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Motivation

Motivation

@ Further understand influence of pre-stress on dispersion
and stability;

© Geo-physical applications of shear deformation.

[§ S.Ide, G.C. Beroza, D.R. Shelly, T. Uchide, "A scaling law for
slow earthquakes", NATURE, 447 (7140): 76-79 (2007);

[ P.M. Sheridan, F. O. James and T. S. Miller, Design of
components, in A.N. Gent, Engineering with rubber, 209-235,
Munich, Hanser (1992).
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Pre-stress

Small superimposed time-dependent motion

Xi(Xa, t) = xi(Xa) + ui(x;, t).
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Figure: Configurations of a pre-stressed body.
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Pre-stress

Simple shear primary deformation

X1 = X1+ eXa, X2 =Xz, X3 = Xs.
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Figure: The simple shear deformation
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Pre-stress

Axes of deformation and natural axes

20 = tan™! <2> )
€

M=cotd=)\ M=tanfd=X1" A\g=1.

’ A X2

0 X1

Figure: The angle 6 between Eulerian coordinates (x;, x,) and natural
coordinate system of the layer (x1, X2)

PhD in Applied Mathematics, supervisor: Prof G.A.Rogerson BSc, MSc, Svetlana Amirova, PhD student, Keele Univeristy, UK



Dynamic models

Main features of models

@ Propagation of 2D waves in an incompressible elastic layer
subject to primary simple shear deformation;
@ Wave length considerably exceeds the layer thickness=
long wave with small parameter scaled wave number ;
@ Long wave low and high frequency regimes ;
e Long-wave low-frequency n — 0 and wave speed is finite
v — const.

e Long-wave high-frequency n — 0 and finite frequency
Q — const.
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Dynamic models

Equations of motion in layer axes
for neo-Hookean material

Neo-Hookean strain energy function
W= %(A? + 224+ 22— 3) — p(Ardads — 1).
Equations of motion
— XDt — APro — pA2Un — pAlz + (A + X3 (p— 1) + 1) (ur 11 + U, 11)
+ 1A (N2 (P — 2) + 2) (Ut 12 + Uz 12) + pXU1 22 + pA (14 p) Uz 22 = 0.

Nprt — Nprz + pA2i — pA3ily — pn (A + X3(p— 1) + 1) (ur,11 + Uz 11)

+ u)\ ()\Z(p — 2) + 2) (U1712 + U2’12) — ,u)\2U1,22 + /L)\s (1 + ,D) Uz o0 = 0.
Incompressibility condition

U1+ U2 =0.
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Dynamic models

Harmonic wave solutions

Seek solutions of the form
(U1 5 U27 pf) = (U1 ) U23 kP)eiquZ eik(Vt*X1).
Equation for q

q4—26q3+(2+€2—\7)q2—26q+1+€2—\7:0, V=—.
Solutions for g
Q=i Q=—i, G=c+in, Q=c—in, K¥=1-V
Solutions for uy, Us, ps, 71 @and

4 4 4
ikqi — ikqi _ ikqi
=Y qAe e =Y A€M p=k> P(q)Ae
i= i—

i=1

4 4
1 =C» f(g)Ae"™, m=C)" g(g)Ae .

i=1 i=1

PhD in Applied Mathematics, supervisor: Prof G.A.Rogerson BSc, MSc, Svetlana Amirova, PhD student, Keele Univeristy, UK



Dynamic models

Benefits of asymptotically consistent dynamic models

Motivation to construct dynamic models

@ Analytical solutions of displacement and incremental
pressure components considering several asymptotic
orders of the problem;

@ One equation can be used instead of system of PDE to
describe 2D motion.

Asymptotic methodology

@ J.D.Kaplunov, L.Yu.Kossovich and E.V.Nolde, Dynamics of thin
walled elastic bodies, Academic Press, (1998);
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Dynamic models

Long wave low frequency motion in a layer with free faces
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Dynamic models

Dispersion relation
Dispersion relation
(qo (P - n2)2 +aor? (a0 +2p)° + 4% (pF — k%) (90 + 2p)) sinh () sinh (1 &)

2
+ 2k (pqo + p2 + n2> (cos (n €) — cosh (n) cosh (n k)) =0,

q0:1+62+)€2, n = kh.

