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Abstract

We consider two-dimensional long wave low frequency motion in a pre-stressed layer com-
posed of Neo-Hookean material. Specifically, the pre-stress is a simple shear deformation.
Derivation of the dispersion relation associated with traction-free boundary conditions is
briefly reviewed. Appropriate approximations are established for the two associated long
wave modes. From these approximations it is clear that there may be either two, one or no
real long wave limiting phase speeds. These approximations are also used to establish the
relative asymptotic orders of the displacement components and pressure increment. Using
these relative orders to motivate the introduction of appropriate a scales, an asymptotically
consistent model long wave low frequency motion is established. It is shown that in the
presence of shear there is neither bending nor extension, or analogues of their previously
established pre-stressed counterparts. In fact, both the in-plane and normal displacement
components have the same asymptotic orders and the derived governing equation is of vector
form.

1 Introduction

The problem of long wave low frequency motion in a pre-stressed elastic layer composed of incom-
pressible neo-Hookean material and subject to a simple shear primary deformation is considered.
Shear-type deformations may occur in a number of geo-physical systems, for example in the Earth’s
crust, see Gessner et al. (2007). In addition to that movements over long time scales may cause
shear-type deformations, see Ide et al. (2007). Wave propagation in homogeneously pre-stressed
plates has been discussed in detail by a number of authors, see for example Ogden and Roxburg
(1991) and Rogerson (1997) in respect of incompressible elastic plates, Nolde et al. (2004) for
compressible elastic plates, Rogerson (1998) and Y.Fu (2005) for anisotropic plates. Connor and
Ogden (1996) seemingly first derived the dispersion relation for a layer with an initial simple shear
deformation, showing that additional complexity arises because no principal axis is normal to layer.

In the present study we derive long wave low frequency approximation of the dispersion relation
and use these to establish the asymptotic orders of displacements and pressure, enabling the
derivation of an asymptotically consistent model for long wave low frequency motion. This is done
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through the use of asymptotic integration techniques established by Kaplunov et al. (1998), in the
linear isotropic elastic context and by Kaplunov et al. (2002) in the pre-stressed case. A novel
feature of the model derived is the matrix representation of governing equation. This arises because
a consequence of the simple shear deformation is that both the in-plane and normal displacement
components are the same asymptotic order. No analogues of classical bending or extension, such as
were derived in Kaplunov et al. (1998), are therefore possible for this type of primary deformation.

2 Governing equations

In this section we present the basic equations associated with small amplitude time dependent
motions superimposed upon a primary simple shear deformation in the incompressible layer of
Neo-Hookean material. The position vector of a representative particle is denoted by X4 in the
initial unstressed isotropic configuration B,, by z;(X4) in a pre-stressed equilibrium state B, and
by %;(X4,t) in the final time-dependent configuration By, these being related through

Ti(Xa,t) = xi(Xa) + wilz;, 1), (2.1)
with u;(x;,t) the small time-dependent displacement. A strain-energy is assumed in the form
W = g ()\12 -+ )\22 -+ )\32 - 3) — p()\l)\g)\g - 1), (22)

where \; are principal stretches, p a hydro-static pressure and g a material constant. We consider
two-dimensional motion, with us = 0, u; and uy independent of x3, and A3 = 1. The simple shear
primary deformation we are concerned with may be defined by

T = X1 + EXQ, To = XQ, T3 = X3. (23)
The equations of motion may be represented in the component form
Bjilkuk,jl — Pti = P, (2-4)

with B the elasticity tensor, p; the pressure increment and p the material density. A complicating
feature of this primary deformation is that no principal axis is normal to the faces of the plate. The
natural coordinates of the layer (z1,z5), parallel and normal to layer faces, and Eulerian (z/, z})
coordinate, the principal axes of deformation, are connected via the following relations

, o
x=Rx, ¥ =RTx, x— ($1) X = (90/1> CR= (C?SQ sin 9) . (2.5)
Z9 xh sinf  cos#

With origin on its upper face, the layer occupies the domain —oco < x1 < 0o, —h < x5 < 0. In the
incompressible two dimensional case, simple shear is one parameter deformation, with A\; = A and
Ao = A~L. It may further be shown that

