
August 29, 2004 11:33 WSPC / Master file for review volume with part divider — 9in x 6in volume

CHAPTER 19

INTERNAL DYNAMICS OF INTERMITTENCY
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By examining the behavior of intermittent trajectories near invariant
subspaces for the dynamics of flows or maps we introduce and discuss the
concept of internal dynamics of an intermittent attractor to an invariant
subspace. For a smooth planar mapping, we give examples where the
internal dynamics is minimal (as in on–off intermittency), has a single
attracting and a single repelling invariant set (as in in–out intermittency)
and more complicated but nonetheless typical examples with several
isolated invariant sets in the internal dynamics. In particular we discuss
and analyze an example of generalized in–out intermittency in which
there is one form of ‘in’-dynamics and two of ‘out’–dynamics. We contrast
this behavior with another structurally stable example of intermittency,
that exhibits non-ergodic intermittency.

1. Introduction

There are many examples of dynamical systems that possess constraints in

the form of invariant subspaces forced often, but not always, by symmetries.

Consider the dynamics generated by a mapping f : M → M with an

invariant subspace N ⊂ M . In such systems one can find chaotic attractors

that show dynamical intermittency to states that have more symmetry but

are not attractors in themselves; for instance on–off intermittency in which a

chaotic saddle lies within N that is an attractor within N but is transversely

repelling on average. This type of intermittency has been observed in many

systems (see for example [10, 13, 16, 21]) since it was identified [22]. It is

associated with a loss of transverse stability of a riddled basin attractor at

blowout bifurcation [2,20]. It was later noted that an intermittent attractor

may contain much larger invariant sets within N that are not attractors

within N ; this case was referred to as ‘in–out’ intermittency [3] and has
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been seen in a number of systems.

The intermittent dynamics we discuss here arises robustly in some sense,

due to the presence of N . Intermittent dynamics may occur without the

presence of some N but typically this is codimension one. Examples of the

latter type of intermittency have been discussed by many authors [23]; we

do not discuss it here except to mention that this is caused by an attractor

interacting with an invariant set with minimal dynamics.

In a previous paper [3] it was noted that one can identify different

dynamics associated with approach to N (the ‘in phase’) and departure

from N (the ‘out phase’). This paper reviews and examines this effect. We

propose that the ‘internal dynamics’ of an intermittent attractor may be

much more complicated than this even for robust attractors. There may

be a variety of different ‘in’ and ‘out’ dynamics, as well as saddles within

N . We give examples of on–off, in–out, and what we call generalized in–

out intermittency. These are characterized by comparing their time series,

phases portraits and structure. For the generalized in–out case we construct

a Markov chain model that gives the scaling of the invariant density of the

transverse variable for this intermittency. Finally we contrast these ‘chaotic’

intermittencies with ‘regular’ but non-ergodic intermittency (‘cycling chaos’

[12]) found robustly in systems with several invariant subspaces forced by

symmetry.

2. Internal Dynamics of Intermittency

Suppose f : M → M , M = R
m is a smooth map. We consider A a minimal

Milnor attractor for f . Recall that A is a minimal Milnor attractor if it

is an invariant set such that (i) the basin of attraction of A has positive

measure and (ii) all proper invariant subsets have zero measure basin. We

say A is a weak attractor [9] if the basin of A has positive measure, i.e. (i)

is satisfied but not necessarily (ii).

If the map f leaves a linear subspace N of M (forward) invariant (i.e.,

f(N) = N) then one can define A0 = A
⋂

N . Note that this must be an

invariant set. If A 6= A0 and A0 6= ∅ then we say A is intermittent to N .

We refer to the dynamics of f restricted to A0 as the internal dynamics

of A on N . Since A is an attractor, typically A0 will be a weak attractor

for f |N . However A0 needs not be a minimal attractor. The form of the

internal dynamics governs the form of the intermittency in the full system

in the following way:

Definition 1: If A0 is a minimal attractor for f |N then the intermittency
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is called on–off.

Definition 2: If A0 is not a minimal attractor for f |N then the intermit-

tency is called (generalized) in–out.