Numerical solution withe =2, p = 0.5
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Dynamic models

Long wave low frequency approximations and
asymptotic orders

Wave speed for two fundamental modes
Mode 1: v —v(0)+n v +O( =

— P+ (e+(p+1))p2+0(“)
Mode 2: vz = v}¥ + ?v{? + O(n*) =

2
€ +2p+2—ﬁ(6 +(p+1)3) + O(n*).

Scalings for long wave low frequency non-dimensional governing
equations

uy = Uz = p,

U = IU‘T7 U = IU57 Pt = :u’pt7 X1 = Ié-, Xo = I77C7 t= /\/ET
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Dynamic models

Analytical solutions for displacements and incremental
pressure

Form of solution

(OB

m
m+1
(“T'ugvpt*):z:(lﬁ > Up™s Py )-

'+ O(n

Leading order problem

Second order problem

W) = f(=x+ A1) 00O V00ppc L YO, D g0 4 0,
A = o U2 ¢ (33 VO,
Third order problem
uP ={(p+23®—2+272) U” + (A= 27") vV} &2
—1) (©,1) (0,1) (0,2)
+{ (=2 A7) U — U Dp} ¢+ U,

2) _ —1} 40,0) (0,0 .2 0.1 | (0.2
uf _{(A—A )UEE +pVie }g — U + U,

O ={(A =2 U 4o+ VLY = o+ 1)U+ (A = 27T U0,

ks

PhD in Applied Mathematics, supervisor: Prof G.A.Rogerson BSc, MSc, Svetlana Amirova, PhD



Dynamic models

Governing equation

to define U(%-%) and V(%9 and hence determine asymptotic solutions
for Uy, Uz, Pt

92 (U©0) 92 (U000
ﬁ (V(O’O)) + DTCZ (V(O’O)> = O
where the matrix D given by

(»2=1)(1+p)

D_ —2(p+1) 5
(X=1)(14+p)  A2(14p)— At 1
A )

Eigenvalues of D give leading order long wave phase speed limits
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Dynamic models

Long wave high frequency motion in a layer with fixed faces
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Dynamic models

The dispersion relation

The dispersion relation
2 (cosh (n) cosh (1 k) — cos (n€)) — (1 + € + x?) sinh () sinh (n k) = 0,
k=+v1-v.

Numerical solution of the dispersion relation with e = 3,p = 2
indicates no fundamental modes
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Dynamic models

Long wave high frequency approximations and
asymptotic orders

Two families of cut-off frequencies

Q
Qq = 2kn, tan(A)=A where A= ?2

Long wave high frequency third order approximations
Q=094+ a®p2 1 oWyt L omb), i=1,2
Relative asymptotic orders of displacements and pressure
first family of cut-off frequencies
—1
up=ul, w=muy, p=n_pT,
’ * * x -1 « 1 P P
scalings uy =luy, Up=Inuy, pr=ppin  =pprn , X =15 Xp=Imn¢ t= ,n\/,T =)=,
Iz Iz
second family of cut-off frequencies

-2
up=uf, u=mnuy, p=mn p*.

scalings uy = Wy, wp=Inus, pr=ppin i=upin 2, X =lE, xp=nC, IZ/U\/§T=/W
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Dynamic models

Phenomenon of negative group velocity in dispersive
curves

Numerical analysis: negative group velocity in the vicinity of cut-off
frequencies for harmonics with even index

2n\'x—/ .
(e) ()

Analytical explanation: gradients in the vicinity of cut-off frequencies

(2)__1+262 (2)_1+662
= %2 T o
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Dynamic models

Analytical solutions for displacement components and
incremental pressure- part 1

Cut-off frequencies 2k, main parameter in model long wave amplitude Uﬁg‘o), general solution of order m

r
Wi us o) =3 (W™, ™, p™y™ 4 o™,
m=0
(0,0) U(OYO)

u.
Leading order problem: UEO) = U1( )sm(QC) uéo) = % cos(Q¢) — %,

(01) (0,1)