1 A
cot =\, sinf = ——, cos = ——. 2.6
VA2 +1 A2 +1 ( )



The equations of motion, relative to the natural coordinate system of the layer, are given by
- )\21%,1 — Ap2 — PA%iiy — pMiy + p ()\4 + )\Z(P -1+ 1) (w111 + u211)
+ ,u/\ ()\2(]9 — 2) + 2) (U1’12 + UJQJQ) + ,U/)\QULQQ + ,U)\ (1 + p) U220 = 0,
Npia — Npia 4+ pAPiiy — pAPiip — p (/\4 +X(p—-1)+ 1) (U111 + ug,11)
+ ,u/\ ()\2(]9 - 2) + 2) (U1’12 + u2712) _ LL)\2U1722 + ,u)\3 (1 + p) U220 = 0, (27)

where the connection uA?p = u — 09\?, with oy the normal principal Cauchy stress, is noted. The
two dimensional incompressibility condition takes the following form

Uy,1 + U2 = 0. (28)
Solutions of the three governing equations are then sought in the form
(uy, 12, ;) = (Uy, Uy, kP)eFw2eihvi=e1) (2.9)

withe k& the wave number, v the phase speed and ¢ a parameter determined from the governing
equations. From (2.7), (2.8) and (2.9) we obtain an equation for ¢, previously derived by Connor
and Ogden (1996), given by

2

q4—26q3+(2+62—@)q2—26q+1—|—62—f)20, o= (2.10)
]
Equation (2.10) may be factorized, yielding the four roots
G =i, ¢=—i, @s=¢+ik, =€c—ir, K- =1—7. (2.11)
Also from (2.7) and (2.8), we are able to establish that U; = qU, and P = P(q)Us, where
P(q) = _#(vqs 20N =12+ (A = A=+ 1)g). (2.12)

The incremental traction components, associated with the layer faces, are given by
Ti = Britk Wk iMm + PoUm, i — Pe1;. (2.13)

It is possible to derive from (2.13) forms for the two traction components presented in the natural
coordinate system, namely

A+
T = (T)(M()‘z()‘z — Dugy + >\2U1,2 + (N (p+ 1) — Dug1 + A(p + Dugs) — Apy),
¥+ 2 _ 2 2 _
Ty = )\ (u(()\ 1)U171 )\U,l,g + ()\ (p + 1))“271 + )\ (p + 1)11,2,2) )\pt) (214)

From (2.9), solutions for two displacement components, incremental pressure and traction compo-
nents may now be expressed as the following linear combinations

4 4 4 4 4
Uy = qu'g(i)> Uy = Zg(i)7 D= kZ P(Qz‘)g(i), n=C Z f(qi)é"(i), T =C ZQ(Qi>g(i)’
=1 =1 i=1 i=1 i=1

(2.15)
with & = A;etka®2 A, A,y Az, Ay, C constants, P(q) given by (2.12) and where use of (2.9), (2.12)
and (2.14) enables f(q) and g(q) to be represented as

f(Q):q3+(—)\—1-2)\_1)(]24—(1+)\_2+p_@)q+)\—1_>\_p)\’
Q(Q):Q3+(—2)\+>\_1)q2+(1+)\2+p—@)q—)\+)\_1+§. (2.16)



3 The dispersion relation

In order to derive a dispersion relation we specify the traction free boundary conditions
7'1:7'2:0 on .’EQZO,—h. (31)

We now introduce the small non-dimensional parameter 7, the ratio of a layer thickness h to typical
wave length [, so n = h/l = kh. Using (2.16, (2.11) and (2.10), the dispersion relation associated
with the traction free boundary conditions (3.1) takes the form

(qO (P — #2)* + qor® (qo + 2p)° + 482 (p* — K2) (g0 + 2p)> sinh (1)) sinh (1 %)

+2K (pqo +p? 4+ /<o2)2 (cos (ne€) — cosh (n) cosh (nk)) =0,
Qo =1+¢+r" (3.2)