We say the in–out intermittency is simple if A0 contains a single minimal

chaotic attractor which is transversely repelling, and a single repellor that

is transversely attracting [3]. However the dynamics on N need not be re-

stricted to a single attractor but may decompose into two or more isolated

invariant subsets. For generalized in–out intermittency it is possible to de-

compose A0 into attractors P1, ..., Pk and repellors Q1, ..., Ql within A0. If

A is assumed to be a minimal attractor this means that the Pi must be

transversely repelling and Qi transversely attracting. In such a case we re-

fer to the intermittency as l-in, k-out for obvious reasons. Figure 1 shows

a schematic diagram of an example of generalized in–out intermittency, in

this case 3-in, 3-out.
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Fig. 1. Schematic diagram showing elements of a generalized in–out intermittent at-
tractor. For f |N , A0 decomposes into attractors and repellors. In this diagram P1, P3 are

attracting chaotic sets, P2 is an attracting periodic orbit, while Q1, Q2, Q3 are repelling
sets. The dotted lines represent sample trajectories within N . The Pi are transversely
unstable, while the Qi are transversely stable. The transverse directions are represented
by solid lines. A nonlinear reinjection region completes the intermittent attractor, which

in our terminology is 3-in, 3-out.



August 29, 2004 11:33 WSPC / Master file for review volume with part divider — 9in x 6in volume

360 R. Sturman, P. Ashwin

3. Internal Dynamics of Intermittency for a 2-d Mapping

We consider three examples of attractors for a smooth mapping that illus-

trate the behavior of three types of intermittency; on–off, simple in–out,

and generalized in–out dynamics.

3.1. Example Mappings

The smooth two-dimensional mapping f : R
2 → R

2 we consider is given

by:

x → g1(x, y2)

y → yg2(x, y2)
(1)

where x, y are real variables and g1, g2 are functions we will specify. The

mapping has a symmetry (x, y) 7→ (x,−y) which implies there is an in-

variant subspace X = {x, 0} on which the system reduces to the one-

dimensional map which we fix as being

x → g1(x, 0) = h(x) = x(c0 + c1x)e−c2x2

(2)

where we use a number of different values of the parameters c0, c1 and c2.

If c2 = 0 and c0 = −c1, then h(x) is the well-known logistic map with

parameter c0. We will examine three different examples of intermittent

dynamics to X . In order to do this we consider the dynamics of h in relation

to the dynamics of (1).

3.2. Intermittent Dynamics

1. On–off intermittency If we consider the dynamics of (1) with

g1(x, y2) = 3.8285x(1 − x) − 0.3xy2, g2(x, y2) = 1.82e−x − y2, (3)

this has an attractor that exhibits on–off intermittency [3]. Figure 2 shows

a time series of 104 iterates for x (top panel) and log |y| (bottom panel).

The behavior of log |y| shows the trajectory with long ‘laminar phases’ near

the invariant subspace and intermittent excursions to order 1. Plotting the

logarithm of y resolves the tiny values of y when close to N . The dynamics

within the invariant subspace is the minimal chaotic attractor on [0, 1],

as shown in the time series for x. Note that the fluctuations in y are not

driven by x visiting isolated invariant sets within N , but rather by x nearing

invariant sets embedded in the minimal A0. Figure 3 shows a phase portrait

in xy-space for the on–off intermittent attractor, for 105 iterates for the

time series in Figure 2. The attractor for f |N is an interval corresponding

to the intersection of the full attractor with N .
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Fig. 2. Time series showing on–off intermittency for the mapping (1,3). The top panel

shows the chaotic behavior of the x variable, while the bottom panel shows the y variable
approaching and leaving N on a logarithmic scale. An initial condition in y = 0 typically
shows the same behavior as xn shown here.

2. In–out intermittency By contrast, if we consider (1) with

g1(x, y2) = 3.88615x(1 − x) − 0.3xy2, g2(x, y2) = 1.82e−x − y2 (4)

we find an example of in–out dynamics [3]. Figure 4 is the corresponding

time series to Figure 2. In the top figure we can see the two qualitatively

differing dynamics in the invariant subspace. A periodic orbit is attracting

within N and transversely repelling, and so we see a linear growth during

the ‘out’ phases in the log |y| plot modulated with the periodic of the pe-

riodic orbit. A chaotic repellor within N is transversely attracting, giving

the chaotic ‘in’ phases. The phase portrait in Figure 5 shows a high density

of points near the ‘out’ dynamics; a periodic orbit within N .

3. Generalized in–out intermittency (1-in, 2-out) We consider the

map (1) with

g1(x, y2) = x(4 + bx)e−x2−20y2

+ (cx − 16x2)(1 − e−20y2

)e−x2

g2(x, y2) = (1.88 − 1.5e−x2

) − y2
(5)
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Fig. 3. Phase portrait of the on–off intermittency displayed by mapping (1,3). The

attractor A0 ⊂ N is identical to the intersection of the intermittent attractor A with N .
The high density near a period 3 orbit simply reflects high density on the attractor for
the map restricted to y = 0.

where we vary the parameters b, c. For

b = 1.6, c = −8.0

this gives an example of generalized in–out intermittency. Within X there

are two attracting invariant sets; a chaotic attractor C in x > 0 and a

period-2 orbit P in x < 0. These invariant sets are shown in Figure 6,

showing 100 iterates of (2) (with c0 = 4.0, c1 = 1.6, c2 = 1.0) for two

different initial conditions; either x0 = −0.1 or x0 = 0.1.

