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Abstract

Nowadays rubber-like materials are popular in modern technology including various engineer-
ing and biomedical applications. This interest is partially motivated by their important ability
to undergo finite primary deformations, leading to a pre-stressed state. Guided by experimen-
tal studies, theories of non-linear elasticity are being proposed to model dynamic response of
such materials under large external loads. To simplify algebraically complicated analysis, lower-
dimensional theories with minimal number of essential parameters can be effectively employed.

It is possible to extend static theories, such as Kirchhoff-Love theory of shells and the re-
fined Timoshenko-Reissner theory to various dynamic problems. However in doing so additional
approximations needs to be taken into account. In comparison to only long wave limits of funda-
mental mode in static case in dynamic case one have to consider long wave low frequency, long
wave high frequency and short wave high frequency spectrum.

This thesis has two main purposes each of which aim to elucidate the dynamic response of
incompressible elastic layer subject to primary simple shear deformation considering free, fixed,
and fixed-free face boundary conditions. The first goal is to provide an asymptotic analysis
of associated dispersion relations. The second aim is to construct appropriate asymptotically
consistent models. Accordingly, Chapter 1 is devoted to the basic equations which governs
small time dependent motion superimposed on large simple shear deformation. The associated
dispersion relations are derived and analyzed in Chapters 2-3 considering traction free, zero
displacement and mixed boundary value problems. In Chapters 4-6 an appropriate asymptotic
dynamic models for long wave motion are obtained and shown to be asymptotically consistent

with analysis of exact dispersion relations.
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Introduction

Elastic materials are extensively used in modern technology due to their important ability to
undergo finite strain deformations, see for example Hirst (1969) and Sheridan et al. (1992) in
respect of applications in bridges and earthquake protection devices, respectively. In addition,
due to recent extensive investigations in biomechanics we mention studies in respect to biological
tissues, see for example Beatty (1987), Ogden et al. (2005), Gasser et al. (2006) and Holzapfel and
Ogden (2006). Motivated by practical applications, the theory of elastic materials subject to large
deformations was first proposed in the early 1940’s. The initial studies on this subject were made
in respect of incompressible materials which do not change volume during deformation. The main
principle in such models is the simplifying incompressibility constraint, see for example Chad-
wick (1999). As an illustration of the analysis, which became possible with an assumption of
the incompressibility constraint, we cite Scott (1986). The initial theoretical investigations of
incompressible materials were supported by experimental studies, see for example Rivlin and
Saunders (1951) and Treloar (1975). This thesis is focused on incompressible elastic materials
subject to primary finite simple shear deformations. The simple shear deformation commonly
occurs in geo-mechanics, see for example Gessner et al. (2007) and Ide et al. (2007). In addition,
we mention several applications of shear type deformations in bio-mechanics, see Hard and Toll
(2008), Furness et al. (1997) and Manoussaki et al. (2006). In respect of theoretical modelling
we remark that finite shear in various types of materials was extensively studied by Boulander
and Hayes (2000, 2002, 2004, 2007).

We proceed with an explanation of the term pre-stressed body, which is used to analyze the
behavior of an elastic body under primary finite deformation to indicate the presence of stress
for example prior to wave propagation. There is an appropriate non-linear theory, see Green
and Adkins (1960) and Green and Zerna (1954), which leads to complicated non-linear equations
of elasticity. The approach to simplify the analysis of materials under large initial stress is a

decomposition into a large static deformation and superimposed incremental motion. By this
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means, linearized equations of motion are derived by expanding the stress as a Taylor series
about the initial deformed state. The static theory of incremental deformations superimposed
on finite strains was apparently first developed by Green et al. (1952). The linearized theory
of incremental motion, superimposed on a large elastic deformation, can be applied to the main
problem in this thesis, the propagation of waves in a incompressible elastic layer subject to a
primary simple shear deformation.

The problem of wave propagation in elastic half spaces and plates goes back to the study of
surface waves by Lord Rayleigh (1885). In more recent studies, the influence of pre-stress on sur-
face wave propagation was investigated by Dowaikh and Ogden (1990) for the two-dimensional
problem. In addition, surface waves in pre-stressed materials under finite simple shear deforma-
tion were investigated by Connor and Ogden (1995) and Destrade and Ogden (2005).

We remark that there is no dispersion associated with surface wave propagation in elastic me-
dia. The initial studies on the propagation of dispersive waves were performed by Lord Rayleigh
(1889) and Lamb (1917), who derived the dispersion relation for wave propagation in a plate
composed of linear isotropic elastic material. Generally, dispersion is a property of certain types
of media. It can also arise due to the presence of a length scale and indicates that phase speed
depends on wave number. The relationship between phase speed and wave number, referred to as
the dispersion relation or frequency equation, can be obtained by satisfying the equations of mo-
tion and boundary conditions. Normally, the dispersion relation is a complicated transcendental
equation which has an infinite number of solution branches or modes. For practical applications
it is often assumed that only the fundamental modes are significant, see for example Manoussaki
et al. (2006). However, studies by Rogerson (1992), Kaplunov and Markushevich (1993) show
that for the certain types of problems the higher modes are important. Historically, Lamb (1917)
was the first to analyze the higher order modes, identifying the cut-off frequencies, the Lame
modes and other properties of the high frequency spectrum. A complete analysis of spectrum of
the Rayleigh-Lamb equations was first presented by Mindlin (1960).

A theory has been developed to describe infinitesimal time-dependent wave propagation,
superimposed upon a large static primary deformation, see for example Ogden (1984). The
initial studies were proposed in respect of dispersion in pre-stressed incompressible materials
by Biot (1965) and Willson (1977). There are also several papers investigating the question of
stability in pre-stressed elastic structures, see for example Roxburg and Ogden (1994), Fu and

Ogden (1999), Triantafyllidis and Abeyarante (1983) and Connor and Ogden (1996). Plane waves
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in a pre-stressed elastic plate were studied in detail by Ogden and Roxburgh (1993).

Depending on the type of large static deformation, the complexity of the equations required
to describe wave propagation in pre-stressed materials is different. The asymptotic analysis of
the two-dimensional dispersion relation for wave propagation in an incompressible and slightly
compressible plate subject to primary plain strain was performed in the studies by Rogerson and
Fu (1995), Rogerson (1997), Sandiford and Rogerson (2000). These investigations were general-
ized by Pichugin and Rogerson (2001, 2002) to the three dimensional problem. We remark that
in these studies the dispersion relation allows decomposition into symmetric and anti-symmetric
components. This feature allows simplification of the analysis of the appropriate problems. How-
ever this is not always the case. For example in the studies by Connor and Ogden (1995, 1996)
the equations to describe wave propagation in an incompressible elastic layer subject to simple
shear deformation were derived. These equations lead to the corresponding dispersion relation
which cannot be decoupled into symmetric and anti-symmetric parts. The long wave asymptotic
analysis of the associated dispersion relation has been performed by Amirova and Rogerson (2008)
and forms the basis of Chapter 2 of this thesis. We remark that in the paper by Destrade and
Ogden (2005) some additional information about the characteristic equation and the propagation
of surface waves in a half space subject to simple shear deformation have been obtained.

The dispersion relation is dependent on the type of boundary conditions. In addition to classi-
cal traction free boundary condition, wave propagation in an incompressible and a nearly incom-
pressible layer with fixed faces was investigated by Nolde and Rogerson (2002) and Kaplunov and
Nolde (2002). This problem was motivated by practical applications in geo-mechanics, see Liang
et al. (1993). The various effects of dispersion in a pre-stressed compressible elastic plate has been
studies by Nolde et al. (2004) in respect to traction free boundary conditions, and Prikazchikova
(2004) for some non-classical boundary conditions. The case of mixed boundary conditions was
investigated by Fu (2007) and Connor and Ogden (1996). The above papers indicate that in case
of the layer with one fixed and one free face boundary condition the corresponding dispersion re-
lation cannot be decomposed into symmetric and anti-symmetric parts. Additionally we remark
that a layer with fixed faces can be used to model coal seams, these usually being surrounded by
much stiffer rocks, see for example Liang et al. (1993).

To elucidate the dynamic response of thin structures, lower dimensional theories, with minimal
essential parameters have been shown to provide significant simplification. In the static case, there

are widely used lower-dimensional structural theories, such as the Kirchhoff theory of plates, the
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Kirchhoff-Love theory of shells and the refined Timoshenko-Reissner theories, see Lord Rayleigh
(1877), Love (1927), Timoshenko (1938) and Reissner (1944). Such theories are based on physical
hypothesis and do not readily provide an approach for refining to higher order.

An analysis of equations of elasticity, and the associated method of asymptotic integration
utilized to derive an asymptotically consistent dynamic theories are presented in a detailed mono-
graph by Kaplunov et al. (1998). It was shown that long wave low frequency, long wave high
frequency and short wave high frequency theories are needed to fully describe the dynamic behav-
ior of an elastic body, in comparison to only the long wave low frequency limit in the static case.
Some lower dimensional asymptotically consistent models for the two-dimensional motion were
derived for an incompressible elastic plate subject to primary homogeneous strain with traction
free faces, see Kaplunov (2000, 2002). These models were generalized to the three dimensional
case by Pichugin and Rogerson (2001, 2002). Asymptotically consistent models were also de-
rived for an incompressible transversely isotropic elastic plate, see Kossovitch (2002, 2006). The
purpose of this thesis is to extend such asymptotic models in order to elucidate the dynamic
behavior of an incompressible elastic layer subject to a primary simple shear deformation.

This thesis has the following structure. In Chapter 1 we summarize the basic equations of
nonlinear elasticity. The body is assumed to possess a natural isotropic state and has been
subjected to a large primary static deformation, leading to a finitely deformed equilibrium state.
An infinitesimal time-dependent motion is then superimposed upon the pre-stressed state. In
order to elucidate the dynamic response we obtain the linearized three dimensional equation
of motion by expanding the stress tensor as a Taylor series about the equilibrium state and
introducing a measure of incremental surface traction. In this thesis we restrict our attention
to the two dimensional problem and specify a simple shear as the primary static deformation.
An important feature of this deformation is that no principal axis is normal to the faces of the
layer, with the Lagrangean and FEulerian axes non-coincident. We remark that in respect of wave
propagation in a layer subject to such a primary simple shear deformation, lack of symmetry
exists and there is to no analogue of symmetric or anti-symmetric motion. In addition, we
impose the strong ellipticity condition in order to ensure that the phase speeds of all associated
body waves are real in every direction.

In this thesis we consider three types of boundary conditions for an incompressible elastic
layer: free faces, fixed faces, and one fixed and one free face. The free faces boundary conditions

are widely used while the latter two may be regarded as non-classical. We seek solutions of all
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three boundary value problems in the form of a travelling wave which results in the corresponding
dispersion relation. This relation is then analyzed both numerically and asymptotically. Where
possible, we perform the analysis in respect of the most general strain-energy function. However,
we remark that in the case of a neo-Hookean strain-energy function the linearized equations of
motion, together with the incremental traction components, can be significantly simplified. We
use this illustrative simplified model to highlight the main features and perform a highly trans-
parent analysis. In addition, we employ a Varga strain energy function to model incompressible
rubber-like elastic materials subjected to a simple shear deformation. In this case we produce
illustrative numerical results which demonstrate good agreement between analytical approxima-
tions and numerical results.

Chapter 2 is devoted to the analysis of two dimensional long wave motion in an incompressible
elastic layer subject to a primary simple shear deformation in respect of the free face boundary
value problem. Considering traction free boundary conditions, the dispersion relation is first
derived for the most general incompressible strain energy function and then simplified to a spe-
cific class of strain energy functions. A numerical analysis of the dispersion relation reveals that
dependent on the amount of shear and pre-stress there may be non, one or two long wave limits
of the fundamental modes. Motivated by the numerical investigation, an asymptotic analysis of
the dispersion relation is performed for both long wave low and long wave high frequency motion.
The resulting analytical approximations give phase speed and frequency as explicit function of
wave and mode number. Good agreement between numerical and asymptotic solutions over a
relatively large wave number regime is illustrated. The relative asymptotic orders of the dis-
placement components and incremental pressure are established and used to provide appropriate
asymptotic scalings for the long wave asymptotic models to be derived in the later chapters of
the thesis. In respect of the high frequency motion, it is shown that the incremental pressure
is asymptotically leading and the in-plane displacement component asymptotically larger than
its normal counterpart. For the low frequency motion, the incremental pressure, in-plane and
normal displacement components all have the same asymptotic orders. The paper by Amirova
and Rogerson (2008) is based on the material in Chapter 2.

In Chapter 3 we consider wave propagation in a layer with some non-classical boundary
conditions. Specifically, the fixed faces boundary value problem and one fixed one free face
boundary value problem are examined. A numerical analysis demonstrates that in the long wave

limit there is no low frequency motion for both types of boundary condition. After a numerical
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investigation we proceed to an asymptotic analysis of the corresponding dispersion relations. It is
shown that for the two considered boundary value problems there is no analogue of symmetric or
anti-symmetric motion. The dispersion relations are first derived in respect of the most general
incompressible strain-energy function and then represented in simplified forms for a specific class
of materials. Taking the scaled wave number as a small parameter, asymptotic expansions are
derived for motion in the vicinity of cut-off frequencies and provide frequency as an explicit
function of wave and mode number for both problems. We conclude Chapter 3 by establishing
the relative asymptotic orders of the displacement components and incremental pressure. It is
shown that for both boundary value problems the incremental pressure is asymptotically leading,
with the in-plane displacement component larger than its normal counterpart.

In Chapter 4 we derive a simplified asymptotic model for two-dimensional long wave low
frequency motion in an sheared pre-stressed incompressible elastic layer with traction free faces.
The cases of the most general strain-energy function and a neo-Hookean strain-energy function are
considered. Non-dimensional equations of motion, incompressibility condition and incremental
traction components lead to the hierarchial systems of traction free boundary value problems at
various orders. We take into consideration the first three asymptotic orders both for the general
and neo-Hookean material and employ asymptotic integration to derive analytical solutions of
the asymptotic boundary value problems. The presence of pre-stress in the form of simple shear
yields no analogue of symmetric and anti-symmetric motion and leads to a novel type of one
dimensional vector governing equation, which is obtained only at third order. We remark that
the governing equations may be used to confirm the existence of two fundamental modes and
illustrate the asymptotic consistency of the derived simplified dynamic model for both the general
and neo-Hookean material models. Based on work outlined in Chapter 4, is the paper by Rogerson
and Amirova (2008).

In Chapters 5 and 6 we derive a one-dimensional asymptotically consistent model for the two-
dimensional long wave high frequency motion, i.e. motion in the vicinity of the cut-off frequencies.
To simplify the analysis and highlight the main features of the model we focus attention on the
motion in a layer composed of the neo-Hookean material. In Chapter 5 we consider free faces
boundary conditions whereas in Chapter 6 we examine some non-classical boundary conditions.
The asymptotic methodology is similar to the long wave low frequency analysis. However, direct
asymptotic integration is performed in the vicinity of the cut-off frequencies. Again, three orders

of the problem are set up and investigated. The one-dimensional governing equation is derived
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only at the stage of the third order problem in all the considered boundary values problems: free
faces, fixed faces, one free one fixed faces. In addition, in each of these cases the governing equa-
tion was shown to be hyperbolic or elliptic depending on the amount of shear and mode number.
To conclude, we demonstrate that the obtained governing equations can be employed to illustrate
consistency of the derived simplified dynamic models with the asymptotic approximations of the

corresponding dispersion relations.



Chapter 1

Basic equations

In this chapter we summarize the basic equations of nonlinear elasticity, relevant to this thesis.
We examine the problem of harmonic wave propagation in an incompressible elastic layer of finite
thickness, infinite lateral extent and which is subjected to a primary large static deformation. An
infinitesimal time-dependent motion is then superimposed on this large static deformation. To
begin with we derive the equations of infinitesimal time-dependent motion, superimposed upon
a large static primary deformation and consider their linearized form in the general three dimen-
sional case. Then we restrict our attention to the case in which static deformation is a simple
shear, analyze its features and emphasize the fact that no principal axis is normal to the incre-
mentally traction free faces of the plate. After that the connection is established between what we
will refer to as the natural coordinate system of the layer (coincident with its natural axes) and
Eulerian coordinate system formed by the principal axes of the simple shear deformation. In this
thesis we restrict our attention to a two dimensional problem. For the propagation of harmonic
planes wave the strong ellipticity condition is imposed to ensure physically realistic response.
Linearized equations of two dimensional motion superimposed on the primary simple shear de-
formation and associated linearized incompressibility condition are initially established within
the Eulerian coordinates and then transferred into the natural coordinates of the layer. Then the
travelling harmonic wave propagating along the longitudinal direction of the layer is considered
as the solution of homogeneous system of two linearized equations of motion. In addition, we
take into account the linearized incompressibility condition to derive the characteristic equation
and obtain a representation for the incremental pressure component. An appropriate linearized
measure of incremental surface traction is introduced and representations for the components

of incremental traction associated with the upper and lower faces of the layer are obtained in
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the natural coordinates of the layer. Finally, we consider neo-Hookean and Varga strain-energy
functions to model incompressible rubber-like elastic materials subjected to a simple shear de-
formation. These material models will be used for numerical calculations and comparison of
numerical and asymptotic results thought the thesis. We remark that in case of the neo-Hookean
material model linearized equations of motion together with incremental traction components

can be significantly simplified.

1.1 Equations of incremental motion

In this section, we summarize relevant equations from the theory of infinitesimal time-dependent
motion, superimposed upon a large static primary deformation, more details can be found in
books on continuum mechanics, see for example Ogden (1984).

We shall consider a homogeneous body B, composed of isotropic elastic material which pos-
sesses an initial unstressed configuration By. A purely homogeneous static deformation is imposed
upon By, to produce a finitely deformed equilibrium configuration B., which we will use as our
reference configuration. Finally, an infinitesimal time-dependent motion is superimposed on B,
with the resulting configuration termed the current and denoted by B;. The deformation gradi-
ents associated with the deformations By — B., B — By and By — B; are given in component
form by

_ O, . 0% ox; =

Fm = Aav Fzm: ) E = :Fz'mme 1.1
A 8XA 8xm A aXA A ( )

where the tensor F,4 is constant. We use an over-bar and an over-tilde to denote quantities
associated with the equilibrium and the current configurations.

The position vector of a representative particle is denoted by X 4 in the initial unstressed
isotropic configuration By, by x;(X4) in a pre-stressed equilibrium state B, and by ;(X4,t)
in the final time-dependent configuration By, see Figure 1.1. These position vectors are related
through

Ti(Xa,t) = 2;(Xa) + ui(xj, 1), (1.2)

where u;(xj,t) denotes the infinitesimal time-dependent super-imposed motion associated with
the secondary deformation B, — B;. Such motions are usually referred to as infinitesimal, with
all the second and higher terms in the displacement gradient neglected within the expansions used
to establish the governing equations. In this thesis, we will specifically consider two-dimensional

infinitesimal motions, with ug = 0, u; and wue independent of x3. However, initially we will
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Figure 1.1: Configurations of a pre-stressed body.

establish the full three-dimensional equations. With the help of equations (1.1) and (1.2), it is

possible to show that components of deformation gradients F' and F are related by

EA = (5zm + ui,m)FmAy (13)

where the comma indicates differentiation with respect to the implied spatial coordinate compo-
nent in B, and 9;; is the Kronecker delta.

We now consider an elastic body composed of incompressible material. This constraint indi-
cates that such materials are only able to undergo isochoric deformations. The requirement of

incompressibility may be shown to imply
J—1=0, J=detF, (1.4)

throughout every possible material deformation, for details see for example Chadwick (1999,
p. 90) or Ogden (1984, p. 199). In order to accommodate this constraint, we introduce a strain-
energy function in the form

W(F,p)=Wy(F) —p(J-1). (1.5)

The first term on the right hand side of (1.5) generates the constitutive part of the stress, which
is determined by the deformation. The second term generates a workless reaction stress and

is constrained to be zero throughout every possible material deformation. The scalar p, usually
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interpreted as a hydro-static pressure, plays the role of a Lagrange multiplier and must ultimately
be chosen to satisfy the equations of motion and boundary conditions. We note that the pressure
p may be decomposed into a static pressure in B., denoted by p, and a small time dependent
increment, denoted by p¢, thus
P =D+ Dpt (1.6)
We shall outline the derivation of the equations of time-dependent infinitesimal incremen-
tal motion by taking into account the conservation of the linear momentum, see for exam-
ple Spencer (1980, p. 97). In the absence of a body forces, these equations may be represented

as

within which S = S(F, p) is the nominal stress tensor, p is the material density and a dot denotes
differentiation with respect to time. Equations (1.7) are evaluated in the natural configuration
By. If we consider B, as the reference configuration the equations of motion are better represented

in the form

9
O0xm

where F}, 4 is the constant deformation gradient tensor associated with the deformation By — B,

(FmaSai) = pii, (1.8)

see equation (1.1).
We expand the nominal stress S as a Taylor series around the finitely deformed state B, and

then obtain the following expansion

5 NCAYY ~
Sai = Sai + (Fyp — FkB)ﬁ +(p—p)
Be

0S4
Op B.

(1.9)

Taking into account the relations (1.3) and (1.6), the formal definition of the concept of small

amplitude motion around B, may be given by
|Fip — Frp| = |uk Fig| < 1, p—p|=Ip| <1, (1.10)

see for example Ogden (1984, p. 328). The constitutive equations for a finitely deformed incom-
pressible elastic body may be written in terms of the nominal stress and strain-energy function

as
oW awg
- 0Fa  OF

Equations (1.11) may now be employed to calculate the required derivatives of the components

S i —pJF L. (1.11)

of nominal stress in the expansion (1.9), yielding

S 4i -1 S 4i 82W0 —1p-1 —1p-1
2 — _JF7. = —pJ (Fn Fy — Fa  F . 1.12
8]9 Ai > OF.p OF.p OF; 4 p ( Bk~ Ai Bi Ak:) ( )
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Now the expansion (1.9) may be substituted into the equations of motion (1.8), which together

with (1.12) gives, in component form, the linearized equations of motion as

Btk Uk im — Pti = pli , (1.13)

where B is the fourth order elasticity tensor, for which the components are defined by

0*Wy

Bmilk = FmAFlB m .
3 Be

(1.14)

The equations of motion (1.13) must be considered in conjunction with the linearized incom-

pressibility condition, which may be shown to be
Ui = 0, (1.15)

see for example Spencer (1980, p. 93).

For an isotropic elastic body B, the components of the elasticity tensor B allow especially sim-
ple representation relative to axes coincident with the principal axes of the primary deformation.
The only non-zero components of B then have the form B;;;;, B;ji; or Bijji, 4,j = 1,2,3, and

these may be given in terms of the principal stretches \,,, m = 1, 2,3, of the static deformation

as
0*Wy
Biijj = Aidj oy oy
7 TONON;
A2 oWy oWy
L i —Aj , L E G, N F A,
_ A%—A§< N Jaw) iEE NEA
Bigis = 1 oWy .
3 Biiii_Biijj‘i‘)\iia)\i , PE T, A=A,
oW, .,
Bijji = Bijij — )\iaT? iF 7, (1.16)

within which no summation over repeated suffices is assumed, see Ogden (1984, p. 412).

1.2 Features of the simple shear deformation

1.2.1 The simple shear deformation

In this section we analyze the simple shear deformation. Let (X, X2, X3) and (z1,z2,23) be
Cartesian coordinates corresponding to the position vector X in the reference configuration and
the position vector x in a pre-stressed equilibrium configuration. The simple shear deformation
is defined by

1= X1 +eXo, wzy=Xo, x3=X3, (1.17)
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where € is called the amount of shear, see Figure 1.2.
Relative to the basis vectors e, es and es, where the deformation gradient tensor F may be

written as

F=1+c¢ce;®es. (118)

Here the notation e; ® ey denotes the dyadic product of e; and es, the vectors e; and ey are
orthogonal unit vectors, which together with unit vector ez forms an orthonormal basis. The
vector ey is said to define the direction of shear and the planes orthogonal to e; and e3 are called

the glide plane and the plane of the shear, respectively.

€9
Az
tan1e
x
1 e
0

Figure 1.2: The simple shear deformation.

According to the polar decomposition theorem, see Ogden (1984, p. 92), there exist unique,
symmetric, positive definite right and left stretch tensors U and V, and unique proper orthogonal

rotation tensor R, such that the deformation gradient tensor F may be expressed as
F =RU = VR. (1.19)

For the deformation gradient tensor associated with the simple shear deformation (1.17), the

matrix of components of F is given by

F=1|0 1 of. (1.20)
001
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Using the polar decomposition theorem (1.19) for the deformation gradient F we are able to form

the following tensor measures of deformation
C=FTF, B=FFT, (1.21)

where C and B referred to the right and left Cauchy-Green deformation tensors, respectively.

The tensors C and B can be represented in terms of the basis vectors ey, es, e3, yielding

C=ei®e+(l+e)ers@ers+e3@es+e(e; e+ es@e),

B=(1+€)e ®e +es®ey+e3Qes+ele; @es+ex@er). (1.22)

Taking into account (1.22), the components of the tensors C and B may be represented in matrix

form through

1 € 0 14+€¢2 € 0
C=lc 14¢ 0|, B= € 1 0]- (1.23)
0 0 1 0 01

The spectral decomposition theorem, see Ogden (1984, p. 27), establishes that V and U may
be written as

3 3
U= Z)\iui@)ui, V= Z)\l’V,L'@VZ', (124)
i=1 i=1
where \; are the principal stretches of deformation, u; are the principal axes of U and v; are

the principal axes of V. The simple shear deformation rotates the principal axes of U into those
of V through a certain angle 1, such a rotation can be described by a rotation tensor R. The
principal axes of U and V are usually referred to as the Lagrangean and Eulerian principal azes,
respectively.

From the polar decomposition theorem (1.19) it follows that
C=FTF=0U? B=FFT=V2 (1.25)

The relations (1.24) indicate that the principal stretches A\;, Ay and A3 are eigenvalues of the
tensors U and V. It can be shown using (1.25) and the square root theorem, Ogden (2002,
p. 16), that A2, A2 and )\g are the eigenvalues of tensors C and B. Moreover, the eigenvectors of
B and V coincide and are termed as Fulerian azes, similarly the coincident eigenvectors of C
and U can be termed as Lagrangean axes.

In view of incompressibility, we deduce that

detF = )\1)\2A3 =1. (126)
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From (1.26) it follows that in the two dimensional case we can represent the principal stretches

in terms of one parameter A, revealing that
M3=1, M =A>1 X=Xl (1.27)

Applying the spectral decomposition theorem to C and B, and using (1.25) together with the
square root theorem, Ogden (2002, p. 16), we obtain

3 3

C = Z)\?ui@)ui, B= ZAZZVi@Vi’ (128)
i=1 i=1

where the orthonormal triplets u; and v; specify the Lagrangean and Eulerian axes, respectively.

Taking into account (1.27), for our case the representation (1.28) becomes

C=XNuyu +2*u®uy + u3 ® ug,

B = )\2V1 vy + )\72V2 X Vg + V3 Q vs. (1.29)

Since uj,uy and vy, ve are orthogonal pairs of unit vectors all orthogonal to es, they can be

expressed as the linear combination of e; and es, thus

u; = cospie; +singies, uy = —singie; +cosgrez, (0 < ¢ < 7/2),

V] = CoS p€1 + sin poes, Vo = —singoeq + cospoes, (0 < Py < 7/2). (1.30)

To determine ¢ and ¢y we substitute expressions (1.30) into (1.29) and use (1.22) together
with (1.23) to obtain the following relations

A cos® g1 + A 2sin? ¢ = 1,
A sin? g + A2 cos? ¢y = 1 + €2,

(A2 — X\72)sin ¢y cos 1 = ¢, (1.31)

A2 cos? g + A 2sin? g = 1 + €2,
A2 sin? g + A2 cos® o = 1,

(A% — X\72) sin 6 cos ¢y = . (1.32)

From the relations (1.31)—(1.32) we are able to deduce the following expressions for A, ¢1 and ¢

/4 2
)\:%—F%:COtH, Qslzg_a) ¢2:07 (133)
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Figure 1.3: Orientations of the Lagrangean axes (uj,uz) and Eulerian azes (vi,va) in the ba-
sis vector system (e1,ez) of the body for the simple shear deformation. The angle between the

Lagrangean and Eulerian azes is given by ¥ = 5 — 20.

where

1. .2 2 7

Shown in the Figure 1.3 are the Lagrangean and Eulerian axes relative to the base vectors
e1, ey, taking into account the connections between ¢; and ¢2 and 6 shown in (1.33). We note

that the principal stretches may be represented in terms of 8, thus
M =A=coth, X=A"'=tanf, \3=1. (1.35)

Taking into account the incompressibility condition (1.26) and the connection between the angle

0 and amount of shear, given in (1.34), the following relations are established
MM =1, M4r2=24¢ e=r-2"1L (1.36)
In addition if we introduce the material parameters
a = Big12, v = Bai21, 20 = Bii1 + Baza — 2B1122 — 2Bi221, (1.37)

then the following connections are valid

1/4 AQ -1 1/2 _ A 1/2
. 4 o (6% o _ (6% Yy
a—"}/)\ N )\—W, € = b\ = a1/471/4 . (138)
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The unit vectors specifying the Lagrangean axes may now be written in the form
u; = sinfe; + cosfey, us = —cosfe; +sinfey, uz = es, (1.39)
and the Eulerian axes given by
vi = cosfe; +sinfles, vo = —sinfe; + cosfes, vz = es. (1.40)

The rotation tensor R represents a rotation of amount —y = —(w/2 — 20) about es axis,
see Figure 1.3. As the Lagrangean axes are rotated into Eulerian axes we are able to specify a

rotation tensor in term of vectors u; and v;
R=v,®u; =sin20(e; ®e; +exs®ey) +e3Re3+ cos2f(e; ey — ey Req). (1.41)

The components of the rotation tensor R may be represented in matrix form through

sin20  cos20 0
R=|—cos20 sin20 0f- (1.42)
0 0 1

To conclude this section we remark that instead of using the principal stretches A1, A2, A3 as
independent measures of deformation, one can introduce the invariants Iy, Is, I3 defined as the
following symmetric functions of stretches

I = tr(B) = AT+ A3 + A3,
1
Iy = (I = tr(B%)) = M5A3 + AT + A{AS,
I3 = detB = N\3)\3. (1.43)
Taking into account definitions (1.43) and relations (1.35)—(1.36) the invariants Iy, Is and I3

are given by

L=05L=3+ 62, I3 =1, (1.44)

emphasizing that the simple shear is an isochoric deformation.
We note from the relations (1.33) and (1.35) that when e = 0, the principal stretches are
Al=X=A3=1.