Shown in Figure (1) is the numerical solution of dispersion relation (3.2). This problem was first
investigated by Connor and Ogden (1996), who presented a number of numerical solutions.
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Figure 1: Numerical solution of dispersion relation for a Neo-Hookean material , showing dimen-
sionless frequency w (vertical axis) against scaled wave number n (horizontal axis) cases (a), and
dimensional squared wave speed 0 (vertical axis) against scaled wave number n (horizontal azis)
cases (b) for parameters e=3 p=1

4 Long-wave low-frequency approximations of the disper-
sion relation

To derive long-wave low frequency approximations for the dimensionless squared wave speed v,
we expand all the functions involving the small parameter 7 in (3.2) as series up to and including
O(n*), resulting in a dispersion relation in the following form

D = DO 4+ *D@ 4+ DWW + O(n"). (4.1)
The leading order approximation, D = 0, provides the following two limits

0 =1-p2 =422 (4.2)
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It is now possible to establish that the second order term D provides

X 1 ; 1
0 = SE@ o+ 1 0 =@ 1)), (4.3)

Approximations for the two fundamental modes may be expressed as

~

by = 00 + 0?0 + 'l + O(n°), (4.4)

within which @7(,?), m = 1,2,n = 0,2 are given in equations (4.2) and (4.3), respectively and for
brevity the result for n = 4 is omitted. Comparison of approximate and numerical solutions is
shown to provide excellent agreement over a surprisingly large wave number range, see Figure 2.
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Figure 2: Comparison of numerical and asymptotic results for the fundamental modes, showing
0 (vertical axis) against n (horizontal axis) for Neo-Hookean material: (a) e=0 p=2 (one fundamen-
tal mode), (b) e=2 p=1 (two fundamental modes). Dotted curves show third order approximations,
dashed curves second order and unbroken curves numerical results.

5 Relative asymptotic orders of displacements and pres-
sure

We now wish to establish the relative orders of the displacement components and incremental
pressure within the long wave low frequency regime. We first introduce the notation { = x5/h,
and then use (2.15), together with the boundary condition (3.1), to establish connections between
the constants A;, Ay, A3 and A4. Then it is possible to establish the relative asymptotic orders of
Ay, Ay, A3 and A4 in terms of one parameter, U and obtain the relative orders of uy, us and Pt
yielding

Case 1: 9 = @§0) =1-p%

ur = eMi(e,p)Un+O0(n?), uy = Mj(e,p)Un+O(n*), M}(0,p) #0, M;(0,p) #0,

Case 2: (0 = @éo) =+ 2p+2,

ur = Mi(e,p)Un+O(n?), uy = eMj(e,p)Un+O(n*), M;(0,p) #0, M;0,p) #0. (5.1)



We remark that the exponential function e*#1="%) has been incorporated into the definition of U.

We therefore conclude that u; and us have the same asymptotic orders. The order of hydrostatic
pressure may similarly be established and shown to be of the same form for both two cases

pe =kQ(e,p)Un+ O(n*), Q(0,p) # 0. (5.2)

For both associated fundamental modes, the coefficients M}, M3, M3 M2 Q are algebraically
complex and is therefore not written explicitly here. Therefore we conclude that both displacements
components ui, us and hydrostatic pressure p; have the same asymptotic orders. Also we note
that if ¢ = 0, the relative asymptotic orders of displacements and pressure components agree with
previously obtained classical results by Kaplunov et al. (2002).

6 An asymptotically consistent model for long wave low
frequency motion

Motivated by the asymptotic orders established in (5.1) and (5.2), we introduce non-dimensional
displacement components and incremental pressure defined through
up = luy, wus =luy, pr= up;, (6.1)

where * indicates quantities of the same asymptotic order. Appropriate scales for spatial and time
variables are similarly introduced, taking the forms

=16 s = InC, tZZ\/gT, (6.2)

with [ a typical wavelength. We now substitute (6.1) and (6.2) into (2.7), re-casting the governing
equations in terms of non-dimensional variables, leading to two equations of the motion in the
form

e +emt+eyg =0, cn*+ein+cy =0, (6.3)

within which

o= ~Nuje— P+ D) Nz, g =Nujee— (p+1) NVuz e,

aq=A2=2+p)N)uie — A (2N = (2-p)) ui g + i\,

cf =\ (2)\2 — (2 +p)) Uy e — A (2 —(2 _p))‘Z) Uy g +p:4)‘3

ey =— N =N H 1) ufee +pre X + N0l o+ Nus = AN (p— 1)+ 1+ M) uf ¢,

== AN =N+ 1) e —pi A = Nul + N0+ (V-1 + 1+ M) uj,  (64)

with the scaled form of the incompressibility condition being
uyen+us e =0. (6.5)

