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1. (a) Explain what is meant by an interpretation of a first-order language.
What is the condition for an interpretation to be a model for a given
set of formulae?

(2 marks)

The non-logical vocabulary of a language
�

consists of a single two-place
predicate � . The logical vocabulary includes the identity symbol “=”. In the
remainder of the question we shall be interested in the following formulae
of

�
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(b) An interpretation )+* of
�

is defined as follows: the domain is the set
of all real numbers, and the predicate � denotes the relation “is less
than”. For this interpretation, express in English the meaning of each
of the formulae

�
,
�

, and
!

, and hence verify that all three formulae
are satisfied by the interpretation.

(3 marks)

(c) Devise an alternative interpretation )-, for
�

which satisfies
�

and
�

but not
!

. Explain why this implies that
!

is not a logical consequence
of the set . �/
 ��0

.

(5 marks)

(d) Use the same method to show that
�

is not a logical conseqence of. � 
 ! 0
.

(4 marks)

(e) The formula
!

states that for each pair of domain elements at least
one of three disjuncts must hold. Show that if

�
and

�
are satisfied,

then at most one of the three disjuncts can hold for any pair of domain
elements.

(6 marks)
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2. Gödel’s celebrated incompleteness theorems rely for their proof on his idea
of systematically assigning numbers to formulae and proofs. In one such
scheme of Gödel numbering, each symbol 1 of the formal language is as-
signed an odd integer 2�3�154 as follows:

6 7 8 9 : ; 3 4 < = > ?@ A B C D @E@ @FA @GB @GC @FD HI@ HEA
The formula J consisting of symbols 1+K�1�L�MNMOM�1
P is then assigned the Gödel
number 2�3QJ�4 8RHTS�UWVFX�YZA[S�UWV]\^Y�BGS_U`V]abYdcFcFc�e�S�U`V]fOYP g
where

e�h
is the i th prime number.

(a) Explain why the formula J is uniquely recoverable from its Gödel
number 2%3�J�4 . Of which formula is 2430 the Gödel number?

(4 marks)

(b) Write down a formula which says that
@ < @j8RH

and express its Gödel
number as a product of prime-power factors. [Do not compute the
number explicitly.]

(3 marks)

(c) Explain why, if the Gödel number of a formula is divisible by 32, then
it must also be divisible by 128. What do you know about a formula J
if you know that 2�3QJ
4�k @FHEl is an odd integer?

(4 marks)

(d) The Gödel number assigned to a sequence 3�JmK g J�L g MOMNM g JnPE4 of formu-
lae is HGS_UpoFXqY�ATS_Upo]\^Y�BGS_UporabYIcFcFc�e�S_Upo f YP M
Explain why a sequence of formulae can never have the same Gödel
number as a single formula.

(3 marks)

(e) Describe in outline how Gödel used a numbering system such as the
one above to prove that the arithmetic of the natural numbers is not
finitely axiomatisable as a first-order theory.

(6 marks)
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3. The first-order theory of a commutative, associative operation s with iden-
tity t includes the following axioms:

uwvGxzy�{�y
|�u s u}{�~#|�x�� s uq|�~�{
x xuQ��xzy�{�y
|�y��nu s uZ{�~ s uZ|
~#��x�x�� s u s uZ{�~�|�x_~���x�xu���xzy�{mu s uZ{�~ t x���{
x
Three examples of such operations are

(Ex1) Addition on the set of real numbers.
(Ex2) Multiplication on the set of real numbers.
(Ex3) Union on the set of subsets of the real numbers.

(a) For each of the examples (Ex1)–(Ex3), state, with justification, what
element is denoted by the constant symbol t appearing in the axioms.

(3 marks)

(b) Some models of the axioms satisfy the additional formula

uq��x�y�{mu s uZ{�~�{
x���{
x_�
For each of the examples (Ex1–Ex3), determine whether or not (4)
holds.

(3 marks)

(c) Show that if all four formulae (1)–(4) hold in some interpretation then
the formula y�{mu s uZ{�~ s u}{�~#|�x�x�� s uZ|
~ s uq|�~�{
x�x x
must also hold.

(3 marks)

(d) Another formula which may hold for some models of the axioms is

uQ��x�y�{
��|�u s u}{�~#|�x+� t x_�
Again determine, stating your reasons, which of the interpretations
(Ex1)–(Ex3) satisfy (5).

(3 marks)

Continued . . .
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(e) By considering the expression ���Z���_�+�Z���#����� in two different ways,
where �+�Z���#������� , show that if (1)–(5) all hold, then the domain con-
tains only one element.

(4 marks)

(f) State what is meant by a complete axiomatisation of a first-order the-
ory. Explain why the examples in this question show that the axiom
set � 1,2,3 � cannot be a complete axiomatisation of any theory. What
about the set � 1,2,3,4,5 � ?

(4 marks)

Please Turn Over
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4. The diagram below shows the transition network for a Turing machine ��� .

4

5 1

2

3

0

1,a,+

∆,∆,+

∆,∆,−

a,1,+

∆,1,−

1,1,−

1,1,−

1,1,+

1,1,+

∆,∆,+

This machine meets the following specification:

When run with its head initially scanning the first of a string of
1s on an otherwise blank tape, ��� copies the string to the right,
separated from the original string by a single blank cell, and halts
scanning the leftmost 1 of the copy:

1 �������j�%� ���������N  1 �E�����
In this question, you are asked to effect various modifications to this ma-
chine �¡� . You can specify the modifications by drawing as much as you
need of the transition diagram for the modified machine, it being under-
stood that parts you have not shown as modified remain the same as in the
illustration above.

(a) ��¢ is like �£� except that when it halts it is scanning the leftmost ‘1’
of the original input, i.e.,

1 �����E�¤��� 1 �����E�F &���������
Construct ��¢ .

(3 marks)

Continued . . .
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(b) ¥£¦ is like ¥£§ except that the copy is twice as long as the original, i.e.,

1 ¨E¨�¨�¨j©%ª ¨�¨�¨�¨�¨N« 1 ¨�¨E¨�¨�¨�¨�¨E¨�¨
Construct ¥£¦ .

(4 marks)

(c) ¥£¬ is like ¥£§ except that the string to be copied may be composed of
1s and 2s, though both 1s and 2s will appear as 1s in the ‘copy’:

1 ­�­I¨F­®©�ª ¨G­E­I¨G­E« 1 ¨�¨�¨�¨
Construct ¥£¦ .

(5 marks)

(d) ¥°¯ is like ¥£¬ except that now the copy is identical to the original:

1 ­�­I¨F­®©�ª ¨G­E­I¨G­E« 1 ­�­I¨G­
Construct ¥°¯ .

(5 marks)

(e) ¥£± is like ¥°¯ except that now the copy is the ‘negative’ of the original,
i.e., with 1s and 2s swapped round:

1 ­�­I¨F­®©�ª ¨G­E­I¨G­E« 2 ¨�¨G­I¨
Construct ¥°¯ .

(3 marks)

Please Turn Over
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5. Answer ONE of the following:

(a) It is sometimes claimed that, in view of Gödel’s incompleteness theo-
rems, the belief that human intelligence arises solely as a result of the
computational activity of the brain cannot be upheld. Discuss argu-
ments for and against this claim.

(20 marks)

(b) Define clearly the meanings of the terms ‘P’, ‘NP’, and ‘NP-complete’.
State Cook’s Theorem, and describe in outline how it may be proved.
Explain the key role of Cook’s Theorem in developing the theory of
NP-completeness, and discuss the implications of this theory for prac-
tical computation.

(20 marks)

End of Paper
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