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SECTION A

1. (a) Solve the quadratic equation

z2 − (8 + i)z + 18 + 4i = 0.

(3)

(b) Find the radius of convergence of the power series

∞∑
n=0

n!(3n)!

((2n)!)2
zn.

(5)

(c) Determine whether the set

A = {z ∈ C : Re(z) ≥ 0, Im(z) ≥ 0 and |z| < 1}

is open, closed or neither. (6)

(d) By using the Cauchy-Riemann equations, or otherwise, find a
function f holomorphic on C with

Re(f(x + iy)) = x cos x cosh y + y sin x sinh y.

(10)

(e) Prove that ∣∣∣∣∣
∫

γ

sin(z2)

z3
dz

∣∣∣∣∣ ≤ 2πe

where γ is the circle with centre 0 and radius 1. (6)

(f) Find the Laurent series expansion of the function

f(z) =
1

(z − 1)(z + 2)

valid for 1 < |z| < 2. (8)

(g) Let γa denote the circle with centre a and radius 1 traversed
anticlockwise. Compute ∫

γa

e−z

z2(z + 2)
dz

for (i) a = −2, (ii) a = 0 and (iii) a = 2. (12)

[50]
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SECTION B

2. Let

f(z) =
ez + 1

ez − 1
.

(a) Prove that every singularity of f is a simple pole, and find the
residue of f at each pole. (6)

(b) Consider the Laurent expansion of f at 0:

f(z) =
a

z
+

∞∑
n=0

bnz
n.

Prove that bn = 0 whenever n is even, and compute a, b1 and b3. (14)

(c) Evaluate
∫

γ
f(z) dz where γ is the circle with centre 0 and

radius 10, traversed anticlockwise. (5)

[25]
3. (a) Using the calculus of residues, evaluate the integral∫ ∞

−∞

dx

cosh x
.

(You may assume that | cosh(x + iy)|2 = sinh2 x + cos2 y for real
x and y.) (10)

(b) Evaluate the integral ∫ ∞
−∞

x sin x

x4 + 4
dx.

(15)

[25]
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4. (a) Let f be holomorphic on C. Assuming Cauchy’s integral formula
for the n-th derivative of f , prove Cauchy’s estimate:

|f (n)(a)| ≤ n!

rn
max{|f(z)| : |z − a| = r}.

(5)

(b) Let f be holomorphic on C. Prove that if

|f(z)| ≤ |z|2 + |z|3

for all z ∈ C then, f(z) = αz2 + βz3 where α and β are complex
constants. Moreover prove that |α| ≤ 1 and |β| ≤ 1. (13)

(c) How many zeros, counted with multiplicity, does the polynomial

z5 + z4 − 10z3 + 15z + 1

have in the annulus {z ∈ C : 1 < |z| < 2}. (7)

[25]
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