1.2.2 The relation between Eulerian axes and the natural axes of the layer

In this subsection we introduce the natural coordinate system of the layer to describe the propa-

gation of travelling harmonic wave along its longitudinal direction. A complicating feature of the
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simple shear deformation is that no principal axis is normal to the faces of the layer. We remark
that a similar phenomenon is also possible with anisotropy and with the specific orientation of
principal axes relative to a free surface, see for example Fu (2005), Triantafyllidis and Abe-
yarante (1983). Initially the simplified governing equations were established relative to principal
axes of deformation, which corresponds to Eulerian coordinates. Therefore in order to describe
wave propagation in a layer we transfer all the equations from Eulerian to natural coordinate
system of the layer. The basis vectors for the Eulerian coordinates form an angle # with the
natural coordinate system of the layer, see Figure 1.4. Therefore, the basis vectors of the natural
coordinate system of the layer (1, z2) and Eulerian coordinate system (2}, 2%) are connected via

the following relations

. T 1 , x) cosf —sinf
x=Rx, X =R'x, x= , X = , R= . (1.45)
T2 ) sind cos@

We consider an incompressible elastic layer of finite thickness h and infinite lateral extent that
has origin on its upper face and occupies the domain —oco < z1 < 00, —h < x9 < 0. In addition,
the layer is subject to primary simple shear deformation, further details may be found in the

papers by Connor and Ogden (1996), Destrade and Ogden (2005). It was shown by Destrade and

A2

Figure 1.4: The angle 6 between Fulerian coordinates (J:ll,:clz) and natural coordinate system of

the layer (x1,x2).

Ogden (2005) that within the Eulerian coordinate system (2}, z}), coincident with the principal

axes of the primary deformation, there are 6 non zero components of the elasticity tensor B,
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namely

Bi111, Ba222, Bii22, Bi221, Bi212, Bo2ior. (1.46)

In contrast, within the natural coordinate system of the layer (z1,z2) there are 10 non zero

components of the elasticity tensor B, namely

Bii11, DB2222, Bi122, Bi221, Bi2i2,  Boioa,

Binz, Bz, Biase, Baz. (1.47)
These two sets of components of the elasticity tensor B satisfy the symmetry properties
Bijri = Biij, Bijkl = Bklijy (1.48)

and are related by

B'L’jkl = Qinijerlsqurs; (149)

where €);; denotes the components of the rotation matrix connecting the natural coordinates of

the layer z; and the Eulerian coordinates z}, thus

cos@ —sinf 0
T; = Qisz-, Q;; = |sinf cosf 0] - (1.50)
0 0 1

1.3 Linearized equations of motion in the natural coordinate sys-

tem of the layer

Our interest is long-wave motion in a layer of finite thickness and infinite lateral extent. The layer
is composed of an incompressible elastic material and subject to a simple shear primary defor-
mation. Wave propagation in homogeneously pre-stressed rectangular plates has been discussed
in detail by a number of authors, see for example Ogden (1984), Rogerson (1997), Rogerson and
Fu (1995) in respect of incompressible elastic plates, Roxburg and Ogden (1994), Nolde et al.
(2004) for compressible elastic plates and Rogerson (1998) for anisotropic plates. In respect of
a half-space subject to a simple shear, wave propagation along a principal plane of deformation
was studied by Hussain and Odgen (1999).

In this section, we consider two dimensional motions in the plane of shear defined by coor-

dinates (z1,2z2). To begin with, for the propagation of a harmonic plane wave within a layer of
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incompressible elastic material we introduce the strong ellipticity condition to ensure physically
realistic response. An important requirement of the equations of motions is that they provide
physically realistic response and uniqueness of solution. For our purposes we shall assume that

the elasticity tensor satisfies the strong ellipticity condition
Bijkimjnymgmy > 0, (1.51)

for all non-zero vectors m and n, such that m-n = 0, for the further details see Ogden
(1984), Dowaikh and Ogden (1990). In this thesis we are concerned with two dimensional

motions, therefore in (1.51) we assume that
m3z=mn3 =0, mp=mng=cosfh, mo=—ng=sinb, (1.52)
equation (1.51) then becomes
Bjagosin® 0 + (B1111 + B2222 — 2B1122 — 2B1291) sin? 0 cos® 0 + Bajay cos* 6 > 0. (1.53)
Necessary and sufficient conditions for (1.53) to be satisfied are provided by
Biaiz >0, Baio1 >0, Bii11 + Basss — 2B1122 — 2Biao1 > —(Bi212Bo1a1) /2. (1.54)
If we employ the notation

a = Bio12, v = B2121, 28 = Bi111 + B2 — 2B1122 — 2B1221, (1.55)

adopted by Ogden (1984), the strong ellipticity condition (1.54) may be presented in the form

a>0, v>0, B>-—yay. (1.56)

The linearized equations of two dimensional motion superimposed on the primary simple
shear deformation and an associated linearized incompressibility condition will be established
relative to the principal axes of the simple shear deformation, which corresponds to the Eulerian
coordinate system. Then the linearized equations of motion and incompressibility condition will
be transferred to the natural coordinate system of the layer.

We remark that there are two possible ways to relate all the equations from Eulerian coordi-
nates into the natural coordinates of the layer, either using representations of spatial derivatives
of displacement and incremental pressure components given by (1.45) or employing the compo-
nents of elasticity tensor B established in (1.49). We choose the first less algebraically complex

way.
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According to Connor and Ogden (1996), the equations of motion (1.13) take the following

form within the Eulerian coordinate system

— / / / / o/
(Bui1 — Buigz + P)uy 11 — pra + B2121uy g0 + (Bai21 — 02)ug 15 = piiy,

(Bi111 — Bui2a + P)ub 99 — Py o + Bi2iaus 11 + (Baiz1 — 02)u] 91 = piis, (1.57)

where

p = Bai121 — Bai12 — 02. (1.58)

We remark here that the quantity o in the above formula (1.58) is a second principal component
of Cauchy stress tensor T = FS/J. The representation (1.58) can be obtained from the general
relation

P = Bijij — Bijji — 04, i F g, i,j=1,2,3, (1.59)

which can be used to represent static pressure p in terms of the one of principal Cauchy stress
components g;, © = 1,2,3. We eliminate static pressure p in favor of o9 to establish the equations

of motions in the following form

/ / !/ / w/
(Bi111 — Bii22 + Bai21 — Baniz — 02)uy 11 — pp1 + B2i21uy o9 + (B2i21 — 02)us 19 = piiy,

(Bii11 — Biizz + Baia1 — Batiz — 02)uh 99 — Pi o + Biaiaus 11 + (Bai21 — 02)u) o1 = pis. (1.60)

Using formulations (1.45) we relate the spatial derivatives of displacement components and
incremental pressure component p; from the Eulerian coordinate system to the natural coordinate
system of the layer. Derivatives of dashed quantities will always be with respect to Eulerian
coordinates, whilst non-dashed quantities are always differentials with respect to the natural
coordinates of the layer. According to relations (1.45) the displacement components in two

coordinate systems are connected through

up = uj cosf — ubsinf, u) = uy cosf + ug sin 6,

U = u} sin @ + ub cos 0, uh = ug cos § — uq sin 6. (1.61)

To relate the spatial derivatives between Eulerian and the layer coordinates we use the following

standard formulations

—cos0-2 1 sing-2
oz} o8 0x1 +sin 0xs’

~

8 a
— = — i — — 1. 2
/2 sin 0 o -+ cos 0 7o N ( 6 )
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0?2 0 0 0? 2 0?
0— 9—)2 = 00— 20 in? 60—
8:):’12 = (cos pr + sin 5 2) = cos? 8x% + sin 9210 + sin ax%’
02 0 0 0? 2 02
= (—sinf— —)? = sin® 0— — sin 26 20—
8$/22 (—sin 21 + cos 3332) sin 33:% sin 021075 + cos 81’% ,
0?2 sin 26 9?2 0?2 sin 260 92
= — 20 —. 1.63
Oz 0z 2 81:2 +cos 0x10x2 + 2 8w% ( )

Using the relations (1.62)—(1.63) the equations of motion (1.60) can be represented in the

natural coordinate system of the layer in the following form

— pt,1 088 — pgosind — piig cos O — piio sin @
— cos @ (0052 O(v+ K1) —2v+ 02) U111

+ cos @ (cos O(K1 +7) — /C1) U1,22

—sinf (2c:os O(K1+7) 4+ 02 —7) u1,12

— sinf (cos O(K1+7) —7) uz,1

—sinf (IC1 cos 9 v+ K1) —~v+ 02) U2,22

+ cos 0 (2 cos® 0 (Ki+v)—v—092— 2IC1) ug12 =0, (1.64)

Dt,1 8060 — pi o cos @ + piig sin 6 — piig cos 6

—sinf (cos® O(a + Ka) + v — 02 — K2) ur,11
+sinf (—a + cos® 0(Ka + ) u1,22
+cosf (=2 a + 2 cos? 9(a+IC2)—02—2/C2+7)u112

+ cos O (—Ky + cos® 0 (Ko + a)) U211

— cosf (cos O+ Ka)+09 —7v— a) u2,22
+ sin 6 (2 cos® 0 ,CQ + Oé) ¥+ (72) U912 = 0. (1.65)
The quantities K1 and Cy in the formulas (1.64)—(1.65) are given by
K1 = Ba2112 + Bri22 — Biii1, Ko = Baii2 + Biiga — Bagoa, Ky + Ko = —20. (1.66)
The properties of the simple shear deformation dictate that
1 A

cotd =), sinf = ——, cosl = ——. 1.67
VAZ+1 VA2 41 (1.67)
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Employing the relations (1.67) the equations of motion (1.64)—(1.65) can be expressed as

AL+ A1 — (14 X)pra — pA(1 4 XDy — p(1 + A2)iig
+ My = K1 — 02)A? 4+ 2y — o9 }ur 11 — MK1 — A% Jug 22
—{(2K1 + 02+ V)N + 02 — yHui12 — {KiA? — ylug
—{(02 = 29)A* =y + K1 + 02) }ug 22

— M(og —7)A? + 2K1 + 02 +7})uz,12 = 0, (1.68)

(L4 M)pe1 — AL+ A)pra + p(1+ A)iig — pA(L + A?)iio
—{(y =o)X +1) = Ko + 04/\2}u1711 —{a-— ICQ)\Q}ULQQ
~M(o2 =) (AN +1) + 2(Ka + @) ur 12 + Ma? — Ka}ug 11
= Moz = 7)(N* +1) + K2A? — atuz o
+{2(K2 + a)A* + (02 — 7) (A = D) }ug 12 = 0. (1.69)

Finally we remark that the linearized incompressibility condition can be represented in the

Fulerian coordinates in the following form
wy g+ Uy, =0, (1.70)
and in the natural coordinates of the layer

upl +ug2 = 0. (1.71)

1.4 Characteristic equation, displacements and incremental pres-

sure in the natural coordinate system of the layer

In this section we will derive a characteristic equation and establish the form of solution for the
displacement components u1, us and incremental pressure component p; in the natural coordinate
system of the layer. To derive a characteristic equation we specify solutions of the linearized
equations of motion (1.68)—(1.69), and incompressibility condition (1.71), in the form of travelling
harmonic wave

(u1,ug, p;) = (Uy, Ua, kP)etkazzetk(vt=a1), (1.72)

where k is a wave number, v is a wave speed and the parameter ¢ is to be determined. From the

representation (1.72), together with incompressibility condition (1.71), we obtain the following
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relation between amplitudes of the displacement components
Ui = qUs. (1.73)

We now substitute the relation (1.73) into equations of motion (1.64)-(1.65) to establish the

following homogeneous system of two equations in the unknown amplitudes P and Us

c11Uz +c12P =0, c21Uz + cooP =0, (1.74)
c11 = k2(C£ )q + C’f )q + C’f )q + C'(O)) c12 = kv (gsin@ — cos ),

Co1 = k‘z(Cé )q3 + C’é )q2 + Cé )q + C’éo)), o2 = k3v (gcos @ +sin ),

C’fo) :sin9(lC1 00829—vsin29—|—172),
= cos 0 (Kycos?0 — 3'7—1—2/C1)sm 0+v)

no

Ky sin? 6 — (3v 4+ 2K4) cos? 0 — 2K cos? 9) ,

(
(-
cos 0 (K1 sin 0 — y cos? 0)
(
(
(

0s6 (Kysin? 0 + 7% — acos 9)

n6 ((3a+2Ks)cos? § — Ko sin? 9—1})
= cosf (Kycos? 0 — 3a+2/€2)sm 0)

Cég) = sinf (o sin? § — Ky cos® 9), (1.75)

where we introduce the notation v? = pv?.
A non-trivial solution of the system (1.74) will exist provided the following fourth order

characteristic equation in ¢

(asin? @ + 26 sin? § cos? O + ~ cos* 0)¢*
+ 4sinf cos O(ycos’ 0 — (cos2 6 — sin? 0) — o sin? 0)¢>
+ (2846 (a+~—20)sin?fcos® 6 — 5%)¢?
+ 4 sin 0 cos 0 (7 sin?6 + (COS2 0 — sin? 9) — acos? 9) q
+sin? @ + 28sin? § cos® 6 + acos* 6 — 52 = 0, (1.76)
is satisfied. Equation (1.76) was previously derived by Connor and Ogden (1996) employing a

stream function. The motivation for our differing approach is to retain the incremental pressure

component p; explicitly within the governing equations. This will later allow comparison of its
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relative order with the two displacement components within the long wave high and low frequency
regimes.

Connor and Ogden (1996) showed that with the help of relations (1.67), and the properties
of the simple shear deformation (1.36), the characteristic equation (1.76) can be simplified to the

following

q4—2eq3+(45+2+62—(1+5)@)q2—2 (1+20)eq

+14+(1+8)eE-1+6)0=0, (1.77)

where 0 is a non-dimensional squared wave speed and ¢ is a non-dimensional material parameter,

which may be represented as

2 _
pv- s _atyr-26 (1.78)

Vo' 2(6+ av)

We note in passing that strong ellipticity dictates that a > 0, > 0,3 > —,/a7, thus § + 1 > 0.

There are relations to connect the roots of fourth order polynomial equation with the real
coefficients, see for example G. Korn and T. Korn (1968) for details. Accordingly the charac-
teristic equation (1.77) may have four complex roots, two real and two complex roots, or four
real roots. Which of these particular cases occur is dependent on the numerical values of the
coefficients of (1.77), which in turn are dependent on material parameters, amount of shear and
non-dimensional squared wave speed.

Connor and Ogden (1996) showed that the characteristic equation factorizes for a certain
class of materials for which § = 0, implying that 23 = o+ . A neo-Hookean material model can
be considered as an example of this class. Employing the condition 4 = 0 in the characteristic

equation (1.77), we obtain
q4—26q3+(2+62—f))q2—2eq+1+62—ﬁ:0, (1.79)

with the four explicit roots given by

g =1, @=-—i, g=¢c¢+ik, q=€—1ik, Kk“ =1—17. (1.80)

We remark that when « is real (0 < 1), four complex roots exist and when & is imaginary (0 > 1)
two complex and two real exist, however the case of four real roots is not possible.
As the determinant (1.76) of coefficients of homogeneous system (1.74) vanishes it is possible

to express the amplitude P in terms of Us. Below we specify a representation of P to recover, in
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the next section, results for the components of incremental traction obtained by Connor and Og-
den (1996). To do this we multiply equation (1.74); by cos # and subtract it from equation (1.74)
multiplied by sin 6, yielding

C’ép)q?’ + Cép)qQ + C@q + C(()p)
kv
C’?Ep) = (sim2 0 (K2 + a) + K1) cos?f — asin® 6 — (K1 +7) cos* 6

P=0U;

Cép) = sinfcos 0((2/Ca + 3a + K1) — 3 (v + K2 + K1 + a) cos® 0)

C{p) =3 (K4 —1—7)60340 — (3(a+/C2)Sin29+2/C1 +3v— 1_)2) cos 0

+ (ICQ + 172) sin’ 0

C(()p) = sinfcos O((Kz + v + K1 + ) cos® 6 — (Ka +7)). (1.81)
If we make use of relations (1.67) in the representation (1.81), then the amplitude P can be

simplified

PO 4+ P22 4 plyg 4 PO
(A2 +1)2kv ’

P="P(q)U2 Plg) =

PO = Ny —28)% - q,

PP = (K, +3a+ 2Ky — (2K1 + Kz + 37)A2)A,

PW = (2% + KA — (3y — 48 — 20° + 30) A + Ko + 02,

PO = ((a+Ki)A? = Ko + 7)) (1.82)
With the help of the relations (1.72)—-(1.73) and (1.82) the solutions for two displacement

components u1, ue and incremental pressure component p; may now be expressed as the following

linear combination of four solutions corresponding to four roots of equation (1.77)

4 4
= (3 g )Ry = (3 Ay,
i=1 =

pe = k(Y Plg) Ageaim) e, (1.8)

Jj=1

where A;,j = 1,2, 3,4 are the constants.

1.5 Components of linearized incremental traction in the natural

coordinate system of the layer

In this section we obtain components of incremental traction associated with the upper and lower

faces of the layer. We begin with a derivation of a linearized measure of incremental traction, for
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further details see Ogden (1984), Dowaikh and Ogden (1990) and Rogerson (1997).
Let us consider an elementary surface (dS, N) with area dS and outward unit normal N in the
unstressed configuration By. The deformations F and F are then imposed on By, transforming

(dS,N) into (ds,n) at Be and finally (ds,n) at By, see Figure 1.5. The contact force on the

N n n
_ >
F
ds

ds

=

as

Figure 1.5: Deformation of an elementary surface.

surface (ds, 1) is given by &' hds and the contact force on (ds,n) is given by o’ nds, hence we
consider the increment of contact force associated with the secondary deformation B, — By

written as

Af, = o'nds — 57 ads . (1.84)

By considering the volumes formed by the elementary surfaces and their associated normals
before and after deformation, we use Nanson’s formula, see Ogden (1984, p. 88), which in our

case takes the form

NdS = FTiids = FTF nds = FTnds . (1.85)

We can now use (1.85) to represent increment of contact force (1.84) with respect to the

surface in the statically deformed configuration B., yielding
s \T 7
Af, = <(F— a) 5 ) fi ds = T5d3, (1.86)

where 75 is the increment of surface traction associated with the deformation B, — B;. We may
now use a connection between the Cauchy and nominal stress, see Chadwick (1999, p. 99), to

conclude

7 nds =S8"NdS,  o'nds=S"NdS. (1.87)

Equation (1.87) with use of (1.85) and (1.86), gives, when referred to the equilibrium configuration
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B, a measure of the incremental surface traction in the form
= (8" —S")F'n, (1.88)

with i assumed to be the outward normal to the surface in the equilibrium configuration B.. Once
again expanding the nominal stress tensor as a Taylor series about the equilibrium configuration

B., we obtain a representation of the surface traction increment in coordinate form
T, = BmilkWk,1Tom + D Um,iim — DT, (1.89)

Taking into account the Cauchy stress T = FS/J, and in view of the relations (1.5) and (1.11),

we obtain the following representation of incremental pressure component p
D = Bijij — Bijji — 0i, i, i,j =123, (1.90)

which we will use to eliminate p in favor of one of the principal Cauchy stress components o;,
i =1,2,3. In our two dimensional case we apply the general formula (1.89) with the following
relations

1=1,2, p= Bsio1 — Bao112 — 02, 701 =sinf, no = coséb. (191)
Relative to the principal axes of the simple shear deformation, the Eulerian coordinate system,

in the two dimensional case the components of incremental traction associated with the upper

and lower faces of the layer are therefore given by

/ / / . / / .y . ’

71 = (Buin1uy ; + Biia2us o) sin 0 + (Bari2us g + Baia1u) o) cos 0 + p(uj 3 sin 6 + us 4 cos 0)
— pgsin 6,

5= (B 5+ B | 9)sind + (B "1+B ! 0 + p(uf 5sin O + ut 0
2 = (D1212Ug 1221“1,2) Sin ( 2211U71 1 2222“2,2) CoS P(Uu Sin Ug o COS )

— prcost. (1.92)

We will relate the components of incremental traction (1.92) to the natural coordinate system

of the layer. Using equation (1.62) the components of incremental traction within the natural



CHAPTER 1. BASIC EQUATIONS 29
coordinate system of the layer are given by

71 = —pgsinf + sin @ cos? 6 (By111 — Biza1) ui 1
+ sin@ (Bii22 — cos® 0(Briz2 + 7)) u11
+sin (v + Biin1 + Biiza cos® 0 — Biag1 — 02) ug
+sinf cos? 0 (y + Biaz1 — Bi111) u22
+ cos0 (Byi11 — Biao1 + cos® 0(Bigor +7)) u1,2
+ cos 0 (cos” O(Bi12a — Bi111) — Bii22) ui2
+ cos 6 (Biag1 cos® 0 — Bigg1 — 03 — Biig2) ua;1
(

+ cos 6 (cos® O(Bi122 — Biin1 +7) + Bii) w2, (1.93)

Ty = —p cosf + cos 6 (Baggs — Biao1 + cos® §(Biia2 — Bagao)) i
+ cosd (0082 O(a + Biaa1) — a) u1,1

+ cos 6 (nggg c0s? 0 + Biiag — 09 + a) U2.2

+cos6 (v — (Bia21 + o + Bi1a2) cos? 0) ug o

+ sin @ cos® O (B1ga1 — Baago + @) u1,2

+sind (31122 cos? ) — a) Ui 2

+ sin 6 cos? 0 (Bia21 — Baooz + Bii2a) u2,1

+sin @ (a cos’ 0 — v+ 02) U 1. (1.94)

With the help of relations (1.67), the components of incremental traction (1.93)-(1.94) can

be established in the following form

A1 =~ (A2 4 1)2pt

+ ((Bii11 — Biaa1 =) A + (2B1122 — K1 — ) A + Buig2) uig
+ ((27 — 02 + B1122) > — K1 — 202 + 37 + 2 Bi122) Nuay»

+ (v 4+ Biigz — o2 — K1) ug 2 + (>\47 + (v = K1) \? — K1) Auy 2

( —0‘2 )\4 (’7—20‘2 —Kl) )\2 —]Cl —0'2) )\’UJ2,1, (1.95)
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(A + 12 = A (N2 + 1) p,

+ (Bii22A + (2 Briz2 — Ko — a) A — a + Brizo — K2) Aug

+ ((y+ Biiz2 — 02 — K2) A* — 02 + @ + v + Bi1a2) Moo
+(a+2v—Kg—202+2Bj122) )\3uz72 + (IC2A4 —a(Ky—a) P a) U2
+(

(a+ Ko+ 02 =) A+ (Ko +a+2(02 — 7)) A2+ 02 — 7) ua1. (1.96)

The components of incremental traction (1.95)—(1.96) are represented in terms of incremental
pressure component p; and spatial derivatives of displacement components w1, us. Solutions for
u1,uz and p; are established in the form of the travelling wave (1.72). Hence we can represent

components of incremental traction in a representation similar to (1.72),
(11, 72) = (T}, T3 etharethlvt=an), (1.97)

If we use relations (1.72) and (1.81) together with formulations (1.93)—(1.94) the amplitudes

Tl(a),Tz(a) are expressible as

T = Uo(C¢* + V¢ + Vg + G,

7" = Us(C* + C ¢ + g + CFY), (1.98)

Cél) = sin 9((0082 0 — 1)2a + cos* 0y + cos? 0(1 — cos? 0)203),

Cél) = cos f(cos” (4 — 3cos” )y + 26(3 cos* 6 — 5 cos® 0 + 2) — Ba(cos® O — 1)%),
Cfl) =sinf((3 cos® 6(1 — cos? o+ (5 cos? 0 + 1 — 3cos? 0)7)

+sinf((3cos? @ — 4 cos? 0+ 1)26 — 92 — 03),

C’(()l) = cos f(cos? B(cos® 6 — 1)a + (cos? @ — 3cos? @ + 1)y + o9 — (cos? § — 1)%20), (1.99)

C’§2) = cosf((cos® 6 — 1)%2a + cos® By + 26 cos? B(1 — cos? 6)),

052) =sinf((3cos* § — 2cos? 0 — 1)a + 3cos? By + 26 cos® (1 — 3cos?h)),
Cf) = cosf((cos? 0§ + 2 — 3cos* O)a + (1 + 3cos? § — 3 cos* 0))

+ cos O(cos® B(3 cos? § — 2)26 — 72 — 73),

C'(()2) = sinO((1 4 cos? § — cos? B)y — cos? (1 + cos? )a + 26 cos® 6 — 7). (1.100)

Employing relations (1.67) in formulations (1.98), with the coefficients (1.99)—(1.100), the
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simplified amplitudes of the incremental traction components can be written as the following

N =UCTi(0),  Tila) = TV + 10+ 7Vq + 7,

1Y =UCh(@),  B0)=5"¢+ L7+ T+ 1, (1.101)

7-1(3) =\ 42822 +q, ’]’1(2) = My — (28— 49)A2 + 48 — 30) )\,

T = 3y — 09 — )M + (3o — 202 — 209 + Ty — 4B)A2 + 28 — 02 + 7 — 0,

T = (02 = DX + 209 —a = 7)A* = 28+ 7+ 02),

LY = (2 428X +a)), TP = 3y — 48N + (26 — 4a))? — a,

T = (28— 0+ — 2N — (48 + 205 — ba + 202 — 59)A2 + 20 — 52 + 9 — 02)\,

T = (28— 20+ 7 — o)A + (37 — a — 209)A2 — 03 + 7, (1.102)

where notations C represent the following constant
C=(2+1)7°2 (1.103)

With the help of relations (1.97), (1.101)—(1.102) we now ready to establish solutions for the
incremental traction components 71 and 73 as a linear combination of four solutions corresponding
to four roots of equation (1.77), thus

4 4
71 =C()_ Ti(gy)Aje*um2)e™ w1 ) = (Y To(gy) Ajet*a™2 )t me), (1.104)
j=1 j=1

where the functions 7;(¢;) and 7>(g;) are given by (1.101) with the coefficients (1.102), con-
stants A;,j = 1,2,3,4 are the same as in representation (1.83) and the constant C is given by
equation (1.103).

At this stage it is possible to demonstrate that the amplitudes Tl(a), T2(a) of the incremental
traction components (1.98), with coefficients given by (1.99)-(1.100), and the amplitudes of
the incremental traction components calculated by Connor and Ogden (1996) are equivalent.
According to Connor and Ogden (1996) the amplitudes of the incremental traction components

are given by

ty = (F(ql)Aleikqmm + F(q2)A2eikq2$2 + F(qg)Bleikqgwg + F(q4)32€ikq4mg)eik(vt—zl)’

tor = (G(q1) A1e™*D%2 4 Q(go) A2e™™ 272 + G(q3) B1eFB%2 + G(qq) Boe™ 9472)e*(vt=21)  (1.105)
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Here A;, B;, i = 1,2 are the constants and the functions F'(¢) and G(q) are the following

F(q) = ((’y — o) m? — 7mn2) cos? 6

2 2

+ (27713—2 (v — 02) m*n — v°n) sinf cos §

+ (am3 + (2847 — g9) mn? — EQm) sin? 4,
G(q) = (7”3 + (284 —02) m?n — 17271) cos? 0

2 2

+ (2am® —2 (y — 02) mn® — v°m) sin 6 cos §

+ ((y — o2) n* — am?n) sin® 0,

m=gqsinf —cosf, n=qcosf +sind. (1.106)

If we collect terms with the same power of q in (1.106) and multiply both F(q), G(q) by the
constant Us, we obtain the amplitudes of incremental traction components established in (1.98)

with the coefficients given by (1.99)—(1.100) and the following connection is valid
1" = UsF(q), T3" = UaG(q). (1.107)

We remark that with the help of relations (1.36), (1.67) and (1.78) Connor and Ogden (1996)
represented (1.106) in the following simplified form

F(q) = aysin(0)f(q), G(q) = /aycos(¥)g(q), (1.108)

(@—A) (g+2r71)°

flg) = T3 +3q—A+2X"+p(g— ) —dg,
2 -1
q—A)" (g+A - - X
g(q)z( )1J(r5 )+3q—2)\+)\ "+p(g+ A1) —dg, (1.109)

where o9 is eliminated in favor of p with the help of the following notation

¥ — 02
p= . 1.110
Vary ( )

Therefore with the help of relations (1.97), (1.107)—(1.109) we can represent the solutions for

incremental traction components (1.104) in the following form

4 4

7= C1 > (Flg) A )M oy = 3 (glgy) Ayt um)ekte) - (1111)
j=1 J=1

where the functions f(g;) and g(q;) are given by equations (1.109), the constants A;,j =1,2,3,4
are the same as in representation (1.83) and the constants Cy,Cy are the following

A YA
Cl= e, C= . 1.112
VT T Ve (1:112)
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1.6 Some specific models for rubber-like materials subject to

simple shear

In this section neo-Hookean and Varga material models are considered as examples of rubber-like
materials. In the later chapters of this thesis we employ these strain energy functions to produce
illustrative numerical calculations.

