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ABSTRACTABSTRACT
A A quasiquasi--geostrophicgeostrophic intermediate intermediate complexitycomplexity model of the model of the midmid--latitudelatitude atmosphericatmospheric circulationcirculation isis consideredconsidered, , featuringfeaturing simplifiedsimplified

baroclinicbaroclinic conversionconversion and and barotropicbarotropic convergenceconvergence processesprocesses. The model . The model undergoesundergoes baroclinicbaroclinic forcing forcing towardstowards a a givengiven latitudinallatitudinal

temperature temperature profileprofile controlledcontrolled byby the the forcedforced equatorequator--toto--polepole temperature temperature differencedifference TTEE., and ., and featuresfeatures thermalthermal diffusiondiffusion and and 

viscousviscous--likelike dissipationdissipation. As T. As TEE increasesincreases, a , a transitiontransition takestakes placeplace fromfrom a a stationarystationary regime regime -- HadleyHadley equilibriumequilibrium -- toto a a periodicperiodic

regime, and regime, and eventuallyeventually toto a a chaoticchaotic regime regime wherewhere evolutionevolution takestakes placeplace on a on a strangestrange attractorattractor. The . The dependencedependence of the of the attractorattractor

dimensiondimension, , metricmetric entropyentropy, and , and boundingbounding box volume in box volume in phasephase space space isis studiedstudied byby varyingvarying TTEE. . AllAll the the consideredconsidered propertiesproperties havehave

a a smoothsmooth dependencedependence on Ton TEE, , whichwhich resultsresults intointo power power lawlaw scalingscaling propertiesproperties. . TheseThese propertiesproperties are are coherentcoherent withwith the the chaoticchaotic

hypothesishypothesis proposedproposed byby GallavottiGallavotti and Cohen, and Cohen, whichwhich entailsentails anan effectiveeffective structuralstructural stabilitystability forfor the the attractorattractor of the system. of the system. AlsoAlso, , 

forfor the the statisticalstatistical propertiesproperties of global of global observablesobservables havinghaving physicalphysical relevancerelevance and and respondingresponding toto global global balancesbalances, , likelike the total the total 

energyenergy of the system and the of the system and the averagedaveraged zonalzonal windwind, , powerpower--lawlaw scalingsscalings withwith respectrespect toto TTEE are are detecteddetected. . IfIf verifiedverified asas beingbeing

generalgeneral enoughenough, , scalingscaling lawslaws couldcould bebe of of greatgreat help in help in settingsetting up a up a theorytheory forfor the the overalloverall statisticalstatistical propertiesproperties of the of the generalgeneral

circulationcirculation of the atmosphere and in of the atmosphere and in guidingguiding -- on a on a heuristicheuristic basisbasis –– bothboth data data analysisanalysis and and realisticrealistic simulationssimulations, , goinggoing beyondbeyond the the 

unsatisfactoryunsatisfactory meanmean fieldfield theoriestheories and brute force and brute force approachesapproaches. A . A leadingleading exampleexample forfor thisthis wouldwould bebe the the possibilitypossibility of of estimatingestimating

the the sensitivitysensitivity of the output of the system of the output of the system withwith respectrespect toto changeschanges in the in the parametersparameters..

INTRODUCTIONINTRODUCTION
HistoricallyHistorically, the , the problemproblem of of GeneralGeneral AtmosphericAtmospheric CirculationCirculation (GAC) (GAC) hashas beenbeen

essentiallyessentially approachedapproached in in termsterms of of analyzinganalyzing the the timetime--meanmean circulationcirculation, , interpretinginterpreting itit

asas a a fixedfixed pointpoint in the in the phasephase--spacespace, and , and tryingtrying toto parameterizeparameterize the the processesprocesses whichwhich

couldcould maintainmaintain itit stationarystationary. . SuchSuch viewview isis unsatisfactoryunsatisfactory forfor bothboth mathematicalmathematical and and 

physicalphysical reasonsreasons..