The invariant sets P and C are both transversely unstable to perturba-

tions in the y-direction, whereas the fixed point O is transversely stable.

The intermittent trajectory approaches O, and once close to X , leads to

either P or C depending on whether x < 0 or x > 0. The ‘out’ dynamics of

each of P and C (the growth of y away from X ) behave in different ways.

These can be seen in Figure 7. Whilst close to P the y-dynamics grow in a

linear manner (modulated with the periodicity of the x-dynamics) with the

rate of linear growth governed by the transverse Lyapunov exponent at P.

In contrast when x > 0 and the trajectory is close to C there is a different
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Fig. 4. Time series showing in–out intermittency for the mapping (1,4). The top panel

shows x alternating between chaotic behavior and a period 14 orbit. The bottom panel,
as for the on–off trajectory in Figure 2, shows the y variable approaching and leaving N .
In this case the dynamics leaving N (the ‘out’ dynamics) is different from the dynamics
approaching N (the ‘in’ dynamics). Here the ‘in’ dynamics is chaotic while the ‘out’

dynamics is periodic.

rate of average growth governed by the transverse Lyapunov exponent at

C. At order one distance from y = 0 the nonlinear map diverts both ‘out’

dynamics towards the ‘in dynamics’ after some time.

Figure 8 shows the intermittent attractor in (x, y)-space. This shows the

periodic ‘out’ dynamics for x < 0, the chaotic ‘out’ dynamics for x > 0 and

the ‘in’ dynamics along x = 0. The nonlinear reinjection region far from N

leads both ‘out’ trajectories back towards the ‘in’ phase.

3.3. Transverse Dynamics

Lyapunov exponents for (1) are given, for each (x, y) ∈ R
2 and non-zero

(u, v) ∈ T(x,y)R
2 by

λ(x,y)(u, v) = lim
n→∞

1

n
log ‖Dfn

(x,y)(u, v)‖
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Fig. 5. Phase portrait of the in–out intermittency displayed by mapping (1,4). In con-

trast to the phase portrait in Figure 3, the intersection of the intermittent attractor A

with N is not equal to the attractor for f |N . Note the high density of points around the
period 14 transversely unstable set in N .

For an ergodic attractor this converges for almost all (x, y) in its basin

and all (u, v) [19]. If y 6= 0 this gives a pair of Lyapunov exponents λ1, λ2

for the intermittent attractor. For (x, 0) the internal Lyapunov exponent is

given by λi = λ(x,0)(u, 0), and the transverse Lyapunov exponent [19] by

λT = λ(x,0)(u, v) (v 6= 0). Note that λi is the Lyapunov exponent for the

one-dimensional map (2) restricted to the invariant subspace.

Figure 9 shows Lyapunov exponents for the generalized (1-in, 2-out) in-

termittency on varying the parameter b. The top panel shows λ1 and λ2, the

pair of exponents for the full system. The middle panel shows the transverse

exponent (dotted line) and internal exponent (solid line) for a trajectory

initially at (x > 0, y = 0). The internal exponent λi is positive, indicating

the chaotic attractor A, and λT is also positive, indicating transverse in-

stability. In the bottom panel we have λT and λi for (x < 0, y = 0). Here

λT > 0 again, as the periodic orbit P is transversely unstable, and λi < 0

confirms that it is not chaotic. Observe that there is a range of values of b

that result in similar Lyapunov exponents and thus the intermittency can
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Fig. 6. The 1-dimensional mapping (2), with 100 iterates starting from x0 = −0.1,

leading to an attracting period-2 orbit P, and from x0 = 0.1, leading to a chaotic
attractor C.

be robust.

4. Markov Model

We construct a Markov chain model [3, 8] for generalized in–out intermit-

tency, as shown in Figure 10. The ‘in’ chain is represented by a semi-infinite

chain of states pi, and the periodic (resp. chaotic) ‘out’ chain by states qi

(resp. ri). The ith state of each chain represents a transverse distance ρi

from the invariant subspace X , for some 0 < ρ < 1. We assume a leakage

ε (resp. δ) from the ‘in’ chain onto the periodic (resp. chaotic) ‘out’ chain.

