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Abstract
We provide a new proof of two identities due to Bressoud:
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which can be considered as finite versions of the Rogers-Ramanujan
identities.

MSC2000 CLASSIFICATION: 05A19



In [1] Bressoud proves the following theorem, from which the Rogers-
Ramanujan identities follow on letting N — oo.

Theorem 1 For each integer N > 0,
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denotes a Gaussian binomial coefficient, where we adopt the standard g-series

notation: .
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We give an alternative proof of Theorem 1 by showing that the left and

right sides of (1) and (2) satisfy the same recurrence relations.
Define, for integers a and N > 0,
]
i

Lemma 1 For each integer N > 1 and each a we have
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Sa(N) = Sa(N - 1) + qN+aSa+1(N - ]-) (3)

and

Sa(N) = Sa-i—l(N - 1) + qa+1Sa+2(N - 1) (4)
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gives
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On the other hand, using the identity
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We now equate (3) and (4).
Lemma 2 For integers N > 0 and each a we have
Sa(N) + (VT — 1S, 1 (N) — ¢*T1S,15(N) = 0.
Proof Equating (3) and (4) gives
Su(N = 1)+ (¢ = 1)S, (N — 1) — "8, 0(N —1) =0
for N > 1. Replacing N by N + 1 gives
Sa(N) + (VT — 1S, 1 (N) — ¢*T1S,15(N) = 0.

We shall use the a = 0 case of Lemma 2 which is
So(N) + (¢"F = 1)S1(N) = ¢S5(N) = 0. ()
Clearly S,(0) =1 for all a. Also for N > 0, (3) gives
So(N) = So(N —1) +¢"Sy(N — 1) (6)
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and together with (5) gives

Sl(N) = 51<N — 1) + qN+152(N — 1)
= S{(N =1)4¢"V[So(N —1) + (¢¥ —1)Sy(N —1)]
= ¢"So(N =)+ (¢ —¢¥ + )Si(N - 1). (7)

Together with the initial conditions Sy(0) = 51(0) = 1, (6) and (7) completely
define So(N) and S1(NV) for N > 0.

We now gather some consequences of these recurrences which will be used
later.

Lemma 3 For N > 2 we have
So(N) = (1+¢*" ) So(N = 1) +¢" (1 — ¢")Su(N - 2). (8)

and for N > 1 we have

S1(N) = ¢"So(N) + (1 = ¢")Si(N —1). (9)
Proof First of all from (6) and (7) we have

S1(N) = ¢ So(N) = (1 = ¢")Si(N — 1)
and so for N > 2,

Si(N =1) = ¢"'Sy(N = 1) = (1 = ¢" )i (N - 1)

Hence by (6) again,

So(N) = So(N —1)+¢¥Si (N —1)
So(N = 1) + ¢V[g" " So(N = 1) + (1 — ¢V) Sy (N — 2)]
= (14+¢" SN =1) +¢¥ (1 —¢M)Si(N - 2)

and by also using (7),

Si(N) = ¢"So(N—-1)+ (1 —¢" +¢N)S (N -1)
= ¢"[So(N) = ¢VSi(N = D] + (1 = ¢" + ¢*¥)Si(N - 1)
¢V So(N) + (1 —¢")Si(N = 1).

O

The recurrences (8) and (9) with the initial conditions Sy (0) = S1(0) = 1,
So(1) = 1+ g define Sp(N) and S;(N) uniquely for N > 0.



Let
BV = S(-yrgromeoe [ 2N
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denote the sums appearing on the right sides of the identities in Theorem 1.
Setting = N + 2m in the definition of By(NV) gives
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This suggests the notation

AM kD) = Y qEr-mzey
2r=M+k (8)

so that
¢""°By(N) = A(2N,0,1/5) — A(2N,4,1/5).
Of course, A(M,k,b) = 0 if M + k is odd and A(M,k,b) depends only on
M, b and the congruence class of £k modulo 8. A similar computation yields
"B (N) = A(2N 42,2, -2/5) — A(2N + 2, -2, —-2/5).

We aim to show that By(N) and (1 — ¢V 1) By (N) satisfy the same system
of recurrences as So(N) and Sy (V).

Lemma 4 We have
A(M,k,b) = A(M,—k,—b)
for each M, k and b.

Proof Replacing r by M — r in the sum for A(M, k,b) yields
A(M, k, b) _ Z qg(M/erer)Z M :|

2M—2r=M+k (8)
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= A(M, —k, —b).
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We now wish to produce recurrences for the A(M, k,b).
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Lemma 5 We have

AM +1,k,b) = A(M, k —1,b+1/2) + ¢M/ZV0A(M k +1,b + 3/10)
and

AM +1,k,b) = A(M, k +1,b — 1/2) + g™ A(M k — 1,0 — 3/10)
for each M, k and b.