We remark that for an incompressible elastic layer subject to the primary simple shear defor-
mation (1.36) in the two dimensional case the general form of any strain-energy function can be
simplified

W (AL A2, Az) = WE (A AL 1) = W(e). (1.113)

In the case of a neo-Hookean material model the strain-energy function is given by
Wiy = 5 (A + 20”4 X% = 3) = p(hdes — 1), (1.114)

Taking into account principal stretches of a two dimensional simple shear deformation (1.35) the

following simplification of strain-energy function (1.114) becomes possible

() _
W)—

(n

A+ A2 -2). (1.115)

SRS

Using relations (1.36) we can express the strain-energy function (1.115) in term of amount of

shear €

2
(e) _ He
W -

(n

)= (1.116)

For the considered material model the non-zero components of the elasticity tensor B are

given by
Biii1 = Bia1z = pA} = p)* = o,  Baggo = Boig1 = piAj = % =7, (1.117)
and the material constants «, (3, take the form
a=p\ = pu\ oy =pds =2 28 =\ N3 = ,u()\‘j\;Ll). (1.118)
From the above we conclude that for a neo-Hookean material
28=a+7v, 6=0. (1.119)

With the help of the relations (1.117)—(1.119) and previously obtained connections (1.61),(1.62)—

(1.63) we represent the equations of motion and components of incremental traction in the natural
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coordinate system of layer. Hence, for the case of the neo-Hookean strain energy function the

equations of motion within the natural coordinate system of the layer take the form

AP + Ape2 + pAtiin + pAiis — p (>\4 +X(p—-1)+ 1) (u1,11 + u211)
— A ()\2(19 —2) +2) (u112 + u2,12) — pA2u1.99 — A (1 + p) uga9 = 0,
A1 — Npeo + pA%iiy — pA3iiy — p ()\4 + X (p—1)+ 1) (u1,11 + u211)

+ X (N2 (p — 2) + 2) (u1,12 + uz12) — pA U122 + pA® (14 p) ug 22 = 0, (1.120)

with the components of incremental traction

A1
T = ()\>(,u()\2()\2 — Durg + Nuro + (M2(p+1) — Dugy + Ap + Dugz) — Ape),
_ N+ e _ 2 2 _
Ty = h (,u((/\ 1)u171 /\ul,g + (/\ (p + 1))11,271 + A (p + 1)1@72) )\pt). (1.121)

In case of a Varga material the strain-energy function is given by
Wiy = (A1 + A2 + A3 = 3) — p(Ardods — 1). (1.122)

Taking into account principal stretches of a simple shear deformation (1.35) the following sim-

plification of strain-energy function (1.122) becomes possible

W) = A+ 27" - 2). (1.123)

With the help of relations (1.36) the Varga strain-energy function (1.123) can be expressed in

term of amount of shear e

W) = (Ve +4-2). (1.124)

We note that in this case the material constants a, 3,7 (1.37) are given by

2 A3 2 ALA A
AL+ A2 A2 41 A1+ Ao )\()\2+1) A1+ Ao A2 +1

Taking into account relations (1.36) and (1.125) we represent the dimensionless parameter § (1.78)

in the case of Varga material (1.123) in the following form

b e 5:[<a/v>1/4—4<v/a>1/412:<A—i/k>2:j (1.126)




Chapter 2

Long wave motion in a layer with

free faces

This chapter is devoted to the analysis of two dimensional long wave motion in an incompressible
elastic layer subject to a primary simple shear deformation. Considering free faces boundary
conditions we derive the dispersion relation for the most general incompressible strain energy
function and then simplify it for a specific class. The influence of a primary simple shear defor-
mation does not allow decomposition of dispersion relation into symmetric and anti-symmetric
parts. In order to perform a long wave asymptotic analysis of the dispersion relation, some
knowledge of the dispersive curves behavior is required. For the purpose of numerical calcula-
tions the neo-Hookean and Varga incompressible strain energy functions are employed to produce
the dispersion curves. The numerical analysis of the dispersion relation reveals that, depending
on the amount of shear and pre-stress, there may be non, one or two real long wave limits of the
fundamental modes. Motivated by this numerical investigation, we proceed to the asymptotic
analysis of the dispersion relation, considering both long wave low and long wave high frequency
motion. As a result we derive approximations giving phase speed and frequency as an explicit
function of wave and mode number. In addition, there is good agreement between numerical and
asymptotic solutions over a relatively large wave number regime. Finally, the approximations are
employed to establish the relative asymptotic orders of displacement components and incremen-
tal pressure, providing the theoretical framework for long wave asymptotic models to be derived
later in this thesis. In respect of the long wave high frequency motion, the incremental pressure
is asymptotically leading and the in-plane displacement component is asymptotically larger than

its normal counterpart. For the long wave low frequency motion the results are different, with

35
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incremental pressure, in-plane and normal displacement components all having the same asymp-
totic orders. This fact demonstrates that at the presence of pre-stress in a form of simple shear
there is neither bending nor extension, or analogues of their previously established pre-stressed

counterparts.

2.1 The dispersion relation

We consider two dimensional harmonic wave propagation in an incompressible elastic layer of
finite thickness h, infinite lateral extent and which is subject to a primary simple shear deforma-
tion. We assume that the incremental surface traction components vanish on the lower and upper
surfaces of the layer. The appropriate free face boundary conditions, zero incremental traction

on the surfaces, can be formulated through
T1=7=0 at x9=0,—h. (2.1)

We remark that specific values of x2 coordinate in (2.1) were taken to demonstrate consistency
in derivation of dispersion relations with previous work by Connor and Ogden (1996). Inserting
the solutions for incremental traction components (1.111) into the boundary conditions (2.1) we
obtain a homogeneous system of four linear equations in the four unknown constants A;,i =

1,2,3,4, given by

fi fo /3 fa Ay
g1 g2 93 94 Ay

-0, (2:2)
freTar foeTia2  foeTiNds  fie=inas| | Ag

gie~ M goeT M2 gaeT M gue M| | Ay
where the functions f(q) and g(q) are expressed in (1.109). Here the non-dimensional parameter
7 is defined as the ratio of a layer thickness h to a wave length I, so n = h/l = kh can be
interpreted as a scaled wave number.

For the considered boundary value problem the dispersion relation is established by ensuring

the homogeneous system of four equations (2.2) possesses a non-trivial solution. This condition

is equivalent to vanishing of the following determinant

f1 f2 I3 fa

det g1 92 93 94 _o (2.3)

flemMa foeTMN@ faeTIN o704

gle—inql gQB—inqz gge_”’% g4€—inq4
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The dispersion relation is a transcendental equation connecting implicitly the phase speed and
wave number. We remark that Connor and Ogden (1996) apparently first derived the dispersion
relation (2.3) and showed that additional complexity arises because no principal axes is normal
to the layer. To facilitate derivation of later analytic approximations the following simplification

of the dispersion relation is possible by making some row and columns operations, resulting in

HCL 2O f3C5 f4Cy
C C: C C
det 9101 9202 g3C3  g4Cy =0,Cj = cos (gjn/2),S; =sin(gn/2),j =1,2,3,4.  (2.4)
f151  f2S2 f3S3 faSa

| 9151 9252 9353 gaS4 |

We note that the dispersion relation (2.4) cannot be decoupled into symmetric and anti-
symmetric parts. This is related to lack of symmetry and something similar occurs in two-
layer structures investigated in Rogerson and Sandiford (2000). We deduce from equation (2.4),
taking into account the representations of the functions f(¢q) and g(q) given by (1.109), that the
dispersion relation may be shown to always provide a real equation for all possible types of roots
of the characteristic equation (1.77).

According to Connor and Ogden (1996), for a specific class of strain energy functions for
which 28 = a + «, implying that § = 0, for example neo-Hookean and Mooney-Rivlin materi-
als, the characteristic equation (1.79) factorizes yielding four explicit roots (1.80). Taking this
into account the dispersion relation (2.4) then can be expressed in the following simplified form

obtained by Connor and Ogden (1996)

2 . .
(qo (p* = £2)" + qor? (g0 + 2p)° + 4% (p? — K2) (g0 + 2p)) sinh (7)) sinh (n k)

+2kK (pqo +p? 4+ r<;2)2 (cos (ne) — cosh (n) cosh (nk)) =0,

go=1++r% K2=1-0. (2.5)

2.2 Numerical analysis of the dispersion relation

In this section we include some numerical solutions of the dispersion relation (2.4). Different
cases, dependent on the amount of shear € and pressure p (1.110) are represented in Figures 2.1
and 2.2. To produce these dispersive curves the Varga strain-energy function (1.122) is employed.
In Figures 2.1 and 2.2 the plots of the dispersion relation representing the scaled squared phase

speed ¥ as a function of scaled wave number 7.
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Figure 2.1: Numerical solution of the dispersion relation (2.3). Shown scaled squared phase speed
0 (vertical scale) against scaled wave number n (horizontal scale) for the Varga material (1.124)

with (a) e=2, p=0.5; (b) e=3, p=1.
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Figure 2.2: Numerical solution of the dispersion relation (2.3). Shown scaled squared phase speed
0 (vertical scale) against scaled wave number n (horizontal scale) for the Varga material (1.124)

with (a) e=1, p=-2; (b) e=2, p=1.5.
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As n — 0 the scaled wave number is small and the wave length [ is therefore large in compar-
ison to layer thickness h. This type of motion is termed long wave motion. In respect of the plots
of U against 1, we remark that commonly two branches revealing the slowest speed and generally
having finite limit as 7 — 0 are labelled fundamental modes, with all the other branches termed
as harmonics.

Figures 2.1 and 2.2 demonstrate the fact that the phase speeds of the harmonics tend to
infinity as 7 — 0. In addition, Figure 2.1 illustrates the fact that two fundamental modes have
distinct finite phase speed limits as 7 — 0. In particular, Figure 2.1 (b) demonstrates the situation
when one long wave limit of fundamental mode is equal to zero. However, depending on the
numerical values of € and p there may be non, one or two real long wave limits of fundamental
modes, shown in the Figure 2.2(a),(b) and Figure 2.1 respectively. According to terminology
seemingly first suggested by Kaplunov et al. (1998), motion in the vicinity of long wave limits of
fundamental modes will be termed long wave low frequency motion.

Plots of the dispersion relation, giving scaled frequency Q = /o as a function of a scaled
wave number 7, are shown in Figures 2.3 and 2.4 for a layer composed of Varga material. The
plots in Figure 2.3 demonstrate the fact that as n — 0 the limit of each fundamental mode is
zero. As n — 0 the limit of each harmonic is non-zero, this limit is associated with the cut-off
(resonance) frequency and the motion in the vicinity of cut-off frequencies will be termed as long
wave high frequency motion.

Various wave fronts may occur for propagation of dispersive waves in a layer of elastic material,
see for example Mindlin (1960). Figures 2.1(b), 2.3(a)-(b) and 2.4(b) illustrate the existence of
wave fronts in the dispersive curves calculated for Varga materials. However we remark that our
alm is to analyze long wave motion therefore these wave fronts will not be investigated in the

thesis.

2.3 Analysis of the dispersion relation for long wave low fre-

quency motion

Our first consideration is so-called long wave low frequency motion, for which © generally remains
finite as » — 0. For long wave low frequency motion we assume that all the roots of the
characteristic equation are all of order O(1). With the help of the above assumptions we derive

long wave low frequency approximations of the dispersion relation (2.4). The approximate form
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Figure 2.3: Numerical solution of the dispersion relation (2.3). Shown scaled frequency Q (vertical
axis) against scaled wave number n (horizontal azis) for the Varga material (1.124) with (a) e=2,

p=0.5; (b) e=3, p=1.
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Figure 2.4: Numerical solution of the dispersion relation (2.3). Shown scaled frequency Q (vertical
axis) against scaled wave number n (horizontal azis) for the Varga material (1.124) with (a) e=1,

p=-2; (b) e=2, p=1.5.
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of dispersion relation (2.4) allows us to analyze the two associated fundamental modes. For each
of these two fundamental modes we derive approximations giving scaled squared phase speed v

as an explicit function of scaled wave number 7.

2.3.1 Leading order approximation

To obtain the leading order approximation of the dispersion relation (2.4) in the long wave
low frequency regime we employ the Taylor series for the trigonometric functions S; and C; j =
1,2,3,4 with respect to n up to O(n?). The corresponding leading order term in the approximation

of the dispersion relation (2.4) is then given by

fla)  flae)  flgs)  flqa)
ot gl@)  9(e2)  9(e)  g(q) o (2.6)
af(ar) a2f(e2) a3f(q3) qaf(qa)

|a19(q1)  @29(2)  a439(a3)  q19(q4) |

At this point we employ the following relations, which are valid for the roots of fourth order

polynomial equation, see for example G. Korn and T. Korn (1968), and note that
¢*+A¢* + B¢® +Cq+ D =0,
@t gtqstq=—A,
@192 + 193 + Q194 + 243 + q2q4 + q3q4 = B,
719293 + 19294 + 919394 + q2q3q2 = —C,
01929394 = D. (2.7)

We substitute the relations (2.7) into the characteristic equation (1.77) to facilitate calculation

of the 4 x 4 determinant (2.6), which results in the following quadratic equation in
2+ (P +1)=2p(0+1)+0-3—-€)o— P> —1)(2p(14+6) =200 —1)+2+€2) =0, (2.8)

with the two roots taking the explicit forms

S0 _ —-1’0+D+E+4-VR o —(p-D*(0+ D+ +4+4 VR

1p 2 2p 9

R:((p—1)25+(}9+1)2—62)2+462(p+1)2. (2.9)

Hence we conclude that there are two fundamental modes associated with dispersion relation and
the corresponding long wave phase speed limits are given by (2.9). In passing we note that the
discriminant of the quadratic equation (2.8) is a perfect square in each of the cases in which § or

€ vanish or p = —1.
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2.3.2 Second order approximation

To obtain a second order approximation of the dispersion relation (2.4) we employ the Taylor
series for the trigonometric functions Cj, Sj,j = 1,2,3,4 on 1 up to O(n?). Then a higher order

approximation of the dispersion relation (2.4) can be expressed as
D, =D 4 *DP 1+ 0(n?). (2.10)

We note that both terms Dl(o) given by (2.6) and DI(Q) are quadratic in ¥, and the explicit

) was obtained using Maple (1996). Notwithstanding this, an improved

representations of Dl(2
approximation for the scaled squared phase speeds of both fundamental modes may be readily
established and written in the form

0 _ 2 D) (5”)

+O0(n*), 2.11
n D0 () (n°) (2.11)

B =

where the indexes ¢ = 1,2 represent each of two fundamental modes and the scaled squared
(0)

phase speeds 0, are given by (2.9). The approximations afforded by (2.11) can still be readily
generated and compared with the numerical solution.

In Figure 2.5 both numerical and approximate solutions for the fundamental modes are shown
in respect of a layer composed of Varga material. Figure 2.5(a) illustrates the fact that two long
wave limits of the fundamental modes exist with appropriate numerical parameters whereas
the parameters € and p on the Figure 2.5(b) correspond to the only one long wave limit of the
fundamental mode. The plots in the Figure 2.5 clearly demonstrate very good agreement between
the numerical solution and the second order approximations (2.11) over a relatively large wave

number regime.

2.3.3 Higher order approximations in the case § = 0

We now consider a specific class of strain energy functions for which 26 = a + v, implying that
d = 0, with the dispersion relation expressible in the particulary simple form (2.5). Taking
into account such simplification the long wave low frequency approximations of the dispersion
relation (2.5) are derived to establish scaled squared phase speeds as an explicit function of scaled
wave number for each of the two fundamental modes.

Motivated by the general case (2.11), the approximation of the scaled squared phase speed of

fundamental mode can be represented as

o =00 +926@ 4 2@ L o®n°), (2.12)
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Figure 2.5: Comparison of numerical solutions and approximations (2.11) for the fundamental
modes in the case of the Varga material (1.124) with (a) e=1, p=0.5; (b) e=1, p=2. Plots
demonstrate scaled squared phase speed v (vertical azxis) as a function of scaled wave number
n (horizontal axis). Dotted curves represent the second order approzimations (2.11) and solid

curves the numerical solution.
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where notation (9 represents long wave limit of fundamental mode, second and third order
corrections to which are denoted by 92 and by () respectively. Then we introduce the following

expansions

1 0@z 45®(1 - 5O) 4 (5(2))2
=V1-60 -2 _ \ i
i \/ﬁ 2./1 -0 8(1— @(0))3/2 n* 4+ 0(n’),

50) _ 1)2 — 352 50) _ 1)2
sinh(nk) = V1 — 9Oy + (0 ) - n’ + ® ) 1t + 0,

6v/1 — (0 8

1 1
— - _s0)),2 _ ~(2) ~(0) _ 1)2) ,4 5
cosh(nk) =1+ 5 (1 0 ) -1 (61} + (0 1) ) n*+O0(n°). (2.13)

If we substitute expansions (2.13) together with Taylor series for the functions sinh(n), cosh(n),
cos(ne) for n into the dispersion relation (2.5) and collect terms of same order of 1 we obtain the

following approximation of the dispersion relation (2.5) up to O(n°)

Dy = DO + D2 4 DY + 0(n). (2.14)

n nl nl

The condition that the leading order term Dﬁg) is equal to zero can be expressed as
DY = V1 - 00 (1 = p* —5@) (3% =226 + ¢ + 422+ 2 — 8 +2p) = 0.  (2.15)

The spurious solution (%) = 1 of equation (2.15) is associated with a double root of the char-
acteristic equation and the third factor in (2.15) cannot give any real solutions. Therefore we

conclude that

@go) =1 _p2’ @é(]) = ¢2 + 2p + 2. (2'16)

Results (2.16) are equivalent to the general formulas (2.9) provided 6 = 0. In addition, the
numerical long wave limits of the fundamental modes observed in Figure 2.6 coincide with the

leading order approximations (2.16) at the equivalent set of numerical parameters.

(2)

i provides a linear function in ¢, which

It may be shown that the second order term D

is too long to be of value to be written here, however its explicit representation was obtained
(2)

. = 0 we establish the following second order

using Maple (1996). Employing the condition D
corrections

o 1 , 1
0 = SE@ @1, %) =S (@+ 1)), (2.17)

Therefore an approximation for the scaled squared phase speeds associated with the funda-

mental modes may be expressed as

o = 019 + 0262 + O(nh), (2.18)
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where 6%1), m =1,2,n=0,2 are given by equations (2.16) and (2.17), respectively.
)

The third term in the dispersion relation Df;; is a linear function of (2, the explicit repre-

sentation of D was obtained with the help of Maple (1996). We make use of the condition

nl

pW 0, together with leading order (2.17) and second order (2.18) approximations to obtain

nl

the following third order corrections to scaled squared phase speeds (2.16)

2
(4) P 2 . (4) Z
_ _ 2.19
LT I6(2 1 43p2 —4p)’ 2 576(2p+ 2+ 1)(Tp+ 32 1 3) (2.19)

Z; =8 4 (3p% — 12p — 13)e* — (13p* — 24p® — 10p? + 24p + 29)€2

— 15p5 + 4p° + 55p* + 88p® + 23p? — 12p — 15,
Zy = —24(p?* + p + 1)e% — (136p® + 168p* — 73p — 72)¢!
— (256p* 4 366p> — 28p? — 218p — 72)¢2

— 159p° — 252p* — 34p® + 172p% + 121p + 24.

Hence for the class of materials considered, third order approximations for the scaled squared

phase speeds associated with two fundamental modes may be determined by
. (0) 2.4(2) 44 (4) 6
Um = Upy, + n Unm, + N Unm + 0(77 )7 (220)

where f)é,?), m=1,2,n=0,2,4 are provided by equations (2.16), (2.17) and (2.19), respectively.
We remark that for the specific sets of parameters, these approximations are not valid because
third order corrections become very large within the vicinity of certain combinations of € and p.

These combinations of parameters may be identified as
E4+14+3p2—4p=0, 2p+e+1=0, Tp+32+3=0. (2.21)

In addition to (2.21) the leading order approximations should stay positive. Taking that into
account and using the conditions (2.21) we obtain the following regions in which the approxima-

tions (2.20) are not valid

1 2+ /1— 3¢
(@) 0<e< — with p= 36,

3 3

2
1

() 0<e<1 mm,p:(€; %

2 241
() 0ses— mm.p:3&7%). (2.22)

We conclude this section with some illustrative numerical results, for which a neo-Hookean

strain-energy function is employed. Shown in Figure 2.6 are second order approximations (2.18)
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and third order approximations (2.20) for the fundamental modes, which are compared with
numerical results for the neo-Hookean material. Figure 2.6(a) represents two real long wave
limits of the fundamental modes, whereas Figure 2.6(b) demonstrates the only one real long
wave limit of the fundamental mode. All the plots in Figure 2.6 clearly demonstrate a good
agreement between the numerical solution and approximations (2.18) and (2.20) over a relatively

large wave number regime.

2.4 Analysis of the dispersion relation for long wave high fre-

quency motion

We now consider the propagation of waves associated with harmonics of the dispersion rela-
tion (2.4). The first attempt to analyze high frequency motion was made by Lamb (1917). In
addition in certain boundary value problems, such as motion in an elastic layer with zero dis-
placement boundary conditions and mixed boundary conditions to be considered in later chapters
of the thesis, there are no fundamental modes. Hence in the such cases all the energy propagates
with the harmonics only, see Kaplunov and Nolde (2002).

Long wave high frequency motion can be characterized by the fact that the scaled frequency
Q = V/im is of order O(1) as 7 — 0. Hence the scaled squared phase speed © is of order O(1/n?)
and ¥ — oo as n — 0.

We begin by examining the four roots of the characteristic equation (1.77) when ¢ >> 1 and

consider expansions of its roots in the following form

2

- S1 S 53 S4
q:501v+50+f+72+73+*
v v v

Q
U= —. 2.23
f}4’ v n ( )

We substitute the expansion (2.23) into the characteristic equation (1.77), collect terms of the

same order in 7, and then determine the coefficients s;, © = 1,2,3,4 to establish the following
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0 0.2

10.5

Figure 2.6: Comparison of numerical solution and approximations (2.18) and (2.20) for the
fundamental modes in the case of the neo-Hookean material (1.116) with (a) e=2, p=1; (b)
e=2, p=2. Plots represent scaled squared phase speed O (vertical azxis) as a function of scaled
wave number n (horizontal axis). Dotted curves correspond to third order approximations (2.20),

dashed curves to second order approximations (2.18) and solid curves to numerical results.
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approximations for each of four roots up to O(n®)

0 (e—20)%n?
N =i o

2(1+06)Q2
i0 (e2(0 +4) — 3241 + €224(5 — 2) — 32ie(20 — 1) — 4865) n*
- ( 2 ) "'0(775)7
8(1+46)° 04
L8 (e+20)
LTS Ao
16 (e2(0 +4) + €324i + €224(5 — 2) + 32ie(25 — 1) — 485) n*
+z (e( +4) + €324i + €224( 2)+ ie( ) )n o),
8(1+46)° 04
V1+6Q 1(45+1)n edn? 1 (1662 + 46(5¢2 — 2) + 1)
= ————— € — — _—— p=
o n 2 V1409 1+6)2 8 (1+6)%2q3
€0 (86 —4+3e%)n
( D) 4) +O(775)v
(1+6)2Q
. V1+60 1(4é+1)n 5 edn? +1(1652+45(562—2)+1)773
= 2 V1460 1+6)Q> 8 (1+5)3/2Q3
€0 (85*4+3€2)’I’]4
+ 0P, 2.24
(1+06)2Q4 ) (2.24)

With the help of expansions (2.24) we will examine the long wave high frequency regime. Each
harmonic can be characterized by its mode number n and corresponding cut-off (resonance) fre-
quency. We will start our analysis with the derivation of appropriate long wave high frequency
asymptotic approximations of dispersion relation (2.4). Then we will establish the cut-off fre-
quencies associated with harmonics of the dispersion relation. In the case of § = 0 we obtain

second and third order corrections to cut-off frequencies.

2.4.1 Leading order approximation

To obtain the leading order approximation of dispersion relation (2.4) within the long wave high
frequency regime we use reduced expansions (2.24) up to and including O(n?). Then the following

approximations for the functions f(¢) and g(¢) in (1.109) are

flq) = -

14+0)p+0)X2+1—-20 (92 1+((1+8)p+36)A1
(( )p(1+)5)/\ _Z<772_ (((1+)61))/\2 ) )+0(773),
f(qg)z6_(62+(1+6)(p+1)))\3+(63+((1+5)p+36+1)6))‘2+(252+25+1))\
(14+0) A2
+(1—26)\3+(362+1+(1+5)p+35))\2+46)\>Q+<2€)\_)\2_|_2>QQ

VIt oA 7 A
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2 2 2
o) ~ (1 25)?11—(5)1)—\1-5)}0—0-5_2,(;22_35—!—)\1—:—(614-5)19) + O,
eXN— (22 4+204+ )N+ (€ +((1+0)p+30+1)e) A+ +d+(1+0)p+1
(1+0) A
. ()\3—46)\2—1-(3€2+1+(1+5)p+35))\+26> Q, <2€)\—2)\2+1> 02

— — +0(n*).

g9(q3) =

U
(2.26)

Taking into account expansions (2.24) we substitute the following approximations for trigono-

metrical functions S;,C},j = 1,2,3,4 to insert into the dispersion relation (2.4)
] 1 1 1
S| = % +0(n?), S3=sin (2 v1+ 59) + 5 cos (2 v1+ 59) en+ O(n?),
1 1 1
C1=1+0(n?), C3=cos (2 V14 59) ~3 sin (2 V14 5Q> en+O0(n?). (2.27)

We use the above expansions (2.25)—(2.27) to obtain the following leading order approximation

of the dispersion relation (2.4)
Dy, = i(1 + 6)*Q® sin (\/1 n 59) +O(P). (2.28)

The condition that leading order term is equal to zero provides the following cut-off frequencies

associated with each harmonic of dispersion relation (2.4)

QO — " 9.29
g V1496 (2.29)

We remark here that the relation (2.29) gives an approximate form of cut-off frequencies and
due to the algebraic complexity of dispersion relation (2.4) it is not possible to derive their exact

representations in the general case.

2.4.2 Higher order approximations in the case § = 0

For the class of strain energy functions for which § = 0, our intension is to derive long wave high
frequency approximations of the dispersion relation (2.5) up to and including O(n*). To begin,
we consider the third order expansion for the frequency €2 in the vicinity of cut-off frequencies

Q) in the following form
Q=00 4+ @2 L oWyt L o®n°). (2.30)

Then taking into account expansion (2.30) we insert into equation (2.5) the Taylor series expan-

sions for the functions sinh(n), cosh(n), cos(ne) up to O(n°), together with the following expan-
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sions

i (4000 4 20®(Q©)2) — 1)
8(Q0))3
icos Q0O (1 — QQ(O)Q(Z)) )
200) l
N <z (400/(Q® 4 20®)(Q©)2) 1) COSQ(O)) -

+ n* +0(n),

sinh(nk) = isin Q) —

()3
iQ© (4000 — 00 (QM)2) — 1)) sin QO®
- (003
sin QO (1 - 20003) |
200 7
QO2000@) —1)2¢0sQ® (400 (QM 4 2(Q®)20M1)) — 1)) sin QO
B 8(Q0)3 " 8(Q0)3

) n*+0(°),

cosh(nk) = cos QO +

) 7t +0(n°).
(2.31)

The dispersion relation (2.5) can now be expressed in the following form
0 2 4
Dyp = D) + DO + DU + 0(1P). (2.32)
The condition that the following leading order term is equal to zero
DY) = ()3 sinQ® = o, (2.33)
provides the cut-off frequencies expressed as
QO = nr. (2.34)

Taking into account expansions (2.30), the cut-off frequencies (2.34) and the facts that cos(nm) =
(2)

(—1)™ in the expansion (2.32), the second order term D, is the following linear function of second
order correction Q(2)

(2):@ 1\ (2 L 1\n 1\n2. 2 (2) _
D) = 75 (4(1 (D)™ (P2 +1) +8(1 — (=1)") p + (—1)"x*n(2mnQ 1)). (2.35)

The condition that th) = 0 enables us to express the second order corrections in the following
form

4(p+1D2(-D)" = 1)+ (=) 7T2n2.

0@ —
2m3n3 (—1)"

(2.36)
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Therefore for the scaled frequency €2 in the vicinity of the cut-off frequencies nmw the following

second order approximation is valid
Q =nm + Q@92 + 0("), (2.37)

where the corrections Q(2) are given by (2.36).
Substituting expansions (2.30), the cut-off frequencies nm and the second order corrections (2.36)
into relation (2.32) we obtain the third order term Dfﬁl) as the following linear function of Q%)

(4) im3n3

Dnh = 24

A =2407n (1= (1)) p* + (5(1 = (=1)") = (—=1)" 7*n?) 967np

(192 (—1)" 0t (QP)2 4 V0@ 4 Y 4 247507 (—1)" W),

4+ 47°n5 (—1)" = 36303 (—1)"(2€* + 5) + 240 T n(1 — (—=1)"),

A =96 (—1)" = 1) p* + ((4((=1)" = 1) = 72n2) & — (=1)" 72n? + 13((—1)" — 1)) 24p°

+ (7((=1)" = 1) + (2((=1)" = 1) — 7°n?) €%) 48p

—2 (—=1)"wtnt + 1227202 (3(—1)" — 2) 4 217202 (—1)" 4+ 120((—-1)" — 1). (2.38)

(4)

Similarly, from the condition D, = 0 we establish the following third order corrections

cg )e —I—c(o)
24n" 77

¢? = ((=1)"7*n? = 2((—1)" — 1)) 24n>n?p?

0¥ —

+ ((=1)"7*n® + 4(1 — (=1)")) 487°n?p + (6(1 — (—=1)") + (—1)"n*n?)24nn?,

O = ((=1)" —1)576p* + (24 — 7%n?)((—1)" — 1)96p°

+ (T (=)™ +2) + 3(144 — T7*n?) ((=1)" — 1)) 8p?

+ (m'nt 2+ (-1)") + 3(48 — m*n?)((—1)" — 1)) 16p

+ 7t (8(—1)" + 13) + 24(24 + 7202 ((—1)" — 1). (2.39)

Therefore, for the each harmonic of dispersion relation (2.5) the associated scaled frequency 2

in the vicinity of cut-off frequencies nr is determined by the following third order approximation
Q=nr+ Q@92 + Wpt £ oY), (2.40)

where the corrections Q2 and Q4 are given by representations (2.36) and (2.39) respectively.
At the end of this section we include some illustrative numerical results produced for a neo-
Hookean material. In Figure 2.7 comparisons of the numerical solutions of (2.5) and approxima-

tions (2.37), (2.40) are shown for harmonics in the vicinity of the first two cut-off frequencies.
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The accuracy of the approximations (2.37) and (2.40) can be demonstrated by representing each
harmonic on a separated plot. All the plots in Figure 2.7 illustrate the fact that the third order

approximations (2.40) are the closest to numerical solution.

