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SECTION A

1. (a) Discuss whether the following subset of C is open or closed or
both or neither:

U={ze€C : |z| £1, Re(z) > 0}.

(7)
(b) Find lim z, for
n—co
2 —3ni+ (—1)™
Zp = . .
on —1
(5)
(c) Determine where the function
22 -9
erz —1
is holomorphic and calculate its derivative. (8)
(d) Determine the radius of convergence of the power series
o0
n 4—: 3 zgn.
n=0
(6)
(e) What is the biggest open disk around 0 in which the function
1
f(Z) H 5 . 3Z
is analytic. Find the power series around 0 of this function. (8)
(f) Let v be the following contour: straight line from 1 to 2, followed
by three-quarter-circle with centre 0 from 2 to —2¢, followed by
straight line from —2i to 1. Find the values of the integrals
822
/ e?*dz and —5dz.
z
¥ ¥
(6)
{g) Let a,b € C with |a| < |b]. Let v be the circle with centre 0 and
radius R, traversed once counter-clockwise. Evaluate
1
dz
TR (Z - a’)(z - b)
for R < |a, for |a| < R < |b|, and for R > |b|. (10)
[50]
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SECTION B

2. (a) Does
Hm Re(z)
z—0 z
exist? Justify your answer. (4)
(b) Let f(z) = f(z +iy) = zy. Show that f is not differentiable at
any point zg # 0, and that f is differentiable at zo = Q. (9)

(c) Using residues, evaluate the real integral

/‘°° 2 +1
—dz.
oo (X% +9)2

(12)
25]
3. (a) Find all holomorphic functions f(z) = f{x + iy) with
Re(f) = 5z% — 15zy® + €** cos(2y).
{7)
(b) Let f be an entire function with
|f(2)] €1z| forall zeC.
Show that f(z) = az where « is a complex constant with |of < 1.
(9)
(c) Using residues, evaluate the integral
27
1
/0 3+ 3 Sinﬁdﬁ'
(9)
[25]
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4.

(a) Classify the singularities (removable, pole or essential) at 0 of the
following functions. In case of a pole give the order.

®
_Z
cos(z) —1
ii)
( 1
cos(—z~5)
(iii)
sin(z)
= ©)
(b) Find the first 3 terms of the Laurent series around 0 of the func-
tion 2 _ g
2% —
f(z) = o2 _ 1
What is the residue of f at 07 (8)

(c) Using Rouché’s Theorem, determine the number of zeroes (counted
with multiplicities) of the polynomial

p(z) = 2° + 524 +202% + 3

in the disk D(0,2). (8)
[25]
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