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SECTION A

1. (a) Is the set H := {z: 1mz > O} open, closed, neither or both?
Justify your answer. (10)

(b) Determine the subset of the complex plane on which the function
z

j(z) = (z2
e+ 2) is analytic. (5)

(c) Let z = x + iy and j(z) = (2x + y2) + i(x2 - y2). Determine the
points z = x + iy for which the derivative j'(z) exists. (5)

(d) Let I be the circle of centre 0 and radius 1, traversed once anti-
clockwise. Prove that

(5)

(e) Evaluate the integral 1~z + 2~dz where I is the circle with cen-
I z-l -

tre 0 and radius 2, traversed once anticlockwise. (5)

00 zn
(f) Find the radius of convergence of the followingseries ~ -. (5)L.,; en

n=O

(g) Compute the Taylor series of the function j(z) = zez2 around
z = 0 and indicate the radius of convergenceof this series. (5)

(h) Compute the integral! (2 (ldZ
.) ') where I is the circle

I z -z +z +z
of centre 0 and radius 2. (10)
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Page 2 of 3 MAS3006/ continued ...



SECTION B

1
2. Let j(z) = ( )"eZ - 1

(a) Show that j(z) has a simple pole at z = O. (7)

(b) Let
b 2j(z) = - + ao + aiz + a2z + ...z

be the Laurent expansion of j around O. Compute the terms b, ao
and al. (12)

(c) Evaluate hj(z)dz where, is a circle of centre 0 and radius r > 0,

traversed once anticlockwise. (6)
[25]

Z2
3. Let j(z) = --4'

l+z

(a) Determine the poles of F which lie in the upper-half plane
H = {z : Im(z) > O}and compute the residues of j at these poles.

(9)

joo x2 1l"
(b) Show that 4 dx = M'

-00 1+ x y2

4. (a) Suppose that j is an analytic function on the open disc
D = {z : Izi < I} and that Re(f(z)) = 3 for all zED. Show
that j is constant in D.

(b) Let j be analytic inside and on a simple closed curve {' Suppose
that j = 0 on (. Show that j = 0 inside ,.

1
(c) Compute the Taylor series of F(z) = - around Zo = 1 and its

z
radius of convergence.

(d) Show that 1~z - 2)dz = lO7ri, where, is any circle of radius
-yzz-l

greater than 1 and centre O.
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