2.5 Relative asymptotic orders of displacements and incremental

pressure

In this section we establish the relative asymptotic orders of displacement components w1, us and
incremental pressure p; within both the long wave low and high frequency regimes. With the
help of the notation ¢ = x2/h the solutions for displacement and incremental pressure (1.83) may

be represented in the following form

4
up = (Z qujeinqjC)eik(vt—zl ’ ZA emqJ zk(vt a:l)
4 .
= Pl ) (2.41)

Using the boundary conditions (2.2) the coefficients A;, j = 1,2, 3,4 may be related through

f(qu)Ar + f(g2) A2 + f(q3)As + f(qa)As = 0,

9(q1) A1 + g(q2) A2 + g(g3) Az + g(qa) Ay = 0,

Fla)e ™AL + f(go)e "1 Ay + f(gs)e "B Ay + f(qa)e "1 A, =0,
(q1)e

gla)e™ M Ar + g(az)e™ =" Az + g(g3)e™ ¥ Ag + g(qa)e "M Ay = 0. (242)

The system (2.42) enable us to express the coefficients A;,j = 1,2,3,4 in terms of one
arbitrary constant U. Then if we substitute Aj; into the relations (2.41), we are able to compare
the relative asymptotic orders of the displacement components w1, us and incremental pressure
p;. However, to do this we will first have to obtain the orders of all functions occurring in

relations (2.41) and (2.42).

2.5.1 Long wave low frequency regime

We recall that within the long wave low frequency regime there are no large or small parameters in
the characteristic equation (1.77) and therefore all its roots are of order O(1). Taking into account

the above assumptions we employ the expansions for the exponential functions exp(—ing;), j =



CHAPTER 2. LONG WAVE MOTION IN A LAYER WITH FREE FACES 55

3.9 b

6.5

6.45

6.4

6.35

6.3

6.25

6.2 I I I I

Figure 2.7: Scaled frequency Q0 (vertical axis) against scaled wave number n (horizontal axis),
numerical solution and approximations (2.37) and (2.40), obtained for the neo-Hookean mate-
rial (1.116) with e=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond

to third order approximations (2.40), dashed curves to second order approzimations (2.87) and

solid curves to numerical results.
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1,2,3,4 up to and including O(n) to establish the following leading order approximations for the

displacement components ui, us and incremental pressure p;
4 4 4
Uy ~ CijAj’ u2 %CZAJ', = CkZP(Qj)Aj, (2.43)
j=1 j=1 j=1

where C is the constant.

Then we insert into the relations (2.42) the expansions for the exponential functions exp(—ing;)
up to and including O(n). Hence we obtain the dependance of the coefficients A;, and thereby
the displacement components uj,us and incremental pressure p;, on a scaled wave number 7.

Finally the two displacement components at leading order can be expressed in the following form

Uy :F1D107’]+O(772), U2 :F1D2/\_1U77+O(772)7

(N +1) (q1 — a2) (@1 — a3) (@1 — q4) (g2 — q3) (g2 — q4) (—qa + g3)

F =
! (1+0)° 23

, (2.44)

where the exponential function e?(@1 =% has been incorporated into the definition of the constant

U.

In the representations (2.44) we employ long wave limits of two fundamental modes given
by equations (2.9). We remark that for each of the two fundamental modes the coefficients in
representation (2.44) are different but the asymptotic orders are equivalent. For the first case,
with associated scaled phase speed vig) given by the equation (2.9), the corresponding coefficients

in representation (2.44) are the following

Case 1: D; = Dy = 0.5(1 4 6) A\2€

(45 —DXN+ XN A+ + A5+ DA p— A0 —2X+2)) ¢

+ (0562 =6 — 0.5) Ap* + ((35+3) AT+ (6° =50 — 6) A* + 25+ 2) p
+(—35-286-0.56%) A2 +0.5(1+ ) AM2VR+ (2+8) M + 1,

Dy =Dis=(1+0) N3¢+ ((=6 = 1) M + 0.5 (1 +0) A?) €2

+((262+20) Xp+2X° 4+ (=1 —6° —28) A’p?)

(A 22 (0= DAVE X+ (-3 -8 N €

—~

+((264+ 6%+ 1) XN+ (—0.50% — 5 — 0.5) %) p?

+

S+3+6) M+ ((=0+1-28) M+ (2 +08) M) p

>

O+ (1+0)M =055+ 1) A\?) VR + (—0.56% — 2.5) \* + 1,

R:((p—1)25+(p+1)2—62)2+46(p—|-1)2. (2.45)
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(0)

In respect to the second case, with associated scaled phase speed Vg,

given by the equa-

tion (2.9)2, the corresponding coefficients in representation (2.44) are expressed as

Case 2: D; = Dy = 0.5(1 4 6) A\2€
(45 —DN+ N A+ + A+ DN p—A0-2X3+2)) ¢
+(=0.56% =6 — 0.5) Ap* + ((36+3) AT+ (6° =50 — 6) A + 25+ 2) p
+(=35-26—0.5%) X2~ 0500+ ) NVR+ (2+0) M +1,
Dy = Doy = (1+8) N + ((—6 — 1) A* + 0.5 (1 + 5) \?) €

(262 +28) XPp+2X° 4 (=1 — 6% —25) Ap?)

+ (
(AT 2A (L ) XVR AN + (=3 - 0) A €
+((26 4+ 6%+ 1) A + (—0.50% — 5 — 0.5) A?) p?

n

(
(6+3+0) XN+ ((=0+1-28) M+ (02 +0) \)p
X (=0 —)A 051+ 6) X)) VR + (—0.50% — 2.5) A2 + 1. (2.46)

For the class of strain energy functions for which 4 = 0, the representations of the displacement

components are given by

Case 1: ) = @50) =1-—p%

. 16 M1 ((p -1+ 62) ((p +1)% + 62) pe U+ 06,

(e + \/m)?)
o 32M3 ((p -1+ €2> ((p + 1)42 + 62) (p+1)p G+ Ol
(e+ve@+1)

Mi=vVe+42p+1)+Ep+4) +€) +€ +E(p+6) +4elp +2),

My=(E+EP+5) +eBp+5) Ve +4+E+etp+7) +E(Gp+13) +4(p+1), (2.47)
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Case 2: 30 = 2750) =+ 2942,

64M2 ((p+ 1) —|—€2) p+r1)VIteEt2p)

Uy = 3 U77+O(772)7
(€+\/€2 —|—4)
128 M3 ((p+1)2+62>e\/1+62+2p ~
uy = — Un+ 0,

1
(6+\/62+4>
M2 = (e2p+3p+1)6\/62+4+e4p+62(5p+1)+4,

M3 = (e'p+EAp+1) +2(p+1)) Ve +4+p+ € (6p+ 1) + 4e(2p + 1). (2.48)

We remark that in the representation (2.47), the in-plane displacement component u; has
a factor € at leading order, whereas in the formulation (2.48), the normal displacement com-
ponent uz has an equivalent factor. We may therefore conclude that if € ~ O(1) the orders of
displacement components u; and uo are equivalent. This contrasts with the classical cases, see
for example Kaplunov et al. (1998), in which the following relation are valid in the first case
(bending) ug >> u; and in the second case (extension) uj; >> ug. It also contrasts with their
pre-stress counterparts for which one principal axis is normal to the plate, see Kaplunov et al.
(2000), within which the classical structure is preserved.

However if we consider small amount of shear, i.e. € ~ O(n™), where n = 1,2, ... the repre-
sentations (2.47) and (2.48) the asymptotic orders of displacements will gradually approach the
relations typical for in the classical case. If we consider € ~ O(n) in the first case (2.47) one can
see that ug > uq due to factor 7 of in-plane displacement component and in the second case (2.48)
u1 > ug as normal displacement component has an equivalent factor . The difference in displace-
ment orders is gradually increasing with n = 2,3... Therefore qualitatively the transition from
the case € ~ O(1) to the classical case when ¢ = 0 goes smoothly.

We remark that in the case of € = 0 the general results (2.44)-(2.46) as well as simplified
formulations (2.47)—(2.48) reduce to

Case 1: Bending @g]) =1-p*: Mi=M3=4(p+1),
u =00"), u=8p+1)"(p—1)°pUn+O0(n?);
Case 2: Extension ﬁéo) =2p4+2: Ml=Mi=4(p+1),

up =32 (p+D*U\/1+ 20+ 00?), ug = O(n?). (2.49)

The relative orders of displacement components given by (2.49) agree with previously published

results, see Kaplunov et al. (2000).
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The asymptotic order of the incremental pressure p; in the general case may be established

by use of (2.43) and shown to be of the following form for both fundamental modes
pe = kQWUn + O(), (2.50)

with the coefficient Q) generally of order O(1) and the indexes ¢ = 1,2 represent each of the
two fundamental modes. For each associated fundamental modes, the coefficient 0 is algebraic
complicated both in the general case and for & = 0, however the explicit representation for Q)
for both cases was obtained using Maple (1996).

Hence, according to relations (2.44) and (2.50) the relative asymptotic orders of displacement

components ui,us and incremental pressure p; for both fundamental modes are equivalent
Dt ~ Uy ~ U2 (2.51)

However, in the case of € = 0 the results are different. The coefficients in representation (2.50)

become
Case 1: Bending @EO) =1-p%: Q(()l) =0,
Case 2: Extension 1750) =2p+2: Q((]Q) = 32u\/1 + 2p(1 + p)°U. (2.52)

Therefore, from relations (2.49), (2.52) we can conclude that in the case of € = 0 the relative
asymptotic orders of displacement components and incremental pressure for both bending and

extension motions are connected through
Dt ~ Ul ~ NU2. (2.53)

The above relations (2.53) coincide with previously published results, see Kaplunov et al. (2000).

2.5.2 Long wave high frequency regime

In the long wave high frequency regime the representation for the roots ¢; is given by (2.24). We
employ (2.24) to obtain expansions for the exponential functions %< up to O(n) and insert them
into the relations (2.41). Then the displacement components u1,uy and incremental pressure p;

can be represented in the following forms

2 4 9 4
w mCY_qiAy + Y AT, up R C(Y A Y Ajem o),
Jj=1 j=3

j=1 j=3
2 4 .
P~ CE(Y> Plaj) A + > Plg;)A;e™™), (2.54)

Jj=1 Jj=3
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where C is the constant.
Similarly, using relations (2.24), we employ the following approximations for the exponential

functions up to O(n?)

e~Mmn — 1 4 n+ 0(772), e~z — 1 _ n-+ 0(772),

e = (—1)"(1—ine) + (), ¢ M = (~1)"(1—in ) + OGP).  (2.59)

We remark that if we consider the reduced approximations (2.55) up to O(n) the representa-
tion (2.42) will give identically zero coeflicients A;,j7 = 1,2,3,4. Then we substitute expan-
sions (2.55) into relations (2.42) to obtain the dependance of the coefficients A; on scaled wave
number 7. After that we make use of (2.54), take into account the dependance of coefficients A;
on 7 and normalize order by 77 to establish the asymptotic orders of displacement components

u1,us and incremental pressure p; giving by

w =G+ G + 06P), wx = O+ O, (2.56)
o _ 47T (=)™ (A2 + 1) cosh(¢nm)U o 40
6 3 ) 5 5
A(1+49)
@ 2(\+1)7’nPC,U

Cs , Cy = —21 N0 (—1)"sinh({nm)+

M3 (14 6)°
+2 (1= (D" (M =2Xe =X (p(1+0)+ € +6+20) +2e+1),

where the exponential function e*(*1=%) has been incorporated into the definition of constant U
and the explicit expression of the coefficient Cél) was shown to be non-zero using Maple (1996).

The incremental pressure p; takes the following form

pe = kD + kc®n + O(n?),

cr = 657)6 + 667), c6 = c§6)62 + 056)6 + 086). (2.57)

In the representation (2.57) all the coefficients 057), c(()7), ch) and 056) are quite lengthy both within

general case and in the case of § = 0, however their explicit expressions have been obtained
using Maple (1996) and were shown to be of order O(1).

From the above representations (2.56) and (2.57) we are now ready to deduce that rela-
tive asymptotic orders of the displacement components u1,us and incremental pressure p; are

connected through

Pe ~ nur ~ 0 ug. (2.58)
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Thus, the incremental pressure p; is asymptotically leading, with the in-plane displacement com-
ponent u; very much larger than its normal counterpart us.
In the case of € = 0 the displacement components u; and uy remain of orders O(n~%) and

O(n~?) respectively with the following coefficients in representation (2.56)

C(e=0,6=0,A=1)=0U8n"n" (—1)" cosh(Cnm), CM(e=0,6=0x1=1)#0,

CPe=0,6=0,A=1)=U8rn?(((—=1)" — 1)(p + 4) — nm(—1)"sinh(¢Cnr)). (2.59)

Taking into account e = 0 the incremental pressure p; is of order O(n~°) and the corresponding

coefficients in the representation (2.57) are given by
e=02=0)=0, ”(=09=00)=8ur"n"(~1)"(p+1)0. (2.60)

Therefore we conclude that in the case of € = 0 representations (2.56)—(2.57) and (2.60)—(2.59)
yield the following relation between asymptotic orders of displacements w1, uo and incremental

pressure p;
up ~ pt ~ nNuz, (2~61)

where the incremental pressure p; and in-plane displacement u; are of the same asymptotic order.

The relations (2.61) coincide with previously published results, see Kaplunov et al. (2002).



Chapter 3

Long wave motion in a layer subject
to some non-classical boundary

conditions

In this chapter we analyze long wave motion in a sheared pre-stressed incompressible elastic
layer with some non-classical boundary conditions, namely, fixed faces and one fixed and one free
face boundary conditions. To begin with, we derive the associated dispersion relations first in
respect of the most general incompressible strain-energy function and then simplified forms for
specific class of materials. Numerical dispersion curves are produced for the neo-Hookean and
Varga material models. The numerical analysis of the dispersion relations reveals that there are
no fundamental modes for both problems. Guided by the numerical results we proceed with a
long wave asymptotic analysis of the dispersion relations. In respect of long wave high frequency
motion in a layer with fixed faces, there are two families of cut-off frequencies. For each of these
families second and third order corrections to the cut-off frequencies are obtained. In respect of
a layer with one fixed and one free face, the cut-off frequencies are established. For a specific
class of materials their second and third order corrections are derived. Finally, the relative
asymptotic orders of the displacement components and incremental pressure are established. For
both problems the incremental pressure is asymptotically leading, with the in-plane displacement

component very much larger than its normal counterpart.

62
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3.1 The dispersion relations

3.1.1 Layer with fixed faces

We consider fixed face boundary conditions, i.e. zero displacement on the lower and upper

surfaces of the layer, which can be expressed as
ur=us =0 at x90=0,—h. (3.1)

Inserting the solutions for displacement components (1.83) into the boundary conditions (3.1) we
obtain the following homogeneous system of four linear equations in the four unknown constants

A;,i=1,2,3,4

1 1 1 1 Ay
¢ 2 q3 qa A
=0 (3.2)
e~ Mma e~ az e~ Mas e~ Mmaa As
QeI goeT M2 ggeTe  gueTia | | Ay
A non-trivial solution of the systems (3.2) will exist provided
1 1 1 1
il q2 a3 44
Dy = det =0. (3.3)
e~tnn e t42n e a3 e taan
q16_iq117 q26_iQQn q3€_iQ3n q4€_iq477

Performing operations with the rows and columns, the dispersion relation (3.3) may be expressed

as

Ch Cy C3 Oy

Ci @0 ¢3sC5 @O
Dp=det |10 BT BT BT g 00— cos (qn)2), S5 = sin (qn/2) 5 = 1,2,3, 4.

S1 S Ss Sy

| 151 @252 G353 quS4 |
(3.4)

We deduce from the representation (3.4) that the dispersion relation may be shown to always
provide a real equation for all possible types of the roots of characteristic equation (1.77). For
a specific class of materials for which § = 0 the dispersion relation (3.4) takes the following

simplified form

Dys =2k (cosh () cosh (n k) — cos (ne)) — (1+ e+ /{2) sinh (1) sinh (nx) = 0,

k=v1—4b. (3.5)
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3.1.2 Layer with one free and one fixed faces

Our consideration now is the analogous problem with one free and one fixed face. For practical
applications of this system we specify thin coatings and cite the study by Fu (2007). This type of
boundary conditions were studied largely numerically in the paper by Connor and Ogden (1996)

and can be expressed as

7'1=T2=O at .%'Qz—h,

up=us =0 at x9=0. (3.6)

Taking into account the solutions for displacement components (1.83) the boundary condi-

tions (3.6) yield the following homogeneous system in the four unknown constants A;,7 = 1,2, 3,4

1 1 1 1 Ay
(h' QQ' Q3' CJ4' A o, (3.7)
frem M h - foeTt R faem 9 fyem 9] | Ag
(greN goeTM9 gaem B guem || Ay
resulting in the following dispersion relation
1 1 1 1]
Dyo=det | T o @ “o o, (3.8)

fiemMmar foeTiMa2  foeTiNGs f T4

gre M goeTNe2 gaeT 3 g eTiNA

Employing various theorems from linear algebra, for details see G. Korn and T. Korn
(1968), Beklemishev (1971), and using Maple (1996) it may be shown that the dispersion re-
lation (3.8) always provides a real equation for all possible types of the roots of characteristic
equation (1.77). For a specific class of materials for which § = 0, the dispersion relation (3.8)

takes the simplified form previously derived by Connor and Ogden (1996), namely

Dms = ((2p+2)/<c3+ (2p2+2 (1+€2)p) k) cos (en) +
(k' + (p* +4p+ € + 1) k% + (1 + €%) p?) sinh (n ) sinh () +
(—/{5—{- (—2p—262) K3+ (—2p2 — (262+2)p—e4—1 —262) /{) cosh (n k) cosh (n) =0,

k=1v1-1. (3.9)
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3.2 Numerical analysis of the dispersion relations

3.2.1 Layer with fixed faces

In this subsection, we investigate the numerical solution of the dispersion relation for a layer with
fixed faces. The plots are calculated for the neo-Hookean material (1.116) and show the scaled
squared phase speed ¢ and scaled frequency 2 against scaled wave number 7, see Figure 3.1(a)
and (b), respectively. The plots in the Figures 3.1 indicate that there is no low frequency motion
in a layer with fixed faces, which means that the only type of motion is the high frequency
motion. In addition, the plots in Figure 3.1 reveal that in the vicinity of the cut-off frequencies,
the harmonics with even and odd mode number have positive and negative gradients respectively.

The negative gradients are associated with the existence of a negative group velocity.

3.2.2 Layer with one free and one fixed faces

In this subsection we discuss the numerical solution of the dispersion (3.8) for a layer with one
fixed and one free face. For these numerical calculations the Varga material model (1.122) has
been employed. The plots of the dispersion relation show scaled squared phase speed v and scaled
frequency ) against scaled wave number 7 in Figure 3.2(a) and (b), respectively. Similar to a
layer with fixed faces, the plots indicate that there is no low frequency motion in a layer with

one fix and one free faces.

3.3 Analysis of the dispersion relations for long wave high fre-

quency motion

In this section we will examine the long wave regime of the harmonics. We begin with a derivation
of appropriate long wave high frequency asymptotic expansions of the dispersion relation (3.4).
With the help of these approximations we establish the cut-off frequencies and represent scaled

frequency as an explicit function of scaled wave number 7.

3.3.1 Layer with fixed faces
Long wave high frequency approximations

Our consideration now is long wave high frequency motion in a layer with fixed faces in respect of

the most general incompressible strain-energy function. To derive approximations of the disper-
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Figure 3.1: Layer with fixed faces: numerical solution of the dispersion relation for the neo-
Hookean material (1.116) with parameters ¢ = 3,p = 2. The scaled squared phase speed ©
(vertical azis) and scaled frequency Q0 (vertical azis) against scaled wave number n are shown in

(a) and (b), respectively.
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Figure 3.2: Layer with one free and one fixed faces: numerical solution of the dispersion relation
for a Varga material (1.124) with parameters e = 3,p = 2. The scaled squared phase speed ©
(vertical azis) and scaled frequency Q0 (vertical azis) against scaled wave number n are shown in

(a) and (b) respectively.
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sion relation we employ a third order expansion for the scaled frequency €2 (2.30) in the vicinity
of cut-off frequencies Q(®) and consider the dispersion relation in the form (3.4). Using rela-
tions (2.24) and (2.30) we obtain expansions for the trigonometric functions S;,Cj,j =1,2,3,4
up to O(n®). We remark that these expansions are too algebraically complex to be represented
here, nevertheless their explicit representations were obtained using Maple (1996) and employed

to establish the approximation of dispersion relation (3.4) in the following form

Dy = DY + DPp? + Dt + 0(0). (3.10)

The condition that the following leading order term Dﬁ) is equal to zero, reveals that

D =2i <\/1 500 — 2 tan (;\/1 ¥ 5Q<0>>) Q0T+ 5 tan <;\/1 n m(O)) =0, (3.11)

providing two families of cut-off frequencies, the first family given by

2nm
- % 3.12
Y (3:12)
and the second family expressed as the solution of the following transcendent equation
V14900 V14 6Q
af) =Qo, tan < J; 0) — J; 0 (3.13)

The second order term D?) is too algebraic complex to be represented here, however its

explicit representation was obtained with the help of Maple (1996). Using the equation D}Q) =0

we establish the following second order corrections to cut-off frequencies (3.12)

262 — 45 +1
0@ _ _ ’ 3.14
1/ 4mn/1 4§ ( )
with the correction to (3.13) given by
126 +1+6 ¢
02 _ 3.15
2 620 (1 4 0) (3:15)

Therefore, for the scaled frequency €2 in the vicinity of cut-off frequencies Qg?) the following

second order approximation is valid

Q=0 + P+ o0, (3.16)

where i = 1, 2, cut-off frequencies QE?) are given by (3.12)—(3.13) and the second order corrections

QE? are expressed in relations (3.14)—(3.15), respectively.
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Finally, taking into account the explicit representation of the third order term D;fl) obtained

in Maple (1996), the second order approximation (3.16), and the condition Dgfl) = 0, we obtain

the following third order corrections for cut-off frequencies (3.12)

@ 1 8e(r*n® = 3) 4 4€°(4n*n® — 12 — 150) + 87n°n® — 485* — 1200 — 15

1f 7 192 mn3v/1+ 0 ) (3.17)
and for (3.13) given by
ow_ _ Jo
221+ 63
Fo = —14400%6% + (6¢(6 — Q) + 1262 (12 4 5002 — QF) + 2(288 — 13202 — QF))>
— (1264 (802 + 12 + Q) + 1263(52 — 3902 + 1208) — 192 + 11702 4 497)5
— Q2(6(03 + 16)e* + 12(Q2 + 11)€® + 202 — 3). (3.18)

Therefore for each harmonic of dispersion relation (3.4) the associated scaled frequency €2 in the

vicinity of cut-off frequencies QE?) is determined by the following third order approximation

Q=0 + 0+ QPn' + 000, (3.19)

where i = 1, 2, cut-off frequencies Qg?) are given by equations (3.12)—(3.13), second order correc-

tions QE;) are expressed in relations (3.14)—(3.15) and third order corrections QE;) are represented
by (3.17)~(3.18).

We now represent some illustrative numerical results, for which the Varga strain-energy func-
tion (1.124) is employed. In Figure 3.3 comparisons of a numerical solution and approxima-
tions (3.16), (3.19) are presented for the first two harmonics in the vicinity of associated cut-off
frequencies. Each harmonic is represented on a separate plot to illustrate the good quality of the
approximations (3.16) and (3.19), with the third order approximations (3.19) being the closest
to the numerical solution.

The numerical analysis of the dispersion relation (3.4) reveals the positive and negative gradi-
ents exist in the vicinity of cut-off frequencies. Now we are able to investigate this phenomenon by
use of the explicit representations of second order corrections QEJ%) (3.14)—(3.15), which indicate
that the sign of Qg?, i = 1,2 depends on the amount of shear e. To illustrate this phenomenon
we have plotted the second order corrections QE;), 1 = 1,2 as a functions of € for a Varga material
in the Figure 3.4. We conclude that for a fixed face boundary value problem negative group

velocity exists for certain values of € and p. The group velocity is the parameter which governs

the motion of a pulse for dispersive waves and can be defined as the gradient of the dispersion
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Figure 3.3: Layer with fized faces: scaled frequency Q) (vertical azis) against scaled wave number
1 (horizontal axis) for long wave high frequency motion, numerical solution together with second
order approximations (3.16) and third order approximations (3.19) calculated for the Varga ma-
terial (1.124) with e=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond
to third order approximations (3.19), dashed curves to second order approximations (3.16) and

solid curves to numerical results.
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curves

ow A
Okh ~ /ayQO)

vy = kh. (3.20)

We remark that the phenomena of negative group velocity can be found in a number of papers

for example by Fang et al. (2006), Picu (2002) and Nolde (2007).

40 T =

20 e 4

10} - ]

Figure 3.4: Layer with fixed faces: Second order frequency corrections QE;), i =1,2 (vertical axis)

as a functions of € (horizontal axis) for Varga material (1.124). Upper dashed curve corresponds

(2)

to second order corrections QQf and lower dashed curve corresponds to second order correction

2
0.

Long wave high frequency approximations in the case § =0

For a specific class of material for which § = 0, we will derive third order expansions for the scaled
frequency in the vicinity of cut-off frequencies. We substitute the expansions (2.31), together with
Taylor series expansions for the functions sinh(7), cosh(n), cos(ne) up to O(n®), into the dispersion

relation (3.5), its approximation then being given by

Dy, = DY)+ Dn? + DGt + 0(nP). (3.21)
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The leading order term Dﬁ) is of the following form
DY) = in® (Q(O) sin Q© + 2(cos QO — 1)) . (3.22)

If we express sinQ®) and cosQ® in terms of tan(Qy/2), the representation (3.22) takes the

following form
PO _ 2tan(Q/2)(Q© — 2tan(Q©) /2))

= 3.23
Jhs 1+ tan2(Q0) /2) (3:23)
The condition D;(;L)S = 0 gives the two following families of cut-off frequencies
00
tan —— =0, ), = 2nm, (3.24)
QO ) )
tan T = T, Qth = QO, (325)

The representations (3.24)—(3.25) coincide with general formulations for cut-off frequencies (3.12)—
(3.13) provided 6 = 0.

The second order term in the expansion (3.21) is given by

PP _ iy
e 60(0)

FE = ()3 4 2) cos Q0 — 2)6000M) 4 ()2 — 2)3 cos Q)

+ (A2 —6(1 4+ 2)Q0 sin QO + 6(2(Q)2 +1). (3.26)

The equation D](?h) = 0 provides the following second order corrections for cut-off frequencies

@2  1+2é€
AP = (3.27)
(2) 1+ 6¢2 398
2fh 600) ( : )

which agree with the general formulations (3.14)—(3.15) when § = 0.
Hence for the scaled frequency €2 in the vicinity of the cut-off frequencies QE% the following

second order approximation is valid

0 2
Q=) + 077 + 00", (3.29)
where i = 1,2. The cut-off frequencies QZ(% are given by equations (3.24)—(3.25) and the sec-

ond order corrections QZ(;% expressed in relations (3.27)-(3.28). The third order term in the
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expansion (3.21) is given by

P& _ i7"
Jfh 24(0(0))3”

FY = ((Q(0>(Q<°> +2)cos QO — 2) 24(Q©)30®)
+ (2Q<0> cos O — ()2 1 2)sin Q<O>) 12(Q)3(Q2))2
+ (Q<0> (6 - (Q<0>)2) sin QO + (6 —3(2¢2 +1)(Q©)2 + (Q<°>)4) cos Q<0>) 100 0®
+((20)2€ — 1)24000@) 1 ((1+46) (20)2 - 2) 3cos QO
+ ((1 —46%) (29)2 = 6) QO sin 0O — 2(e/ Q)1 + 62(Q0)? - 3). (3.30)

With the help of relation D;A;L) = 0, we establish the following third order corrections for cut-off

frequencies
o® _ 8et(m?n? — 3) + 4% (4n?n? — 12) +872n% — 15
1fh = 1997313 ; (3.31)
(4) 6e1(Q2 +16) + 1263(Q3 + 11) + 202 — 3
Oy, = 0 : (3.32)

Hence, for the each harmonic of the dispersion relation (3.4) the associated scaled frequency 2

)

in the vicinity of cut-off frequencies Qg?ch is determined by the following third order approximation
0 2 4
Q=) + Q50 + Q'+ 0P, (3.33)

where i = 1,2. The cut-off frequencies Qﬁ% are given by equations (3.24)—(3.25), the second
2

order corrections €);3; are expressed in relations (3.27)-(3.28) and the third order corrections
Qgﬁl are represented by formulations (3.31)—(3.32).

We conclude this section with some illustrative numerical results, for which neo-Hookean
strain-energy function (1.124) is employed. Figure 3.5 illustrates comparison of numerical and
approximation solution for the first two harmonics in the vicinity of associated cut-off frequencies.
Good agreement between the numerical solution, second order approximations (3.29) and third

order approximations (3.33) is observed. The third order approximations are the closest to

numerical curves, it is demonstrated on all the plots in the Figure 3.5.
3.3.2 Layer with one free and one fixed faces

Leading order approximation

To obtain the leading order approximation of the dispersion relation (3.8) we employ expansions

for the roots ¢; up to O(n?) given by (2.24) and the approximations for the functions f(q) and g(q)
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6.4

Figure 3.5: Layer with fized faces: scaled frequency Q0 (vertical azis) against scaled wave number
1 (horizontal axis) for long wave high frequency motion, numerical solution together with second
order approximations (3.29) and third order approximations (3.33) for the neo-Hookean mate-
rial (1.116) with e=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond
to third order approximations (3.33), dashed curves to second order approximations (3.29) and

solid curves to numerical results.
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given by relations (2.25) and (2.26), respectively. The dispersion relation (3.8) can be represent

in a form
D = DO + O(?), (3.34)

where the leading order term is given by

: 2 5
DT(S) _ 20Vl 4 o (A2 + 1)>\cos (V1I+0Q)Q ‘ (3.35)
The condition that Dﬁg) = (0 enables us to obtain the following cut-off frequencies
2 1
o) - 2nt m (3.36)

2V +6
Long wave high frequency approximations in case § =0

For a specific class of materials for which § = 0, we will derive long wave high frequency approx-
imations of the simplified dispersion relation (3.9) up to O(n*). Motivated by previous results,
we employ the third order expansion for the scaled frequency €2 given by (2.30). In addition,
we use Taylor series expansions for the functions cosh(n), sinh(n), cos(ne) up to O(n®) and the
expansions for k, sinh(nk) and cosh(nk) expressed in (2.31). We are then able to produce the

following approximation of the dispersion relation (3.9)

Dyn = DY) + D22 + Dt + O(nP). (3.37)
The following leading order equation
D) — 2i(Q©)5 cos QO =0, (3.38)

provides cut-off frequencies, which may be expressed as

(2n + 1)71"

0) _
th - 2

(3.39)

These are observed to coincide with general result (3.36) provided § = 0.