•• In In dynamicaldynamical systemssystems, , the the stabilitystability propertiesproperties of the of the time time meanmean state state saysay nothingnothing

aboutabout the the propertiesproperties of the full of the full nonlinearnonlinear systemsystem. . ItIt isis impossibleimpossible toto create a create a selfself--

consistentconsistent theorytheory of the of the timetime--meanmean circulationcirculation relyingrelying onlyonly on the on the timetime--meanmean fieldsfields. . 

•• ItIt isis impossibleimpossible toto applyapply the the fluctuationfluctuation--dissipationdissipation theoremtheorem forfor a a chaoticchaotic

dissipative system dissipative system suchsuch asas the the climateclimate system. system. ItIt isis thenthen impossibleimpossible toto parameterizeparameterize

correctlycorrectly a a ClimateClimate ChangeChange theorytheory, due , due toto the the nonnon--equivalenceequivalence betweenbetween the the externalexternal

and and internalinternal fluctuationsfluctuations. . InternalInternal and and externalexternal flcutuationsflcutuations are are notnot equivalentequivalent, , 

becausebecause internalinternal fluctuationsfluctuations occuroccur alongalong the the unstableunstable manifoldmanifold and the and the externalexternal

fluctuationsfluctuations movemove the system out of the the system out of the attractorattractor withwith probabilityprobability 1.1.

•• The The adoptionadoption of of modelsmodels of of everever increasingincreasing resolutionresolution willwill notnot necessarilynecessarily leadlead toto the the 

final final understandingunderstanding of the GAC (a of the GAC (a sortsort of of brute force brute force approachapproach), ), sincesince in the in the limitlimit of of 

infinite infinite resolutionresolution forfor anyany numericalnumerical model of model of fluidfluid flow the flow the numericalnumerical convergenceconvergence toto the the 

statisticalstatistical propertiesproperties of the of the realreal fluidfluid isis notnot guaranteedguaranteed..

OurOur work work focusesfocuses on the on the followingfollowing questionquestion: : whatwhat maymay come come nextnext and and whatwhat can can wewe

do do forfor settingsetting up a up a new new theorytheory of the GACof the GAC? ? WhichWhich statisticalstatistical propertiesproperties maymay bebe

relevantrelevant? ? WeWe are are movingmoving alongalong the the lineslines of of LorenzLorenz in the in the constructionconstruction of of minimal minimal 

climateclimate modelsmodels aimedaimed at a basic at a basic understandingunderstanding of the of the fullyfully nonlinearnonlinear physicalphysical

mechanismsmechanisms and and mathematicalmathematical propertiesproperties of the of the realreal system. system. WeWe are are searchingsearching forfor a a 

paradigmaticparadigmatic frameworkframework forfor future future researchresearch..

HADLEY EQUILIBRIUM, BIFURCATIONS, CHAOSHADLEY EQUILIBRIUM, BIFURCATIONS, CHAOS
We take as numerical laboratory a quasi-geostrophic (QG) model of intermediate 

complexity for the mid-latitudes atmospheric circulation. The number of variables is

between 48 and 384. The model is vertically discretized into two layers, which is the 
minimum for baroclinic conversion to take place, and latitudinally discretized by a 

Fourier half-sine pseudo-spectral expansion up to order JT. We have used JT = 8, 16, 

32, 64, yielding a hierarchy of QG models having increasing phase space dimension. 

These models are almost-linear: the eddy field is truncated to one wavenumber in the 

longitudinal (zonal) direction, so that the evolution equation of the waves is linear in 

terms of the time-varying zonal flow. This provides a dynamical meaning for the 

separation between zonal and eddy flow, where the zonal wind acts effectively as an

integrator.

