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Abstract

Nowadays rubber-like materials are popular in modern technology including various engineer-

ing and biomedical applications. This interest is partially motivated by their important ability

to undergo finite primary deformations, leading to a pre-stressed state. Guided by experimen-

tal studies, theories of non-linear elasticity are being proposed to model dynamic response of

such materials under large external loads. To simplify algebraically complicated analysis, lower-

dimensional theories with minimal number of essential parameters can be effectively employed.

It is possible to extend static theories, such as Kirchhoff-Love theory of shells and the re-

fined Timoshenko-Reissner theory to various dynamic problems. However in doing so additional

approximations needs to be taken into account. In comparison to only long wave limits of funda-

mental mode in static case in dynamic case one have to consider long wave low frequency, long

wave high frequency and short wave high frequency spectrum.

This thesis has two main purposes each of which aim to elucidate the dynamic response of

incompressible elastic layer subject to primary simple shear deformation considering free, fixed,

and fixed-free face boundary conditions. The first goal is to provide an asymptotic analysis

of associated dispersion relations. The second aim is to construct appropriate asymptotically

consistent models. Accordingly, Chapter 1 is devoted to the basic equations which governs

small time dependent motion superimposed on large simple shear deformation. The associated

dispersion relations are derived and analyzed in Chapters 2-3 considering traction free, zero

displacement and mixed boundary value problems. In Chapters 4-6 an appropriate asymptotic

dynamic models for long wave motion are obtained and shown to be asymptotically consistent

with analysis of exact dispersion relations.
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Introduction

Elastic materials are extensively used in modern technology due to their important ability to

undergo finite strain deformations, see for example Hirst (1969) and Sheridan et al. (1992) in

respect of applications in bridges and earthquake protection devices, respectively. In addition,

due to recent extensive investigations in biomechanics we mention studies in respect to biological

tissues, see for example Beatty (1987), Ogden et al. (2005), Gasser et al. (2006) and Holzapfel and

Ogden (2006). Motivated by practical applications, the theory of elastic materials subject to large

deformations was first proposed in the early 1940’s. The initial studies on this subject were made

in respect of incompressible materials which do not change volume during deformation. The main

principle in such models is the simplifying incompressibility constraint, see for example Chad-

wick (1999). As an illustration of the analysis, which became possible with an assumption of

the incompressibility constraint, we cite Scott (1986). The initial theoretical investigations of

incompressible materials were supported by experimental studies, see for example Rivlin and

Saunders (1951) and Treloar (1975). This thesis is focused on incompressible elastic materials

subject to primary finite simple shear deformations. The simple shear deformation commonly

occurs in geo-mechanics, see for example Gessner et al. (2007) and Ide et al. (2007). In addition,

we mention several applications of shear type deformations in bio-mechanics, see Hard and Toll

(2008), Furness et al. (1997) and Manoussaki et al. (2006). In respect of theoretical modelling

we remark that finite shear in various types of materials was extensively studied by Boulander

and Hayes (2000, 2002, 2004, 2007).

We proceed with an explanation of the term pre-stressed body, which is used to analyze the

behavior of an elastic body under primary finite deformation to indicate the presence of stress

for example prior to wave propagation. There is an appropriate non-linear theory, see Green

and Adkins (1960) and Green and Zerna (1954), which leads to complicated non-linear equations

of elasticity. The approach to simplify the analysis of materials under large initial stress is a

decomposition into a large static deformation and superimposed incremental motion. By this
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INTRODUCTION 2

means, linearized equations of motion are derived by expanding the stress as a Taylor series

about the initial deformed state. The static theory of incremental deformations superimposed

on finite strains was apparently first developed by Green et al. (1952). The linearized theory

of incremental motion, superimposed on a large elastic deformation, can be applied to the main

problem in this thesis, the propagation of waves in a incompressible elastic layer subject to a

primary simple shear deformation.

The problem of wave propagation in elastic half spaces and plates goes back to the study of

surface waves by Lord Rayleigh (1885). In more recent studies, the influence of pre-stress on sur-

face wave propagation was investigated by Dowaikh and Ogden (1990) for the two-dimensional

problem. In addition, surface waves in pre-stressed materials under finite simple shear deforma-

tion were investigated by Connor and Ogden (1995) and Destrade and Ogden (2005).

We remark that there is no dispersion associated with surface wave propagation in elastic me-

dia. The initial studies on the propagation of dispersive waves were performed by Lord Rayleigh

(1889) and Lamb (1917), who derived the dispersion relation for wave propagation in a plate

composed of linear isotropic elastic material. Generally, dispersion is a property of certain types

of media. It can also arise due to the presence of a length scale and indicates that phase speed

depends on wave number. The relationship between phase speed and wave number, referred to as

the dispersion relation or frequency equation, can be obtained by satisfying the equations of mo-

tion and boundary conditions. Normally, the dispersion relation is a complicated transcendental

equation which has an infinite number of solution branches or modes. For practical applications

it is often assumed that only the fundamental modes are significant, see for example Manoussaki

et al. (2006). However, studies by Rogerson (1992), Kaplunov and Markushevich (1993) show

that for the certain types of problems the higher modes are important. Historically, Lamb (1917)

was the first to analyze the higher order modes, identifying the cut-off frequencies, the Lame

modes and other properties of the high frequency spectrum. A complete analysis of spectrum of

the Rayleigh-Lamb equations was first presented by Mindlin (1960).

A theory has been developed to describe infinitesimal time-dependent wave propagation,

superimposed upon a large static primary deformation, see for example Ogden (1984). The

initial studies were proposed in respect of dispersion in pre-stressed incompressible materials

by Biot (1965) and Willson (1977). There are also several papers investigating the question of

stability in pre-stressed elastic structures, see for example Roxburg and Ogden (1994), Fu and

Ogden (1999), Triantafyllidis and Abeyarante (1983) and Connor and Ogden (1996). Plane waves



INTRODUCTION 3

in a pre-stressed elastic plate were studied in detail by Ogden and Roxburgh (1993).

Depending on the type of large static deformation, the complexity of the equations required

to describe wave propagation in pre-stressed materials is different. The asymptotic analysis of

the two-dimensional dispersion relation for wave propagation in an incompressible and slightly

compressible plate subject to primary plain strain was performed in the studies by Rogerson and

Fu (1995), Rogerson (1997), Sandiford and Rogerson (2000). These investigations were general-

ized by Pichugin and Rogerson (2001, 2002) to the three dimensional problem. We remark that

in these studies the dispersion relation allows decomposition into symmetric and anti-symmetric

components. This feature allows simplification of the analysis of the appropriate problems. How-

ever this is not always the case. For example in the studies by Connor and Ogden (1995, 1996)

the equations to describe wave propagation in an incompressible elastic layer subject to simple

shear deformation were derived. These equations lead to the corresponding dispersion relation

which cannot be decoupled into symmetric and anti-symmetric parts. The long wave asymptotic

analysis of the associated dispersion relation has been performed by Amirova and Rogerson (2008)

and forms the basis of Chapter 2 of this thesis. We remark that in the paper by Destrade and

Ogden (2005) some additional information about the characteristic equation and the propagation

of surface waves in a half space subject to simple shear deformation have been obtained.

The dispersion relation is dependent on the type of boundary conditions. In addition to classi-

cal traction free boundary condition, wave propagation in an incompressible and a nearly incom-

pressible layer with fixed faces was investigated by Nolde and Rogerson (2002) and Kaplunov and

Nolde (2002). This problem was motivated by practical applications in geo-mechanics, see Liang

et al. (1993). The various effects of dispersion in a pre-stressed compressible elastic plate has been

studies by Nolde et al. (2004) in respect to traction free boundary conditions, and Prikazchikova

(2004) for some non-classical boundary conditions. The case of mixed boundary conditions was

investigated by Fu (2007) and Connor and Ogden (1996). The above papers indicate that in case

of the layer with one fixed and one free face boundary condition the corresponding dispersion re-

lation cannot be decomposed into symmetric and anti-symmetric parts. Additionally we remark

that a layer with fixed faces can be used to model coal seams, these usually being surrounded by

much stiffer rocks, see for example Liang et al. (1993).

To elucidate the dynamic response of thin structures, lower dimensional theories, with minimal

essential parameters have been shown to provide significant simplification. In the static case, there

are widely used lower-dimensional structural theories, such as the Kirchhoff theory of plates, the
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Kirchhoff-Love theory of shells and the refined Timoshenko-Reissner theories, see Lord Rayleigh

(1877), Love (1927), Timoshenko (1938) and Reissner (1944). Such theories are based on physical

hypothesis and do not readily provide an approach for refining to higher order.

An analysis of equations of elasticity, and the associated method of asymptotic integration

utilized to derive an asymptotically consistent dynamic theories are presented in a detailed mono-

graph by Kaplunov et al. (1998). It was shown that long wave low frequency, long wave high

frequency and short wave high frequency theories are needed to fully describe the dynamic behav-

ior of an elastic body, in comparison to only the long wave low frequency limit in the static case.

Some lower dimensional asymptotically consistent models for the two-dimensional motion were

derived for an incompressible elastic plate subject to primary homogeneous strain with traction

free faces, see Kaplunov (2000, 2002). These models were generalized to the three dimensional

case by Pichugin and Rogerson (2001, 2002). Asymptotically consistent models were also de-

rived for an incompressible transversely isotropic elastic plate, see Kossovitch (2002, 2006). The

purpose of this thesis is to extend such asymptotic models in order to elucidate the dynamic

behavior of an incompressible elastic layer subject to a primary simple shear deformation.

This thesis has the following structure. In Chapter 1 we summarize the basic equations of

nonlinear elasticity. The body is assumed to possess a natural isotropic state and has been

subjected to a large primary static deformation, leading to a finitely deformed equilibrium state.

An infinitesimal time-dependent motion is then superimposed upon the pre-stressed state. In

order to elucidate the dynamic response we obtain the linearized three dimensional equation

of motion by expanding the stress tensor as a Taylor series about the equilibrium state and

introducing a measure of incremental surface traction. In this thesis we restrict our attention

to the two dimensional problem and specify a simple shear as the primary static deformation.