Taking into account the cut-off frequencies (3.39), and the relation sin(QSgL) = (=1)", the

second order term in the expansion (3.37) is given by

(im3(2n + 1)3

p@ _
mh 39

(ﬂ (=)™ (2n + 1)((2n + D)7Q@ +1) — 8(p + 1)) : (3.40)

The equation Dg% = 0 enables us to establish the second order correction to the cut-off frequen-

cies (3.39) as
8 (—1)"(p+1) —m(2n+1)

0® — . 3.41
mh 72 (2n 4 1) (3.41)
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For the scaled frequency 2 in the vicinity of cut-off frequencies Q( ) the following second

order approximation is valid
Q=00+ + 00", (3.42)

where the cut-off frequencies QS;L are given by equation (3.39) and second order corrections Qg%
are expressed in relation (3.41).

Using the representations for the cut-off frequencies (3.39), the second order corrections (3.41)
and noting that sin(QgL) = (—1)", the third order term in (3.37) may be expressed as

DWW

9 ’

DY = 3(=1)"7%(Tn2(4n® + 5) + TOn* + 70n3 + 10n + 1)QW

+24((—=1)"(32 — 7* 4+ 4n°n(n — 1)) — 4n(n + 1))p?
+ 127 (8n37? + 120372 4 2n(37% — 8) — 7% — 6)*p+

12(8(2

(
(=)™ —7’n(n+1) — 7)) + nr(nm — 7)) + 7(7%(8n — 12n® + 1) — 28)p
+ 127(2n(—=1)"(4nm(n + 1) 4+ 1) + 87%n3 + 127202 + 2n(37% — 16) + 72 — 16)€>
— (=1)"(32n*n* + 64703 + 120202 (3 + 472) + 47*n(6 + 47) 4+ 972 + 21t — 768)
+ 121 (127%n? 4 87°n? 4 2n(37% — 20) + 7° — 20). (3.43)

The equation DT(;IEL = 0 yields the following third order correction to cut-off frequencies (3.39)

mh — m7
&Y = 12(=1)"x(8n® — 12n% + 10 + 7)p — 9672n(n + 1)
— 12(—1)"77(8n37r2 + 7% 4 21 — 16) — 24(—1)"7n(37% + 67°n — 16),
(4n? 4 20n + 3) 4 (=1)"w(47°n> + n(8 — 37%) + 4+ 14) — 32)p
+ 12((—=1)"(56n — 7% — 127°n?) — 128)p
+12(=1)"7(87%n3 — 127%n? 4+ n(40 — 67%) 4+ 20 — 72)

+ 27t (160" + 32n3 + 2402 + 8n + 1) 4+ 97%(2n 4 1)? — 768. (3.44)

Hence, the scaled frequency €2 in the vicinity of cut-off frequencies QS;Z can be expressed as

Q= Q(O) + 9(2) 24 9(4) Y0, (3.45)
where the cut-off frequencies Qgg%, second order corrections Qg% and third order corrections QS%

are given by (3.39), (3.41) and (3.44), respectively.
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We conclude this section by demonstrating some illustrative numerical results produced for
a neo-Hookean material. The numerical solutions of the dispersion relation (3.9), second order
approximations (3.42) and third order approximations (3.45) are presented for some harmonics
in the vicinity of the first two cut-off frequencies in the Figure 3.6. All these plots show excellent

agreement over a relatively large wave number region.

3.4 Relative asymptotic orders of displacements and incremental

pressure

Our aim is now to establish the relative asymptotic orders of the displacement components w1, uo
and incremental pressure p;. For long wave high frequency motion the displacement components
u1, ug and incremental pressure p; can be expressed in the form (2.41) with the unknown constants

A;,i=1,2,3,4.

3.4.1 Layer with fixed faces

Considering the fixed face boundary conditions (3.1) the coefficients A;,i = 1,2,3,4 may be

shown to satisfy the following homogeneous system

A+ Ay + A3+ Ay =0,
Q1AL + @Az + q3A3 + @1 As = 0,
e TN A 4 eI A, + e—iq:mAs +eTtan A, = 0,

qre” AL + gee” R Ay + gzeT B Az + que” Ay = 0. (3.46)

From this system it is possible to express each A; in terms of one arbitrary constant U.

We remark that a different set of coefficients A; corresponds to each of two families of cut-off
frequencies. By inserting A; into the relations (2.41) and calculating the order of all functions
occurring in relations (2.41) and (3.46), we are able to compare the relative asymptotic orders of
the displacement components 11, us and the incremental pressure p; for each of the two families
of cut-off frequencies.

Employing the expansions (2.24) and the representations of the cut-off frequencies (3.12)
and (3.13), we establish the approximation for the exponential functions, up to and including

O(n) and then insert these into the relations (2.41). Then, we obtain the following leading order
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Figure 3.6: Layer with one fized one free faces: scaled frequency 2 (vertical azxis) against scaled
wave number n (horizontal axis), numerical solution and approximations (3.42) and (3.45), for
the neo-Hookean material (1.116) with e=1, p=0.5; (a) first harmonic, (b) second harmonic.
Dotted curves correspond to third order approximations (3.45), dashed curves to second order

approximations (3.42) and solid curves to numerical results.
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approximations for the displacement components u1, 1o and incremental pressure p;

2
u1%C(ZqJ +Zq]A B, ZA +ZA B,

7=3

2

pe ~ C( Z (q))A; + ZA Pla) B, (3.47)
7j=1 7j=3

m)

where C denotes an arbitrary constant and the quantities E]( m=1,2;7 = 3,4 are given by

2 , ‘
0= \/% : E:gl) — elic2nm) Eil) — o(ic2nm),
Q=0 EP = VIR B _ (VIR (3.48)

With the help of the expansions (2.24), we establish the following approximations for the expo-

nential functions up to O(n?)

e(—iq1"7) =14 n+ 0(772), e(—iqzn) =1- n+ 0(772>7

i) = By(1—ine) + O(n?), M) = E- V(1 — ine) + O(n?),
2mn

Jito

We are now in a position to insert expansions (3.49) into (3.46) to obtain the dependance of

Q= ) 2fh *

EM =1 L E®) = VTR (3.49)

the coefficients A; on scaled wave number 7. With the help of representation (3.47) we are able
to establish in complete generality the relative asymptotic orders of displacement components
u1, u and incremental pressure p; for each of two families of cut-off frequencies (3.12) and (3.13).

For the first family of cut-off frequencies (3.12) the relative asymptotic orders of the displace-

ment components and incremental pressure component are given by
Pe ~ nuy ~ n*us. (3.50)

Therefore for the first family of cut-off frequencies (3.12) the incremental pressure p; is asymp-
totically leading, with the in-plane displacement component u; asymptotically larger than its
normal counterpart us.

In respect of the second family of cut-off frequencies (3.13) the analogue of (3.50) is the

following
pe~ nPuy ~ nug. (3.51)

Similar to relation (3.50), the representation (3.51) indicates the asymptotically leading incre-
mental pressure p;, with the in-plane displacement component u; asymptotically larger than its

normal counterpart us.
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Considering the case of € = 0 for the first family of cut-off frequencies (3.12), the asymptotic

orders are given by
Pt~ Ul ~ Nug, (3.52)
with those associated with the second family of cut-off frequencies (3.13) are expressed as
pr ~ nPug ~ nlus. (3.53)

We note that the relative asymptotic orders of the displacement components uq, us and incre-
mental pressure p; obtained from the representations (3.52)—(3.53) for both families of cut-off

frequencies coincide with previously published results, see Nolde and Rogerson (2002).

3.4.2 Layer with one free and one fixed faces

In respect of a layer with fixed upper boundary and traction free lower boundary (3.6) the

coefficients A;,7 = 1,2, 3,4 are related through

A+ A+ A3+ Ay =0,
@1 A1 + @Az + g3 A3 + 4 A4 = 0,
fla)e "M AL + f(q2)e "M Ay + f(g3)e "B Az + f(qa)e 1Ay =0,

g(q1)e "M Ay + g(go)e” " Ay + g(gs)e "B Az + g(qu)e Ay = 0, (3.54)

and can be obtained in terms of one arbitrary constant U. With the help of approximations (2.24),
and taking into account the cut-off frequencies (3.36), we establish the expansions for exponential
functions up to O(n) and insert them into the relations (2.41). Then, at leading order the

displacement components u1, uo and the incremental pressure p; can be expressed as

2
Uy ~ C(Z QjAj + q3A3€(i§(2n+l)7r/2) + (]41446(7Z'C(27L+1)ﬂ'/2))7
Jj=1

2
s %C(ZAj+Age(i<(2”+1)”/2) +A4€(—iC(2n+l)7r/2))’
Jj=1

2
pr ~ Ck()  P(g)Aj + P(gs) Az TIT2) 4 P(gy) Agel 7 CraDm/2), (3.55)
j=1

where C denotes an arbitrary constant.
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Using the expansions (2.24), together with cut-off frequencies (3.36), we introduce the follow-

ing approximations for the exponential functions up to O(n?)

M) =1 L O@R), ) =1 54 O?),

e9) = (“1)"(i 4 ) + O(), €M) = (—1)" (i 4 ne) + O(?). (3.56)

Substituting expansions (3.56) into relations (3.54), considering the modified expressions (3.55),
and normalizing by 1® we establish the following asymptotic orders of displacement components

u1,u2 and incremental pressure p;

u =CIP 0P, us=CPnP+0mY), pi=C®+0(m), (3.57)

Y = 0010,
Q1 =2(16n* +32n + 24n? +8n +1)((p— 1)d +p + 1)

— 7 (=1)" (32n° + 80n* + 800> + 40n* + 10n + 1),

_ 7 (14 A?)sin (¢ (2n+ 1) 7/2)
Qo = — 8 (11 5)° , (3.58)

(¥ = UH Ho,
(63\/62—|—4+64—|—5€2+4+3€\/62—|—4> (2n+1)>x3
le— 3 )
(1+9)? (e—l- Ve? +4)

Ho = ((—=1)"7r(2n+1) —2(p+1)(6 + 1)) cos (C (2n + 1) 7/2) + 26(1 — p) — 2(p + 1),

CO) = LUR R,

2n 4+ 1)° 7% ((=1)"7(2n + 1) — 2(p + 1)(§ + 1)) sin (¢ (2n + 1) 7/2)
16X (14 A2) (14 6)%/2

Ro = A2+ 2%) + A2(1 4 6) (K1 + K2) —v(A2 +1)). (3.59)

Ry =

)

From the representation (3.57) we deduce that the relative asymptotic orders of w1, us and pg

are given by
pe ~ n2up ~ nlus. (3.60)

The common tendency with previously established relations (2.58), (3.50) and (3.51) is that the
incremental pressure component p; is asymptotically leading, with the in-plane displacement

component u; asymptotically larger than its normal counterpart us. Taking into account the
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representations (3.57) and (3.58), the relative asymptotic orders of the displacement components

u1,u2 and incremental pressure p; in the case of € = 0 are given by

pr ~ MU~ n2u2. (3.61)



Chapter 4

Asymptotically consistent model for
a long wave low frequency motion in

a layer with free faces

In this chapter we derive a simplified asymptotic model for two-dimensional long wave low fre-
quency motion in a sheared pre-stressed incompressible elastic layer with traction free faces.
First, we derive an asymptotically consistent dynamic model in respect to the most general
strain-energy function and then discuss simplifications for the case of a layer composed of neo-
Hookean material. Using the fact that the asymptotic orders of displacements and incremental
pressure are equal we establish non-dimensional linearized equations of motion, incompressibility
condition and incremental traction components. A hierarchial system of traction free bound-
ary value problems at various orders is then obtained. The first three asymptotic orders of the
problem, both for the general and neo-Hookean material, are considered. Asymptotic integra-
tion is employed in vicinity of the long wave low frequency limits. The presence of pre-stress
in a form of a simple shear deformation results in no decomposition of motion into symmetric
and anti-symmetric parts. This leads to a novel vector governing equation obtained only at the
third order problem. A matrix representation of the governing equations is employed to confirm
the existence of two fundamental modes and illustrate the asymptotic consistency of the derived

simplified dynamic model.

83
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4.1 Asymptotic model in respect of the most general strain-

energy function

4.1.1 Asymptotic scaling and dimensionless equations

Our aim is to derive an asymptotic simplified dynamic model for the long wave low frequency
motion in a finitely sheared incompressible elastic layer for the most general strain-energy func-
tion. To do so we generalize the asymptotic methods first developed and exploited in respect of
dynamic problems involving linear isotropic thin-walled elastic bodies, see Kaplunov et al. (1998).

In the case of the most general strain energy function, the linearized equations of motion
are given by equations (1.68), (1.69) and the incremental traction components are expressed
in (1.95), (1.96). It was shown that in the long wave low frequency regime the relative asymptotic
orders of displacements and incremental pressure components are equivalent, see relation (2.51).
Therefore, appropriate non-dimensional displacement and incremental pressure components are

taken as

uy = luy, ug =luy, pr=Jayp; = N}, (4.1)

where the superscript * indicates dimensionless quantities and we employ the relation o = \*~.

In addition, the scaled spatial and time variables are given by

[P [P
=1 =h t=1,|—7 =1,/ 5—T. 4.2
X1 57 Z2 C? MT )\277_ ( )

To distinguish between differentiation with respect to scaled and original variables we use
the notation (.) ¢, (.) ¢ and (.) » to indicate differentiation with respect to &, ¢ and 7 respectively.
Employing the scalings (4.1) and (4.2) the equations of motion (1.68), (1.69) can be represented

in non-dimensional form and expressed in powers of 1 as

My = Con’ +Cin+Cy =0, My = Cin’ + Cin+Cf =0, (4.3)

Co = ((02 = 279) N> + 02 — v + Bi122 — Bi111 + Bioo1) u oo+
+ (Bi221 — Bii11 + Biiz2 — A%) AT e
C3 = ((o2 =) =y X" + (Bi122 — Bagao + Biza1 + 02 —7) A?) Aug et

+ (A*y — Biga1 + Bagga — Buiga) Nuj ¢, (4.4)
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C = ((2(Bi221 + Buizz — Buin) + 02) N> 4 02 — 7) U} ¢ + (A + 1) Nypf o+
+ ((02 = 7) Ay 4+ 2(Biaa1 + Buizz — Biin) + 02 +7) Aus ¢,
CF = ((02 = 7) (A + 1) + 2(Bu122 + Biaa1 — Bagsa + v AY)) Auf eo+

+ (A +1) )‘37292‘,( + ((v = 02 4 2(Bazz2 — Bi221 — B1122)) A> — 7(2A° — 1) — 03) Uz,ecs

Cy = (N +1) Ay(u3 - + A + Aui o)+
+ ((Bi221 — Bi111 + Biiz2) A* — 7) Uy get
+ ((Bri22 + Biao1 — Biiin — 7 + 02) A2 + 02 — 27) AU ge,
CF = (N + 1) Ny(\uj 7 — pre — ui 1)+
+ (Bia21 — Bagos + Biigz — M%) AU gt

+ (Y A° = Bi1g2 — Biao1 + Bagso + (v — 02) (A* = 1)) u] ¢

85

(4.6)

The above equations of motion must be solved in conjunction with the non-dimensional incom-

pressibility condition

uj en+us e =0,

(4.7)

and subject to the non-dimensional traction free boundary conditions at the upper and lower

surfaces on the layer, which take the form

T =Tin+Ti =0, Th=Tn+T2=0, at (=0,-1,

Tol = ((02 — Bi122 — 27) A2 — Bij1 — v+ By + 02) u§7<+
+ (Bia21 — Bii1 + Biiz2 — A\*y) Auj ¢,
T02 = (0'2 — B2 — 'Y()\4 + 1) + (02 + Bi221 — B2222 — 7) )\2) )\uac—f—

+ (A*y = Bria2 + Bagas — Buaa1) Nuj,

T! = ((v+ Biza1 — Buii1) A* — Buig) u} ¢+
+ ((Bii22 + 02 — Bi1i1 + Bigo1) + (02 — 7) A?) Auj ¢ + (A2 + 1) Nypy7,
Ty = (A'y = Bagga + Biast — Bi122A?) Auj o+

+ (7 = 02) (A2 + 1) + (Baoaz — Biisz — Biaa1) A2 — \%9) uy e + (A2 + 1) Nqp}.

(4.8)

(4.10)
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Solutions of equations (4.3)—(4.7), subject to boundary conditions (4.8), are sought in the

form of the series

(i ug,pp) = > (@™, ud™ ™)™ + O (Y. (4.11)

m=0

The form (4.11) leads to the hierarchical system of boundary value problems at various orders.
In the representation (4.11) the problems of various orders are obtained by putting m = 0,1, 2...

with m = 0 corresponding to the leading order problem.

4.1.2 Leading order problem

At leading order the non-dimensional equations of motion and associated incompressibility con-

dition are given by

((62 = 279) A* + Biio — Bii1 + Biga1 — 7 + 02) uéoc)‘4+
+ (B2t — Buii + Buiza — A2y) Al = 0,
(02 = v(A* +1) + (Buga1 — Bagaa + Buiga — 7 + 02) \%) /\uéocc
+ ()\27 — Bi221 + Baggo — Bri22) A2 Ul (( =0,

W 0. (4.12)

and subject to the following traction free boundary conditions

((o2 = Bi122 — 27) A* = Bii11 + Bigor + 02 — 7) u§°2+

+ (Bi122 — Ay + Bia21 — Biin) Au§ ) =0,
(02 — Biiza — y(A* + 1) + (Biag1 — Basgo + 02 —7) A%) A ég—i-

7)A
+ (A*y — Bui22 + Bagoz — Bugar) X2 §2. 0, at ¢(=0,—-1. (4.13)

It is readily deduced that the solutions of equations (4.12), subjected to boundary condi-

tions (4.13), are of the following form
ul” =000, 7), uf) = VOO 7). (4.14)

Hence, the solution of the leading order problem consists of two displacement components each
independent of ¢. We note that it is not possible to determine U0 (¢, 7) and V(00 (¢, 7) without
considering higher order problems.

We remark that in the solutions of all asymptotic problems we will denote various functions

by capital letters involving double superscripts. These functions are independent of . Moreover
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within two indices of the superscript the right one indicates the asymptotic order, with the left

denoting the degree of (.

4.1.3 Second order problem

In order to determine the unknowns from the leading order problem the second order problem
must be considered. To establish the second order problem we substitute the general solu-
tion (4.11) with m = 1 into equations (4.3)—(4.7) subject to boundary conditions (4.8) and

consider terms of O(n). At second order, we obtain

(A2 +1) )‘271915?2 + (Bi122 + Bioa1 — B — A%9) M@ﬁ
+ ((02 = 27) A* + 02 — v + Buiz2 — Bt + Bioa1) Uggg =0,
(A2 +1) )\37p1(€?C) + (Bage2 — Biiaz — Biao1 + A%) /\QUQC_
— (v(A° = 1) 4+ 02 + (Br122 — Boaza + Biao1 + 02 — 7) A?) /\ugéé =0

uélg = —ug?g, (4.15)

subject to the following traction free boundary conditions

(A +1) )\2W’p£0) + (Bi221 — Biii1 + Biiaz — A%9) AuféJr

+ ((02 — 2v — Bi122) A* — Bi11 + Buiao1 + 02 — 7) Uélé =

= ((Bi111 — Bi221 — %) A* = Bi122) U,(go,o)_

— ((o02 = ¥) A* + 02 — Bi111 + Bii22 + Bia21) A‘{éo’o), at ¢ =0,-1,
(A +1) Nyp? + (A%y — Biag1 + Boaso — Bii22) )\2US2+

+ (o2 — y(A* + 1) — Br1g2 + (Bi221 — Basos + 02 — 7) A?) )\Uglg =

= (Baga2 + B1122A* — Bioa1 — v AY) >\U7(§0’0)—
— ((Bazzz = Biizz = Biam +7 = 02) A2 —oa +7(1 = X)) VPO at ¢=0,-1.  (4.16)
The incompressibility condition (4.15)3 enables us to establish the following form for the

normal displacement component
ul) = —coP? + Y. (4.17)

The equations of motion (4.15) can then be written as

(A + 1))\7p§?¢) — (B — Buiz2 — Bigar + )\27)11824 =0,
(N + 1)/\710;04) — (Bi221 — Bagaz + Biiza — )\27)u§2< = 0. (4.18)
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Taking into account strong ellipticity condition (1.56) and the fact that o = A*y the determinant

of the homogeneous system (4.18) is given by

Biaa1 — Bii11 + Biig2 — M2 A2+ DA
det 1221 i 12z 7 )XY =22y (A +1) (B+A%) <0. (4.19)

A2y — Biggr + Bagas — Biiza (A2 + 1)y A

Therefore the only solutions for two variables in system (4.18) are the trivial ones, thus

P2 =0, ul'). =0 (4.20)

(1)

Hence, at second order, the in-plane displacement component u; ’ is a linear function of ¢, and

the leading order pressure pio) is independent of (. Hence

ugn _ Ul(l’l)C I Ul(O,l)_ (4.21)

Substituting ugl), pﬁo) given by (4.21) and uél) expressed in (4.17) into the boundary condi-

tions (4.16), it is possible to obtain the following representations for the functions pgo) and Ul(l’l)

p” = U + v,

U0 _ U0 4 0, (4.22)

where the coefficients C;, ¢ = 1,2, 3,4 are given by

ct)
(A'y +28 A% +a) A%y

C") = (09 — v + Buizz + Bioo1 — Bazas) 7\

=

+2(B(o2 —7) —av) A’ + (o2 — v + Buiaz + Biaa1 — Buini) a, (4.23)

c)
Ay +282% +a) A2y’

Cél) = ((a+ 09 = 7) 7 + (Biigz + Biza1 — Bazzz) 09) X+

Cy =

+ ((B1111 — B1221 — B1122) 02 + (B1221 — B1111 + Bi122) v) A+

+ ((B1111 — 02 — Bi221 — Bii22) @) A, (4.24)

c 22 (=B A —a+p)

ST My 428 +a

(Y =o)X+ (y—a—2(00 —B)) A2 — 09+
My +28XA2 4+« ’

Ci=—

(4.25)
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Hence the solutions of second order problem can be written as

W = (csU?Y + vy + U,
ug):_qgv e+ U™,

p? =P + v ™, (4.26)

where the coefficients C;,7 = 1,2, 3,4 are given by (4.23)- (4.25). We note that the new functions
UQ(O’l), U1(0,1)7 together with the leading order functions U0 and V(09 remain undefined within
the solution of the second order problem. To make further progress we must consider the third
order problem. The fact that we need to go to higher order to solve the problem is the novel

aspect in comparison to previously work by Kaplunov et al. (2000).

4.1.4 Third order problem

The third order problem can be written as

1 2 1 2 1) (1
MPuP + MPuE) + MP P = M)+
£ MOUO  MOU,  MOUO, £ MOUL), - MO0+ M)

27’7’

C?
2 2 2) (1
MU+ MPuG) + MP P = MPp)+
0 2) (0 1
+ MPU + MOu) + MP U+ MP U+ P+ M

2 1
ul) = —ui'); (4.27)

MY =2 (Bii11 — Bizo1 — Buisa + 7 A%,

) =5 + Biini — 02 — Biise — Biasy — (02 — 27),
M = M = N2 (N2 41),
MY = M =N (A2 4 1),
() — )\ (A2(Bi122 + Big21 — Biiin + 02 — ) + 02 — 27) ,
/\/171) = A*(Bia21 + Buize — Bu) — 7,
Y = 2)2(B1gs — Buii + Bioat) + 09 — v + A2(y + 09),

(
8
Mgl) =X (X\*(02 =) = 2(B1111 — Bii22 — Bioo1) + 7+ 02), (4.28)
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M) = 22 (Bri22 + Biaa1 — Bagzo — v A?)

MP =X (\2(Bazas — Biast — Buizz — 02 + (A2 +1)7) +7 — 02)

MP = - MP = 423 (024 1),

MP = MP = /X (X2+1),

M(Q) = Biggo — Biigs — Biaor — 02 + v + X (y — o2 + 7 AY),

M(2) A (Biga1 — Bogzs + Biiza — v A%)

MéQ) =X\ (N(2X%y — v+ 09) + 09 — v + 2(Bia21 + Bii2 — Basn))

M = X} (2(Bazzs — Buizs — Biomt) + (1 — 2X1) — 03)) — 02 + 7. (4.29)
Equations (4.27) must be solved subject to the following traction free boundary conditions

Tl( ) gg 72(1) (2—|—T( ) E ) _ 7:1( )ugg +T€>(1)“§g’

7o D = TN T

+ 7(2)u(2) + ’T( Ip®) = 7:1( Ju 12 + 7Py 127 at (=0,-1, (4.30)

7V =\ (Biii1 — Biaa1 — Buigz +7 A7),

72(1) = Bii11 +7 — M(09 — 2y — Byi22) — Bio1 — 09,

7;(1) — A2 ()\2 i 1) :

7Y = A% (Biaz1 — Bunn +7) — Bu,

’]'5(1) =X (\2(02 — %) — Bii11 + Buiaz + Bioo1 + 02) |

’2'1(2) =\2 (Bii22 + Bi2a1 — Bogas — 7)\2) )

7, = A (A*(Bagaz — Bi221) + Buiza + A (v — o2 + A*y) +7 — 02) ,

7?3(2) — 43 ()\2 i 1) 7

’1:1(2) =X (N(A\?y — Bi122) — Bagos + Biaai)

75(2) = A*(Bga2z — Biao1 — Briaz + (1 = M)y — 02) + 7 — 02 (4.31)
Taking into account the leading order and second order solutions given by (4.14) and (4.26)

respectively, the incompressibility condition (4.27)3 may be used to obtain the following repre-

sentation for the normal displacement component

ul) = (CULY + sV~ UGl + Ui, (4.32)
oo N HB=7N -8
i AB+Ay)

¢ - (= 0)R 428 —00) £ 91 = A)N +7 -0y s

2)2 (8 + AZY)
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Using (4.32), we can now establish the third order solutions for u§2) and pgl) in the form

WP =P e ™, M = PMYe 4 PO, (4.34)

where the functions U1(1’2), U1(2’2), Pt(o’l), Pt(l’l) can be determined at third order, with Ul(O’Q),

UQ(O’Q) obtainable at higher order.

Taking into account the relations (4.14), (4.26), (4.32) and (4.34), the equations of motion
and boundary conditions yield a system of six equations in the six unknowns U(%:0), 1/(0.0), U1(1’2),
U1(2’2), Pt(o’l), Pt(l’l). This system will be used later on, however it is not worth writing all six

equations explicitly. We will need to specify here two equations of motion as they will be used

to produce resulting governing equations later

RIPD 4+ RIUE? = RGO + RIVOO 1 RIUQLY + RV,

RIPY + RUPY = RIULY + RIVLO + REULY + RV, (4.35)

The coefficients in equations (4.35) are quite lengthy, however the their explicit expressions have
been obtained using Maple (1996).

From (4.30) it is possible to show that both incremental traction components are linear
functions of {. Therefore the in-plane traction component at the upper surface of the layer { = 0

can be expressed as

1,2 0,1 0,1 0,1
MU + N3P = MUY + MUSY, (4.36)
and at lower surface of the layer ( = —1
177(2,2) 1p(L1) _ pr177(0,0) 11,(0,0)
NUSY + Ng P = N5 Uge + N Vee - (4.37)

Similarly, the normal traction component at upper surface of the layer is given by

1Y1 2ty = NgUge 4Y2¢ .
and at lower surface of the layer

5Y1 64t = /N7Ug 8Vee - :

The coefficients in equations (4.36)—(4.39) are too unwieldy to be written explicitly here, however
their explicit representations were obtained with the help of Maple (1996).

