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SECTION A

(a) Find the general solution of the following system of simultaneous

congruences:
IOx = 51 (mod 91),
{ 111x = 63 (mod 195).
(10)
(b) Prove that there infinitely many primes p satisfying p == 5 (mod 6).
(10)
(c) Calculate ep(1925) and find the least positive residue of 6509 mod-
ulo 1925.
(NB 1925 =52 x 7 x 11). (8)
(d) Find all solutions of the congruence
x> =21 (mod 169).
(10)
(e) Evaluate the following Legendre symbol
1066)
(2011
(4)
(f) Find four essentially distinct representations of 3445 =5x 13 x 53
as a sum of two squares of natural numbers.
(Recall that representations n = a? +b?> = ¢ +d?> where a, b, c,
dEN are essentially distinct unless a = cand b= d, or a = d
and b=¢c) )
[50J
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SECTION B

Define Euler's phi-function c¢p. Prove Euler's generalization of
Fermat's theorem, namely that if a is coprime to the natural
number n then

aPnm) =1 (mod n).

(You may assume this consequence of the Euclidean algorithm:
if m and n are coprime integers then there exist integers rand s
with rm +sn = 1))

Let n =pg, where p and g are distinct primes, and suppose that
r is a positive integer coprime to c¢p(n). Show that there is a
positive integer s such that

b=a" (mod n) implies a=>b (mod n)

for all a coprime to n. Prove that this implication also holds
when a is an integer divisible by p.

(You may assume the formula expressing <p(n) in terms of the
prime factorization of n.)

Let t be a positive integer with the property that 6t +1, 12t +1
and 18t + 1 are all prime. Prove that

m = (6t +1)(12t +1)(18t + 1)

is a Carmichael number, that is, a™-! = 1 (mod m) for all
integers a which are coprime to m.
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Let p be an odd prime. Euler's criterion for the Legendre symbol
states that

() =ap2  (modp).

Using Euler's criterion, prove Gauss's Lemma: this states that if
a is not divisible by p then

where r is the number of integers j in the interval (0,p/2) such
that aj is congruent modulop to an integer in the interval (p/2,p).

Using Gauss's Lemma prove that

~) ={ 1 ifp=4+1 (mod 12),
(p 1 ifp = %5 (mod 12).

Deduce that if q is a prime factor of 12m? - 1 then q = #1
(mod 12) and hence prove that there are infinitely many primes
g with g == £1 (mod 12).

Let 82 = {a®> +b%? :ab E Z} be the set of sums of two squares.
Prove that if me 8;and n E 8, then mn E 8,

Let p be a prime with p == 1 (mod 4) and u be a number with
u2 = -1 (mod p). By applying the pigeonhole principle to the
set

A ={(ab) :ab EZO:; ab <yili}
and the function (a, b) r-+ ua + b, prove that there are integers c
and d with p = ¢ +d2

Let 83 = {a®> +Db? +c?:ab, c E Z} be the set of sums of three
squares. Find m E 83 and n E 83 with mn {. 83. Prove that
4% 1 83 whenever k is a nonnegative integer and r == 7 (mod 8).
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