An important feature of this deformation is that no principal axis is normal to the faces of the

layer, with the Lagrangean and Eulerian axes non-coincident. We remark that in respect of wave

propagation in a layer subject to such a primary simple shear deformation, lack of symmetry

exists and there is to no analogue of symmetric or anti-symmetric motion. In addition, we

impose the strong ellipticity condition in order to ensure that the phase speeds of all associated

body waves are real in every direction.

In this thesis we consider three types of boundary conditions for an incompressible elastic

layer: free faces, fixed faces, and one fixed and one free face. The free faces boundary conditions

are widely used while the latter two may be regarded as non-classical. We seek solutions of all
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three boundary value problems in the form of a travelling wave which results in the corresponding

dispersion relation. This relation is then analyzed both numerically and asymptotically. Where

possible, we perform the analysis in respect of the most general strain-energy function. However,

we remark that in the case of a neo-Hookean strain-energy function the linearized equations of

motion, together with the incremental traction components, can be significantly simplified. We

use this illustrative simplified model to highlight the main features and perform a highly trans-

parent analysis. In addition, we employ a Varga strain energy function to model incompressible

rubber-like elastic materials subjected to a simple shear deformation. In this case we produce

illustrative numerical results which demonstrate good agreement between analytical approxima-

tions and numerical results.

Chapter 2 is devoted to the analysis of two dimensional long wave motion in an incompressible

elastic layer subject to a primary simple shear deformation in respect of the free face boundary

value problem. Considering traction free boundary conditions, the dispersion relation is first

derived for the most general incompressible strain energy function and then simplified to a spe-

cific class of strain energy functions. A numerical analysis of the dispersion relation reveals that

dependent on the amount of shear and pre-stress there may be non, one or two long wave limits

of the fundamental modes. Motivated by the numerical investigation, an asymptotic analysis of

the dispersion relation is performed for both long wave low and long wave high frequency motion.

The resulting analytical approximations give phase speed and frequency as explicit function of

wave and mode number. Good agreement between numerical and asymptotic solutions over a

relatively large wave number regime is illustrated. The relative asymptotic orders of the dis-

placement components and incremental pressure are established and used to provide appropriate

asymptotic scalings for the long wave asymptotic models to be derived in the later chapters of

the thesis. In respect of the high frequency motion, it is shown that the incremental pressure

is asymptotically leading and the in-plane displacement component asymptotically larger than

its normal counterpart. For the low frequency motion, the incremental pressure, in-plane and

normal displacement components all have the same asymptotic orders. The paper by Amirova

and Rogerson (2008) is based on the material in Chapter 2.

In Chapter 3 we consider wave propagation in a layer with some non-classical boundary

conditions. Specifically, the fixed faces boundary value problem and one fixed one free face

boundary value problem are examined. A numerical analysis demonstrates that in the long wave

limit there is no low frequency motion for both types of boundary condition. After a numerical



INTRODUCTION 6

investigation we proceed to an asymptotic analysis of the corresponding dispersion relations. It is

shown that for the two considered boundary value problems there is no analogue of symmetric or

anti-symmetric motion. The dispersion relations are first derived in respect of the most general

incompressible strain-energy function and then represented in simplified forms for a specific class

of materials. Taking the scaled wave number as a small parameter, asymptotic expansions are

derived for motion in the vicinity of cut-off frequencies and provide frequency as an explicit

function of wave and mode number for both problems. We conclude Chapter 3 by establishing

the relative asymptotic orders of the displacement components and incremental pressure. It is

shown that for both boundary value problems the incremental pressure is asymptotically leading,

with the in-plane displacement component larger than its normal counterpart.

In Chapter 4 we derive a simplified asymptotic model for two-dimensional long wave low

frequency motion in an sheared pre-stressed incompressible elastic layer with traction free faces.

The cases of the most general strain-energy function and a neo-Hookean strain-energy function are

considered. Non-dimensional equations of motion, incompressibility condition and incremental

traction components lead to the hierarchial systems of traction free boundary value problems at

various orders. We take into consideration the first three asymptotic orders both for the general

and neo-Hookean material and employ asymptotic integration to derive analytical solutions of

the asymptotic boundary value problems. The presence of pre-stress in the form of simple shear

yields no analogue of symmetric and anti-symmetric motion and leads to a novel type of one

dimensional vector governing equation, which is obtained only at third order. We remark that

the governing equations may be used to confirm the existence of two fundamental modes and

illustrate the asymptotic consistency of the derived simplified dynamic model for both the general

and neo-Hookean material models. Based on work outlined in Chapter 4, is the paper by Rogerson

and Amirova (2008).

In Chapters 5 and 6 we derive a one-dimensional asymptotically consistent model for the two-

dimensional long wave high frequency motion, i.e. motion in the vicinity of the cut-off frequencies.

To simplify the analysis and highlight the main features of the model we focus attention on the

motion in a layer composed of the neo-Hookean material. In Chapter 5 we consider free faces

boundary conditions whereas in Chapter 6 we examine some non-classical boundary conditions.

The asymptotic methodology is similar to the long wave low frequency analysis. However, direct

asymptotic integration is performed in the vicinity of the cut-off frequencies. Again, three orders

of the problem are set up and investigated. The one-dimensional governing equation is derived
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only at the stage of the third order problem in all the considered boundary values problems: free

faces, fixed faces, one free one fixed faces. In addition, in each of these cases the governing equa-

tion was shown to be hyperbolic or elliptic depending on the amount of shear and mode number.

To conclude, we demonstrate that the obtained governing equations can be employed to illustrate

consistency of the derived simplified dynamic models with the asymptotic approximations of the

corresponding dispersion relations.



Chapter 1

Basic equations

In this chapter we summarize the basic equations of nonlinear elasticity, relevant to this thesis.

We examine the problem of harmonic wave propagation in an incompressible elastic layer of finite

thickness, infinite lateral extent and which is subjected to a primary large static deformation. An

infinitesimal time-dependent motion is then superimposed on this large static deformation. To

begin with we derive the equations of infinitesimal time-dependent motion, superimposed upon

a large static primary deformation and consider their linearized form in the general three dimen-

sional case. Then we restrict our attention to the case in which static deformation is a simple

shear, analyze its features and emphasize the fact that no principal axis is normal to the incre-

mentally traction free faces of the plate. After that the connection is established between what we

will refer to as the natural coordinate system of the layer (coincident with its natural axes) and

Eulerian coordinate system formed by the principal axes of the simple shear deformation. In this

thesis we restrict our attention to a two dimensional problem. For the propagation of harmonic

planes wave the strong ellipticity condition is imposed to ensure physically realistic response.

Linearized equations of two dimensional motion superimposed on the primary simple shear de-

formation and associated linearized incompressibility condition are initially established within

the Eulerian coordinates and then transferred into the natural coordinates of the layer. Then the

travelling harmonic wave propagating along the longitudinal direction of the layer is considered

as the solution of homogeneous system of two linearized equations of motion. In addition, we

take into account the linearized incompressibility condition to derive the characteristic equation

and obtain a representation for the incremental pressure component. An appropriate linearized

measure of incremental surface traction is introduced and representations for the components

of incremental traction associated with the upper and lower faces of the layer are obtained in

8



CHAPTER 1. BASIC EQUATIONS 9

the natural coordinates of the layer. Finally, we consider neo-Hookean and Varga strain-energy

functions to model incompressible rubber-like elastic materials subjected to a simple shear de-

formation. These material models will be used for numerical calculations and comparison of

numerical and asymptotic results thought the thesis. We remark that in case of the neo-Hookean

material model linearized equations of motion together with incremental traction components

can be significantly simplified.

1.1 Equations of incremental motion

In this section, we summarize relevant equations from the theory of infinitesimal time-dependent

motion, superimposed upon a large static primary deformation, more details can be found in

books on continuum mechanics, see for example Ogden (1984).

We shall consider a homogeneous body B, composed of isotropic elastic material which pos-

sesses an initial unstressed configuration B0. A purely homogeneous static deformation is imposed

upon B0, to produce a finitely deformed equilibrium configuration Be, which we will use as our

reference configuration. Finally, an infinitesimal time-dependent motion is superimposed on Be,

with the resulting configuration termed the current and denoted by Bt. The deformation gradi-

ents associated with the deformations B0 → Be, Be → Bt and B0 → Bt are given in component

form by

F̄mA =
∂xm

∂XA
, F̃im =

∂x̃i

∂xm
, FiA =

∂x̃i

∂XA
= F̃imF̄mA, (1.1)

where the tensor F̄mA is constant. We use an over-bar and an over-tilde to denote quantities

associated with the equilibrium and the current configurations.

The position vector of a representative particle is denoted by XA in the initial unstressed

isotropic configuration B0, by xi(XA) in a pre-stressed equilibrium state Be and by x̃i(XA, t)

in the final time-dependent configuration Bt, see Figure 1.1. These position vectors are related

through

x̃i(XA, t) = xi(XA) + ui(xj , t), (1.2)

where ui(xj , t) denotes the infinitesimal time-dependent super-imposed motion associated with

the secondary deformation Be → Bt. Such motions are usually referred to as infinitesimal, with

all the second and higher terms in the displacement gradient neglected within the expansions used

to establish the governing equations. In this thesis, we will specifically consider two-dimensional

infinitesimal motions, with u3 = 0, u1 and u2 independent of x3. However, initially we will
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B0 Be

Bt

F

F̄

F̃

X x(X)

x̃(X, t)

Figure 1.1: Configurations of a pre-stressed body.

establish the full three-dimensional equations. With the help of equations (1.1) and (1.2), it is

possible to show that components of deformation gradients F and F̄ are related by

FiA = (δim + ui,m)F̄mA, (1.3)

where the comma indicates differentiation with respect to the implied spatial coordinate compo-

nent in Be and δij is the Kronecker delta.