From the two boundary conditions at the upper face of the layer (4.36) and (4.38) we obtain

HON 2 U + U, Ui = Gl + Ul (0



CHAPTER 4. LOW FREQUENCY ASYMPTOTIC MODEL 92

C_O'Q—’)’()\2+1) o —
T T B

Cél) = 42X\ (Bi111 — Biio — Bioor — 09) v A+

+ (y(1 = ) + Bi12a + Bi2a1 — Bogga) 0o \*+

+ (Bi1111 — Bi122 — Bi221) 02 + (Bi221 + Bi122 — Bi111) 7,

C_i(A—1)(A+1) c LN H1D)?o+ (A= M A 1)y - 20802
. LT 2 (B + 7 \2) A2 '

© (4.41)

From the two boundary conditions at the lower surface of the layer (4.37) and (4.39) we establish
that

Pt = CnUg(g’O) + 012‘/%(50’0), U? = 013U5(2’0) + 614‘/5(;’0), (4.42)
1
cty
203 (8 + X27) v
Cﬁ) = v2\® 4 (Bagas — 02 — Biga1 — Biizo) y A+

Ci =

+ (y(02 — ) + (Bi122 — Bi111 + Biag1) 02) A2+

+ (Bagaa — Bi221 — Bi122) 02 + (Bii22 + Bi2a1 — B2222) 7,
(02 =YW +1)) (YA + (02 =) X + (2(02 = B) — 1) A2 — v + 02)
SN (B + A27) !
YN+ (28 -0 —37) A - (28— 3’y—|—202))\2—|—'y—02+2ﬁ
202 (A2 + )
ol — (1=22) (v A 4 (02 = 7) A + (2(02 — B) = 1) A2 — v + o)
a 2(B+A29) M3 ‘

Ci2 =

Ciz3 =

(4.43)

(1)

We conclude that u§2) and uém are the quadratic functions of ¢, p,”’ is linear function of ¢

given by

uy D = {C13U(0’0) + C14V(00 1+ {C9U1 £ R ClOUQé“ }C + U1 )’
—{C Uoo) +C@‘/€£ }C2 <U10§1 +U2(02)7

pgl) = {CHU (0,0) + Clgv (0,0) }C +C U(f)él) + CgUé%l), (4.44)

where all the coefficients are given by (4.33), (4.41) and (4.43). In the solution (4.44) four
functions remain unknown, namely U1(071), U2(071)’ Ul(o,z) and UQ(O’Q). To determine Ul(o’l) and UQ(O’I)
one has to consider the fourth order problem and for U1(0’2) and U2(0’2) the fifth order problem,
respectively. The governing equation for the leading order functions U9 and V(%0 is obtained

from the third order problem and established below.
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Using the solutions (4.14), (4.26) and (4.44), the equations of motion (4.35) can be expressed

as
Gl + g0 1 gu Y + gV = o,
2) 2)1 (0,0
Gy 1 g® 720 +g< U£§ V4GPV =, (4.45)
G = =¥y (¥ 41), 6 =~ =ty (¥ 41), (1.0)
m_ (4 1)? (v(A2+1) — o9)
g3 3 ;
g _ (¥t 1)” (22 = 1) + N2 (02(48 + 02) —1%) + (02 = 7)?) (4.47)
A2 (28 +2)29) ’ '
22 41)%63
6D = (2412 (24 1)), g = _NTD Ch
50 = ( )" (! )02), Gy 2 B+ A%
Gh =72+ Xy (2(8 - 09) +7) -
— A2 (V2 4 09(02 — 27)) — 2(¥(B + 02) + 28) — 0% — A%, (4.48)

The governing equation for the functions U9 and V(9 can, by using (4.45) be written in

the following matrix form

2 (0,0 2 (00 Dy D
;2 + Daa2 —o, D=| " 77, (4.49)
T 17(0,0) C 1/ (0,0) Dy1 Doy
2(02 —y(\? + 1))
Dy =
11 v A2 )
AM-1)(v(A¥+1) -0
D1y = Do = ( ) (7)(\3 ) 2),
v

(1)

Dy = — Do

My (28+2X%)
D%) =2\ + 200y (B — 02) + Moa (277 — 09) +

+2X2 (8202 —7) + 02(7 = 02)) — (02 = 7)*. (4.50)

The solutions of equation (4.49) enables to determine displacement components in the leading
order problem. A special type of one dimensional vector governing equation (4.49) exist due to the
fact that the asymptotic orders of displacements and hydrostatic pressure (2.51) are equivalent.

The equation (4.49) provide a significant simplification in comparison with the equations of
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motion (1.68) and (1.69), subject to (1.95), (1.96). It demonstrates that to describe the long
wave low frequency motion one can use equation (4.49) with only two essential parameters -
long wave amplitudes of in-plane and normal displacement components U (0.0) (&,7) and V(0.0)(&7)
respectively. We remark that the governing equation (4.49) is of novel matrix type in comparison
to previously derived analogous equations in the asymptotic models by Kaplunov et al. (1998,
2000), Prikazchikova (2004).

The eigenvalues of the matrix D may be found from the following quadratic equation for

non-dimensional squared wave speed 0y

f)g + Cgff)o + Cof =0, (4.51)
with
(A2 4+ 1)% (92 + 2X29(8 + 7 — 02) — (02 —7)?)
Cop = — o : (4.52)
2y (B+A%7) A
(A2 +1)* (YL +2?) — 02) (02 =7 +X*) (1 + 8~ 72)
Cor = 5 — : (4.53)
X0 (B+ Xy)y
With the help of relations (1.36) the coefficients (4.52) can be represented as
CY=0+1)p-1)2—e -1,
C=—*-1) pE+1)— (-1 +1)+é). (4.54)

We remark that the quadratic equation (4.51) coincides with equation (2.8) which is the leading
order expansion of dispersion relation (2.4) in long wave low frequency regime. The solutions
of equation (4.51) are therefore the long wave low frequency limits of the fundamental modes
expressed in (2.9). Hence the asymptotic long wave low frequency model is asymptotically con-
sistent with the analysis of dispersion relation (2.4).

To conclude this section we would like to comment on existence of quasi-fronts and the related
question of constructing the higher order theories. There can be discontinuities in solution of
associated with second order of matrix equation (4.49). In order to smooth these discontinuities
the fourth-order correction terms can be obtained by constructing higher order theories. In the
theory of thin structures this phenomenon is known as a quasi-front. The examples of higher
order theories and associated quasi-fronts can be found in the papers by Kaplunov et al. (2000)
and Pichugun and Rogerson (2002). In the considered system of asymptotically approximate
equations the fourth-order governing equation can be obtained only at the stage of firth order
asymptotic problem. Therefore due to the algebraic complexity the fourth-order corrections to

second-order governing equation were not derived.
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4.2 Asymptotic model in respect of neo-Hookean strain-energy

function

4.2.1 Non-dimensional equations

Our intension now is to derive a simplified asymptotic dynamic model for long wave low frequency
motion in a sheared pre-stressed incompressible elastic layer composed of neo-Hookean material.
We remark that it is possible to obtain all the results for a neo-Hookean material model from the
general formulas derived in the previous section. In order to do that one would require the form
of material constants and elasticity tensor components given by (1.118), the relation between the
parameters p and oy (1.110). However, we consider this section specifically to give more details
about the derivation of the dynamic asymptotic model for the certain type of material.

For the special case of a neo-Hookean strain energy function the equations of motion (1.120)
and incremental traction components (1.121) are significantly simplified in comparison to the gen-
eral formulas. It was shown that the relative asymptotic orders of displacements and incremental
pressure components are equivalent (2.51). Taking into account relations (1.118) and (1.110) the

scalings (4.1) and (4.2) enables us to establish non-dimensional governing equations in the form

mi =’ +en+cg =0, mo =G’ +cn+ =0,
0 =N — P+ D) Musee, g =Nuje— (p+1)Muje,
Al =A(2=2+p) X)) usee — N (20N = 1) +p)) uf ¢ + pi A
i =N (24p) =20 usee = A (2= (2= p)A?) uf g +pr N,
= (N(1-X)-1) U g¢ +p;§)\3 + Aguf,TT + )\2u§7TT —AN (-1 41+ uj ge
=AWV (1=N) = 1) ubge — preA? = Nuf 1+ A5+ (WP (0= 1)+ 1+ M) uf g,
Uign n US,C —0. (4.55)
The above equations must be solved subject to traction free boundary conditions, which
employing representations (1.121) can be expressed as
ti=tin+ty=0, ta=tin+t5=0, at (=0,—1,
th=—A(L+p)use = Nuje, 16=Aujc— (p+1)\ i,
B = (1= e — (R + 1) = 1) s + M

£ = ()\2 - 1) uj e — A ()\2 —(p+1) uy e + My (4.56)
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In a similar way to the general case, the solutions of equations (4.55), subject to boundary
conditions (4.56), are sought in the form of series (4.11), leading to a hierarchical system of

boundary value problems at various orders.

4.2.2 Leading order problem

The leading order the equations of motion and incompressibility condition are given by

M+ p+1)uyl =0, wl — (p+1) Myl =0, uy) =0, (4.57)

these being subject to the following traction free boundary conditions

(L+p)uy? + 2l =0, ul) — (p+ 1) Ml =0, at ¢=0,-1. (4.58)

It is easy to see that the solutions of the equations (4.57), subjected to boundary conditions (4.58),

are of the form

4.2.3 Second order problem

The non-dimensional equations of motion and associated incompressibility condition at second

order are given by

0 0
AUl + A (p + 1) 24 Y = A202 +1) = pul + (2= N(p + 2))uyy.
1 0 0 0
A 24 — N2 (14 p) ullle + NP = (24 N2(p — 2))uly + A2\ — 1) — pJugy,
)

2 (4.60)

A%fg +A(p+1) uglg ¥ = A (122 ugog

0)
( €
Al =202 (p+ gl + X0 = (1-2)u + A (N = (p+ 1) ugy, at (=0,-1. (4.61)

Taking into account the solutions of the leading order problem (4.59), the equations of motion
and incompressibility condition can be expressed in the following simplified form

(1) (1) 0) _ (1) (1) 0) _ ), 1 _
Mo+ (L4p)ugee = f =0, ujee =AML +plugee +Ap, =0, ujptuy =0, (4.62)
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with the associated boundary conditions (4.61) yielding

AQU(D +A(p+1) uglé A = (1—% U7<€0,0) — (N1 +p)—1) Vf"”, at ¢ =0,-1,
)\ugz o )\2p§0) — ()\2 . 1) U7(£0,0) Y (1 o )\2 +p) ‘/720,0)7 at C _ 0’ 1.

(4.63)

22 (p+1)ug72 -

The incompressibility condition (4.62)3 yields the following representation for the normal dis-

placement component
ul) = —coP? + U, (4.64)
With the help of relation (4.64), the equations of motion can be simplified to

Mifde =p =0, uflle+ (7 = (4.65)

The determinant of the coefficients of the system (4.65) is not equal to zero, hence the only

solutions for two variables are the trivial solutions, thus

% =0, «it =0 (4.66)

(1)

We are now able to deduce that at second order the in-plane displacement component u; ’ is a

(0)

linear function of ¢ and the leading order incremental pressure p; ~ is independent of ¢, thus

ugn _ Ul(l’l)C I UI(O,I). (4.67)

Inserting the previously obtained representations (4.67) and (4.64) for ug ), M and pg ) into the

) (0)

boundary conditions (4.63) we obtain a system of two equations in Ul( 1 and p; , from which

we obtain the following relations

A = = DU+ (A=A VO U = (=) U0 —pr 0 (aes)

To sum up, in the solution of the second order problem both displacement components are
the following linear functions of ¢, with the leading order incremental pressure independent of ¢,

their form being expressible as

V= {0 =N U0 v e+ U™,
WV = _Uéo,o)c L,
p =+ TP+ (A Ay v (4.69)

We note that the functions UQ(O’U, Ul(o’l) in (4.69) remain undefined at second order, to obtain

further information about them we have to consider higher order problems.
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4.2.4 Third order problem

At third order the non-dimensional equations of motion and incompressibility condition are given

by

AUl + 22 (0 + Dull = A = A2 +1) — AT+ D)l + (21— A2) — Dl

2,0¢ t,¢
+A22(1 =A%) = phut’l + A2 = N(p — 2))u ) + 32ul) + A3l + 2%,
W (L p)ude = N = Npld = (P = 1) X Dul% + 202 2 D
+ A2 = p) = 2ufd + A2 (p+2(1 = Ny = N2ul) + Nuf) — A,
ugzg _u§1§7 (4.70)

and subject to the appropriate traction free boundary conditions, namely

Nu® 4 A+ Dul = =2 (1= ) ul) + (1= e+ 1)uld, at ¢=0,-1,

(2
2,6
(
1

)
M2 (p+ Dus) = du = Npi = (2 =D ul 4 A +1- M) ull, at (=0,-1. (471)

Taking into account the solutions of the leading order problem (4.59) and second order prob-
lem (4.69) the incompressibility condition is employed to obtain the following representation for

the normal displacement component

ul = (A=A ULY +pv 002 - ol + . (4.72)

From (4.72) one can see that the normal displacement is a quadratic function of ¢. Taking into
account the leading order solutions (4.59) and second order solutions (4.69) we introduce the

following representations for the in-plane displacement component and incremental pressure
2 2,2 1,2 0,2 1 1,1 0,1
uf? = U + U+ 0P Y = P+ PO (4.73)

In the third order solution (4.72)—(4.73) there are four unknown functions U1(2’2), U1(1’2), Pt(l’l),
Pt(o’l)7 which it is possible to obtain from third order equations. The remaining two unknown

functions Ul(O’Q), U2(0’2) can be determined only by considering higher order problems. Substituting

the relations (4.72)—(4.73) into the two equations of motion and the boundary conditions a system

of six equations in the six unknowns U/(0:0), 17(0.0), U1(1’2), U1(2’2), Pt(o’l), Pt(l’l)

may be obtained. In
this system the equations of motion provide the source of a matrix representation of the resulting

governing equations. To obtain this we note that the equations of motion may be now written
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in the form

2,2 1,1
A?’Ul( )_ )‘QPt( ) —
= XULO 23 (322 +p) ULV + (pA%(202 - 3) — 1) VLV 4+ 22100,
2,2 1,1
AU 4 a3 ptY =
— 22y 00) _ ()\2( _ (0,0) _ a2y _ 4 170.0)  31,(0,0)
= \UY p+3)—1) Ug A(p(2 = 3X%) = \*) Vg, NVO T (4.74)
Using (4.71), we deduce that both incremental traction components are linear functions of (.

Hence, the in-plane traction component boundary condition at the upper surface of layer can be

expressed as
A2UD - APOY = (1= 22+ 1)) U + A (p+2 - A U%Y, (4.75)
with its the lower surface counterpart given by

N2UPY AP = (p+ (02 = DA ULY —ap 2+ p+ 22 VY. (4.76)

Similarly, the normal traction component has the following form at the upper surface

AL 4 02P0D = (1= N(p+2) UG = A (p+1-22) ULV, (4.77)
and at the lower surface yields the boundary condition is the following
1,1 2,2 - 0,0 0,0
AP AU = (p+ )X+ A7 =20 ULY +p (0 +2) 2 - 1) VY. (4.78)

With the help of the two boundary conditions at the upper surface of the layer (4.75), (4.77) we

obtain the following representations for the functions Pt(o’l) and U1(1,2)

POV =~ U+ (A=A U5,

00D = (A 0% - pu, (4.79)

Employing the other two boundary conditions at the lower surface of layer (4.76), (4.78), the

functions Pt(l’l) and U1(2,2) can be expressed as

P = =AY g+ p o+ 1 Ve,
2,2

UPY = (22 =2+ 02 U + (=) (4.80)

Hence, the solutions of the third order problem indicate that as both displacement component

are quadratic functions of ¢, with the second order incremental pressure a linear function of (,
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these being given by

u® = {(p+ 22 =2+ A7) ULY + (A=A pr PO+
+{(-A+ A ULSY - pUeVe + U,
ul = {(A =AY U + pv 0y - oy + U,
p = {A =AU +p o+ DV - o+ DU + (=AY USY. (481

We note that to determine the unknown functions Ul(o’l), U2(0’1) one has to consider the fourth

order problem and to define the unknown functions Ul(O’Q), U2(0’2)

one has to examine fifth order
problem. However the governing equations relating U9 and V(%0 may be established at the
third order problem.

With the help of the relations (4.81), the equations of motion (4.74) take the following form

AU 422V 00 XA (A2 4 1) (p+ VUG + (W2 + p(02 - 1)) = 1) VY =0,

=220 4 A3 VO0 L A2 (24 1) (p+ DULY + A (022 + (1= 22)p - A1) VY = 0. (4.82)

The governing equations (4.82) may be written in the following matrix form
2 (U9 2 (U©0) 1{ -2+ A —1)(1+
? p? Lo poif ervr Eenaen )
or? \ y©00) 9¢ \ y00) ANA2Z=1)(14+p) A2(1+p) —r—1
(4.83)

We remark that the eigenvalues of D may be shown to be the scaled squared phase speeds

limits (2.16), confirming asymptotic consistency of the established model.



Chapter 5

Asymptotically consistent model for
a long wave high frequency motion in

a layer with free faces

In this chapter we derive a one-dimensional asymptotically consistent model for two-dimensional
long wave high frequency motion in an incompressible elastic layer subject to a primary simple
shear deformation. We focus our attention to motion in a layer composed of the neo-Hookean
material with traction free boundary conditions. The relative asymptotic orders of displacements
and incremental pressure are used to obtain non-dimensional governing equations. Then a hi-
erarchy of traction free boundary value asymptotic problems at various orders is established.
The first three asymptotic orders are considered and asymptotic integration is carried out in the
vicinity of cut-off frequencies. A one-dimensional governing equation for the long wave amplitude
is derived only at the stage of the third order problem, this fact is a novel aspect of the model. To
conclude, the governing equation is employed to demonstrate the consistency of derived model

with asymptotic analysis of corresponding dispersion relation.

5.1 Asymptotic scaling and dimensionless equations

Taking into account the algebraic complexity of the general equations, we consider the simplified
case of the layer composed of neo-Hookean material to illustrate the main principles in the
derivation of a one-dimensional asymptotically consistent model for the long wave high frequency

motion. The novel aspect in the derivation of asymptotic long wave high frequency dynamic model

101
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is that pre-stress in a form of a simple shear deformation does not allow decomposition of motion
into symmetric and anti-symmetric parts.

For the case of neo-Hookean strain energy function the linearized two-dimensional equations
of motion and incremental traction components are given by (1.120) and (1.121), respectively.
To obtain non-dimensional equations we use the previously established relative asymptotic or-
ders of both displacements and pressure component (2.58). The appropriate non-dimensional

displacement components and incremental pressure component are given by

w =i, up=lnuy, p=ppin ", (5.1)

where the superscript * indicates dimensionless quantities. Also the corresponding non-dimensional

scaled spatial and time variables are introduced by

v =€, wa—InC, t— ln\/fr, (5.2)

where ( = wz9/h. To distinguish between differentiation with respect to scaled and original
variables we use the notation (.)¢,(.) ¢ and (.), to indicate differentiation with respect to &, ¢
and 7 respectively. Hence the equations of motion (1.120) can be represented in non-dimensional
form and expressed as an expansion of a small parameter 1. Then we take into account that for

the high frequency motion in the vicinity of cut-off frequencies €2 the following relations are valid
U1, rr + QQul ~ 772U1, U2, rr + QQUZ ~ 772U27 Dt,rr + szt ~ 772pt7 (53)

which can be verified using approximation (2.40). To facilitate the representation for the non-
dimensional equations of motion, taking into account relation (5.3), we introduce the following

notations Wy, Wa and W,
Ui, rr + QQUI = 772W17 U2 rr + QQ’UQ = 772W27 Pt,rr + szt = 772Wp' (54)

Then we exclude the quantities w1 ,-,us2 .- from equations of motion in favor of W; and Wh.
After that the non-dimensional equations of motion (1.120) can be expressed as the following

expansions
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my = c;lm‘3 + 65172 + c%n + c(l) =0, mo= cgn?’ + C%UQ + C%?] + c% =0,
cg = )\Q(p;f,c — AU ¢ — AQPu), o = AQ(UT,CC + A+ OPup),
— p;k,ﬁ)\g — (p =+ 1) )\2u37<g~ — (2( )\2 — 1) +p) )\211,){,54 — )\29211/;,
C? = —Pfg/\Q —(p+ D) Nus e+ (2—p) A — 2) )‘UT & /\392“27
= ()\4+>\2 (p—1) +1)uf e+ (p+2(1- X)) A u;gc—A Wy,
ag= (N1 =N)=1Nuse + W5, 3= (N(1= ) —1) huj e + AWy, (5.5)
where the cut-off frequencies 2 are given by (2.34) . Equations (5.5) must be solved in conjunction

with the non-dimensional incompressibility condition
ure +uzc =0, (5.6)

and subject to non-dimensional traction free boundary conditions at upper and lower surfaces on

the layer, which are obtained from (1.121) and expressed as

Ti=tn* +tin+ty=0, L=ty +tn+t3=0, at ¢(=0,-1,

to=Ap; — Muie), g = AOwf + i),

th=1=-M) je— @+ s, =N =1)uj,—(p+1)Nujg,
th=(1—(p+ 1)) uhe, 3= (1-\+p) . (5.7)

Solutions of equations (5.5)—(5.6) subject to boundary conditions (5.7) are sought in the form of
series (4.11).

5.2 Leading order problem

The leading order problem consists of the non-dimensional equations of motion and associated
incompressibility condition which taken into account cut-off frequencies Q = nw (2.34) are given

by

O _ 5y

< 1,6¢ )‘n27T2u§O) =0, p§ C))‘ + u(o) + n27r2u§0) =0, ugos) +ul) = 0, (5.8)

b 2,0 =

and subjected to the following traction free boundary conditions

p” =) =0, A +u’l =0, at ¢=0,-1. (5.9)
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We remark that specific values of ¢ coordinate in (5.9) were taken to demonstrate consistency
in derivation of dynamic models with boundary conditions (2.1) and analysis of dispersion rela-

tion (2.2). From the first equation of motion (5.8); we deduce the following representation for

e

pg? = (ugogc + nzwzugo)) A. (5.10)
The second equation of motion (5.8)2 then becomes
ug?gc + n27r2u§0) =0. (5.11)
Therefore, we establish that at leading order the incremental pressure is independent of ¢

P2 =0, p®=p07). (5.12)

Hence from the equation (5.11) the in-plane displacement component can be expressed as

ugo) = Ul(g’o) cos(nm() + Ul(g’o) sin(nw(), (5.13)

where the unknown long wave amplitudes Ul(g’o) &, 1), Ul(g,o) (&,7) is independent of ¢. From the

incompressibility condition (5.8)3 we obtain the following representation for the normal displace-

ment component

(0,0) (0,0)
ugo) = %ﬁg cos(nm() — %ﬁg sin(nm() + vgo,o), (5.14)

here the function véo’o)(f ,7) does not depend on (.

The traction free boundary conditions (5.9) yield a homogeneous system of two equations in

the two unknowns p£0)7 ugog with non-zero determinant, hence the only solution of this system is

the trivial solution

p =0, W =0. (5.15)
It is interesting to note that formula (5.15) indicate the symmetry in solutions of in-plane dis-
(0)

placement component u; .

From the boundary conditions (5.9), taking into account solution (5.15) and the form of the

function u&o) given by (5.13), we obtain

ugog = mTUl(S’O) cos(nm() — mTUl(S’O) sin(nt¢) =0, at (=0,-1, (5.16)



CHAPTER 5. HIGH FREQUENCY ASYMPTOTIC MODEL 105

which yields the relation U1(0 0 — o,

To sum up, at leading order both displacement component are the following trigonometrical
functions of ¢ and the incremental pressure is equal to zero

(0,0)
( ) = Ul(o 0 cos(nm(), ugo) = —%; sin(nm() + véo’o), pgo) = 0. (5.17)

The leading order solution represents two displacement components and the incremental pressure

in terms of long-wave amplitude Ul(o’o). As a result of relations (5.15) the form of solutions (5.17)

C
have similarities with the corresponding problem for extensional waves in case of pure homoge-
neous strain, see Kaplunov et al. (2002). We remark that in relations (5.17) two functions Uy, (0.0)

(0,0

and vy "’ remain undefined, it is not possible to determine these without resorting to higher

order problem.
5.3 Second order problem

The second order problem can be written as

A’ ug )+ /\usgc pglc)
0 0 0
= )\pgg) n?n?u é ) 4 (2(1 = A*) —p) ug E)C (p+1) ug’éc,

)\2p()+)\n7ru§)+)\u()

t.C L¢C
= )\pgg + \2n2m ug )+ (PN’ +2(1 =A%) u ( é)“C +(p+1) Azug 24,
W)+ al) . 5.15)

Al =V = (10 — DUl at ¢=0,-1,
)\uglg + >\2p§1) — (1 — )\2) ug?g + X (p+1) ug?g, at ¢ =0,—1. (5.19)

Employing the leading order solution (5.17), the equation of motion (5.18); becomes

A’ ug ) 4 )\ug}gc — pilc) = 2n7rU1(S”g) (A2 — 1) sin (n7¢) — n27r2v§0’0), (5.20)

with the equation (5.18)9 now given by

)\2p£2 +n 772)\ug ) 4 )\uglgc 2nm U1(c§) (A2 — 1) sin (n7¢) + A°n’r? (0 0, (5.21)
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Combining equations (5.20) and (5.21) the following relation can be obtained
pyl = n?r?ol? (5.22)
Hence, at second order the incremental pressure can be expressed in the form
pgl) = n27r2v§0’0)c + Pt(o’l). (5.23)
Equations (5.20) and (5.21) may now be used to establish that

1 1 0,0) .
n?m3\ ug ) 4 )\uigC =2n1 (A\* — 1) Ul(c,E) sin (nm(), (5.24)

from which the in-plane displacement component can be represented in the following form

(A2 - HuPY

ugl) = Ul(g’l) cos(nm() + Ulg’l) sin(nw() — 3 Lot ¢ cos(nm(). (5.25)

With the help of the incompressibility condition (5.18)3 the normal displacement component can

be expressed as

(0,1) (0,1)
(1) _ Yisg ~ Yiee
uy === cos(nm() R sin(nm()
A2 - Ul A2 - Ul
+ (/\n)ﬂlc’&g“ sin(nm() + ()\TL2)7T21c§§ cos(nm() + 1}5071). (5.26)

Employing the leading order solution (5.17) the following simplifications now become possible for

the boundary conditions

pgl) — )\uglg = Ufg,’g) cos (nm() ()\2 —(2+p), at ¢=0,-1,

AL+ 22p) = U cos (nr¢) (1 - A2(2+p)), at ¢=0,-1. (5.27)

17<
We consider the boundary conditions at the upper surface of the layer ¢ = 0 in relations (5.27)
and use the representation for incremental pressure (5.23) to produce the following relations
UL (24 p— N2+ (~1)"(\ = 1)) = AnaU0Y + POV =0,

Uee) (W2(2+p) —1— (=1)"(X = 1)) + dnalU{2V + X2 P =0, (5.28)

From equations (5.28) we obtain the two following functions

(A2 = D)((=1)" — U
U = e P =+ Uy (5.20)
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Similarly, we employ the boundary conditions at the lower surface of the layer ( = —1 in equa-
tions (5.27) together with (5.23), and take into account cos(nm) = (—1)" to establish the following

relation

0o @+ D=1 =1l
vy = —— : (5.30)

To conclude this subsection, at second order the two displacement components and incremen-

tal pressure can be expressed as

ugl) = Ul(g’l) cos(nm() + Ul(g’l) sin(nw() + Ul(i’l)Ccos(er),
ugl) = UQ(S’U cos(nm() + UQ(S’U sin(nw() + Ug(;’l)c sin(nm¢) + véo’l),

p =R+ PG (5.31)

where non-zero coefficients are given by

W=y _ 2= DD — DU

16,5 IC,§
Uy, A ’ 1s Anm ’
(0,1) (0,0) (0,0)
yon _ CUie 01) _ % bl _ w
2s niw ) 2c )\n2ﬂ-2 ’ 2s Anﬂ' ’
0,1 0,0 11 n 0,0
PO = Ul PO = o+ (-1 - U, (5:2)

In addition, the second order problem yields the following connection between the two leading

order functions

(0.0) _ (p+D((-1)" - 1)U1(2:§0)

v s (5.33)

nem

(S’l), (0.0 vgo’l) remain unknown within the second

We note that the three following functions Uy e
order solution (5.31), to determine these one have to resort to higher order problems. We also
remark that the governing equation for long wave amplitude U. 1(2’0) cannot be derived at the stage
of the second order problem. This is the novel aspect of the asymptotic model in comparison to

previously derived models by Kaplunov et al. (2002) and Prikazchikova (2004).
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5.4 Third order problem

The third order problem is given by

AW 4 = N2l — NP = A (2002 - 1) 4 p) 'L+ A (1 p)uf
(/\2( +1+ )\4) ug 25 + ()\2(]? +2)— 2) ug S)C — )\2p§1§) + \n’7 ugl),

)\2W1(0) . )\3p£72) 24 5224 )\2n27r2u§2) —\ ()\2(2 ) — 2) UQC )3 (1+p) Uglgg

+ (/\2(p -1 +1+ )\4) uggé + (2(1 — )\2) +p) )‘QUg)gC - A pg ) _ \3n2n ugl),

ul?) +ug) = 0. (5.34)

Equations (5.34) must be solved subject to the appropriate third order traction free boundary

conditions

MUl ap? = A+ Duf)+ (1- (p+ D) ud + A (1= 22 ul), at ¢=0,-1,

M+ 22 =22 (p+ Dusl — A1+ p— 22 ufd + (1-A)ul), at ¢(=0,-1. (5.35)

)

From equations (5.34) the following relation can be derived
2 0 1 1 1
)\P;C) =2(3-1) ué g)g +A(p+1) Uézc + )\pug,gc + nPr ug ), (5.36)

Inserting solutions (5.17) and (5.31) into representation (5.36) at third order the incremental

pressure can be expressed as
p?) = n27r2v50’1)g - pUl(g”El) cos(nm() + Pt(Q’O). (5.37)

We note that the solutions of the leading order (5.17) and second order (5.31) problem were
obtained without any assumptions about its forms. It is quite possible to integrate the system
of equations (5.34) subject to boundary conditions (5.35) in a similar manner to that employed
at leading and second order problems. However, to facilitate the analysis we note that at third
order system of equations (5.34) subject to boundary conditions (5.35) has the following general

solution

uf? = U0 cos(00) + U2 sin(0) + UfEV¢ cos(02) + U sin(0)
+ U2 cos(¢) + UPP 2 sin(Q0) + 010 + o2 ¢ 402D 2
uy?) = Uge™ cos(Q26) + Uge™ sin(€26) + U, /¢ cos(6) + U, ¢ sin(Q)

+ UPD ¢ cos(Q0) + ULP ¢ sin(0) + ol + oD ¢ 4 oD, (5.38)
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where in this chapter we assume that {2 = nw. Employing the forms of displacement compo-
nents (5.38) and incremental pressure (5.37) each of the three equations (5.34) can be written in

a similar general form, given by

(AW + BW¢ + 0W)sin(Q0) + (D¢ + EW¢ + FW) cos(Q0)+

+ KO+ LW¢+ MM =, (5.39)
providing for each particular equation the following system

AV =9, BW =09, ¢cW=0 pDU=0, EO FO=q,
KO =0, LMW=0 MD=0o. (5.40)

