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SECTION A

1) (a) Sketch the following subset of C and discuss whether it is open,
closed or neither:

{z ∈ C | 1 ≤ |z| < 2 and Re(z) + Im(z) ≥ 0}.

[7]

(b) Find the radius of convergence of the following series:

∞
∑

n=0

in(n!)2

(2n)!
zn.

[7]

(c) Let γ be the circle with centre 0 and radius 1, traversed once
anitclockwise. Using the estimation theorem, prove that

∣

∣

∣

∣

∫

γ

cos z

2z2
dz

∣

∣

∣

∣

≤ πe.

[8]

(d) Using the Cauchy Riemann Equations, or otherwise, find a
holomorphic function f on C satisfying

Re(f(x + iy)) = sinh (x2 − y2) cos (2xy).

Give your solution in the form f(z). [10]

(e) Let γ be the circle with centre 1 and radius 1, traversed once
anticlockwise. Evaluate

∫

γ

iz

z2 − (1 + i)z + i
dz,

simplifying your answer as much as possible. [8]

(f) Let γr be the circle with centre 0 and radius r, traversed once
anticlockwise. Evaluate

∫

γr

1

z2 − 2z + 2
dz

when

(i) r = 1

(ii) r = 2. [10]

[50]
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SECTION B

2) Let f be a complex function defined on an open set G ⊆ C and let
z = x + iy ∈ G. Write f(z) = u(x, y) + iv(x, y), where u and v are real
valued functions defined on G.

(a) State the Cauchy-Riemann equations and show that if f is
differentiable at z then the partial derivatives of u and v satisfy
them. [10]

(b) Prove that the function Im(z2) is not differentiable at any point
z ∈ C. [5]

(c) Let f : C → C be the function defined by f(0) = 0 and
f(z) = z5/|z|4 elsewhere. By expressing f(x + iy) in the form
u(x, y) + iv(x, y), show that f satisfies the Cauchy Riemann
equations at z = 0 but is not differentiable there. [10]

[25]
3) (a) State Laurent’s Theorem.

[3]
(b) Compute the Laurent expansions of the function

f(z) =
1

(z + 1)2(z − 3)

in each of the following annular domains:

(i) {z ∈ C | 0 < |z| < 1}.

(ii) {z ∈ C | 1 < |z| < 3}.

(iii) {z ∈ C | |z| > 3}.

(You may use standard series expansions provided you state
clearly why they are valid) [12]

(c) Let f(z) = ez+1/z. You may assume that f(z) is holomorphic
except at z = 0. Let

∞
∑

n=−∞

cnz
n

be the Laurent expansion of f(z) around 0. Write down an
expression for the coefficient cn and deduce that

∫

2π

0

e2 cos t dt = 2π
∞

∑

n=0

1

(n!)2
.

[10]

[25]
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4) (a) State Cauchy’s Residue Theorem. [5]

(b) Determine the poles of

f(z) =
1

(z2 + 1)(z2 + 4)

and calculate the residues at these poles. [8]

(c) Show that
∫

∞

−∞

1

(x2 + 1)(x2 + 4)
dx =

π

6
.

[12]

[25]
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