We now consider an elastic body composed of incompressible material. This constraint indi-

cates that such materials are only able to undergo isochoric deformations. The requirement of

incompressibility may be shown to imply

J − 1 = 0 , J = detF, (1.4)

throughout every possible material deformation, for details see for example Chadwick (1999,

p. 90) or Ogden (1984, p. 199). In order to accommodate this constraint, we introduce a strain-

energy function in the form

W (F, p ) = W0(F)− p (J − 1) . (1.5)

The first term on the right hand side of (1.5) generates the constitutive part of the stress, which

is determined by the deformation. The second term generates a workless reaction stress and

is constrained to be zero throughout every possible material deformation. The scalar p, usually
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interpreted as a hydro-static pressure, plays the role of a Lagrange multiplier and must ultimately

be chosen to satisfy the equations of motion and boundary conditions. We note that the pressure

p may be decomposed into a static pressure in Be, denoted by p̄, and a small time dependent

increment, denoted by pt, thus

p = p̄ + pt. (1.6)

We shall outline the derivation of the equations of time-dependent infinitesimal incremen-

tal motion by taking into account the conservation of the linear momentum, see for exam-

ple Spencer (1980, p. 97). In the absence of a body forces, these equations may be represented

as
∂SAi

∂XA
= ρüi, (1.7)

within which S = S(F, p ) is the nominal stress tensor, ρ is the material density and a dot denotes

differentiation with respect to time. Equations (1.7) are evaluated in the natural configuration

B0. If we consider Be as the reference configuration the equations of motion are better represented

in the form
∂

∂xm

(
F̄mASAi

)
= ρüi, (1.8)

where F̄mA is the constant deformation gradient tensor associated with the deformation B0 → Be,

see equation (1.1).

We expand the nominal stress S as a Taylor series around the finitely deformed state Be and

then obtain the following expansion

SAi = S̄Ai + (FkB − F̄kB)
∂SAi

∂FkB

∣∣∣∣
Be

+(p− p̄ )
∂SAi

∂p

∣∣∣∣
Be

+ . . . . (1.9)

Taking into account the relations (1.3) and (1.6), the formal definition of the concept of small

amplitude motion around Be may be given by

∣∣FkB − F̄kB

∣∣ =
∣∣uk,lF̄lB

∣∣ ¿ 1 , |p− p̄ | = |pt| ¿ 1 , (1.10)

see for example Ogden (1984, p. 328). The constitutive equations for a finitely deformed incom-

pressible elastic body may be written in terms of the nominal stress and strain-energy function

as

SAi =
∂W

∂FiA
=

∂W0

∂FiA
− pJF−1

Ai . (1.11)

Equations (1.11) may now be employed to calculate the required derivatives of the components

of nominal stress in the expansion (1.9), yielding

∂SAi

∂p
= −JF−1

Ai ,
∂SAi

∂FkB
=

∂2W0

∂FkB ∂FiA
− pJ

(
F−1

Bk F−1
Ai − F−1

Bi F−1
Ak

)
. (1.12)
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Now the expansion (1.9) may be substituted into the equations of motion (1.8), which together

with (1.12) gives, in component form, the linearized equations of motion as

Bmilkuk,lm − pt,i = ρüi , (1.13)

where B is the fourth order elasticity tensor, for which the components are defined by

Bmilk = F̄mAF̄lB
∂2W0

∂FkB ∂FiA

∣∣∣∣
Be

. (1.14)

The equations of motion (1.13) must be considered in conjunction with the linearized incom-

pressibility condition, which may be shown to be

ui,i = 0, (1.15)

see for example Spencer (1980, p. 93).

For an isotropic elastic body B, the components of the elasticity tensor B allow especially sim-

ple representation relative to axes coincident with the principal axes of the primary deformation.

The only non-zero components of B then have the form Biijj , Bijij or Bijji, i, j = 1, 2, 3, and

these may be given in terms of the principal stretches λm, m = 1, 2, 3, of the static deformation

as

Biijj = λiλj
∂2W0

∂λi∂λj
,

Bijij =





λ2
i

λ2
i − λ2

j

(
λi

∂W0

∂λi
− λj

∂W0

∂λj

)
, i 6= j , λi 6= λj ,

1
2

(
Biiii −Biijj + λi

∂W0

∂λi

)
, i 6= j , λi = λj ,

Bijji = Bijij − λi
∂W0

∂λi
i 6= j , (1.16)

within which no summation over repeated suffices is assumed, see Ogden (1984, p. 412).

1.2 Features of the simple shear deformation

1.2.1 The simple shear deformation

In this section we analyze the simple shear deformation. Let (X1, X2, X3) and (x1, x2, x3) be

Cartesian coordinates corresponding to the position vector X in the reference configuration and

the position vector x in a pre-stressed equilibrium configuration. The simple shear deformation

is defined by

x1 = X1 + εX2, x2 = X2, x3 = X3, (1.17)



CHAPTER 1. BASIC EQUATIONS 13

where ε is called the amount of shear, see Figure 1.2.

Relative to the basis vectors e1, e2 and e3, where the deformation gradient tensor F may be

written as

F = I + εe1 ⊗ e2. (1.18)

Here the notation e1 ⊗ e2 denotes the dyadic product of e1 and e2, the vectors e1 and e2 are

orthogonal unit vectors, which together with unit vector e3 forms an orthonormal basis. The

vector e1 is said to define the direction of shear and the planes orthogonal to e2 and e3 are called

the glide plane and the plane of the shear, respectively.

tan−1 ε

x2

x1

e2

e1

0

Figure 1.2: The simple shear deformation.

According to the polar decomposition theorem, see Ogden (1984, p. 92), there exist unique,

symmetric, positive definite right and left stretch tensors U and V, and unique proper orthogonal

rotation tensor R, such that the deformation gradient tensor F may be expressed as

F = RU = VR. (1.19)

For the deformation gradient tensor associated with the simple shear deformation (1.17), the

matrix of components of F is given by

F =




1 ε 0

0 1 0

0 0 1


 . (1.20)
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Using the polar decomposition theorem (1.19) for the deformation gradient F we are able to form

the following tensor measures of deformation

C = FTF, B = FFT, (1.21)

where C and B referred to the right and left Cauchy-Green deformation tensors, respectively.

The tensors C and B can be represented in terms of the basis vectors e1, e2, e3, yielding

C = e1 ⊗ e1 + (1 + ε2)e2 ⊗ e2 + e3 ⊗ e3 + ε(e1 ⊗ e2 + e2 ⊗ e1),

B = (1 + ε2)e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + ε(e1 ⊗ e2 + e2 ⊗ e1). (1.22)

Taking into account (1.22), the components of the tensors C and B may be represented in matrix

form through

C =




1 ε 0

ε 1 + ε2 0

0 0 1


 , B =




1 + ε2 ε 0

ε 1 0

0 0 1


 . (1.23)

The spectral decomposition theorem, see Ogden (1984, p. 27), establishes that V and U may

be written as

U =
3∑

i=1

λiui ⊗ ui, V =
3∑

i=1

λivi ⊗ vi, (1.24)

where λi are the principal stretches of deformation, ui are the principal axes of U and vi are

the principal axes of V. The simple shear deformation rotates the principal axes of U into those

of V through a certain angle ψ, such a rotation can be described by a rotation tensor R. The

principal axes of U and V are usually referred to as the Lagrangean and Eulerian principal axes,

respectively.

From the polar decomposition theorem (1.19) it follows that

C = FTF = U2, B = FFT = V2. (1.25)

The relations (1.24) indicate that the principal stretches λ1, λ2 and λ3 are eigenvalues of the

tensors U and V. It can be shown using (1.25) and the square root theorem, Ogden (2002,

p. 16), that λ2
1, λ2

2 and λ2
3 are the eigenvalues of tensors C and B. Moreover, the eigenvectors of

B and V coincide and are termed as Eulerian axes, similarly the coincident eigenvectors of C

and U can be termed as Lagrangean axes.

In view of incompressibility, we deduce that

detF ≡ λ1λ2λ3 = 1. (1.26)
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From (1.26) it follows that in the two dimensional case we can represent the principal stretches

in terms of one parameter λ, revealing that

λ3 = 1, λ1 = λ ≥ 1, λ2 = λ−1. (1.27)

Applying the spectral decomposition theorem to C and B, and using (1.25) together with the

square root theorem, Ogden (2002, p. 16), we obtain

C =
3∑

i=1

λ2
i ui ⊗ ui, B =

3∑

i=1

λ2
i vi ⊗ vi, (1.28)

where the orthonormal triplets ui and vi specify the Lagrangean and Eulerian axes, respectively.

Taking into account (1.27), for our case the representation (1.28) becomes

C = λ2u1 ⊗ u1 + λ−2u2 ⊗ u2 + u3 ⊗ u3,

B = λ2v1 ⊗ v1 + λ−2v2 ⊗ v2 + v3 ⊗ v3. (1.29)

Since u1,u2 and v1,v2 are orthogonal pairs of unit vectors all orthogonal to e3, they can be

expressed as the linear combination of e1 and e2, thus

u1 = cosφ1e1 + sinφ1e2, u2 = − sinφ1e1 + cos φ1e2, (0 < φ1 < π/2),

v1 = cosφ2e1 + sin φ2e2, v2 = − sinφ2e1 + cosφ2e2, (0 < φ2 < π/2). (1.30)

To determine φ1 and φ2 we substitute expressions (1.30) into (1.29) and use (1.22) together

with (1.23) to obtain the following relations

λ2 cos2 φ1 + λ−2 sin2 φ1 = 1,

λ2 sin2 φ1 + λ−2 cos2 φ1 = 1 + ε2,

(λ2 − λ−2) sinφ1 cosφ1 = ε, (1.31)

λ2 cos2 φ2 + λ−2 sin2 φ2 = 1 + ε2,

λ2 sin2 φ2 + λ−2 cos2 φ2 = 1,

(λ2 − λ−2) sin θ2 cosφ2 = ε. (1.32)

From the relations (1.31)–(1.32) we are able to deduce the following expressions for λ, φ1 and φ2

