COM3412: Logic and Computation

Solutions to Exercise on Peano Arithmetic

2nd March 2009

1. Addition is associativerzVyVz(z + (y + z) = (z + y) + 2).

e Base Casdz = 0)

r+(y+0) = z+y (AL, z/y)
= (x+y)+0 (Al z/x+vy)
e Induction Step (from z = a t0 z = sa)
From Induction Hypothesis + (y + a) = (z + y) + a we derivez + (y + sa) = (z + y).

T+ (y + sa) r+s(y+a)  (A2,z/y,y/a)
= s(z+(y+a)) (A2,z/z,y/y+a)
= s((z+y)+a) (H)
= (z+y)+sa (A2,z/x+y,y/a)

2. Cancellation by subtractioNzVyVz(z + z =y + 2 — x = y).

e Base Casdz = 0)
r+0=y+0 — z=y (Altwice,z/z andz/y)

¢ Induction Step (from z = a t0 z = sa)
From Induction Hypothesi8 + a = y + a — x = y we deriver + sa =y + sa — = = y.

r+sa=y+sa — s(z+a)=s(y+a) (A2twice,z/xandz/y)
— z+a=y+a (S2,z/x 4+ a,x/y + a)
— =y (from induction hypothesis)

3. Pre-multiplication by zerd?z(0 x x = 0).
Solution currently unavailable.

4. Pre-multiplication by a successoftVy(sx x y = (x x y) + y).
Solution currently unavailable.

5. Multiplication is commutativeYzVy(z x y = y * ).
Solution currently unavailable.

6. Multiplication is distributive over addition/zVyVz(x % (y + z) = (z * y) + (x * 2)).

e Base Casdz = 0)
zx(y+0) = zxy (A1, z/0)
= x*xy+0 (Al, z/x x y)
= zxy+xzx0 (M1, z/z)



e Induction Step (from z = a to z = sa)
From Induction Hypothesig« (y+a) = xxy+x xa we deriver  (y + sa) = x*y+x * sa.

xx(y+sa) = zxs(y+a) (A2, z/y,y/a)
rzx(y+a)+x M2, z/x,y/y + a)
(rxy+axxa)+z (IH)

= zxy+ (rxa+2z) (Question 1 above)
= xT*y+x*sa (M2, x/x,y/a)

. Multiplication is associativevzVyVz(x x (y % z) = (z * y) * 2).

e Base Casdz = 0)
zx(yx0) = x%0 (M1, z/y)
=0 (M1, z/z)
= (zxy)*x0 (M1, z/zx*y)
¢ Induction Step (from z = a t0 z = sa)
From Induction Hypothesis x (y x a) = (x x y) * a we derivez x (y * sa) = (x * y) * sa.

z*(y*xsa) = xx((yxa)+y) (M2, z/y,y/a)

T (y*a))+ (rxy) (Fromq.6x/z,y/(y*a),z/y)
(x*y)*a)+ (xxy) (From Induction Hypothesis)
T xY)*sa M2, z/(z*xy),y/a)

. Divisors of zero¥zVy(z xy =0 — 2 =0V y =0).

e Base Casdy = 0)

xx0=0 — x=0Vv0=0 (Truesinced =0— which is an instance of the
identity axiomVz(x = z).)
e Induction Step (fromy = atoy = sa)
zxsa=0 — (r*xa)+x=0 (M1, z/x,y/a)
— =0 (Since ifz = sb, say,(z xa) + = = s((z *xa) + b) # 0)
— x=0Vsa=0 (ByVv-introduction)
Note that we didn’'t need to use the induction hypothesis! This is the exception rather than
the rule.

. Cancellation by divisionVzVyVz(z x sz = y % sz — x = y).

This one is tricky, and merits a somewhat different style of answer. We’'ll do the induction with
respect tac. But the predicate we substitute #1in Ind has to contain a quantifier (in all previous
cases we used arbitrary constants for the other variables, but this doesn’t seem to work here). Thus
the instance oind we are using is

(1) Vy(Oxsz=y*xsz—0=1y) A

Ve(Vy(zxsz=y*xsz >z =y) > Vy(st*xsz=y*xsz — sx=y)) —
VaVy(zr sz =y*x sz — x =vy)

The base case is now readily proved:

Oxsz=yx*xsz — 0=yxsz (Question 3 above)
— 0=yV0=sz (Question 8 above)
— 0=y (S1)



All-introduction on this gives

(2) Vy(0x sz =y*x sz — 0=y).
For the induction step we assume

(IH) Vy(ax sz =1y*sz— a=y).

We now have

saxsz=yxsz — (axsz)+sz=y=xsz (Question 4 above)
— s((axsz)+z)=y*xsz (A2)
— yxsz#0 (S1)
— y#0 (Question 3 above)

If y £ 0 theny = sd for somed; starting again, we have

sa*8z=1Yy*xSz — Sa*8z=8dx*Ssz (As shown above)
— (axsz)+sz=(dxsz)+ sz (Question 4 above, twice)
— axsz=d*sz (Question 2 above)
— a=d (IH)
—  sa = sd (Identity rules)
— sa=1y (Sincey = sd)

By All-intro we now have
Vy(sa* sz =y * sz — sa =vy),

and since this is derived froiH, If-intro allows us to assert
Vylax sz =yxsz —a=y) — Vy(saxsz=y*sz— sa=y).
By All-intro this gives
(3) Ve(Vy(x x sz =yxsz >z =y) > Vy(szx sz =y*sz — sx=1y))
which is the full induction stepl, 2, 3 now give us
VaVy(x « sz = y* sz — x =y)

which by All-intro gives
VeVaVy(x « sz =y * sz — x = y).

All that remains is to reorder the quantifiers (actually, this is not a totally trivial step, it needs to
be proved using All-intro and All-elim that this is allowed—but we’ll take that as read).

| told you this one was harder!