At this point we remark that within the third order problem there are twenty three unknowns:
nineteen unknown functions in third order solutions (5.38) with (5.37), two second order functions
Ul(g’l), véo’l) and two leading order functions W1(0)7 Ul(g,o)' We now insert the general representa-
tions for displacement components (5.38) with the incremental pressure (5.37) into the equation

of motion (5.34); and then represent it in a form (5.39). Then we obtain a system of equations

to determine unknown functions in (5.38). The equations connected to the term sin(nm() are the

following
(A2 -1 Ul - 22U =0, (5.41)
2AnrU{L? — 20U + p (1 - pnm) U = 0, (5.42)

equations coming from cos(nm() are given by

Ui =, (5.43)

(A =3X2+ 1) UL + 22w —2220{ P e — 222027 =, (5.44)

with the remaining relations arising from equation (5.34) given by

v#? =0, (5.45)
An2a2"? 208 (p+ 1) (1) - 1) =0, (5.46)
n?m?o™? + (p+ ) ULY + 2037 =0, (5.47)

Then we apply a similar procedure to the equation of motion (5.34)2, from which with the
help of representation (5.39), and the consequence (5.40), we deduce two additional equations to

determine unknown functions in (5.38). The following equation is connected to the term sin(nm()

Ap (nm — 1)U — 2007 + 20{ P = 0, (5.48)
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with the term cos(nn() providing
ANnrUP = 0. (5.49)
Finally the equivalent method applied to incompressibility condition (5.34)3 yields additional

equations to determine other unknown functions in (5.38). The equations connected to the term

sin(nn() are the following

U2 —nrUy? =0, (5.50)

205" + ULD — nrUL? =0, (5.51)

Ul(g,’? - 7”L7TU2(C 2 4 U2(1 2 = =0, (5.52)
with the term cos(nn() yielding

UZ? +nnUs?) =0, (5.53)

UL + 2007 + UL =0, (5.54)

U +nrUi? + Us? =0, (5.55)

and the remaining equations arising from (5.34)3 can be expressed as

208 ol =0, (5.56)
o st = 0. (5.57)

Then the traction free boundary conditions at the upper and lower surfaces of the layer are
considered. We substitute the general solution for displacement components (5.38), taking into
account the form for incremental pressure (5.37), into the in-plane traction component (5.35);

at the upper surface of the layer ¢ = 0, it takes the following form
n 0,0 0,1
(p+1) (L +p)A2 = 1) (~1)" = YUY + (A2 = 2) a?mU )+
+ 203309 1 220272002 — An2x2 PO 4 A2n2r20(10?) = o, (5.58)

Similarly, the in-plane traction component (5.35); at the lower surface of the layer ( = —1, taking

into account solutions (5.38), (5.37), can be expressed as

C(t)Ul(C 52 4 andad (0 1) + /\QU( 2),,3,3 (—1)"
—2 (~1)" N0 0 - 2 2% 4 ()" (A2 - 2) AU n?a? — AP n?n?
+ \2n2x? (1 2) + \%p3 ( )" Ul(s’ ) + 22 (-1)" Ul(i’Q)n27r2 — \n373 (-1)" Ul(i’Q) =0,
O = ()" = DA+ (0272 ()" (=2 + 1) + (=1)" = 1) (22> = 1)) p
+ (P2 (M =327 +2) =A% —1) (=1)" — A% (5.59)
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The boundary condition for the normal traction component (5.35)2 the upper surface of the layer

¢ = 0 taking into account solutions (5.38), (5.37) is given by

(1= (D" (P + (2= 22 p+1-22) AU 4 0222 (1 -222) U~

- )\n37T3U1(2’2) - )\nQWQUl(iQ) - )\2n27r2Pt(0’2) - )\n27r2v§1’2) = 0. (5.60)

Finally, we insert solutions (5.38), (5.37) to the normal traction component (5.35)s at the lower

surface of the layer ( = —1 to obtain the following equation

U 22 (1) Ul n?a? + Nndad (1) UL
+ 202 (~1)" UZDn?a? — N3P n2a? - N2Pr® (1)U + 2N n2r2e Y
— A2t 4 (<1 (1 - 222) an2r2U ) - XU iR (1) 4 At = o,
C) =N (1= (=) p? = N ((-1)"n*7 (N = 1) + (=1)" = 1) (2= %)) p
+ 0?2 (1) (BA% =22 — 1) = A2 ((-1)" — 1) — AL (5.61)

We can solve the homogeneous system of equations (5.41)—(5.61) with the help of Maple (1996)
to determine unknown functions in representations (5.38) and (5.37). To sum up, at third order

the displacement components and incremental pressure can be expressed in the following form

ul® = U cos(nm¢) + ULr® sin(nm¢)
+ Upy P ¢sin(n€) + U ¢ eos(nm() + o™ + of7¢,
u?) = USp™ cos(nm¢) + U™ sin(n¢)
(2,2) (0,2)

+ UQ(i’Q)C cos(nm() + Us, ¢? sin(nmw() + vy 7 + Uél’g)C + vém)gz,

p® = PMI¢ 4 PO, (5.62)
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where
0,0 n 0,0 n
02 _ Ulege 0+ 1) (1= (=1)") 02) _ 2008 (1~ (~1)") (p+1)°
1s n3mw3 ) 1s N33 5
(0,0) (0,0)
U®2) _ Ulcee (A1) 02 Ulcee (p+1)
O Ve e
0,0 n 0,0 n
(1,2) Ul(c,gg P+ (=" =1) 0:2) _ Ul(c,gg)g (p+1)* (1= (=1)")
1 - n2m2 ) 2c - nird )
0,0 n 2
02 o0, (2 A2 (p+ 1) (1) — 1) + (A2 —1) n27r2) U
s N )\2n57r5 N nim ’
0,0 n 2
s U (2 + 2= (1M = (2 = 1) e
U = PV ,
(0,0) (0,0) (0,0) n
722 _ Upgeee (1= A) S0 _ Ulceee (P +1) 222 _ Uegee 0 +1) (1= (=1)")
2s 2\2nm r2 n?m? T2 2n2m? ’
0,0 n 0,0 n
p0.2) _ Ul(c,ég((_l) - Dp+1) (¥ -1) p02) _ Ul(c,gg) (=D)" (A =1)(p+1)
Lo An2r2 = ;) . (5.63)
We remark that the functions U1(2’2), 1(2’1)(7') and 050’2) remains undefined in the solution

of third order problem (5.62). However at third order we determine the following second order
functions

o U@ (=" (A2 =1) (p+1)
Y2 o An2m2

. U =o. (5.64)
Therefore, taking into account (5.64) the updated solution for the second order displacement
components (5.31) with the coefficients (5.32) can be expressed as

) = U0 cos(nmg) + UG cos(nnc),

uél) = 2(2’1) cos(nm() + Uéi’l)gsin(nﬂo + véo’l), (5.65)

1— )2 U(O,o)
UeY =0V, 00 =0,y = L2 Nee

A )
0,0 0,0 0,0) n
7O _ (A — l)Ul(c,ﬁﬁ) D _ (A2 — 1)U1(c,§§) 01 Ul(c,§§ (D" (M -1)(p+1)
Ze An272 7 T2 Anm 2T An2m2 ’
(5.66)
At third order we are able to derive a governing equation for the long wave amplitude Ul(g,o)

which is used to represent the leading order displacement components (5.17). We employ the

following representation for the function Wl(o)

W = 072, + n?r2ul”), (5.67)
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)

in order to establish the governing equation for the long wave amplitude Ul(g’o in the following

form
2 2

- 4(p+121 = (=1D)") + n2r
2 (U + n2r?u ) - ( -+ 1) n27(r2 ) >Uf°§§ =0.  (5.68)

Once the long wave amplitude Ul(g,o) is determined from equation (5.68) the leading order
displacement components are obtained. In addition, equation (5.68) enables us to demonstrate
asymptotic consistency of the derived model and obtain the second order asymptotic expansion for

non-dimensional frequency (2.37). For that purpose we insert non-dimensional squared frequency

k2h2 2
02 = %, (5.69)

obtained from characteristic equation (1.77) into the governing equation (5.68) represented in

non-scaled variables ¢ and x; as the following

L}ﬂ82U1(270) + 2 2U(070) _ h2 4 (p + 1)2 (1 - (_1)”) + n27T2 a2U]FS’O) =0 (5 70)

po 0%? T e n?m? 022 '
We remark here that the governing equation (5.70) is of hyperbolic type due to the following
quantity being positive for all n

A(p+1)° (1= (=1)") + nPn?
n2m2

Ae =

> 0, (5.71)

If we specify Ul(go) in the form (1.72) and substitute it into the governing equation (5.70) we

obtain the following second order asymptotic expansion for squared non-dimensional frequency
02 = n?n% 4+ A + O(nh). (5.72)

The representation (2.37) can be expressed as
Q% = 272 + 20002 + O(nh), (5.73)

where Q) is given by (2.36). The fact that the expansions (5.72) and (5.73) coincide proves
the consistency of derived one-dimensional model with asymptotic analysis of dispersion rela-

tion (2.5).



Chapter 6

Asymptotically consistent models for
a long wave high frequency motion in
a layer subject to some non-classical

boundary conditions

In this chapter we derive one-dimensional asymptotic models for two-dimensional long wave
high frequency motion in a sheared pre-stressed incompressible elastic layer with some non-
classical boundary conditions. To facilitate this analysis, and illustrate the main features of
dynamic models, we consider motion in a layer composed of the neo-Hookean material. Direct
asymptotic integration in the vicinity of the cut-off frequencies is employed to construct the
models. Appropriate asymptotically approximate equations are derived and integrated through
a systematic perturbation process considering three orders of the problem. In the asymptotic
model for motion in the layer with fixed faces, the cut-off frequencies are given by transcendental
equation and the essential parameter is the incremental pressure. In contrast, in all the other
models considered in this thesis the essential parameter is the long wave amplitude. We remark
that the governing equations in all considered models are obtained at the stage of the third
order problem. Finally, the governing equations are employed to demonstrate the asymptotic

consistency of the derived dynamic models.

114
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6.1 Asymptotically approximate equations for the layer with

fixed faces: first family of cut-off frequencies

6.1.1 Asymptotic scaling and dimensionless equations

Throughout this chapter, we consider a layer composed of neo-Hookean material to illustrate
the main principles in derivation of asymptotically approximate equations. The results are sim-
plified one-dimensional models for long wave high frequency motion in a sheared pre-stressed
incompressible elastic layer with non-classical boundary conditions.

In this section we focus attention on a layer with fixed faces. In order to derive a dynamic
model we perform asymptotic integration in the vicinity of the cut-off frequencies (3.24). We
remark that the associated relative asymptotic orders of displacements and incremental pressure
are given by (3.50) and hence equivalent to relations (2.58) in respect to free faces problem.
Therefore, the non-dimensional equations of motion and associated incompressibility condition
are given by (5.5) and (5.6), respectively, taking into account the cut-off frequencies Q2 = 2n7.

These are subjected to the fixed faces boundary conditions

uj=0, uy;=0, at (=0,-1. (6.1)
The solutions of equations (5.5)—(5.6), subject to boundary conditions (6.1), are sought in the
form of the series (4.11).

6.1.2 Leading order problem

At leading order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by

p;OC) — )\ug?gc — )\4n2772u§0) =0, pg’og)\ + ug?gc + 4n2772u§0) =0, ugog + uéoz =0, (6.2)
subject to the following boundary conditions
W =0, W =0, at ¢=0,-1. (6.3)

We remark that specific values of ¢ coordinate in (6.3) were taken to demonstrate consistency
in derivation of dynamic models with boundary conditions (3.1) and analysis of dispersion rela-

tion (3.2). From the equation (6.2); we obtain

Pg? = <u§?2c + 4n27r2ug0)) A, (6.4)
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with the equation (6.2)2 immediately providing

) + an?r?ul”) = 0. (6.5)

Hence, at leading order, the incremental pressure does not depend on (, thus

P =0, P =07, (6.6)

The solution of equation (6.2)2 is of the form
(0) Ul(C )COS(QnW() +U1(2’0) sin(2nm(), (6.7)

with incompressibility condition (6.2)3 yielding

(0,0) (0,0)
0)  “1s¢ _ Tleg (0,0)
Uy = cos(2nm() pre sin(2nm¢) + vy . (6.8)

From the boundary conditions (6.3) we now obtain the following relations

(0,0) (0,0) U1(00)
Ul =9, " = anr (6.9)

(0)

hence at leading order the incremental pressure p; * remains undefined. To sum up, at leading

order the displacement components are given by

U(O,O) (0,0)
(0) Ul(s )sin(2er), ugo) = ;;; cos(2n7r§)—21Ts’§. (6.10)

The form of leading order solution (6.10) have similarities with the corresponding problem for

flexural waves in case of pure homogeneous strain, see Nolde and Rogerson (2002).

6.1.3 Second order problem

At second order, the non-dimensional equations of motion and associated incompressibility con-
dition are given by
1 1 1 0
pl(tg — )\4n2712u§ ) )\ug 2( + )\pgg =
0 0
= 4n?72u) + (p+200% = 1) ul + (p+ 1) uf,

1 1 0
)\ng,c) + )\4n27r2u§ ) + )\ug 2< — /\p;g =

= \24n’7 u; ) (p)\ 2(1 - )\2)) ( 24 +(@+1) )\2u§ 2(’

ul'l +uf) =0, (6.11)
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subject to the boundary conditions
V=0 V=0 at ¢=0-1. (6.12)

Taking into account the leading order solution (6.10), the equations of motion (6.11) can be

expressed as

)\4n27r2u§1) V) Ap 0) _ p(l) 4(1-2% kmUl(S’g) cos (2nm(C) + 2n7rU1(2’2),

( —
LG e e
4n27r2)\u§1) + )‘USZC - )\pg? + >\2p£71<) =4(1- )\2) nTrUl(S:g) cos (nm() — 2>\2n7rU1(S7’2). (6.13)

From equations (6.13) we obtain the following relation
p = = 2naU 0P ¢ + POV, (6.14)
A combination of equations (6.13); and (6.13)2 allows us to establish that

axn?r?ul 4 aul) =% = 4(1-22) UL cos (2nm ) k. (6.15)

Equation (6.15) enables us to obtain the following form for the in-plane displacement component

and leading order incremental pressure

A2 - oY
—( )\) 156 ¢sin(2nw() + v§0,1)7

piog) = 4n2ﬂ'2v§0’1). (6.16)

ugl) = Ul(g’l) cos(2nm() + Ul(g’l) sin(2nm() —

The incompressibility condition (6.13)3 provides the following representation for the normal dis-

placement component

(0,1) (0,1)
(1) _ Yisg e LI
Uy = cos(2nm() o sin(2nm()
22— 1)Uy A2 - U
- (2)\27:8’&( cos(2nm() + (2)\7)”;855 sin(2nm(¢) + vél’l)g + véo’l). (6.17)

Finally, the zero displacements boundary conditions (6.12) are employed to derive the following

relations
(0,0) (0,0) (0,1)
O A2naUf”  on_ Pre _ A= MWe oy _ Vs
t A o 4An27? 2 nm T2 onm
(0,0) 2 (0,0) (0,0 2 (0,0)
gov_ Pe N -DUGe - an_ B (V- DU (6.18)
le An27? 2 \nm 2 4An272 2 \nm ' '
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To conclude, the solution of the second order problem is given by

ugl) = Ul(g’l) cos(2nm() + Ul(g’l) sin(2nm¢) + Uls (sm(2n7r() + U1 b,

ugl) = U2(2’ ) cos(2nm() + UQC’ Ccos(2n7r§) + v2 C +v 0 1)
! =B+ B (6.19)
where the non-zero coefficients are given by
0,0 0,0 0,0
O _ Uy, 5)()‘2 - 1) g _ Ufs,g)(l ) L0 _ Ufs,g)(l )
e 2anr 7 A ro A2nm
(0,1) (0,0) (0,0)
F O _ Ulse o) _ Upgee(1 =A%) Jan _ Ui e (A2 — 1)
Ze onm 2% 2 \nm T2 2 \nm
o0 _ _Uist  pa _ 0.1
U2 = —ﬁ, Pt = —-2n WUIS& (620)

We note that in the solution (6.19), the functions Ul(g’o), U, O-1) and P( Y yemain undefined and

the following relation between the two leading order functions is valid

0) _ U2V2(1 — A)nr
o

S (6.21)

6.1.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-
tion are given by
2 2 2 1 1 1
AW 4 = A2l — an?e? 32 + A2 = A (2002 = 1) +p) ull + X (14 p) bl
+ (( — DA +1+4 )\4) (105)5 + ( p+2)N% — 2) u(zog)g + 4n’n 2)\u(1)
O

2 4%27T2A2 ( )+ /\227( ) A ()\2(2 p) o 2) 1)

‘/\rv

-’ e = Utc
1
N1+ pudle + (0= DA2+ 1+ M) ull + (022 = 20%(1 = X)) ugye — AanPr?ul,
ull +u) =0, (6.22)
subject to the zero displacement boundary conditions
WP =0 uP =0, at ¢=0-1. (6.23)

From equations (6.22); and (6.22)2 we deduce that

(A4 1) 222 = (1+A%) A24n2r2ul” + (14 22) pa2ul) +

+ (14 p) A2+ DA%+ (M = 1) 220y, (6.24)
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from which, with the help of leading order solutions (6.10) and second order solutions (6.19), we

derive the following representation for the incremental pressure

nm (A2 —1
o = s £l 629

Using the form of the leading order solution (6.10) and second order solution (6.19) we
are able to establish that at third order the general form of in-plane and normal displacement
components are given by (5.38) with the cut-off frequencies 2 = 2n7w. Our aim is to determine
the unknown coefficients in (5.38) and hence establish a solution of the third order problem.
Employing the forms of displacement components (5.38), together with the form of incremental
pressure (6.25), each of equations (6.22) can be expressed in the form (5.39). We note that in
the associated system (5.40) some of the equations are identically zero. There are twenty three
unknown functions within the third order problem: nineteen unknown functions arises at third
order, two undefined functions from second order U; (©, 1), Pt(o’l) and two functions connected with
the leading order Wl(o), Ul(s’ ),

We now insert the general representations for the displacement components (5.38), with the
incremental pressure given by (6.25), into the first equation of motion (6.22); and then represent

it in the form (5.39). The relation (5.38) yields a system of equations to determine the unknown

functions in (5.38). Then from equation (6.22); we note that the term in sin(2nn() yields

uiz? =0, (6.26)
AW 4 (632 = AU Y — 22202+ antnnU(Y) =0, (6.27)

with the term in cos(2nm() providing

(A2 = 12000 — 22202 = (6.28)
A2nrU?) 4 a2 4 2n7r()\2 - 1)U1(2 =0, (6.29)

the remaining relations, arising within equation (6.22);, being given by

W22 g, (6.30)
Uyege + 2nmu =0, (6.31)
20 4 4nn%? — POV = 0. (6.32)

We remark that the equation of motion (6.22)2 gives no additional equations to determine other

unknowns in (5.38). The incompressibility condition (6.22)3 yields the following relations from
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the sin(2n7() term

U? — o2 =0, (6.33)

1,2)
(&

UL? — 2naUsy®) + 20527 = o, (6.34)

U2+ Un? —onaU? =0, (6.35)
the equations connected with the cos(2nm() term provide

anrUS? + UZY =0, (6.36)

anrUL? + 205 + UL =0, (6.37)

U? +2maUs® + UL =0, (6.38)

with the remaining equations arising from (6.22)3 are given by

(1,2)

208 + 0l =0, (6.39)
o+ =0, (6.40)

The zero displacement boundary conditions (6.23) at the upper and lower surfaces of the layer
are now employed. We substitute the general solution for the displacement components (5.38),
taking into account the form of incremental pressure (6.25), into the in-plane displacement com-

ponent (6.23);, vanishing of which at the upper surface of the layer ¢ = 0 yielding

U 400 . (6.41)

Similarly, the in-plane displacement component (6.23); is also zero at the lower surface of the

layer ¢ = —1, providing the following relation
U2yt 4y 4,02 (12 4,22 — g, (6.42)

Within the same spirit, the normal displacement component (6.23)5 vanishes at the upper surface

of the layer ( = 0, yielding the following relation
U 400 =, (6.43)
with the similar condition at ( = —1 providing

Ul? — gl L Ul 4ol (b2 4,22 — g, (6.44)
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We make use of Maple (1996) to obtain the solution of the homogeneous system of equa-
tions (6.26)-(6.44) to determine the unknown functions in the representations (5.38) and (6.25).

At third order the displacement components and incremental pressure can now be expressed as

u§2) = Ul(g’Q) cos(2nm() + Ul(S’Q) sin(2nm(¢) + Ul(i’2)gcos(2n7rg) + Uf;’2)Csin(2n7r§)

+ U1(§’2)C2 sin(2nm() + Ug(’:?) n ”51’2)@
u§2) — Ué‘(}?) cos(2nm¢) + U2(2’2) sin(2nm¢) + Uz(iﬁ)g cos(2nm() + Uz(;,z)g sin(2nC)
+ U2(§’2)<2 COS(QTLT(C) —|— U£O’2) + Uél,Q)C + U£272)C2’

p§2) _ Pt(0,2) 4 Pt(1,2)gJr Pt(272)g27 (6.45)

where the non-zero coefficients are given by

(0,1) (0,0 (0,0
702 _ 2U 0 A (N = 1) + Uy e (WP(X=1) +1) g2 _ Ulsee
le AN P le 2nm’
0,1 0,0 2
U R) L U902 )
1s Y ’ 1s 202 ’
0,1 0,0 0,0
(0,2) le(s7 )>\ (1 B )‘2) - Ul(s, : (>\2(>\2 - 1) + 1) (1,2) Ul(s, )
v = £ i i) = 1888 (6.46)
1 2\2nm Cot 2nm

(0,2) (0,0) (0,0)
;02 _ Upye A4n?m? — Uy ele (VA2 = 1) + 1) 02 _ Upy e (V2(1 =A%) = 1)

2c 8\2n3 73 ) 2s 2272 )
(0,1) (0,0)
b2 _ M 12 Upgigee V(1= 2?) = 1)
Ze 2 nm T2 4AN2n2 72 ’
(0,0) 2 2 (0,0) (0,2)
22 _ Upseee A=1)7(A+1) ,02) _ Ujgeee (NN = 1) +1) = Uy NanPn?
2e AN2nT T2 8\2n373 ’
(0,1) y2 (0,0) y2/y2 (0,0)
202 _ Pisee (A = 1) A+ Ugege (FP(V = 1) +1) 222 _ Vs
2 A\2nm ’ 2 Anmt
U0 (A2 -1
Pt(2,2) _ s )\( )7 Pt(1,2) _ 2n7rU1(S:€1). (6.47)

We note that at third order the functions U. 1(2’1), 1(2’2) and Pt(0’2) remain undefined. However,

the function Pt(o’l) in the solution (6.19) can be expressed as

nr (U0 (0201 - 22) = 1) = 20002 (A2 4 1))

POy — >

(6.48)

Now we are ready to derive the governing equation for the long wave amplitude Ul(g,o). This
governing equation can be obtained only at the third order problem. This fact is the novel

aspect in comparison to previously derived dynamic models, see for example Nolde and Rogerson
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(2002), Prikazchikova (2004). To begin with, we employ the following representation for the
function Wl(o)

0,0
0 Ul (3)2 —2(X +1))
Wl = )\2 Y

(6.49)

which yields the following non-dimensional governing equation for the long wave amplitude Ul(g,o)

2\t +1) — 3% 0,0)
" Ugee =0 (6.50)

n7? (U0 + anr20 00 +

Employing the representation for the dimensionless frequency (5.69) the governing equation (6.50)

can be represented in original variables x; and ¢ in the following form

o UL 00 4 2 ((294 +1)-3 V)) Uy,

2_2 _
TR + An Uy, 2 Pa? 0. (6.51)

We remark here that the governing equation (6.51) is elliptic due to the following quantity
being positive for all A

50 _ (2t +1) —3)?%)
e - )\2

> 0. (6.52)

The existence of negative group velocity in dispersive curves, see Figure 3.1, for the long wave high

frequency motion in the vicinity of cut-off frequencies, can be associated with the equation (6.51)

being elliptic. In addition, the function Bél) is consistent with the corresponding coefficient in

the model derived by Nolde and Rogerson (2002) when ¢ = 0.
If now we specify the function Ul(g’o) in the form (1.72) and substitute it into the governing
equation (6.51). Then taking into account (5.69) we obtain the following asymptotic expansion

for squared non-dimensional frequency

Q% = an’z% — BUn? + O(nh). (6.53)

The representation (3.29) yields
02 = 4’7’ + 4n7rﬂgc)h772 +0(nh), (6.54)
where ng)h is given by (3.27). With the help of relation ¢ = (A2 — 1)/\ one can see that

expansions (6.53) and (6.54) coincide. This fact demonstrates the consistency of the derived
dynamic one-dimensional model with asymptotic analysis of dispersion relation (3.5) when the

cut-off frequencies are given by (3.24).
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6.2 Asymptotically approximate equations for the layer with

fixed faces: second family of cut-off frequencies

6.2.1 Asymptotic scaling and dimensionless equations

In this section we focus attention to a layer with fixed faces, in order to obtain a simplified dynamic
model, we perform asymptotic integration in the vicinity of the cut-off frequencies given by the
transcendental equation (3.13), with the associated relative asymptotic orders of displacements
and incremental pressure are expressed in (3.51). Therefore, the appropriate scalings are given

by

ry=1&, w2 =g,

uy = luik? Uz = lnuga bt = Mp;:kﬁ_Za t= lﬁ\/gﬂ (655)

where the superscript * indicates dimensionless quantities. Hence the equations of motion (1.120)
can be represented in a non-dimensional form. In addition, we employ relations (5.4), valid for
the high frequency motion in the vicinity of cut-off frequencies. The non-dimensional equations

of motion can now be expressed as

M) =cin + P +edn* +eln+ b =0, M)y =iy’ + 3P + Sn* +eln+ 3 =0,
b =picN @ =pich,
1 = )\S(pf,g — Q%u} — U ce)s f = N(Q%u} + UT ¢ — Pre)s

ch = (201 — A?) = p) A2uj g — 2025 — (p+ 1) N2 o

ci=(N(1=N) =1 usee + W5, cf=(N(1= ) = 1) huj e + AWy, (6.56)

where  is the solution of the transcendental equation (3.13). Equations (6.56) must be solved
in conjunction with the non-dimensional incompressibility condition (5.6) and subject to the
zero displacement boundary conditions (6.1). The solutions of equations (6.56),(5.6), subject to

boundary conditions (6.1), are sought in the form of series (4.11).
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6.2.2 Leading order problem

At leading order, the non-dimensional equations of motion, and associated incompressibility

condition, are given by
Pl =0, Q% tuiQe —plg =0, uid +ufl =0, (6.57)

subject to the boundary conditions (6.3). Equations (6.57); and (6.57)2 enable us to obtain the

following relations

i = PO ul® = U2 cos(90¢) + UL sin(200) + —2— (6.58)

Using the incompressibility condition (6.57)3 we can represent the normal displacement compo-

nent in the following form

(0,0) (0,0) (0,0)
ul) = 128 cog(Q¢) — —25 sin(QoC) — tf& g+ 0:0), (6.59)
Qo Qo

The boundary conditions (6.3) at the upper and lower surfaces of the layer, together with relations
sin(Qg) = 4Q0/(4 + Q3), cos(Q) = (4 — Q2) /(4 + Q3), (6.60)

providing the following representations

(0,0
00) _ _Pt(o,o) 00) _ _Pt(o,o) o _pt’££ )' 661)
leg 0z st 20 202
Hence, the solution of the leading order problem is given by
o _ _Pt{%m cos (Q C) ) P sin (QC) . PY
L 02 200 02’
0,0 0 0,0 (0,0
UM Pt(,gg) cos (20 ¢) n Pt(gg)sm (©20¢) Pt(gg) _ tgg)C
2 20 Q0° 2002 Qp?
pEO) _ Pt(O,O)_ (6.62)
(0,0)

The representation (6.62) indicate that the incremental pressure P, is the essential parameter
in the model, this fact is consistent with the results obtained by Nolde and Rogerson (2002). We
remark that in all the other models considered in this thesis the essential parameter is the long

wave amplitude.
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6.2.3 Second order problem

At second order, the non-dimensional equations of motion and associated incompressibility con-
dition are given by

1 1 1
p =0, A%l ) =2 (1 -2 Wl Wwrufl=0,  (6.63)

and subject to the boundary conditions (6.12). From equation (6.63); we deduce that the second
order incremental pressure does not depend on (, thus pgl) = Pt(o’l).