λ =
ε

2
+
√

4 + ε2

2
= cot θ, φ1 =

π

2
− θ, φ2 = θ, (1.33)
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e1

0

v1

u1

e2

v2

u2

ψ

θ

θ

Figure 1.3: Orientations of the Lagrangean axes (u1,u2) and Eulerian axes (v1,v2) in the ba-

sis vector system (e1, e2) of the body for the simple shear deformation. The angle between the

Lagrangean and Eulerian axes is given by ψ = π
2 − 2θ.

where

θ =
1
2

tan−1(
2
ε
), tan(2θ) =

2
ε
, (0 < θ <

π

4
). (1.34)

Shown in the Figure 1.3 are the Lagrangean and Eulerian axes relative to the base vectors

e1, e2, taking into account the connections between φ1 and φ2 and θ shown in (1.33). We note

that the principal stretches may be represented in terms of θ, thus

λ1 = λ = cot θ, λ2 = λ−1 = tan θ, λ3 = 1. (1.35)

Taking into account the incompressibility condition (1.26) and the connection between the angle

θ and amount of shear, given in (1.34), the following relations are established

λ2
1λ

2
2 = 1, λ2 + λ−2 = 2 + ε2, ε = λ− λ−1. (1.36)

In addition if we introduce the material parameters

α = B1212, γ = B2121, 2β = B1111 + B2222 − 2B1122 − 2B1221, (1.37)

then the following connections are valid

α = γλ4, λ =
α1/4

γ1/4
, ε =

λ2 − 1
λ

=
α1/2 − γ1/2

α1/4γ1/4
. (1.38)
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The unit vectors specifying the Lagrangean axes may now be written in the form

u1 = sin θe1 + cos θe2, u2 = − cos θe1 + sin θe2, u3 = e3, (1.39)

and the Eulerian axes given by

v1 = cos θe1 + sin θe2, v2 = − sin θe1 + cos θe2, v3 = e3. (1.40)

The rotation tensor R represents a rotation of amount −ψ = −(π/2 − 2θ) about e3 axis,

see Figure 1.3. As the Lagrangean axes are rotated into Eulerian axes we are able to specify a

rotation tensor in term of vectors ui and vi

R = vi ⊗ ui = sin 2θ(e1 ⊗ e1 + e2 ⊗ e2) + e3 ⊗ e3 + cos 2θ(e1 ⊗ e2 − e2 ⊗ e1). (1.41)

The components of the rotation tensor R may be represented in matrix form through

R =




sin 2θ cos 2θ 0

− cos 2θ sin 2θ 0

0 0 1


 . (1.42)

To conclude this section we remark that instead of using the principal stretches λ1, λ2, λ3 as

independent measures of deformation, one can introduce the invariants I1, I2, I3 defined as the

following symmetric functions of stretches

I1 = tr(B) = λ2
1 + λ2

2 + λ2
3,

I2 =
1
2
(I2

1 − tr(B2)) = λ2
2λ

2
3 + λ2

3λ
2
1 + λ2

1λ
2
2,

I3 = detB = λ2
1λ

2
2λ

2
3. (1.43)

Taking into account definitions (1.43) and relations (1.35)–(1.36) the invariants I1, I2 and I3

are given by

I1 = I2 = 3 + ε2, I3 = 1, (1.44)

emphasizing that the simple shear is an isochoric deformation.

We note from the relations (1.33) and (1.35) that when ε = 0, the principal stretches are

λ1 = λ2 = λ3 = 1.

1.2.2 The relation between Eulerian axes and the natural axes of the layer

In this subsection we introduce the natural coordinate system of the layer to describe the propa-

gation of travelling harmonic wave along its longitudinal direction. A complicating feature of the
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simple shear deformation is that no principal axis is normal to the faces of the layer. We remark

that a similar phenomenon is also possible with anisotropy and with the specific orientation of

principal axes relative to a free surface, see for example Fu (2005), Triantafyllidis and Abe-

yarante (1983). Initially the simplified governing equations were established relative to principal

axes of deformation, which corresponds to Eulerian coordinates. Therefore in order to describe

wave propagation in a layer we transfer all the equations from Eulerian to natural coordinate

system of the layer. The basis vectors for the Eulerian coordinates form an angle θ with the

natural coordinate system of the layer, see Figure 1.4. Therefore, the basis vectors of the natural

coordinate system of the layer (x1, x2) and Eulerian coordinate system (x′1, x
′
2) are connected via

the following relations

x = Rx′, x′ = RTx, x =


x1

x2


 , x′ =


x′1

x′2


 , R =


cos θ − sin θ

sin θ cos θ


 . (1.45)

We consider an incompressible elastic layer of finite thickness h and infinite lateral extent that

has origin on its upper face and occupies the domain −∞ ≤ x1 ≤ ∞,−h ≤ x2 ≤ 0. In addition,

the layer is subject to primary simple shear deformation, further details may be found in the

papers by Connor and Ogden (1996), Destrade and Ogden (2005). It was shown by Destrade and

x2

θ

θ

x
′
2

x1

0

x
′
1

Figure 1.4: The angle θ between Eulerian coordinates (x
′
1, x

′
2) and natural coordinate system of

the layer (x1, x2).

Ogden (2005) that within the Eulerian coordinate system (x′1, x
′
2), coincident with the principal

axes of the primary deformation, there are 6 non zero components of the elasticity tensor B,
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namely

B1111, B2222, B1122, B1221, B1212, B2121. (1.46)

In contrast, within the natural coordinate system of the layer (x1, x2) there are 10 non zero

components of the elasticity tensor B, namely

B̂1111, B̂2222, B̂1122, B̂1221, B̂1212, B̂2121,

B̂1112, B̂1121, B̂1222, B̂2122. (1.47)

These two sets of components of the elasticity tensor B satisfy the symmetry properties

Bijkl = Bklij , B̂ijkl = B̂klij , (1.48)

and are related by

B̂ijkl = ΩipΩjqΩkrΩlsBpqrs, (1.49)

where Ωij denotes the components of the rotation matrix connecting the natural coordinates of

the layer xi and the Eulerian coordinates x′i, thus

xi = Ωijx
′
j , Ωij =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1


 . (1.50)

1.3 Linearized equations of motion in the natural coordinate sys-

tem of the layer

Our interest is long-wave motion in a layer of finite thickness and infinite lateral extent. The layer

is composed of an incompressible elastic material and subject to a simple shear primary defor-

mation. Wave propagation in homogeneously pre-stressed rectangular plates has been discussed

in detail by a number of authors, see for example Ogden (1984), Rogerson (1997), Rogerson and

Fu (1995) in respect of incompressible elastic plates, Roxburg and Ogden (1994), Nolde et al.

(2004) for compressible elastic plates and Rogerson (1998) for anisotropic plates. In respect of

a half-space subject to a simple shear, wave propagation along a principal plane of deformation

was studied by Hussain and Odgen (1999).

In this section, we consider two dimensional motions in the plane of shear defined by coor-

dinates (x1, x2). To begin with, for the propagation of a harmonic plane wave within a layer of
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incompressible elastic material we introduce the strong ellipticity condition to ensure physically

realistic response. An important requirement of the equations of motions is that they provide

physically realistic response and uniqueness of solution. For our purposes we shall assume that

the elasticity tensor satisfies the strong ellipticity condition

Bijklnjnlmimk > 0, (1.51)

for all non-zero vectors m and n, such that m · n = 0, for the further details see Ogden

(1984), Dowaikh and Ogden (1990). In this thesis we are concerned with two dimensional

motions, therefore in (1.51) we assume that

m3 = n3 = 0, m1 = n2 = cos θ, m2 = −n1 = sin θ, (1.52)

equation (1.51) then becomes

B1212 sin4 θ + (B1111 + B2222 − 2B1122 − 2B1221) sin2 θ cos2 θ + B2121 cos4 θ > 0. (1.53)

Necessary and sufficient conditions for (1.53) to be satisfied are provided by

B1212 > 0, B2121 > 0, B1111 + B2222 − 2B1122 − 2B1221 > −(B1212B2121)1/2. (1.54)

If we employ the notation

α = B1212, γ = B2121, 2β = B1111 + B2222 − 2B1122 − 2B1221, (1.55)

adopted by Ogden (1984), the strong ellipticity condition (1.54) may be presented in the form

α > 0, γ > 0, β > −√αγ. (1.56)

The linearized equations of two dimensional motion superimposed on the primary simple

shear deformation and an associated linearized incompressibility condition will be established

relative to the principal axes of the simple shear deformation, which corresponds to the Eulerian

coordinate system. Then the linearized equations of motion and incompressibility condition will

be transferred to the natural coordinate system of the layer.

