as Lebesgue is not available. It should be possible
to use ideas such as prevalence [38] in such cases to make some progress but
this has not yet been done to my knowledge.

5.3 Pseudo-riddled and δ-riddled basins

A strange feature of riddling is that in cases that one can prove it exists
it is often hard to find, while in cases where can prove it does not exist,
numerics often seem to say the opposite. For example, in [48] examples of
pseudo-riddled basins are presented. In [11] the concept of δ-riddling was
used to give a numerical profile of psuedo-riddling by saying that a set is
δ-riddled if (6) holds for a given δ; the set is then riddled in the usual sense
if it is δ-riddled for all δ > 0. It would be nice to gain a better theoretical
understanding of these effects and their consequences, though any simple
minded approach clearly has the disadvantage of not being invariant under
coordinate changes.

5.4 Genericity of riddled basins

In dissipative dynamics that has no imposed invariant subspaces, it is the
belief of the writer (and others) that riddled basin attractors do not arise
except in exceptional circumstances, namely when there are invariant sub-
spaces forced by system symmetries or for example by other constraints [71].
Can one prove any meaningful results in this direction? An important part
of this questions is to understand the prevalence of the appearence of chaotic
attractors; see for example [19, 21, 39, 49, 56].

The appearance of a minimal Milnor attractor that has a partially riddled
basin was suggested in [15] to be a degenerate case; can one prove a sense in
which this is for example non-generic in a class of smooth systems?
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5.5 Unstable attractors

There has been some very interesting recent work looking at dynamical sys-
tems of globally delay pulse coupled oscillator systems, motivated by simple
models of neural systems. These systems can possess attractors that are an
extreme case of riddling; there is a neighbourhood of the attractor that has
zero measure intersection with the attractor’s basin. Such unstable attractors
have been found to be quite widespread in the dynamics of certain systems
[79]. It is a challenge to understand constraints on the appearance of such
attractors and their characteristic properties.

5.6 Non-ergodic attractors and riddling

In most standard examples where one can prove the existence of riddled
basins the attractor in question is ergodic, namely it possesses an SRB mea-
sure whose support is the attractor. Nonetheless, in the presence of sym-
metries it has been recognised for some time that for many cases one can
find structurally stable attractors that are not ergodic; in particular robust
attracting heteroclinic cycles [34, 45, 46] between saddle equilibria, periodic
orbits or even chaotic saddles [26, 30, 3]. These attractors are non-ergodic
and not even transitive (no dense orbits); they consist of chains of connecting
orbits and invariant sets [12, 13].

As a particular example of this in a finite coupled map lattice is the system
with one-directional coupling considered in [14]:

Xk
n+1 = f(Xk

n)e−γXk−1

n

where n ∈ N, k ∈ Z is taken modulo 3 and f(x) = rx(1 − x). Due to the
presence of invariant subspaces Xk = 0 (for any k) if we choose 2 < r < 4
and γ large enough this system can be shown to have open sets of spatially
periodic initial conditions that are attracted to states with no convergence of
ergodic averages; see [14] for more details.

For a skew product system of a chaotic attractor forcing a robust hete-
roclinic cycle one can exhibit examples where the cycle has a locally riddled
basin even though the attractor is non-ergodic [3]. How general is this?

5.7 Other problems related to riddled basins

Some researchers have implied that there are connections between the com-
putability of riddled basins and decidability [64, 75]. It would be of interest to
know if riddling may help one to understand the nature of chaotic behaviour
in area-preserving maps such as the standard map, or in other area-preserving
maps; for example Figure 7 shows in black the invariant set of points that
approach arbitrarily close the discontinuity for an area-preserving map that
arises in signal processing; see [9, 11] for a discussion of this and generalization
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of the results such as Theorem 1 to area-preserving discontinuous maps. It
would be of great interest to be able to determine if the set shown in this fig-
ure is riddled or not. Other problems include getting a better understanding
of properties of intermingled basins.

Fig. 7. The black region shows the set of points within the square [−1,−7/8]2

whose orbits accumulate on the discontinuity for the area-preserving map (x, y) 7→
(y, g(−x + 0.9y)) where g(x) = x for x ∈ [−1, 1) and g(x + 2) = g(x). It is an open
question whether this set is riddled; the white regions are packed with invariant
curves centred on periodic points and the map can be viewed as a planar piecewise
isometry.
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