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SECTION A

Discuss whether the following subset of C is open or closed or
both or neither:

T={z€C : Re(z) >0, Im(z) >0, Re(z) +Im(z) < 2}.

Find lim z, where
n—oo

8n + 6ni + "

n = 3n + 4

Solve the quadratic equation

3
2+(1+3z’)z—1+1i20.

Determine where the function

eSin(z)

234z

is holomorphic and calculate its derivative.

Determine the radius of convergence of the power series

o0
Z W and nz_:l 2%2'2”.

Express the following analytic function in terms of known func-
tions, not as a power series.

e ZQn
2" 56

(No, no typo! And no, it’s not the cosine!)

Let v, be the circle with centre ¢ and radius 1, traversed once
counterclockwise. Calculate

Ye

forc=-2,¢=0, and c = 2.
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2.

SECTION B

(a) At which points is the function
f(z) = flz +iy) = 22 +izy = zRe(z2)

differentiable?

(b) Find the first 3 terms of the Laurent series around 0 of the func-
tion
e — 1

2
e —1

f(z) =

What is the residue of f at 07

(c) Using residues, evaluate the real integral

/OO 2 +3 d
oo (24 4)2 .

(a) Let f be a holomorphic function in a domain D such that
Re(f) — Im(f) is constant in D. Show that f is constant.

(b) Let M € R and let f be an entire function with
1f(2)] < |z\% for all z > M.

Show that f(z) is a polynomial of degree at most 1.

(c¢) Using residues, evaluate the integral

2w 1
————dv.
/0 5 — 3sinv
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4.

(a) A rope hanging between two pillars forms the curve

el +e7t
2

V() =t +i(3+ ), —1<t<lL.

Calculate the length of the rope. (8)

(b) Classify the singularities (removable, pole or essential) at 0 of the
following functions. In case of a pole give the order.

(i)

cos(z) — 1

sin(z) — z
(i)

cos(z) — z

sin(z) — 1

cos(}) + sin(l)
z 2 9)

(¢) Using Rouché’s Theorem, determine the number of zeroes (counted
with multiplicities) of the polynomial

p(z) =2t + 422+ 22+ 2245

in the disk D(0,3). (8)
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