We remark that there are two possible ways to relate all the equations from Eulerian coordi-

nates into the natural coordinates of the layer, either using representations of spatial derivatives

of displacement and incremental pressure components given by (1.45) or employing the compo-

nents of elasticity tensor B established in (1.49). We choose the first less algebraically complex

way.
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According to Connor and Ogden (1996), the equations of motion (1.13) take the following

form within the Eulerian coordinate system

(B1111 −B1122 + p̄)u′1,11 − p′t,1 + B2121u
′
1,22 + (B2121 − σ2)u′2,12 = ρü′1,

(B1111 −B1122 + p̄)u′2,22 − p′t,2 + B1212u
′
2,11 + (B2121 − σ2)u′1,21 = ρü′2, (1.57)

where

p̄ = B2121 −B2112 − σ2. (1.58)

We remark here that the quantity σ2 in the above formula (1.58) is a second principal component

of Cauchy stress tensor T = FS/J . The representation (1.58) can be obtained from the general

relation

p̄ = Bijij −Bijji − σi , i 6= j , i, j = 1, 2, 3, (1.59)

which can be used to represent static pressure p̄ in terms of the one of principal Cauchy stress

components σi, i = 1, 2, 3. We eliminate static pressure p̄ in favor of σ2 to establish the equations

of motions in the following form

(B1111 −B1122 + B2121 −B2112 − σ2)u′1,11 − p′t,1 + B2121u
′
1,22 + (B2121 − σ2)u′2,12 = ρü′1,

(B1111 −B1122 + B2121 −B2112 − σ2)u′2,22 − p′t,2 + B1212u
′
2,11 + (B2121 − σ2)u′1,21 = ρü′2. (1.60)

Using formulations (1.45) we relate the spatial derivatives of displacement components and

incremental pressure component pt from the Eulerian coordinate system to the natural coordinate

system of the layer. Derivatives of dashed quantities will always be with respect to Eulerian

coordinates, whilst non-dashed quantities are always differentials with respect to the natural

coordinates of the layer. According to relations (1.45) the displacement components in two

coordinate systems are connected through

u1 = u′1 cos θ − u′2 sin θ, u′1 = u1 cos θ + u2 sin θ,

u2 = u′1 sin θ + u′2 cos θ, u′2 = u2 cos θ − u1 sin θ. (1.61)

To relate the spatial derivatives between Eulerian and the layer coordinates we use the following

standard formulations

∂

∂x′1
= cos θ

∂

∂x1
+ sin θ

∂

∂x2
,

∂

∂x′2
= − sin θ

∂

∂x1
+ cos θ

∂

∂x2
, (1.62)



CHAPTER 1. BASIC EQUATIONS 22

∂2

∂x′1
2 = (cos θ

∂

∂x1
+ sin θ

∂

∂x2
)2 = cos2 θ

∂2

∂x2
1

+ sin 2θ
∂2

∂x1∂x2
+ sin2 θ

∂2

∂x2
2

,

∂2

∂x′2
2 = (− sin θ

∂

∂x1
+ cos θ

∂

∂x2
)2 = sin2 θ

∂2

∂x2
1

− sin 2θ
∂2

∂x1∂x2
+ cos2 θ

∂2

∂x2
2

,

∂2

∂x′1∂x′2
= −sin 2θ

2
∂2

∂x2
1

+ cos 2θ
∂2

∂x1∂x2
+

sin 2θ

2
∂2

∂x2
2

. (1.63)

Using the relations (1.62)–(1.63) the equations of motion (1.60) can be represented in the

natural coordinate system of the layer in the following form

− pt,1 cos θ − pt,2 sin θ − ρü1 cos θ − ρü2 sin θ

− cos θ
(
cos2 θ(γ +K1)− 2 γ + σ2

)
u1,11

+ cos θ
(
cos2 θ(K1 + γ)−K1

)
u1,22

− sin θ
(
2 cos2 θ(K1 + γ) + σ2 − γ

)
u1,12

− sin θ
(
cos2 θ(K1 + γ)− γ

)
u2,11

− sin θ
(K1 − cos2 θ(γ +K1)− γ + σ2

)
u2,22

+ cos θ
(
2 cos2 θ(K1 + γ)− γ − σ2 − 2K1

)
u2,12 = 0, (1.64)

pt,1 sin θ − pt,2 cos θ + ρü1 sin θ − ρü2 cos θ

− sin θ
(
cos2 θ(α +K2) + γ − σ2 −K2

)
u1,11

+ sin θ
(−α + cos2 θ(K2 + α)

)
u1,22

+ cos θ
(−2α + 2 cos2 θ(α +K2)− σ2 − 2K2 + γ

)
u1,12

+ cos θ
(−K2 + cos2 θ(K2 + α)

)
u2,11

− cos θ
(
cos2 θ(α +K2) + σ2 − γ − α

)
u2,22

+ sin θ
(
2 cos2 θ(K2 + α)− γ + σ2

)
u2,12 = 0. (1.65)

The quantities K1 and K2 in the formulas (1.64)–(1.65) are given by

K1 = B2112 + B1122 −B1111, K2 = B2112 + B1122 −B2222, K1 +K2 = −2β. (1.66)

The properties of the simple shear deformation dictate that

cot θ = λ, sin θ =
1√

λ2 + 1
, cos θ =

λ√
λ2 + 1

. (1.67)
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Employing the relations (1.67) the equations of motion (1.64)–(1.65) can be expressed as

− λ(1 + λ2)pt,1 − (1 + λ2)pt,2 − ρλ(1 + λ2)ü1 − ρ(1 + λ2)ü2

+ λ{(γ −K1 − σ2)λ2 + 2γ − σ2}u1,11 − λ{K1 − γλ2}u1,22

− {(2K1 + σ2 + γ)λ2 + σ2 − γ}u1,12 − {K1λ
2 − γ}u2,11

− {(σ2 − 2 γ)λ2 − γ +K1 + σ2)}u2,22

− λ{(σ2 − γ)λ2 + 2K1 + σ2 + γ})u2,12 = 0, (1.68)

(1 + λ2)pt,1 − λ(1 + λ2)pt,2 + ρ(1 + λ2)ü1 − ρλ(1 + λ2)ü2

− {(γ − σ2)(λ2 + 1)−K2 + αλ2}u1,11 − {α−K2λ
2}u1,22

− λ{(σ2 − γ)(λ2 + 1) + 2(K2 + α)}u1,12 + λ{αλ2 −K2}u2,11

− λ{(σ2 − γ)(λ2 + 1) +K2λ
2 − α}u2,22

+ {2(K2 + α)λ2 + (σ2 − γ)(λ2 − 1)}u2,12 = 0. (1.69)

Finally we remark that the linearized incompressibility condition can be represented in the

Eulerian coordinates in the following form

u′1,1 + u′2,2 = 0, (1.70)

and in the natural coordinates of the layer

u1,1 + u2,2 = 0. (1.71)

1.4 Characteristic equation, displacements and incremental pres-

sure in the natural coordinate system of the layer

In this section we will derive a characteristic equation and establish the form of solution for the

displacement components u1, u2 and incremental pressure component pt in the natural coordinate

system of the layer. To derive a characteristic equation we specify solutions of the linearized

equations of motion (1.68)–(1.69), and incompressibility condition (1.71), in the form of travelling

harmonic wave

(u1, u2, pt) = (U1, U2, kP )eikqx2eik(vt−x1), (1.72)

where k is a wave number, v is a wave speed and the parameter q is to be determined. From the

representation (1.72), together with incompressibility condition (1.71), we obtain the following
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relation between amplitudes of the displacement components

U1 = qU2. (1.73)

We now substitute the relation (1.73) into equations of motion (1.64)–(1.65) to establish the

following homogeneous system of two equations in the unknown amplitudes P and U2

c11U2 + c12P = 0, c21U2 + c22P = 0, (1.74)

c11 = k2(C(3)
1 q3 + C

(2)
1 q2 + C

(1)
1 q + C

(0)
1 ), c12 = k3v (q sin θ − cos θ) ,

c21 = k2(C(3)
2 q3 + C

(2)
2 q2 + C

(1)
2 q + C

(0)
2 ), c22 = k3v (q cos θ + sin θ) ,

C
(0)
1 = sin θ

(K1 cos2 θ − γ sin2 θ + v̄2
)
,

C
(1)
1 = cos θ

(K1 cos2 θ − (3 γ + 2K1) sin2 θ + v̄2
)
,

C
(2)
1 = sin θ

(−K1 sin2 θ − (3γ + 2K1) cos2 θ − 2K1 cos2 θ
)
,

C
(3)
1 = cos θ

(K1 sin2 θ − γ cos2 θ
)
,

C
(0)
2 = cos θ

(K2 sin2 θ + v̄2 − α cos2 θ
)
,

C
(1)
2 = sin θ

(
(3α + 2K2) cos2 θ −K2 sin2 θ − v̄2

)
,

C
(2)
2 = cos θ

(K2 cos2 θ − (3α + 2K2) sin2 θ
)
,

C
(3)
2 = sin θ

(
α sin2 θ −K2 cos2 θ

)
, (1.75)

where we introduce the notation v̄2 = ρv2.

A non-trivial solution of the system (1.74) will exist provided the following fourth order

characteristic equation in q

(α sin4 θ + 2β sin2 θ cos2 θ + γ cos4 θ)q4

+ 4 sin θ cos θ(γ cos2 θ − β
(
cos2 θ − sin2 θ

)− α sin2 θ)q3

+ (2β + 6 (α + γ − 2β) sin2 θ cos2 θ − v̄2)q2

+ 4 sin θ cos θ
(
γ sin2 θ + β

(
cos2 θ − sin2 θ

)− α cos2 θ
)
q

+γ sin4 θ + 2β sin2 θ cos2 θ + α cos4 θ − v̄2 = 0, (1.76)

is satisfied. Equation (1.76) was previously derived by Connor and Ogden (1996) employing a

stream function. The motivation for our differing approach is to retain the incremental pressure

component pt explicitly within the governing equations. This will later allow comparison of its
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relative order with the two displacement components within the long wave high and low frequency

regimes.

Connor and Ogden (1996) showed that with the help of relations (1.67), and the properties

of the simple shear deformation (1.36), the characteristic equation (1.76) can be simplified to the

following

q4 − 2 ε q3 +
(
4 δ + 2 + ε2 − (1 + δ) v̂

)
q2 − 2 (1 + 2 δ) ε q

+ 1 + (1 + δ) ε2 − (1 + δ) v̂ = 0, (1.77)

where v̂ is a non-dimensional squared wave speed and δ is a non-dimensional material parameter,

which may be represented as

v̂ =
ρv2

√
αγ

, δ =
α + γ − 2β

2(β +
√

αγ)
. (1.78)

We note in passing that strong ellipticity dictates that α > 0, γ > 0, β > −√αγ, thus δ + 1 > 0.

There are relations to connect the roots of fourth order polynomial equation with the real

coefficients, see for example G. Korn and T. Korn (1968) for details. Accordingly the charac-

teristic equation (1.77) may have four complex roots, two real and two complex roots, or four

real roots. Which of these particular cases occur is dependent on the numerical values of the

coefficients of (1.77), which in turn are dependent on material parameters, amount of shear and

non-dimensional squared wave speed.

