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Here’s a little problem I have been stuck on since about 2002 or 2003. I
would be most grateful for a proof, or indeed for any new ideas.

Let p be an odd prime and define k = 1
2
(p+1). Let Ap denote

the k-by-k-matrix with (i, j)-entry
(
j−i
p

)
(where

(
p

)
denotes the

Legendre symbol modulo p). Prove that if p ≡ 3 (mod 4) then
detAp = 1.

For example

A7 =


0 1 1 −1
−1 0 1 1
−1 −1 0 1

1 −1 −1 0

 .

The conjecture holds for all p < 1000. I also have a conjecture for p ≡ 1
(mod 4), but it is more complicated, involving both the fundamental unit
and class number of the quadratic field Q(

√
p). I also have conjectures for

variants of this construction obtained by changing the size of the matrix,
offsetting its entries and so on. For motivation see [1] and [2]. Also see [2]
for the few related determinants that I can evaluate. However the method
I used breaks down on the example above. Since these papers appeared, I
have made no progress on the problem save that I now have a slicker (but
equivalent) way of proving the results of [2]. Any help gratefully received!

Addendum Maxim Vsemirnov [3, 4] has proved these conjectures.
I have further conjectures on these matrices and variants. An an example,

consider the matrix k-by-k matrix Bp (with p an odd prime and k = 1
2
(p+1))

with (i, j)-entry
(
i+j−1

p

)
(1 ≤ i, j ≤ k). This is a real symmetric matrix, so

has a signature s(Bp) (the number of positive eigenvalues minus the number
of negative eigenvalues). My numerical evidence suggests: s(Bp) = −1 if
p ≡ 1 (mod 4), s(Bp) = 0 if p ≡ 7 (mod 8) and s(Bp) is twice the class
number of Q(

√
−p) if p ≡ 3 (mod 8).
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