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SECTION A
1. (a) Find all complex solutions of the equation
2+ 5224+ (9—5i)z+ 10— 10i = 0

given that z = 2i is one solution. (6)

(b) Find the radius of convergence of the power series

= (24 0)"(n)?
2 L+in2n)”

n=0

(c) Let f be holomorphic and write

[z +iy) = uz,y) +iv(x,y).

Assuming the Cauchy-Riemann equations, prove that

f/ — % _ Z%
oxr Oy

Hence, or otherwise, find a function f holomorphic on {z € C :
z # 0} with

u(z,y) = rry

’y - .TZ + y2
and f(1) = 1. (12)
(d) Find the Laurent series expansion of the function
z
1= ey

which is valid on the annulus {z € C: 1 < |z| < 2}. (10)

e) Let v, denote the triangular contour with vertices —1 41, —1 — 1
f‘y
and a traversed in the anticlockwise direction. Compute

cos(mz)
/a CENCEE

for (i) a =0, (ii) @ = 2 and (iii) a = 4. (12)

(f) How many zeros, counted with multiplicity, has the function

f(Z) =% — 32’2013

on the disc {z € C: |2z| < 1}7? (6)
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2. Let

(a)
(b)

(c)

3. (a)

(b)

SECTION B

1

f(z):m-

Prove that every singularity of f is a pole. Find the order of each
pole of f and also the residue of f there. (])

Consider the Laurent expansion of f at 0:
flz)= > bp2"
n=—N

where N is the order of the pole of f at 0. Find all the b, for
—-N<n<2 (7)
Evaluate / f(2)dz where (i) v is the unit circle (with centre 0

o
and radius 1), and (ii) y is the circle with centre 5i and radius 6.  (10)

[25]
Evaluate the integral
% g?cosx
d
/—oo ($2 + 1)2 v
(10)
By integrating
1
J(z) = 23 cos(mz)
over the boundary Sy of the square with vertices at N(1 + i),
N(=1+1i), N(—1 —14) and N(1 — i), and letting N — oo, prove
that
S
—(2n+1)3 32
(You may assume, without proof, the identity
| cos(z + iy)|? = cos® z + sinh®y
valid for real z and y.) (15)
[25]
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4.

(a)

Let f be an entire function (a function holomorphic on all of C.)
Assuming Cauchy’s integral formula for the n-th derivative of f,

that is | 1)
(M) (q) = 1= / EAC) R
/) 2mi Jo (z — a)nt! N
where C' is a circle surrounding a, prove Cauchy’s estimate:

n!M

r’I’L

[f™(a)] <

where M = max{|f(2)|: |z —a| =r}.
Deduce that if f is entire and

f(2)] <1+ |27
for all z € C, then there are aq, a1, as and a3 € C with
f(2) = ag + arz + axz® + asz>.

Moreover, prove that |a;| < 19/10 and |as| < 1. (13)

Let U = {z € C: z # 0}. Assuming Laurent’s theorem, prove
that the only holomorphic functions on U satisfying f(2z) = f(z)
for all z € U are the constant functions. By giving its Laurent
expansion, or otherwise, prove that there is a nonzero holomorphic
function g on U satisfying

9(22) = V2zg(2).
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