The corresponding forms of the traction free boundary conditions are obtained through a combi-
nation of (2.14, (6.1) and (6.2), leading to

th=tn+ty=0, to=tn+ti=0, ¢=0,-1, (6.6)
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within which

t(lJ =-A(1+p) Uz,g - /\ZUT,Q t% = )‘ui,g (p+1) )‘2U2 O
tH=—\ ()\2 — 1) uig — ()xz(p +1) - 1) u;s + \p;,
2= (N —1)uly — A(A2 = (1+p)) ube + N2} (6.7)

The solutions of equations (6.3) subject to boundary conditions (6.6) are now to be sought in the
series form

u17u2>pt Z ul 7“2 7pt 77 +O( m—i—l) (68)
=0

leading to a hierarchical system of equations at various orders.

6.1 Leading order problem

At leading order, the equations of motion and incompressibility condition are given by
0 0 0 0 0
— 2l — (p+D)u) =0, ull — (p+ D)yl =0, ull=0, (6.9)
with the associated leading order boundary conditions given by

—(1+p) uéog )\ug?z =0, ugog —(p+1) )

=0, at (=0,-1. (6.10)

Equations (6.9), in conjunction with the boundary conditions (6.10), dictate that the solutions

(0) (0)

uy and uy - take the following forms

ugo) = UOO¢ 1), ug)) = VOO (¢ 1), (6.11)

indicating that they are both independent of the normal variable (. At this stage, it is not possible
to derive governing equations for U9 (¢, 7) and V0 (¢, 7). This will require considering higher
order problems. We remark that throughout functions denoted by capitals, and involving the
double superscripts, are independent of (. Moreover, within the two indices of superscript the first
indicates the asymptotic order, with the second denoting the degree of zeta.

6.2 Second order problem

To establish second order problem we substitute general solution (6.8) with m = 1 into equations
(6.3) subject to boundary conditions (6.6) and consider orders O(n) in expansion on small 7. We
remark that at the stage of second order problem the solution of leading order problem (6.11) pro-
vides the orders O(1) being identically zero. Therefore at the second order problem the equations
of motion are the following

A%QC Alp+1) uglg< =AN(2-p) + 2)\2)u§0§C + (2= X(p 2))u§0§)< + Apg?g,
0 0
Ml = N1+ p)ulle = 2+ X2(p — 2)ul% + AN — (p +2))ubd — XNp,
ul} +ull = 0. (6.12)



Finally at second order problem the traction zero boundary conditions are the following
)\2U8€)~+)\(p+1)UQ<1 :)\p,go)—l—)\( )\2) U15 ( )\2(p+1)) ugg, ¢(=0,-1;
Al =X+ 1)l = =X 4+ (1= A DA (N = (p+ 1), (=0,-1.  (6.13)

From the incompressibility condition (6.12); taking into account solution of the leading order
problem (6.11) we obtain the following representation of second displacement component

us) = —¢cuPV(e, )+ ULV (e, 7). (6.14)

If we substitute (6.14) into (6.12); and (6.12); we get the homogeneous system of two equation

and two unknowns ug 24, pgog As determinant of this system is not equal to zero the only possible

solutions for two variables are the trivial ones, therefore
w! =UPEnCH U E ), nY =RV ET). (6.15)

The unknown functions Ul(l’l) (&,7) and P ({ ,7) can are determined from boundary conditions
(6.13) taking into account leading order solution (6.11). Therefore solutions of second order prob-
lem are the following

A = (A4 7Y o 0,0) éo’o)p}f FUOY W _U7(§O,O)C + U,
pf)z——@4—Dlﬁm)+(A—-XJ)Vng (6.16)
We note that the new functions U (¢, 7), UV (€, 7) and also leading order functions U©9), 17(00)

in (6.16) remain undefined at the second order problem, to obtain them we have to switch to the
higher order problems.