Proof Using the formula
M+1 M . [ M
=L [
T r—1 r

in the definition of A(M + 1,k,b) gives A(M + 1,k,b) = S; + S where

Sl _ Z qg(r M/2—7+b) { M }
2r=M-+k+1(8) r—1
_ Z q%(sfM/2+%+b)2 M}
2s=M+k—1(8) §
= AM,k—-1,b+1/2)
and
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Hence

A(M +1,k,b) = A(M, k —1,b+1/2) + g™V A(M & + 1,0 + 3/10).

Consequently, by Lemma 4 also

AM + 1,k b)
= A(M+1 —k, —b)
= AM,—k—1,—-b+1/2) + MV A(M, —k +1,—b+ 3/10)
(

= A M k;+ 1,b—1/2) 4 MV A(M k —1,b— 3/10).



It is convenient to note that replacing M by M — 1 in these identities
gives

A(M, k,b)
= AM —1,k—1,b+1/2) + M5 A(M — 1,k 4+ 1,b+ 3/10)
= AM —1,k+1,0—1/2) + ¢M? 25 A(M — 1,k — 1,b — 3/10).

Lemma 6 The sums Bo(N) and B1(N) obey the recurrences
By(N) = (1+¢*" 1) Bo(N = 1) + ¢" By (N - 2)
for N > 2 and
Bi(N) = (1 = ¢"™)Bi(N = 1) +¢" (1 = ¢" ") By(N)
for N > 1.
Proof We compute

A(2N,k,1/5)

A@2N — 1,k +1,-3/10) + ¢""YPAQN — 1,k — 1, -1/10)
= AN —2,k,1/5) 4+ ¢V 3PA@2N — 2,k +2,0)

+¢VTVPABRN — 2,k —2,2/5) + ¢*NTA2N — 2,k,1/5)
= 1+ "HARN —2,k,1/5) + ¢V 3PAQ2N — 2,k +2,0)

+¢VNTVSAQRN — 2,k —2,2/5).

In particular

A(2N,0,1/5) = (1+ ¢V HA(2N —2,0,1/5)
+ VTP ARN —2,2,0) + ¢V TVPA(RN —2,-2,2/5).

and

+ qN73/5A(2N — 2,6, 0) + qul/SA(QN - 2,2, 2/5)

+ ¢V PABRN —2,-2,0) + ¢V VPA(RN —2,2,2/5).
Noting that

A(2N —2,2,0) = A(2N —2,-2,0)

and

A(2N —2,2,2/5) = A(2N — 2, -2, -2/5)
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subtracting gives
¢/ By(N) = A(2N,0,1/5) — A(2N,4,1/5)
= 1+ H[ARN —2,0,1/5) — A2N —2,4,1/5)]
+ ¢V YA[A(2N —2,2,-2/5) — A(2N — 2, -2, —-2/5)]
_ (1 + q2N_1)q1/4OBo(N . 1) + qN—1/5q9/40B1(N . 2)

and so
By(N) = (1+¢* " )By(N — 1) + ¢"Bi(N —2).
Also
AN +2,k,—2/5)
= AN +1,k—1,1/10) + ¢"TTA(2N + 1,k + 1,-1/10)
= A(2N,k,—2/5) + ¢" VP AN,k —2,—1/5)
+ ¢ ARN, K, 2/5) + N TP ANk +2,1/5)
= A(2N,k,—2/5) + ¢" T A(2N, —k, —2/5)
+ ¢VTYPABRN, 2 — k,1/5) + VTP AN k4 2,1/5).
Consequently

By (N) = A(2N +2,2,-2/5) — (2N +2,—-2,-2/5)
= A(2N,2,-2/5) + ¢" T A(2N, -2 — 2/5)
— A(2N, -2, -2/5) — ¢ Tt A(2N, 2, —-2/5)
+ ¢NHUP[A(2N,0,1/5) — A(2N,4,1/5)]
+ ¢*NTO/5[A(2N,4,1/5) — A(2N,0,1/5)]
— (1 - qN+1>[q9/4OBl(N o 1) + qN+1/5q1/4OBO(N)]

and so
Bi(N) = (1= ¢""™)Bi(N —1) +¢" (1 = ¢"")By(N).
O

By Lemma 3 Sp(N) and (1 — ¢¥*1)S;(N) satisfy the same recurrences
as Bo(N) and By(N). Also Sp(0) = 1 = By(0), So(1) = 1+ ¢ = By(1)
and (1 —¢)51(0) = 1 —¢q = By(0). Consequently we deduce Theorem 1:
So(N) = By(N) and (1 — ¢V*1) S (N) = Bi(N).
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