Second order problem: usn (0 R cos(Q¢) + Uy sin(Q¢) + U(1 ”( sin(Q¢) + vy,

ug) = U cos(a¢) + Uél’”(cos(ﬂ() + vém)c + v2 N, pp) = P,( R P[( De,

2¢
Third order problem:
u® = U9 cos(a¢) + UL sin(c) + UL ¢ cos(¢) + u(‘ 2)¢sin(q) + u(2 2)< sin(¢) + V02 1 W3¢,
ug ) — U( ’ )cos(Qc) + U 0,2 sin(QC) + U<1’2 ¢ cos(Q¢) + U Csm(ﬂg) C cos(¢)
+,,2(012) C+V(22)( p§2):p( )+P <+p )C
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Dynamic models

Analytical solutions for displacement components and
incremental pressure- part 2

Cut-off frequencies tan(A) = A A= 72 , main parameter in model pressure increment P{(O’O)

PCOcos(¢) POYsina¢) PO
+

Leading order problem: u{®) = — 1€ + £ 1, s
9 P 1 Q2 20 Q2
(0,0) (0,0) (0,0) (0,0)
WO = Frée @9 Feesn@9)  Pée  Pieel o poo
2 202 Q3 202 Q2 P = T

01)

Second order problem: u( ) = U(0 R cos(Q¢) + Uy sin(Q¢) + Uﬁl‘”( cos(nc) + U gsm(Q() + v )

(1) _ 0,1) (0,1)
uy = Uy cos(QC) + U25
Third order problem:

Vsin(¢) + U ¢ cos(¢) + UL V¢ sinae) + v + v“ e, pM = PO (e, 7y,

u® = U0 cos(a¢) + U sin(c) + UL ¢ cos(¢) + UL P ¢ sinac)

+ U2 cos(ac) + U 2 sinac) + v0P 4 TP ¢ 4 B2,

0,2)

ué ) — Uéc" )cos(Qc) + U( sin(Q¢) + 1 2)( cos(Q¢) + U(1’2 ¢ sin(Q¢)

+ UZA) ¢ cos(ac) + U 2 sin(@c) + v0P + v D¢ 4 PR PR B,

p? = PP 4 pT c+P22)<

PhD in Applied Mathematics, supervisor: Prof G.A.Rogerson BSc, MSc, Svetlana Amirova, PhD student, Keele Univeris



Dynamic models

Governing equations

1D governing equations aim to describe 2D motion

Cut-off frequencies 2k :

2 52(0,0)
ph® 0°Ujg

242x% —322)\ 52y0.0
+4k27r2U§2’°) Ty ( ( ) ) s _

A2y 0212 A2 9252 '
elliptic type:

) (2+22% —322)
Be' = ~———(—— >0

! 2

Cut-off frequencies tan(A) = A A = > :

2 52 p(0,0) 4 — 2) 52p(0,0)
i B LS L K Y
X2~ 822 t 322 92x2

hyperbolic type:

® (6)\4+6—11>\2)
B =y >0

both coincide with previous results provided: A =1,a =8 =~.

PhD in Applied Mathematics, supervisor: Prof G.A.Rogers: BSc, MSc, Svetlana Amirova, PhD st Keele Univeristy,



Summary

Summary

@ Equations of motions were obtained;

@ Dispersion relations was derived and analyzed for different
boundary value problems;

@ Relative asymptotic orders of displacements and incremental
pressure was established to construct dynamic model;

@ Simplified dynamic model was presented for long wave low
frequency 2D motion in a layer with free faces;

@ 1D dynamic model can was presented for long wave high
frequency 2D motion ;

@ Analytical solutions for displacement components and
incremental pressure were obtained till third order;

Phenomenon of negative group velocity was investigated.
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Summary

Conferences and summer school

conferences
@ CanCNSM (2008) Canada: 3rd Canadian Conference on Nonlinear Solid Mechanics;
@ BAMC (2008) Manchester, UK : British applied mathematics colloquium;
@ Euromech Colloquium 481 (2007) UK : Edge and surface waves ;
@ BAMC (2006) Keele, UK : British applied mathematics colloquium;
@ CISM advanced course (2006): Waves in non-linear pre-stressed materials.
papers

@ S. R. Amirova and G. A. Rogerson, The influence of simple shear deformation on long-wave motion in a
pre-stressed incompressible elastic layer, JOMMS, 3, 831-851 (2008).

@ G. A. Rogerson and S. R. Amirova, Long wave dispersion in a neo-Hookean layer subject to simple shear,

3rd Canadian Conference on Nonlinear Solid Mechanics, CanCNSM, 85-92, University of Toronto, Ontario,
Canada (2008).
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