6.3 Third order problem

To establish third order problem we substitute general solution (6.8) with m = 2 into equations
(6.3) subject to boundary conditions (6.6) and consider orders O(n?) in expansion on small 1. We
remark that at the stage of third order problem the solutions of leading (6.11) and second order
problems (6.16) provide the orders O(1), O(n) being identically zero respectively. Therefore at the
third order problem the equations of motion are the following

PQ2+A%p+DuQ¢:MV@+Jy—Q*+Umﬁ{+(A“+V—1)Q§

+ X2 ((2—p) — 2)\2)u§€)< + A2 - N (p — 2))u§1§4 + >\2pM + /\QuQ’TT + )\3u1 P /\3p§?§),

N (14 p)ubl — Nl = (02(p — 1) + A+ Dl + A=A+ 22 = Dull

+ AN (2 —p) — 2)u§1§C + X (p+2- 2)\2)u§§< )\Zul art Agué?ZT — )xzpt’g + A3p§}2,

ull +uf) = 0. (6.17)

Finally at third order problem the traction zero boundary conditions are the following

=X D) (=0
ul A (p+1-N)uy, ¢=0,-1.  (6.18)

A2 A (p 4+ 1) ug) = A + A (1= 22) uf
=AU N (p D ugy = N+ (W - 1)



From third order incompressibility condition (6.17)3, taking into account solutions of leading order
problem (6.11) and second order problem (6.16) we obtain the following representation of second
displacement component

u = (A=A UL + pVe)2 — Ul + U, (6.19)

Based on (6.11), (6.16) and (6.19) we represent in third order problem the first displacement
component and incremental pressure component in the following form

ug2) _ U1(2’2)<2 + Ul(l,Z)C + U1(0,2)
p = P+ POV, (6.20)

Substituting representations (6.19)-(6.20) into traction components (6.18) we obtain system of four
equations. From the two equations corresponding to boundary conditions ( = 0 we determine the
following unknown functions Pt(o’l), U1(1’2)

Pt(o,l) — ( )U(O,l) ()\ o )\7 ) U(O 1

26
U = (~a+ 2 ) U%Y - Uy, (6.21)
and from the other two equations corresg)ondlng to boundary conditions ¢ = —1 we determine the
(1,1)
following unknown functions P, U1
PV = (A=A pULY +pp+ 1) VLY
U = (p+ X =2+ 22 ULY + (A= A7) pv &2, (6.22)

we remark that to determine the unknown functions Ul(0,2), U2(0’2) in (6.20) and (6.19) we have to
consider higher order problems.
Hence the solutions of third order problem are the following

D=+ N =242 UL+ (A= AT VNI (A AT U = Uy + U
2>:{(A—x ) UL + pV N2 — o) + U™,
iV = {(A =2 UL +p(p+ VLN - o+ 1) USY + (A=A USY (6.23)

We note that the unknown function U (0.1) U2(0’1) can be determined at fourth order problem and

the unknown functions Ul0 ) 7U2(0 ?) can be determined at firth order problem.
If we substitute solution of third order problem (6.23) into (6.17); and (6.17)2 we obtain the
governing equations to define U and V(00

)\BUT(Q,O) + )\2‘/(0,0) Y (/\2 4 1) (p+ 1)U(0,O) ( 2)\2 4 )\2(>\2 —1)p— 1) V(o 0) _ 0,
— AU £ A3V 122 (A2 4 1) (p+ DULY + A (0PN + (1= N)p = M) VIV =0, (6.24)
The above equations (6.24); and (6.24), can be written in a matrix representation as the following

92 (0,0) 92 (0,0) B (\-1)(1+p)
a2 Uoo +D— Uoo =0,D = 22(p+1) A : (6.25)
or2 \V©0 a¢2 \v(©0 (A-1)1+p)  A2(14p)-Ai-1

) )

We remark that the eigenvalues of D may be shown to be the squared phase speed limit (4.2),
confirming asymptotic consistency of the established model.
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