Referring to the time series in Figure 7, we see that during the ‘in’ and pe-

riodic ‘out’ phases, the behavior of log |y| is roughly linear, whereas during

the chaotic ‘out’ phase log |y| can fluctuate. For this reason we model the qi

and pi chains as allowing one-way transitions only, while transitions in the

ri chain can go in either direction. Note that this model does not take into

account the length of time spent at each state, only the permitted transi-

tions between states (there is work of the authors in progress in improving

this model).
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Fig. 7. Time series showing generalized in–out intermittency for the mapping (1,5).

Here the y dynamics are characterized by two different types of ‘out’ dynamics. When x

is attracted to the transversely unstable period 2 orbit for x < 0, we see a linear growth of
y. When x is close to the chaotic attractor in N for x > 0 we see chaotic ‘out’ dynamics.
The ‘in’ dynamics here consist of very sudden approaches to the invariant subspaces.

The equilibrium probability distribution P can be calculated by solving

P(qi) = P(qi+1) + εP(pi)

P(pi) = (1 − ε − δ)P(pi−1)

P(ri) = βDP(ri−1) + βUP(ri+1) + δP(pi)

P(p1) = P(q1) + βUP(r1)

P(r1) = βUP(r2),

giving

(P(pi), P(qi), P(ri)) = (Aµi,
εA

εδ

µi, Bµi + Cνi),

where µ = 1 − ε − δ, ν = 1−
√

1−4βU βD

2βU

, and A, B and C are constants

that can be found via the equations for P(p1), P(r1), and the normalisation

requirement
∑

i

(P(pi) + P(qi) + P(ri)) = 1.
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Fig. 8. Phase portrait for the generalized intermittency time series in Figure 7, showing

107 iterates. This shows the complexity of the nonlinear reinjection region for y away
from zero. The map restricted to the invariant subspace y = 0 contains two attractors
separated by a repellor, though this is not visible in this attractor.

Note that the scaling behavior near y = 0 corresponding to i → ∞ is

determined by constants 0 < µ < 1 and 0 < ν < 1. In the case that µ < ν

we note that the scaling behavior is different in the two ‘out’ chains, while

for µ ≥ ν it is the same. This implies that the scaling of the invariant

density of the attractor may be different transverse to the two different

‘out’ dynamics.

4.1. Numerical Investigation of Invariant Densities

To estimate the invariant density of the intermittent trajectory, we com-

puted 106 iterates and constructed a pair of histograms, y+ and y−, of

values of log |y| ∈ [0,−50]; y+ if x > 0 and y− if x < 0. These estimate

the proportion of time spent in each of the ‘out’ phases, and the density of

transverse distances from N . The ‘in’ phases are much faster (see Figure 7)

so we ignore contributions from this. Figure 11 shows a histogram of these

frequencies. The boxed plusses (y+) and the empty boxes (y−) are for the

parameters (5) used above. The differing gradients of the laminar regions
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Fig. 9. Lyapunov exponents for a typical generalised intermittent trajectory of map-

ping (1) with parameters (5), as functions of the parameter b. The top panel shows
λ1, λ2, the pair of Lyapunov exponents for the full system. The middle panel is for a
trajectory beginning at (x, y) = (0.1, 0). This shows the internal Lyapunov exponent
λi as a solid line (as C is a chaotic attractor this is positive with negative portions at

periodic windows). Also in the middle panel is the transverse Lyapunov exponent λT

plotted as a dotted line, also positive confirming that C is transversely unstable. The
bottom panel also shows λi (solid) and λT (dotted), this time for a trajectory initially

at (x, y) = (−0.1, 0). Since x < 0 leads to a transversely unstable periodic orbit, we see
λT > 0 and λi < 0.

(−45 < log |y| < −10) suggest that the chaotic ‘out’ dynamics is more com-

mon than the periodic ‘out’ dynamics. This can be verified by examining

long time series of a typical trajectory. By analogy with the Markov model,

this behavior suggests that ν > µ, and so the equilibrium probability dis-

tribution gives more weight to the ri chain than the qi chain. In contrast,

in Figure 11, the plusses (y+) and the dashes (y−) are for a time series for

the same mapping and identical parameters, except that c = −10.0. Here

the laminar regions have roughly the same gradients, analogously to the

Markov model with µ > ν, where P(ri) and P(qi) have the same dominant

scaling.
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Fig. 10. A Markov chain model for the one in, two out intermittency example. The

states pi represent transverse distances ρi (for some 0 < ρ < 1) from N near the ‘in’
dynamics, while qi (resp. ri) represents distances ρi from N near the periodic (resp.
chaotic) ‘out’ dynamics. The leakage onto the periodic (resp. chaotic) ‘out’ chain is

assumed to occur at a uniform rate ε (resp. δ). The chaotic ‘out’ chain permits transitions
in both directions (βU +βD = 1) while the periodic ‘out’ and the ‘in’ chains allow one-way
transitions only.