Connor and Ogden (1996) showed that the characteristic equation factorizes for a certain

class of materials for which δ = 0, implying that 2β = α+γ. A neo-Hookean material model can

be considered as an example of this class. Employing the condition δ = 0 in the characteristic

equation (1.77), we obtain

q4 − 2 ε q3 +
(
2 + ε2 − v̂

)
q2 − 2 ε q + 1 + ε2 − v̂ = 0, (1.79)

with the four explicit roots given by

q1 = i, q2 = −i, q3 = ε + iκ, q4 = ε− iκ, κ2 = 1− v̂. (1.80)

We remark that when κ is real (v̂ < 1), four complex roots exist and when κ is imaginary (v̂ > 1)

two complex and two real exist, however the case of four real roots is not possible.

As the determinant (1.76) of coefficients of homogeneous system (1.74) vanishes it is possible

to express the amplitude P in terms of U2. Below we specify a representation of P to recover, in
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the next section, results for the components of incremental traction obtained by Connor and Og-

den (1996). To do this we multiply equation (1.74)1 by cos θ and subtract it from equation (1.74)2

multiplied by sin θ, yielding

P = U2
C

(p)
3 q3 + C

(p)
2 q2 + C

(p)
1 q + C

(p)
0

kv

C
(p)
3 =

(
sin2 θ (K2 + α) +K1

)
cos2 θ − α sin2 θ − (K1 + γ) cos4 θ

C
(p)
2 = sin θ cos θ((2K2 + 3α +K1)− 3 (γ +K2 +K1 + α) cos2 θ)

C
(p)
1 = 3 (K1 + γ) cos4 θ − (

3 (α +K2) sin2 θ + 2K1 + 3 γ − v̄2
)
cos2 θ

+
(K2 + v̄2

)
sin2 θ

C
(p)
0 = sin θ cos θ((K2 + γ +K1 + α) cos2 θ − (K2 + γ)). (1.81)

If we make use of relations (1.67) in the representation (1.81), then the amplitude P can be

simplified

P = P(q)U2, P(q) =
P(3)q3 + P(2)q2 + P(1)q + P(0)

(λ2 + 1)2kv
,

P(3) = −λ4γ − 2β λ2 − α,

P(2) = (K1 + 3 α + 2K2 − (2K1 +K2 + 3γ)λ2)λ,

P(1) = (v̄2 +K1)λ4 − (3γ − 4β − 2v̄2 + 3α)λ2 +K2 + v̄2,

P(0) = ((α +K1)λ2 −K2 + γ))λ. (1.82)

With the help of the relations (1.72)–(1.73) and (1.82) the solutions for two displacement

components u1, u2 and incremental pressure component pt may now be expressed as the following

linear combination of four solutions corresponding to four roots of equation (1.77)

u1 = (
4∑

j=1

qjAje
ikqjx2)eik(vt−x1), u2 = (

4∑

j=1

Aje
ikqjx2)eik(vt−x1),

pt = k(
4∑

j=1

P(qj)Aje
ikqjx2)eik(vt−x1), (1.83)

where Aj , j = 1, 2, 3, 4 are the constants.

1.5 Components of linearized incremental traction in the natural

coordinate system of the layer

In this section we obtain components of incremental traction associated with the upper and lower

faces of the layer. We begin with a derivation of a linearized measure of incremental traction, for
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further details see Ogden (1984), Dowaikh and Ogden (1990) and Rogerson (1997).

Let us consider an elementary surface (dS,N) with area dS and outward unit normal N in the

unstressed configuration B0. The deformations F̄ and F̃ are then imposed on B0, transforming

(dS,N) into (ds̄, n̄) at Be and finally (ds,n) at Bt, see Figure 1.5. The contact force on the

N n̄ n

dS ds̄ ds

F̄ F̃

Figure 1.5: Deformation of an elementary surface.

surface (ds̄, n̄) is given by σ̄T n̄ds̄ and the contact force on (ds,n) is given by σTnds, hence we

consider the increment of contact force associated with the secondary deformation Be → Bt

written as

∆fc = σTnds− σ̄T n̄ds̄ . (1.84)

By considering the volumes formed by the elementary surfaces and their associated normals

before and after deformation, we use Nanson’s formula, see Ogden (1984, p. 88), which in our

case takes the form

NdS = F̄T n̄ds̄ = F̄T F̃Tnds = FTnds . (1.85)

We can now use (1.85) to represent increment of contact force (1.84) with respect to the

surface in the statically deformed configuration Be, yielding

∆fc =
((

F̃−1σ
)T

− σ̄T

)
n̄ ds̄ = τ n̄ds̄ , (1.86)

where τ n̄ is the increment of surface traction associated with the deformation Be → Bt. We may

now use a connection between the Cauchy and nominal stress, see Chadwick (1999, p. 99), to

conclude

σ̄T n̄ds̄ = S̄TNdS , σTnds = ST ~NdS. (1.87)

Equation (1.87) with use of (1.85) and (1.86), gives, when referred to the equilibrium configuration
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Be a measure of the incremental surface traction in the form

τ n̄ =
(
ST − S̄T

)
F̄T n̄ , (1.88)

with n̄ assumed to be the outward normal to the surface in the equilibrium configuration Be. Once

again expanding the nominal stress tensor as a Taylor series about the equilibrium configuration

Be, we obtain a representation of the surface traction increment in coordinate form

τn̄i = Bmilkuk,ln̄m + p̄ um,in̄m − ptn̄i, (1.89)

Taking into account the Cauchy stress T = FS/J , and in view of the relations (1.5) and (1.11),

we obtain the following representation of incremental pressure component p̄

p̄ = Bijij −Bijji − σi , i 6= j , i, j = 1, 2, 3, (1.90)

which we will use to eliminate p̄ in favor of one of the principal Cauchy stress components σi,

i = 1, 2, 3. In our two dimensional case we apply the general formula (1.89) with the following

relations

i = 1, 2, p̄ = B2121 −B2112 − σ2, n̄1 = sin θ, n̄2 = cos θ. (1.91)

Relative to the principal axes of the simple shear deformation, the Eulerian coordinate system,

in the two dimensional case the components of incremental traction associated with the upper

and lower faces of the layer are therefore given by

τ ′1 = (B1111u
′
1,1 + B1122u

′
2,2) sin θ + (B2112u

′
2,1 + B2121u

′
1,2) cos θ + p̄(u′1,1 sin θ + u′2,1 cos θ)

− pt sin θ,

τ ′2 = (B1212u
′
2,1 + B1221u

′
1,2) sin θ + (B2211u

′
1,1 + B2222u

′
2,2) cos θ + p̄(u′1,2 sin θ + u′2,2 cos θ)

− pt cos θ. (1.92)

We will relate the components of incremental traction (1.92) to the natural coordinate system

of the layer. Using equation (1.62) the components of incremental traction within the natural
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coordinate system of the layer are given by

τ1 = −pt sin θ + sin θ cos2 θ (B1111 −B1221) u1,1

+ sin θ
(
B1122 − cos2 θ(B1122 + γ)

)
u1,1

+ sin θ
(
γ + B1111 + B1122 cos2 θ −B1221 − σ2

)
u2,2

+ sin θ cos2 θ (γ + B1221 −B1111)u2,2

+ cos θ
(
B1111 −B1221 + cos2 θ(B1221 + γ)

)
u1,2

+ cos θ
(
cos2 θ(B1122 −B1111)−B1122

)
u1,2

+ cos θ
(
B1221 cos2 θ −B1221 − σ2 −B1122

)
u2,1

+ cos θ
(
cos2 θ(B1122 −B1111 + γ) + B1111

)
u2,1, (1.93)

τ2 = −pt cos θ + cos θ
(
B2222 −B1221 + cos2 θ(B1122 −B2222)

)
u1,1

+ cos θ
(
cos2 θ(α + B1221)− α

)
u1,1

+ cos θ
(
B2222 cos2 θ + B1122 − σ2 + α

)
u2,2

+ cos θ
(
γ − (B1221 + α + B1122) cos2 θ

)
u2,2

+ sin θ cos2 θ (B1221 −B2222 + α) u1,2

+ sin θ
(
B1122 cos2 θ − α

)
u1,2

+ sin θ cos2 θ (B1221 −B2222 + B1122)u2,1

+ sin θ
(
α cos2 θ − γ + σ2

)
u2,1. (1.94)

With the help of relations (1.67), the components of incremental traction (1.93)–(1.94) can

be established in the following form

τ1(λ2 + 1)5/2 = − (
λ2 + 1

)2
pt

+
(
(B1111 −B1221 − γ) λ4 + (2B1122 −K1 − γ) λ2 + B1122

)
u1,1

+
(
(2 γ − σ2 + B1122) λ2 −K1 − 2σ2 + 3 γ + 2 B1122

)
λ2u2,2

+ (γ + B1122 − σ2 −K1) u2,2 +
(
λ4γ + (γ −K1) λ2 −K1

)
λu1,2

+
(
(γ − σ2) λ4 + (γ − 2σ2 −K1)λ2 −K1 − σ2

)
λu2,1, (1.95)
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τ2(λ2 + 1)5/2 = −λ
(
λ2 + 1

)2
pt

+
(
B1122λ

4 + (2B1122 −K2 − α) λ2 − α + B1122 −K2

)
λu1,1

+
(
(γ + B1122 − σ2 −K2) λ4 − σ2 + α + γ + B1122

)
λu2,2

+ (α + 2 γ −K2 − 2σ2 + 2 B1122) λ3u2,2 +
(K2λ

4 − α (K2 − α)λ2 − α
)
u1,2

+
(
(α +K2 + σ2 − γ) λ4 + (K2 + α + 2(σ2 − γ))λ2 + σ2 − γ

)
u2,1. (1.96)

The components of incremental traction (1.95)–(1.96) are represented in terms of incremental

pressure component pt and spatial derivatives of displacement components u1, u2. Solutions for

u1, u2 and pt are established in the form of the travelling wave (1.72). Hence we can represent

components of incremental traction in a representation similar to (1.72),

(τ1, τ2) = (T (a)
1 , T

(a)
2 )eikqx2eik(vt−x1). (1.97)