φφφφ barotropic component; ττττ baroclinic component

JT components in y

1 wave in x, Lx=2ππππ/χχχχ

Number of unstable modes of the Hadley equilibrium Statistics of the average Total Energy vs TETransition to Chaos vs TE– Poincarè sections

CONCLUSIONSCONCLUSIONS
• The smoothness of the parametric dependence of the system properties with

respect to changes to the forcing parameter is a matter worth exploring. ThisThis

coherentcoherent withwith the the chaoticchaotic hypothesishypothesis proposedproposed byby GallavottiGallavotti and Cohen, and Cohen, whichwhich

entailsentails anan effectiveeffective structuralstructural stabilitystability forfor the the attractorattractor of the systemof the system..

• Provided generality applies, the scaling properties could be of great help in 

setting up a theory for the statistical properties of the GAC. A leading example

would be the estimation of the sensitivity to of a system. 
• A promising physical framework for the analysis of the GAC is to assume that

the wave-wave interaction is mediated by the zonal flow, which acts as an

integrator. Since in the chaotic regime the evolution of the wave components of the 

fields is determined by the random matrices associated to the zonal flow, a sort of 

bulk climate theory for the atmospheric disturbances could be constructed

determining the statistical properties of such random matrices as a function of the 

variability of the zonal flow. 

The model undergoes baroclinic forcing towards a given latitudinal temperature profile controlled by the 

forced equator-to-pole temperature difference TE, and features thermal diffusion and viscous-like

dissipation. As TE increases, a transition takes place from a stationary regime - Hadley equilibrium - to a 

periodic regime, and eventually to a chaotic regime with a strange attractor. The route to the strange
attractor involves a Hopf bifurcation of the Hadley equilibrium (baroclinic instability), a finite number

of periodic doublings, followed by quasi-periodic breakdown of the invariant torus.

In the chaotic regime, the 1st Lyapunov exponent λ1, the predictability time tp = 1/λ1, the metric
entropy h, the Lyapunov dimension DL, the bounding box Volume VBB are computed for various TE.

• λ1 increases sublinearly with TE. If TE>14, tp<10 (~12 days). In the range TE ≥12, tp∝∝∝∝(TE-Tcrit
E)γ, with

γ ranging around [-0.85,-0.8]. The metric entropy has a linear dependence with respect to TE. The 

larger TE, the larger the number of active D.O.F., and the faster the forgetting of the initial condition.

• It is possible to distinguish three characteristic regimes in the behavior of the function DL(TE): 

1. For small values of TE, DL∝∝∝∝(TE-Tcrit
E)γ, with γ ranging between [0.5,0.7] 

2. For larger values of TE a linear scaling regime of DL is found, with a linear coefficient ~1.2. 

3. For TE larger than a JT-depending threshold, DL increase sublinearly with TE.

• The volume of the bounding box VBB increases with TE. Two sharply distinct and well defined power-

law regimes exist: VBB∝∝∝∝(TE-Tcrit
E)γ. In the lower range (TE-Tcrit

E )<1.5, γ ~ 2XJT, for larger values of TE

we have that γ ~ 5XJT. This is 1/3 and 5/6 of the total number of degrees of freedom.

• The physical observables total energy ETOT and wind fields <U> and <m> also obey power laws:

1. ETOT∝∝∝∝(TE-Tcrit
E)γ, with γ ~ 1.9 for (TE-Tcrit

E)<1.5 and γ ~ 1.52 for higher values of TE

2. <U>=<m> ∝∝∝∝(TE-Tcrit
E)γ, with γ ~ 0.875 for (TE-Tcrit

E)<1.5 and γ ~ 0.58 for higher values of TE

3. Even if a sort of baroclinic adjustment is in action, the system is not kept near marginal stability

TTEE=8.516=8.516 TTEE=8.520=8.520 TTEE=8.521=8.521

TTEE=8.522=8.522 TTEE=8.58=8.58

TE=10

EQUATIONS OF THE MODELEQUATIONS OF THE MODEL

Volume of the Bounding Box VBB of the attractor as a function of TE for JT=8, 16, 32, 64.

Lyapunov dimension DL of the attractor as a function TE  for JT=8, 16, 32, 64.

Maximal Lyapunov exp. λ1 predictability time tp metric entropy h    
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