5. Non-Ergodic Intermittency

Another type of intermittent behavior may occur and can be robust in sys-

tems which possess invariant subspaces forced by symmetry. Structurally

stable heteroclinic cycles between equilibria are well documented in sym-

metric systems, and recently examples of heteroclinic cycles between chaotic

saddles have been observed (for example in coupled oscillators [12] and pla-

nar magnetoconvection [5]) and studied in detail (for example [6, 7]). This

type of intermittency differs fundamentally from those discussed above. In

on–off and in–out intermittency, chaotic dynamics within the invariant sub-

space make approaches to and departures from the subspace, and occur at

unpredictable times. Here, invariant subspaces are approached at regular,

geometrically increasing, intervals.

As an example, consider the mapping of R
3 given by

(x, y, z) → (F (x)e−γz, F (y)e−γx, F (z)e−γy) (6)

where F (x) = rx(1−x) is the logistic map and γ is a parameter determining

the strength of the coupling. Each of the coordinate axes x = 0, y = 0, z = 0

and the coordinate planes xy = 0, xz = 0, yz = 0 are invariant subspaces.

Moreover each of the axes contains a chaotic attractor Ax, Ay, Az (for
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Fig. 11. Histogram for a trajectory of mapping (1) with parameters (5). A trajectory

of 106 iterates was computed and box-counted into a pair of grids y+ (if x > 0) and y−

(if x < 0) consisting of 100 strips in log |y| ∈ [−50, 0]. The boxed plusses show y+ and
the empty boxes show y− for the parameters (5). The differing gradients of the laminar
regions indicate a preference for the chaotic ‘out’ over the periodic ‘out’. The plusses

show y+ and the dashes show y− for same the parameters, except with c = −10.0.

an appropriate choice of r), and each of the planes contains a connection

between these attractors (for an appropriate choice of γ). The attractor A

for the full system consists of a union of each of the attractors within the

axes, and the connections between them. Since A 6= Ax,y,z it is clear that A

is intermittent to each of the invariant coordinate axes. However the cyclic

nature of the coupling produces heteroclinic-type behavior as each variable

cycles through ‘out’, ‘active’ (performing the logistic map dynamics when

the coupling term is negligible), and ‘in’ phases. The time series in Figure 12

shows such a cycle (we actually iterate the logarithms of the variables in or-

der to resolve a neighbourhood of the invariant subspaces clearly), with the

length of subsequent phases increasing approximately geometrically as the

invariant subspaces are approached. The lack of ergodicity in the system is

evident from Figure 12. Note that long-term averages of typical observables

of the system will fail to converge as the cycling phases get systematically

longer.
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Fig. 12. Time series for attracting cycling chaos for (6), with parameters r = 4.0,

γ = 6.0. The logarithms of the variables x, y, z are plotted as solid, dashed and dotted
lines respectively against n. The trajectory cycles through ‘out’, ‘active’ and ‘in’ phases
for each variable. Observe that the length of phase increases approximately geometrically.

6. Discussion and Conclusions

Various forms of intermittency have been found in applications including

electronic systems [15], solar cycles [18], surface waves [17] and semicon-

ductor lasers [24] to mention a few; these are discussed elsewhere [4, 8, 11].

We have demonstrated that there remain a range of new and relevant phe-

nomena to be investigated. As previously considered in similar contexts,

Markov-type models can be very useful for modelling the scaling behavior

of trajectories near an invariant subspace [8].

A particular new case examined here is an example of a generalized

in–out intermittency where A0, the intersection of the attractor with the

invariant subspace contains one in and two out phases. For other cases

it is possible that A0 contains not only attractors and repellers but also

saddles, and these attractors may even display some form of intermittency

in the internal dynamics. This could occur in cases where there are several

different invariant subspaces to which an attractor is intermittent. It is

even possible that the internal dynamics for an intermittent but ergodic
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attractor may include an attractor that is non-ergodic. In most cases one

should still be able to classify and predict scaling behavior close to A0 using

transverse Lyapunov exponents. Similar structures to those discussed here

for attractors should also be visible in chaotic transients [14] for trajectories

close to a chaotic saddle that is only weakly unstable.
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