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1.

SECTION A
(a) Find all complex solutions of the equation
34 (6451)z+5—-5=0

given that z = 1 — 3 is one solution.

(b) Find the radius of convergence of the power series

S e-ien)t,

n=0 (n|)2

(c) By using the Cauchy-Riemann equations, or otherwise, find a
function f holomorphic on C with

Re(f(z +iy)) = z* + 2’y — 627" — xy® + ¢,

(d) Find the Laurent series expansion of the function

1

fz) = (z+1)(z+3)

which is valid in the annulus where 1 < |z| < 3.

(e) Let 7, denote the circle with centre a and radius 1/2. Compute

exp(2?)
Lo

for (i) a = —1, (ii) a = 0 and (iii) a = 1.

(f) How many zeros, counted with multiplicity, has the function
g(z) = 2* —62° =322 + 122 — 1

in the annulus {z € C: 1 < |z] < 3}7
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2. Let

3.

(a) Prove that every singularity of f is a pole, and find the order of

each pole.

SECTION B

f(2) = —

z(e* — 1)

(b) Consider the Laurent expansion of f at 0:

where N is the order of the pole of f at 0. Find all the b, for

—N <n<l1.

(c) Evaluate / f(2)dz where (i) v is the unit circle (with centre 0
v

and radius 1), and (ii) = is the circle with centre 3i and radius 4.

(a) Evaluate the integral

(b) Evaluate the integral

f) = 3 b
n=—N

5

o gz
——dx.
/0 2 +1 v

/00 rsinz
—00 (1‘2 + 1)2
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(a)

Let f be an entire function (a function holomorphic on all of C.)

Assuming Cauchy’s integral formula for the n-th derivative of f,
prove Cauchy’s estimate:

n!M
rn

[f™(a)] <

where M = max{|f(z)| : |z — a| = r}.
Deduce that if f is entire and

[F()] < Je] + |2
for all z € C, then there are o, 5 and v € C with
f(2) = az + B2* +v2°.

Moreover, prove that |a] <1, |5] <2 and |y| < 1. (15)

Let g(z) = exp((z + 27')/2). By computing ¢y in the Laurent
series

o= S e

m=—00

and performing a suitable contour integral, prove that

> 1

27
ostdt=2or Yy — .
I ™2 Wl
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