It is possible to integrate the system of equations (6.63), subject to boundary conditions (6.12),
in a similar manner to that employed for the leading order problem. However, to facilitate the

analysis we establish that the general solution of the equations (6.63), subject to the boundary

conditions (6.12), can be expressed as

ul) = UOY cos(¢) + UL sin(92¢) + ULV ¢ cos(€2¢) + ULV sin(00)

(0,1)

+v 7+ vll I)C,

( ) — UQ( )COS(QC) + U2 )sm(QC) + U20 )C cos(§2¢) + UQS Csm(QC)

(0,1) Uél’l

+ vy ¢+ vg’l 2 (6.64)

where cut-off frequencies 2 = €y are given by transcendental equation (3.13). Employing the
representation (6.64), each of the equation of motion (6.63); and (6.63)2, incompressibility (6.63)3

and boundary conditions (6.12) can be written in a similar general form, given by
(@M ¢ 4+ b)Y sin(Q¢) + (B¢ + dW) cos(Q2¢) + eM¢ + O =0, (6.65)
providing for each particular equation
a =0, W =0, M=0 dV=0, eV, M=y, (6.66)

The equations of motion (6.63); and (6.63)2 yielding the following relations

PRY (A2 +1) - x0?UY =0, (6.67)
220U + PGP (3 - 1) =0, (6.68)
oD = 0, (6.69)
Q2ui" — PGV =0, (6.70)
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and incompressibility condition (6.63)3 provides

1,1 1,1
QUi — Ul =0, (6.71)
U + Ut — 9oUiet =0, (6.72)
QUL + U =0, (6.73)
, 0,1 0,1
Ut + U + UitV =, (6.74)
v + 208 =0, (6.75)
0,1 1,1
v+ uft =0, (6.76)
From the zero displacement boundary conditions (6.12) we obtain the following relations
e (6.77)
(4= Qo)UY — 4U Y00 — (4 — Qo)UY
+ 400U 4 (44 Q20" — (4 — 02yl =0, (6.78)
Ut + oY =0, (6.79)
(4 — QUL — 400U — (4 — 02 ULY + a0,UH
+ (44 )0 — (4 4+ Q2)olY + (4 + Q)P = 0. (6.80)

We solve the homogeneous system of equations (6.67)—(6.80) with the help of Maple (1996).
To summarize, at second order the displacement components and incremental pressure may be

expressed in the following form

ugl) = Ul(g’l) cos(Q¢) + Ul(g’ ) sin(Qp¢) + U1c CCOS(QOC) + Uls Csm(QOC) + vl ),
uél) = Uz(g’l) cos(20¢) + UQ(S’ ) sin(Qp¢) + U2c CCOS(QOC) + UQS Csm(QOC)

+ véo’l) + vél’l)c, p = POV, (6.81)

where the non-zero coefficients are represented as

0,1) (0,0) 0.1)
O _ _Pt,§ 00 _ Py ee (4+ Q%) (1-A%) + 2\P;, 002
1lc o 20 Ls 4903)\ ’
(0,0) /2 (0,0) 2 (0,1)
g _ Pee =1 pan P (02X o _ P (6.82)
le QOQ)\ ’ 1s 2Q0 A ’ ! QO2 7



CHAPTER 6. NON-CLASSICAL HIGH FREQUENCY MODELS 127

2 AP0V 00% — PO (8 +202) (A - 1) 2 AP0 + PO (A2 — 1)

y O _ t,€¢ Preee ©01) _ t.€¢ t,€€¢
2 400\ T 2020°\ ’
(0,0) 2 (0,0) 2 (0.1)
g _ Peee 0-2) v Paee 1-X) ) P
2 202\ % Q3N 2 Qo2
(0,0) (0,1)
1) Preet (8+ Q%) (A2 —1) —2AP, o 002
vyt = . . (6.83)
400%\

We remark that the functions Pt(o,o) and Pt(o’l) remain undefined within the second order solu-
tion (6.81).
6.2.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-

tion are given by

p2 = Qo%ul” + (p+ 2002 = 1)) ul) + (p+ D ugle + AQ0%uf? = 2pl + Aul'),

>\2W1(0) + )\2171(5,25) - )‘2uf2“(: AQQ Ug ) _ —
()\2 — 1)+ pA? + 1) ug gg + )\qug S)C +2A (/\ ) uglg)c,
ul?l +u) =0, (6.84)

subject to the zero displacement boundary conditions (6.23). From equation (6.84); we obtain
P =% + (p+ 207 = D) ul + (0 + D ufle + A%l — Mpt + xull. (6.85)

Taking into account the solutions of the leading order problem (6.62) and the second order

problem (6.81) we deduce that

00) 2 p(00)
Pree ¢2 ¢
p = -5 “25 + P, (6.86)

To facilitate our analysis we establish that the general solution of the equations (6.84) subject

to the boundary conditions (6.23) can be expressed as

u(z) = Ul(S’Q) cos(§2¢) + Ul(s sin(2¢) + U1C CCOS(QC) + Uls 2)C sin(€C)

+ U2 cos(0) + U ¢ sin(¢) + o) 4+ o{M2¢ 40P ¢?,

) = U cos(QC) + U™ sin(QC) + U2c CCOS(QC) + UL ¢ sin(00)

+ U2 cos(0) + UL ¢ sin(Q0) + o + of ¢+ 02 ¢% + ol ¢, (6.87)
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where cut-off frequencies 2 = Qg are given by transcendental equation (3.13). Employing repre-

sentations (6.87) and (6.86), each of equations (6.84) takes the following similar general form
(AW 4 BW¢ 4+ cWysin(¢) + (DY + EW¢ + FW) cos(Q0)
+ KO 4+ 1We 4+ MM =, (6.88)
yielding for each equation
A =9, BW =09 cW=0 pDW=0 EO Fl=9

KO =9 [W=0 MmMD=0o. (6.89)

We note that in the system (6.89) some of the equations are identically zero. From the equations

of motion (6.84); and (6.84)2 we obtain the following relations

202002017 + (A2 — 1)2P %) = 0, (6.90)
(AT =322+ 1) P — a2 + PG — 200U — QUL + X2 WP =0, (6.91)
420U — (X2~ 1)2P =0, (6.92)
2 2P — 202 (A2 — 1) + 1) PEY +42200°U11 Y + 4X200°U 27
+20°A02 = PG — 002\ - 1)2P3) = 0, (6.93)
202202 + Pt(,g’gog) — 0, (6.94)
20" 0% + P = 0, (6.95)
(A(A2 = 1) + DD + X2 0™ — X207 + 2220020 >? — A2P 3P 02 = 0, (6.96)
The incompressibility condition (6.84)3 also provides
QU ~ U2 =0, (6.97)
2052 — UL + ULY =0, (6.98)
e + U5 = Ui =0, (6.99)
UZ? + QU =0, (6.100)
QUnL? + 202 +Ul? =0, (6.101)
U + 00U + UL =0, (6.102)
v + 305 =0, (6.103)
208 4ol =0, (6.104)
o 4% = 0. (6.105)
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Finally, the zero displacement boundary conditions (6.23) enable us to establish the following

relations

Ue? o =0, (6.106)

(4= QUL — aUTP 0 — (4 - QAU +4U00 + (4 — QUL

+ 4+ 220" —4U2P0g — (4 + QP + (4 + QD) =0, (6.107)
U 400 =0, (6.108)

(4 — Q2)ULY —aU? 0y — (4 — 02U + aUiP
+ (4= QUL — 400U + (44 Q?)0? — (4 + Qp2)uy?
+ (4420208 — (4 4+ 902)d? = 0. (6.109)

We solve the homogeneous system of equations (6.90)—(6.109) with the help of Maple (1996) to
determine the unknown functions in the representations (6.87) and (6.86). As a result, we derive

the following solution of the third order problem

(2) Ul(c )COS(QOC) + Ul(g’Q) sin(Q0¢) + Ul(i’z)CCOS(90C) + Uﬁ’mgsin(ﬂoo
+UPD 2 cos(Q00) + UPP 2 sin(Q0¢) + 0% + 02 ¢ 40222,
ug ) = UQ(C’ )COS(QUC) + UQS’ )sm(QOC) + U2C CCOS(QOQ + U25 Csm(QOC)

(0,2)

+U2c 2)C COS(QOC)+U2(§2C sin(Q0¢) + vy _1_1;2 C+ C + (32C3

p?) _ Pt(O»Q) + Pt(1’2)<+ Pt272)42’ (6.110)

where non-zero coeflicients are represented by

1207 00\ + POIA (4 + Q02) +6P%) (1 — A?) (4 +93)

02 _ 1,E€€
1s 24X Q3 ’
(0 0) (0,1)
e 6002 A2 ’
(0,0) (0,1)
2 _ Preee (AN +390°V — 1)) + 67, ¢ Q™) (1 - X°)
1s 120032 ’
(0,0) ry2 2 (0,0) y2
g2 _ PeeW D pn) POV -1
le 2002N2 T I AN,
(0,0) (0,0)
P P
2 _ _Cteee e luee 02 02 (6.111)

v = , U )
1 2902 1 2902
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PO (20227 +4(3(A + 1) — 532)) — PLLJ6A (A2 — 1) (93 + 8) + 12 2P 07 0y

U(O’Q) — ta£§££ ta&&é
2 240200* '
2 p(0,2) 2 (0,1) 2 2 (0,0)
02 _ AN e + 20 (V1) Prge — (V1) B eeee
2s 4003 \2 ’
0,0 0,1
L2 _ PO (4B +1) = 5A%) + 303(A% — 1)?) + 6 A% (1 - A2) P,
2 12X20* ’
(0,0) (0,1) 2
02— Breeeeh T 0P e (14 2%)
> 61 p? ’
(0,0) (y2 2 (0,0) 42 2
g2 _ PreeeW — D" oy Prege (V1)
% A00°N2 T T 202Q0°
PO (4(5X2 = 3(A* 4+ 1)) — 22A2) +6A (A2 — 1) (22 + 8) P2 — 12 22P02 02
p(0:2) _ ThEgg 0 0 t,6€€ te *°0
2 24X20* ’
(0,0) 2 4 2p(0,2)y 2 (0,0) (0,0)
02 _ Puegee BN 3N D)) -3XP 0" oy Preee o) _ Phesce
2 3220* T2 40027 2 6902’
P(Ovo)
p®» = pt? = — (6.112)
At third order, we derive the following representation for the derivative U§0é2)
(0,0) 4 2 2p(0,2)y 2
02) _ Puesce (B +1) =5X%) +3N2P, Qg (6.113)
1.6 = 2 4 ? :
3X%Q
enabling the function v§0’2) to be expressed as
(0,0) 4 2 2p(02) 2
P 3AT+1)—572) +3X2P, 70
V(0D = e (B0 +1) ) LD 0, (6.114)

3A20%

We remark that at third order the functions Pt(o’l), Pt(0’2) and 082’2)(7) remain undefined.
)

. . . . . . 0,0
We are now in a position to derive the governing equation for the pressure increment Pt( s

(0)

For this purpose we employ the following representation for the derivative w; ¢

POD (6(A* 4 1) — 1112)

(0) _ ~t886¢
which yields the following relation
© _ (0 (sin(€¢)  cos(2() 1)
W =w — [l
! ! ( 200 Q2 32
_ 2 (pl00) | 2p00) (8n(Q¢)  cos(Q¢) 1
=02 (PO + 03P )( 20, 2 ) (6.116)

The representations (6.116) and (6.115) enable us to establish the governing equation for the

pressure increment Pt(o,o) in the following form

6(At+1) — 1122
_ 0,0 0,0 0,0
2 (Pt{Tng + Q%Ptﬂgg)) | = )Pt(&gg = 0. (6.117)
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In contrast to all the previous high frequency models described in this thesis the governing
equation (6.117) is of the fourth order. The fourth order equation (6.117) has two additional
spurious solutions arising through the increase in order of ¢ derivative. The first solution giving

)

Pt(o,o) as a constant is clearly not a vibration type. The second solution, representing Plt(o’0 as
the linear function of ¢, corresponds to the case in which w; is independent of £ and ug = 0. This
type of motion is clearly not associated with long wave high frequency motion. Therefore it is

possible to remove two of the derivatives with respect to £ and express (6.117) as

_ 6(A1+1) — 1172
02 (PO + 03 p”) - ( o )Pt{(g’go) — 0. (6.118)

Employing the dimensionless frequency (5.69), the governing equation (6.118) can be represented

in original non-scaled variables ¢ and x; as

0,0
pihQaQPt( )
uwo 0%t?

(6(X* + 1) — 112%) 92p*0)
32 02?2

+ 2P0 _ p2 =0. (6.119)

We remark that the governing equation (6.119) is of hyperbolic type due to the following quantity
being positive for all A

(6(A*+1) —11)%)
3\2

B = > 0. (6.120)

Also when ¢ = 0 the function Bg) is consistent with the corresponding quantity in the model
by Nolde and Rogerson (2002).
If we specify the function Pt(o,o) in the form (1.72) and substitute it into the governing equa-

tion (6.119) we obtain the following expansion for squared non-dimensional frequency
Q% = Q2 + B2 + 0(nh). (6.121)
The approximation (3.29) can be expressed in a form

02 = O3 + 200055, 1% + O, (6.122)

where Qgc)h is given by (3.28). If we use relation € = (A\? — 1)/\ it is easy to see that ex-

pansions (6.121) and (6.122) coincide. This fact demonstrates the consistency of the derived
dynamic one-dimensional model with asymptotic analysis of dispersion relation (3.5) when the

cut-off frequencies are given by (3.25).
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6.3 Asymptotically approximate equations for the layer with one

free and one fixed faces

6.3.1 Asymptotic scaling and dimensionless equations

In this section we derive a simplified model for long wave high frequency motion in a layer with
one free and fixed faces, i.e. the so-called mixed boundary conditions (3.6). The corresponding
cut-off frequencies are expressed in relation (3.39). The associated relative asymptotic orders of
displacements and incremental pressure are given by (3.60) and hence equivalent to the corre-
sponding relation (3.51). Therefore we employ the non-dimensional equations of motion (6.56)
with associated non-dimensional incompressibility condition (5.6). The equations (6.56) and (5.6)

are subjected to the fixed face boundary condition at the upper surface of the layer given by
up=0, uy;=0, at (=0, (6.123)
and the traction free boundary condition at lower surface of the layer expressed as

ty = tign” +tion® +tun 4+t =0, t2 = tagn’ + by’ +tan+120 =0, at (=—1,

tio = Ap}, tao = Np}, tin=-Nul ta =M,

t1g = A1 — )\2)1[{’5 —AMp+Duse, tor= (A2 — Du ¢ — M(p + Dug ¢,

tiz=(1—(1+p)A)use, taz=A((p+1) =) usg. (6.124)
The solutions of equations (6.56) and (5.6) subject to boundary conditions (6.123), (6.124) are

sought in the form of series (4.11).

6.3.2 Leading order problem

At leading order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by (6.57) and subject to the following boundary conditions
ugo) =0, uéo) =0, at (=0; pio) =0, at (=-1. (6.125)

From the equations of motion (6.56)1, (6.56)2 we deduce that

2+ 1 2n + 1
¥ =0, ul” =0 cos (W)JFUI(S’O’sm <(n+2)7rc> (6.126)

The incompressibility condition (6.56)3 also provides the following relation

© _  “Yiee o ((2k+1)mC 15 (2n + 1)m¢ (0,0) 1
Uy " = @n+ )m sin ( 5 + @n+ 1)r oS 5 +uy (6.127)
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Taking into account the boundary conditions (6.125), together with the relations

sin((2n + 1)7/2) = (—=1)", cos((2n+1)7/2) =0, (6.128)
we deduce that
2U(070) 2U(070)
(0,0) (0,0 1s,§ 15,6
Le ’ 2e (2n+ )7’ v2 (2n+ )7 ( )

As a result, the solution of the leading order problem is given by

(0,0) (0,0)
0) _ 700 2+ 1)mC © _ 2Uise (2n + 1)w¢ 20},
up =Up 7 sin | ———— ], uy = 75— cos - ,
: (2k + D) 2 2n+ )7
n’ =0, (6.130)

6.3.3 Second order problem

The second order problem consists of the non-dimensional equations of motion and associated
incompressibility condition for which the equations are given by (6.63) and subject to boundary

conditions

ugl) =0, uél) =0, at (=0 pgl) = Aug?)

c o =l at (=1 (6.131)

Employing the leading order solution (6.130) it is possible to deduce that at second order the
incremental pressure pgl) is zero.

To facilitate our analysis we establish that the solution of equations (6.63) subject to boundary
conditions (6.131) can be expressed by (6.64) with cut-off frequencies given by (3.39). Using
representation (6.64), the equation of motion, incompressibility and boundary conditions take the
form (6.65). The equations (6.63) and (6.131) yields a homogeneous system (6.66) to determine

unknown functions in (6.64).

The equations of motion (6.63); and (6.63)2 provide the following relations

Ut <o, (6.132)
(A2 = )U + vt = o, (6.133)
ot =0, (6.134)
ol = . (6.135)
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The incompressibility condition (6.63)3 may now be used to yield the following equations

1,1 1,1

(2n + DrUs V) — 201 =0, (6.136)

200 — (2n+ D)rUY + 2050 =0, (6.137)

@2n + D)aUY +20(0) =0, (6.138)

2n + 1)rUs" + 205" 4+ 2010 =0, (6.139)

o5 o, (6.140)

v + 0% =0, (6.141)

with the following additional equations coming from boundary conditions (6.131)

R (6.142)

U 4+ (M = o, (6.143)

We employ Maple (1996) to solve the homogeneous system of equations (6.132)—(6.143). To con-
clude, at second order the displacement components and incremental pressure can be expressed

as

= o (B g (21 0C)

2 2
2 1 2 1
(1) U2(C 2 <( n—i—2 MC) + UQ(O’I) sin <( n—; )WC> +
2 1
+ U21 1)Ccos <( n+2 )TFC> + véo’l), pgl) =0, (6.144)
where the non-zero coeflicients are given by
0,0
RN U1(s,g)(1 - ) O _ 2U1(s,£)
ls A T T 2n+ D
(0,0) (0,0) (0,1)
oD _ AU g ee (>‘2 B 1) (1,1 _ 2U5s e (1 — )‘2) 20 2y (6.145)
2 A2n+1)272 0 % A2n+ Dm0 2 C(2n+ )7 '

6.3.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-

tion are given by (6.84) and subject to the following boundary conditions

u§2) =0, ug) =0, at (=0,
p§2) = (1 - )\2) ugof) —(p+1) ugog )\uglz, at (= —

)\Qpl(f) (1 — )\2) u( ) + X (p+ 1) us ( ) — 2ty

1eoat ¢=-1. (6.146)
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We remark that to determine third order solution, and derive the governing equation for long
wave amplitude Ul(g’o), it is necessary to consider at fourth order one equation of motion and
boundary conditions at the lower surface of the layer. These fourth order boundary conditions
consist of the in-plane fourth order traction component being equal to zero at the lower surface

of the layer ( = —1, thus

Aul?) — Ap = (1= N2(p+ 1) uf) + A (1= 22 uld = A (p+ 1) ulll, (6.147)

with the normal fourth order traction component vanishing at { = —1, i.e.
Al 402 = X2 —p— 1) ufd — (A = 1)l )+ 22 (p+ 1) udl. (6.148)

The fourth order equation of motion can be expressed as
3 _ NNV -D+pX+1) o (A 20 -N))
P = h\ Uy ge T Y UggcT
+ (202 = 1)+ p) ul’d + (1 + p)udll + Wugﬂ

a0 <) )+ CEDTEA ) (6.149)

The above equation (6.149) with the help of leading order solution (6.130) and second order

solution (6.144) yields the following representation for the fourth order incremental pressure

2n+ 1)m
p® = _(2)U1(2:51)§ 4+ PO, (6.150)

Employing the equation of motion (6.84); and boundary conditions (6.146)2, (6.146)3 we

derive the following relation

2n + 1)%m?
2 = @nt )7 . S0 1 (p 42002~ 1)) u + (p+ 1) ul) o+
A(2n + 1)272
(4)u§1) — A+ aufl (6.151)

Using the relation (6.151) together with the leading order solution (6.130) and second order

solution (6.144), we derive the following representation for the incremental pressure p?)

9 1 2 1
W = -0 ol (v - BEDT). (6:152)

To simplify our analysis we note that the solution of equations (6.84), subject to boundary

conditions (6.146), is given by (6.87) with the cut-off frequencies €2 given by (3.39). Employing
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the expressions (6.87) and (6.86) the equations (6.84) can be expressed in the form (6.88). The

equations of motion (6.84); and (6.84) yield the following relations

U1(3’2) =0,

(A =32+ DU — 2 XU 3P 4 2220 + DrU Y 4 22w = o,

Ls,£€

2,2 0,0
22U — (A2 - 1200 = 0,

(2,2)

(2n+ Va2 = 22U + A@2n + D)aU? + 22027 =0,

(2n + moi? +20(07) = 0,

8ol + (20 +1)°7%"? 4+ 2(2n + Dr — 2(p + 1) (1)U = 0,

with the incompressibility condition (6.84)3 providing

(2n + )rUe? — 2027 =0,

WU — 2n+ 1)rU? +2u Y =0,

20 %% 42U —

1s,§

2U1(f;§)

(2n + 1)xU}

+ (2n + 1)U}

02) _

2,2
S ) :07

(2,2) (1,2)

@2n + DrUs? +4U2? 42017 =0,

222

%Y + 308 =0,
21152’2) + 1185’2) =0,
i+ =,

and the boundary conditions (6.146) yielding

Ul(g’2) + v

U2(S’2) + v

+ (2n + 17U 12U}

1,2
c ) =0,

o,

(0,2
1
0,2

2 ~ 0.
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The boundary conditions (6.147) and (6.147) yields the following equations

420+ Da(=1)" (A2 + 1+ p) + 2(p(A2 +1) - 1)UL

+ 2220 + Dr((2n + 1)%7% — 9ol 4 4@2n + 1)map?

+2(2n + Dm(2(-1)" (AN = 2) —p) + (2n + Dm)U e — 3 (2n + 1)° 70>
+4X22n + D (—1)" UL = 2220 + 137%0002 — 20220 4 1)272 (—1)" ULL?
—4@2n+ DA (1" W 46 (=1)" A2(2n + 1)2720 22

—2222n + 1)%7% (—1)" U =0, (6.171)

4((2n + Dr(=1)"(A(p +2) — 1 - N2 = 2)) + 222(\% — (p + 1)) U2

+2X2(2n 4+ 1)272(—1)"(4A2 + DU £ 4(-1)"(2n + D)eA2 (A2 + 1) — YUY
+2(2n+ DaA(A2r(2n + 1) — 2(—1)"(A? = 1)UL

+ 220+ D(8(1 — A2) — A2(2n + 1)272)l*?)

— M @2n+ D (1) + 422 2n + Drolt?

+4X32n + )rPY — 4 (1" X2+ 1)*7200Y - 8 (—1)" (20 + DaAUYY)

+ 3420 + 137300 — M2n + 1)3%02 = 0. (6.172)

Solving equations (6.153)—(6.170), with the help of Maple (1996), we determine the coefficients
in the representation (6.87). As a result, the solution of third order problem can be represented

as

u® = g0 o (W) LU0 <<2n+1>7f<<> L 00¢ o <<2n+1>7TC >

2 2 5
2 2n + 1
+ U1 ¢ sin ((“2)775) U2 g <(”+Q)WC> FRNCEINCES
ug? = Uf?? cos <(2”+21)7T€> + U3 sin (W) + US¢ cos <(2”+21)7T<)
2 2n 41
+ UM sin ((”*2)”4) U2 cos <(”+2>”C> 0D 0D 020

p? — PO | pl2): (6.173)
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where the non-zero coeflicients are represented by

02 _ Vlsee (Gt m —2(=1)" (p+ 1))
1

(2n +1)%n2 ’
0,0 n
i _ 2iee ((2n+ Dr —4(-1)" (p+1))
e ™ (2n 4 1)272 ’
(0,1) (0,0)
U(1’2) . U1s,§ (1 B /\2) U(2,2) Uls,gg ()‘2 o 1)
1s Y ’ 1s 22 ’
(0,0) n (0,0)
L(02) _ 20U, &€ 2" (p+1) - (2n+ L)) (12 2Uls,§§ (6.174)
! (2n + 1)272 rot C(2n+ D1 '

02 _ Ufg;?((zn +1300N% + AU (20 + m (A2(1 = N2) = 1) +4(=1)" % (p + 1))
% (2n + 1)iri)2 )
0 Ulsgeed 2 ()" (p+1) = 20+ Dm) + U + r (3 — 1)
(27’L + 1)37T3)\ 3
02 _ Uf[j;ggg (A(=1)" X (p+1) — 2n+ Dr (N2(A2 —1) + 1))

Usy

s (2n + 1)375)2 )
(0.1) (0.0)
U2 _ 2U g ee (1-2?) (2.2) _ Uls’&g()ﬁ —1)2
% A2n+ x0T X(2n+ U

02 _ 2U1(S D(2n + 1P £ AU (2n+ D (A2 = 1) + 1) —4(=1)" 22 (p+ 1))
2 (2n + 1)4m4)2 ’

o102 _ 2U1(s ggg (@n+D)m—=2(=-1)"(p+1)) 222 _ 2U1(s ggg (6.175)
2 (2n + 1)272 T2 (2n + 1)7’ '
(12) _ Ufsg)(Z”JF L) 02 1.0 n
p > B = SUfY (-1 (14 p) - @0+ ). (6.176)

0,2)

We remark that the functions Uy, O and Ul( remain undefined at third order. However, at

third order we are able to obtain the following representations for the function Pt(o’?’)
0,0 n
p(03) _ Ul(s,gg CA-=M)+(=1)"2n+ )7\ + 1~ (p+1))) N
! A2n+ D)
Ul(ggl) 2=D"(p+1) = 2n+ 1)m). (6.177)

Hence, the fourth order pressure increment (6.150) can be expressed as

@ __CntDr o Uigea(20 = X) + (=1)" @n+ DV +1— (p+1)
b= 9 lsg A2n + D

+ %Ufﬂ;? 2(-1)"(p+1) — (2n+ 1)7) . (6.178)
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Now we are ready to derive the governing equation for the long wave amplitude UI(S’O). The

function Wl(o) can be represented in the following form

_ 2n + 1)%72
WO = 2. (4) )
200 @417 00, 00 (8D (p+1) ~ 20t D
=0 "(Usrr + T Ui )= Ui @n 1 Dn : (6.179)

The above equation yields the following non-dimensional governing equation for long wave am-

plitude U{>%)

o (100 (Cn4+ 1272 0,0 8 (=1)"(p+1)—(2n+1)m\ (00 _
0 <U1W + o) - s T a2 = 0. (6.180)

We remark here that the nature of the governing equation (6.180) is dependent on the following

quantity

8 ()" (p+1)—(2n+ )7
2n+ 1) ’

C. = (6.181)

being hyperbolic or elliptic according to C. > 0 or C. < 0. The governing equation (6.180) can

be represented in original non-scaled variables as

2 5277(0,0) 2,2 _1\n _ 277(0,0)
ph? &*U, (2n+ 1)%r 00 _ 2 <8( D" (p+1) (2n+1)7f> oV, _ (6.182)

+
po 0%? 4 (2n+ )7 022

If we specify the function Ul(g’o)

in the form (1.72) and substitute it into the governing equa-

tion (6.182) we obtain the following expansion for squared non-dimensional frequency

2n + 1)%72

Q2 = I +Cen® + O(nh). (6.183)

The approximation (3.42) can be represented in a form

0 — (2n + 1)%xn?
=

(2)

mh

+@2n+ )70 % + oY), (6.184)

mh

where second order corrections 27/ are given by (3.41). The fact that expansions (6.183)
and (6.184) coincide proves the consistency of the derived dynamic one-dimensional model with

asymptotic analysis of dispersion relation (3.9).



Conclusion

The aim of the conclusion is to summarize the novel aspects of this study. In this thesis we
consider wave propagation in an incompressible elastic layer subject to primary simple shear
deformation. An interesting feature of a simple shear deformation is that no principal axes is
normal to faces of a layer or a half space. The main results of this thesis are an asymptotic analysis
of dispersion relations and a derivation of simplified dynamic models for the two dimensional
long wave motion. All these aspects are novel in comparison to the study by Connor and Ogden
(1996) which is restricted to stability analysis and numerical investigation of dispersion for the
neo-Hookean material. We generalize results by Connor and Ogden (1996) for any material
model and investigate numerically and analytically effects of different boundary conditions. In
particular, we perform numerical and analytical analysis of fixed faces boundary value problem
which was not considered in Connor and Ogden (1996) .

Most importantly, in contract with the study by Connor and Ogden (1996) we demonstrate
the alternative approach to investigate the propagation of travelling waves. The main advantages
of our approach are the derivation of all the governing equations in a layer coordinates and the
explicit representation of hydrostatic pressure. With the help of our approach we construct
simplified dynamic models which are consistent with the analysis of corresponding dispersion
relation and previously published results. The lower dimensional dynamic models with minimal
number of essential parameters provide significant simplification to describe two dimensional
motion in terms of one dimensional governing equation. Also analytical solutions of incremental
pressure, in-plane and normal displacements components are derived considering three asymptotic
orders of the problem. Finally we remark that investigation of dispersive waves performed in this
thesis is significantly different from the previous works by Connor and Ogden (1995) and Destrade
and Ogden (2005) devoted to analysis of surface waves in the equivalent configuration.

In this thesis we consider long wave low and high frequency motion a layer with free, fixed and

one fixed one free face boundary conditions. In comparison to an isotropic and a pure homoge-
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neous strain cases motion cannot be decomposed into symmetric and antisymmetric components.
We perform the asymptotic analysis of dispersion relation and derive the relative asymptotic or-
ders of displacements and incremental pressure. For the long wave high frequency motion the
results are broadly similar to those previously published in regards to pure homogeneous strain,
see Kaplunov et al. (2002). However, the results for long wave low frequency motion, which exist
only in a layer with free faces, show a significant departure from the previous investigations. In
this case it is not possible to establish analogue of classical extension and bending. The rea-
son for that is that whenever the amount of shear is finite, within the long wave low frequency
regime both in-plane and normal displacement components have the same asymptotic order. This
contrasts with the classical case of extension and bending, see Kaplunov et al. (1998) together
with their homogeneously strained counterparts, for which the in-plane and normal displacement
component is asymptotically leading, see Kaplunov et al. (2000).

Based on knowledge of relative asymptotic orders of displacements lower dimensional dynamic
models with minimal essential parameters were constructed to elucidate long wave low and high
frequency motion. In all constructed dynamic models the governing equations were derived only
at the third order problem seemingly due to the lack of symmetry in considered system. This is
the novel aspect of all derived models in comparison to previously published results by Kaplunov
et al (2000, 2002) and Pichugin and Rogerson (2001, 2002). In addition the influence of mixed
boundary conditions on the derivation of the long wave high frequency dynamic model was
investigated. In respect of the other long wave high frequency models the governing equations
are of the same form and consistent with previously published results by Kaplunov et al. (2002)
and Pichugun and Rogerson (2001).

In the long wave low frequency dynamic model derived for neo-Nookean material and then
generalized the governing equation is of novel type. The one dimensional vector governing equa-
tions involves the second derivatives in respect to in-plane coordinate and time of two essential
parameters long wave amplitudes of in-plane and normal displacement components. Such equa-
tion arises because both the in-plane and normal displacement components are of the same
asymptotic order. Hence this type of governing equation is the consequence of the simple shear
deformation. The facts that the governing equation is of vector type and there are two essential
parameters in the dynamic model are significant novel aspects in comparison to previously derived
long wave low frequency dynamic models in respect of a pure homogeneous strain by Kaplunov

et al. (2000) and Pichugun and Rogerson (2002).
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