If we use relations (1.72) and (1.81) together with formulations (1.93)–(1.94) the amplitudes

T
(a)
1 , T

(a)
2 are expressible as

T
(a)
1 = U2(C

(1)
3 q3 + C

(1)
2 q2 + C

(1)
1 q + C

(1)
0 ),

T
(a)
2 = U2(C

(2)
3 q3 + C

(2)
2 q2 + C

(2)
1 q + C

(2)
0 ), (1.98)

C
(1)
3 = sin θ((cos2 θ − 1)2α + cos4 θγ + cos2 θ(1− cos2 θ)2β),

C
(1)
2 = cos θ(cos2 θ(4− 3 cos2 θ)γ + 2β(3 cos4 θ − 5 cos2 θ + 2)− 3α(cos2 θ − 1)2),

C
(1)
1 = sin θ((3 cos2 θ(1− cos2 θ)α + (5 cos2 θ + 1− 3 cos4 θ)γ)

+ sin θ((3 cos4 θ − 4 cos2 θ + 1)2β − v̄2 − σ2),

C
(1)
0 = cos θ(cos2 θ(cos2 θ − 1)α + (cos4 θ − 3 cos2 θ + 1)γ + σ2 − (cos2 θ − 1)22β), (1.99)

C
(2)
3 = cos θ((cos2 θ − 1)2α + cos4 θγ + 2β cos2 θ(1− cos2 θ)),

C
(2)
2 = sin θ((3 cos4 θ − 2 cos2 θ − 1)α + 3 cos4 θγ + 2β cos2 θ(1− 3 cos2 θ)),

C
(2)
1 = cos θ((cos2 θ + 2− 3 cos4 θ)α + (1 + 3 cos2 θ − 3 cos4 θ)γ)

+ cos θ(cos2 θ(3 cos2 θ − 2)2β − v̄2 − σ2),

C
(2)
0 = sin θ((1 + cos2 θ − cos4 θ)γ − cos2 θ(1 + cos2 θ)α + 2β cos4 θ − σ2). (1.100)

Employing relations (1.67) in formulations (1.98), with the coefficients (1.99)–(1.100), the
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simplified amplitudes of the incremental traction components can be written as the following

T
(a)
1 = U2CT1(q), T1(q) = T (3)

1 q3 + T (2)
1 q2 + T (1)

1 q + T (0)
1 ,

T
(a)
2 = U2CT2(q), T2(q) = T (3)

2 q3 + T (2)
2 q2 + T (1)

2 q + T (0)
2 , (1.101)

T (3)
1 = γλ4 + 2 β λ2 + α, T (2)

1 = (λ4γ − (2β − 4γ)λ2 + 4β − 3α)λ,

T (1)
1 = (3γ − σ2 − v̄2)λ4 + (3α− 2v̄2 − 2σ2 + 7γ − 4β)λ2 + 2β − v̄2 + γ − σ2,

T (0)
1 = ((σ2 − γ)λ4 + (2σ2 − α− γ)λ2 − 2β + γ + σ2)λ,

T (3)
2 = (γλ4 + 2 β λ2 + α)λ, T (2)

2 = (3γ − 4β)λ4 + (2β − 4α)λ2 − α,

T (1)
2 = ((2β − σ2 + γ − v̄2)λ4 − (4β + 2σ2 − 5α + 2v̄2 − 5γ)λ2 + 2α− v̄2 + γ − σ2)λ,

T (0)
2 = (2β − 2α + γ − σ2)λ4 + (3γ − α− 2σ2)λ2 − σ2 + γ, (1.102)

where notations C represent the following constant

C = (λ2 + 1)−5/2. (1.103)

With the help of relations (1.97), (1.101)–(1.102) we now ready to establish solutions for the

incremental traction components τ1 and τ2 as a linear combination of four solutions corresponding

to four roots of equation (1.77), thus

τ1 = C(
4∑

j=1

T1(qj)Aje
ikqjx2)eik(vt−x1), τ2 = C(

4∑

j=1

T2(qj)Aje
ikqjx2)eik(vt−x1), (1.104)

where the functions T1(qj) and T2(qj) are given by (1.101) with the coefficients (1.102), con-

stants Aj , j = 1, 2, 3, 4 are the same as in representation (1.83) and the constant C is given by

equation (1.103).

At this stage it is possible to demonstrate that the amplitudes T
(a)
1 , T

(a)
2 of the incremental

traction components (1.98), with coefficients given by (1.99)–(1.100), and the amplitudes of

the incremental traction components calculated by Connor and Ogden (1996) are equivalent.

According to Connor and Ogden (1996) the amplitudes of the incremental traction components

are given by

t11 = (F (q1)A1e
ikq1x2 + F (q2)A2e

ikq2x2 + F (q3)B1e
ikq3x2 + F (q4)B2e

ikq4x2)eik(vt−x1),

t21 = (G(q1)A1e
ikq1x2 + G(q2)A2e

ikq2x2 + G(q3)B1e
ikq3x2 + G(q4)B2e

ikq4x2)eik(vt−x1). (1.105)
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Here Ai, Bi, i = 1, 2 are the constants and the functions F (q) and G(q) are the following

F (q) =
(
(γ − σ2) m3 − γ mn2

)
cos2 θ

+
(
2 γ n3 − 2 (γ − σ2)m2n− v̄2n

)
sin θ cos θ

+
(
α m3 + (2β + γ − σ2)mn2 − v̄2m

)
sin2 θ,

G(q) =
(
γ n3 + (2β + γ − σ2) m2n− v̄2n

)
cos2 θ

+
(
2α m3 − 2 (γ − σ2) mn2 − v̄2m

)
sin θ cos θ

+
(
(γ − σ2) n3 − α m2n

)
sin2 θ,

m = q sin θ − cos θ, n = q cos θ + sin θ. (1.106)

If we collect terms with the same power of q in (1.106) and multiply both F (q), G(q) by the

constant U2, we obtain the amplitudes of incremental traction components established in (1.98)

with the coefficients given by (1.99)–(1.100) and the following connection is valid

T
(a)
1 = U2F (q), T

(a)
2 = U2G(q). (1.107)

We remark that with the help of relations (1.36), (1.67) and (1.78) Connor and Ogden (1996)

represented (1.106) in the following simplified form

F (q) =
√

αγ sin(θ)f(q), G(q) =
√

αγ cos(θ)g(q), (1.108)

f(q) =
(q − λ)

(
q + λ−1

)2

1 + δ
+ 3 q − λ + 2 λ−1 + p (q − λ)− v̂ q,

g(q) =
(q − λ)2

(
q + λ−1

)

1 + δ
+ 3 q − 2λ + λ−1 + p

(
q + λ−1

)− v̂ q, (1.109)

where σ2 is eliminated in favor of p with the help of the following notation

p =
γ − σ2√

αγ
. (1.110)

Therefore with the help of relations (1.97), (1.107)–(1.109) we can represent the solutions for

incremental traction components (1.104) in the following form

τ1 = C1

4∑

j=1

(f(qj)Aje
ikqjx2)eik(vt−x1), τ2 = C2

4∑

j=1

(g(qj)Aje
ikqjx2)eik(vt−x1), (1.111)

where the functions f(qj) and g(qj) are given by equations (1.109), the constants Aj , j = 1, 2, 3, 4

are the same as in representation (1.83) and the constants C1, C2 are the following

C1 =
γλ4

√
λ2 + 1

, C2 =
γλ5

√
λ2 + 1

. (1.112)



CHAPTER 1. BASIC EQUATIONS 33

1.6 Some specific models for rubber-like materials subject to

simple shear

In this section neo-Hookean and Varga material models are considered as examples of rubber-like

materials. In the later chapters of this thesis we employ these strain energy functions to produce

illustrative numerical calculations.

We remark that for an incompressible elastic layer subject to the primary simple shear defor-

mation (1.36) in the two dimensional case the general form of any strain-energy function can be

simplified

W (λ1, λ2, λ3) = W (s)(λ, λ−1, 1) = W̄ (ε). (1.113)

In the case of a neo-Hookean material model the strain-energy function is given by

W(n) =
µ

2
(
λ1

2 + λ2
2 + λ3

2 − 3
)− p(λ1λ2λ3 − 1). (1.114)

Taking into account principal stretches of a two dimensional simple shear deformation (1.35) the

following simplification of strain-energy function (1.114) becomes possible

W
(s)
(n) =

µ

2
(λ2 + λ−2 − 2). (1.115)

Using relations (1.36) we can express the strain-energy function (1.115) in term of amount of

shear ε

W
(e)
(n) =

µε2

2
. (1.116)

For the considered material model the non-zero components of the elasticity tensor B are

given by

B1111 = B1212 = µλ2
1 = µλ2 = α, B2222 = B2121 = µλ2

2 =
µ

λ2
= γ, (1.117)

and the material constants α, β, γ take the form

α = µλ2
1 = µλ2, γ = µλ2

2 = µλ−2, 2β = µ(λ2
1 + λ2

2) =
µ(λ4 + 1)

λ2
. (1.118)

From the above we conclude that for a neo-Hookean material

2β = α + γ, δ = 0. (1.119)

With the help of the relations (1.117)–(1.119) and previously obtained connections (1.61),(1.62)–

(1.63) we represent the equations of motion and components of incremental traction in the natural
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coordinate system of layer. Hence, for the case of the neo-Hookean strain energy function the

equations of motion within the natural coordinate system of the layer take the form

λ2pt,1 + λpt,2 + ρλ2ü1 + ρλü2 − µ
(
λ4 + λ2(p− 1) + 1

)
(u1,11 + u2,11)

− µλ
(
λ2(p− 2) + 2

)
(u1,12 + u2,12)− µλ2u1,22 − µλ (1 + p) u2,22 = 0,

λ2pt,1 − λ3pt,2 + ρλ2ü1 − ρλ3ü2 − µ
(
λ4 + λ2(p− 1) + 1

)
(u1,11 + u2,11)

+ µλ
(
λ2(p− 2) + 2

)
(u1,12 + u2,12)− µλ2u1,22 + µλ3 (1 + p)u2,22 = 0, (1.120)

with the components of incremental traction

τ1 =
(λ2 + 1)

λ
(µ(λ2(λ2 − 1)u1,1 + λ2u1,2 + (λ2(p + 1)− 1)u2,1 + λ(p + 1)u2,2)− λpt),

τ2 =
(λ2 + 1)

λ
(µ((λ2 − 1)u1,1 − λu1,2 + (λ2 − (p + 1))u2,1 + λ2(p + 1)u2,2)− λpt). (1.121)

In case of a Varga material the strain-energy function is given by

W(v) = µ(λ1 + λ2 + λ3 − 3)− p(λ1λ2λ3 − 1). (1.122)

Taking into account principal stretches of a simple shear deformation (1.35) the following sim-

plification of strain-energy function (1.122) becomes possible

W
(s)
(v) = µ(λ + λ−1 − 2). (1.123)

With the help of relations (1.36) the Varga strain-energy function (1.123) can be expressed in

term of amount of shear ε

W
(e)
(v) = µ(

√
ε2 + 4− 2). (1.124)

We note that in this case the material constants α, β, γ (1.37) are given by

α =
µλ2

1

λ1 + λ2
=

µλ3

λ2 + 1
, γ =

µλ2
2

λ1 + λ2
=

µ

λ(λ2 + 1)
, β =

µλ1λ2

λ1 + λ2
=

µλ

λ2 + 1
. (1.125)

Taking into account relations (1.36) and (1.125) we represent the dimensionless parameter δ (1.78)

in the case of Varga material (1.123) in the following form

β =
√

αγ, δ =
[(α/γ)1/4 − (γ/α)−1/4]2

4
=

(λ− 1/λ)2

4
=

ε2

4
. (1.126)



Chapter 2

Long wave motion in a layer with

free faces

This chapter is devoted to the analysis of two dimensional long wave motion in an incompressible

elastic layer subject to a primary simple shear deformation. Considering free faces boundary

conditions we derive the dispersion relation for the most general incompressible strain energy

function and then simplify it for a specific class. The influence of a primary simple shear defor-

mation does not allow decomposition of dispersion relation into symmetric and anti-symmetric

parts. In order to perform a long wave asymptotic analysis of the dispersion relation, some

knowledge of the dispersive curves behavior is required. For the purpose of numerical calcula-

tions the neo-Hookean and Varga incompressible strain energy functions are employed to produce

the dispersion curves. The numerical analysis of the dispersion relation reveals that, depending

on the amount of shear and pre-stress, there may be non, one or two real long wave limits of the

fundamental modes. Motivated by this numerical investigation, we proceed to the asymptotic

analysis of the dispersion relation, considering both long wave low and long wave high frequency

motion. As a result we derive approximations giving phase speed and frequency as an explicit

function of wave and mode number. In addition, there is good agreement between numerical and

asymptotic solutions over a relatively large wave number regime. Finally, the approximations are

employed to establish the relative asymptotic orders of displacement components and incremen-

tal pressure, providing the theoretical framework for long wave asymptotic models to be derived

later in this thesis. In respect of the long wave high frequency motion, the incremental pressure

is asymptotically leading and the in-plane displacement component is asymptotically larger than

its normal counterpart. For the long wave low frequency motion the results are different, with

35
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incremental pressure, in-plane and normal displacement components all having the same asymp-

totic orders. This fact demonstrates that at the presence of pre-stress in a form of simple shear

there is neither bending nor extension, or analogues of their previously established pre-stressed

counterparts.

2.1 The dispersion relation

We consider two dimensional harmonic wave propagation in an incompressible elastic layer of

finite thickness h, infinite lateral extent and which is subject to a primary simple shear deforma-

tion. We assume that the incremental surface traction components vanish on the lower and upper

surfaces of the layer. The appropriate free face boundary conditions, zero incremental traction

on the surfaces, can be formulated through

τ1 = τ2 = 0 at x2 = 0,−h. (2.1)

We remark that specific values of x2 coordinate in (2.1) were taken to demonstrate consistency

in derivation of dispersion relations with previous work by Connor and Ogden (1996). Inserting

the solutions for incremental traction components (1.111) into the boundary conditions (2.1) we

obtain a homogeneous system of four linear equations in the four unknown constants Ai, i =

1, 2, 3, 4, given by



f1 f2 f3 f4

g1 g2 g3 g4

f1e
−iη q1 f2e

−iη q2 f3e
−iη q3 f4e

−iη q4

g1e
−iη q1 g2e

−iη q2 g3e
−iη q3 g4e

−iη q4







A1

A2

A3

A4




= 0, (2.2)

where the functions f(q) and g(q) are expressed in (1.109). Here the non-dimensional parameter

η is defined as the ratio of a layer thickness h to a wave length l, so η ≡ h/l ≡ kh can be

interpreted as a scaled wave number.

For the considered boundary value problem the dispersion relation is established by ensuring

the homogeneous system of four equations (2.2) possesses a non-trivial solution. This condition

is equivalent to vanishing of the following determinant

det




f1 f2 f3 f4

g1 g2 g3 g4

f1e
−iη q1 f2e

−iη q2 f3e
−iη q3 f4e

−iη q4

g1e
−iη q1 g2e

−iη q2 g3e
−iη q3 g4e

−iη q4




= 0. (2.3)
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The dispersion relation is a transcendental equation connecting implicitly the phase speed and

wave number. We remark that Connor and Ogden (1996) apparently first derived the dispersion

relation (2.3) and showed that additional complexity arises because no principal axes is normal

to the layer. To facilitate derivation of later analytic approximations the following simplification

of the dispersion relation is possible by making some row and columns operations, resulting in

det




f1C1 f2C2 f3C3 f4C4

g1C1 g2C2 g3C3 g4C4

f1S1 f2S2 f3S3 f4S4

g1S1 g2S2 g3S3 g4S4




= 0, Cj = cos (qjη/2) , Sj = sin (qjη/2) , j = 1, 2, 3, 4. (2.4)

We note that the dispersion relation (2.4) cannot be decoupled into symmetric and anti-

symmetric parts. This is related to lack of symmetry and something similar occurs in two-

layer structures investigated in Rogerson and Sandiford (2000). We deduce from equation (2.4),

taking into account the representations of the functions f(q) and g(q) given by (1.109), that the

dispersion relation may be shown to always provide a real equation for all possible types of roots

of the characteristic equation (1.77).

According to Connor and Ogden (1996), for a specific class of strain energy functions for

which 2β = α + γ, implying that δ = 0, for example neo-Hookean and Mooney-Rivlin materi-

als, the characteristic equation (1.79) factorizes yielding four explicit roots (1.80). Taking this

into account the dispersion relation (2.4) then can be expressed in the following simplified form

obtained by Connor and Ogden (1996)

(
q0

(
p2 − κ2

)2 + q0κ
2 (q0 + 2 p)2 + 4 κ2

(
p2 − κ2

)
(q0 + 2 p)

)
sinh (η) sinh (η κ)

+ 2 κ
(
pq0 + p2 + κ2

)2 (cos (η ε)− cosh (η) cosh (η κ)) = 0,

q0 = 1 + ε2 + κ2, κ2 = 1− v̂. (2.5)

2.2 Numerical analysis of the dispersion relation

In this section we include some numerical solutions of the dispersion relation (2.4). Different

cases, dependent on the amount of shear ε and pressure p (1.110) are represented in Figures 2.1

and 2.2. To produce these dispersive curves the Varga strain-energy function (1.122) is employed.

In Figures 2.1 and 2.2 the plots of the dispersion relation representing the scaled squared phase

speed v̂ as a function of scaled wave number η.
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Figure 2.1: Numerical solution of the dispersion relation (2.3). Shown scaled squared phase speed

v̂ (vertical scale) against scaled wave number η (horizontal scale) for the Varga material (1.124)

with (a) ε=2, p=0.5; (b) ε=3, p=1.
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Figure 2.2: Numerical solution of the dispersion relation (2.3). Shown scaled squared phase speed

v̂ (vertical scale) against scaled wave number η (horizontal scale) for the Varga material (1.124)

with (a) ε=1, p=-2; (b) ε=2, p=1.5.
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As η → 0 the scaled wave number is small and the wave length l is therefore large in compar-

ison to layer thickness h. This type of motion is termed long wave motion. In respect of the plots

of v̂ against η, we remark that commonly two branches revealing the slowest speed and generally

having finite limit as η → 0 are labelled fundamental modes, with all the other branches termed

as harmonics.

Figures 2.1 and 2.2 demonstrate the fact that the phase speeds of the harmonics tend to

infinity as η → 0. In addition, Figure 2.1 illustrates the fact that two fundamental modes have

distinct finite phase speed limits as η → 0. In particular, Figure 2.1 (b) demonstrates the situation

when one long wave limit of fundamental mode is equal to zero. However, depending on the

numerical values of ε and p there may be non, one or two real long wave limits of fundamental

modes, shown in the Figure 2.2(a),(b) and Figure 2.1 respectively. According to terminology

seemingly first suggested by Kaplunov et al. (1998), motion in the vicinity of long wave limits of

fundamental modes will be termed long wave low frequency motion.

Plots of the dispersion relation, giving scaled frequency Ω =
√

v̂η as a function of a scaled

wave number η, are shown in Figures 2.3 and 2.4 for a layer composed of Varga material. The

plots in Figure 2.3 demonstrate the fact that as η → 0 the limit of each fundamental mode is

zero. As η → 0 the limit of each harmonic is non-zero, this limit is associated with the cut-off

(resonance) frequency and the motion in the vicinity of cut-off frequencies will be termed as long

wave high frequency motion.

Various wave fronts may occur for propagation of dispersive waves in a layer of elastic material,

see for example Mindlin (1960). Figures 2.1(b), 2.3(a)-(b) and 2.4(b) illustrate the existence of

wave fronts in the dispersive curves calculated for Varga materials. However we remark that our

aim is to analyze long wave motion therefore these wave fronts will not be investigated in the

thesis.

2.3 Analysis of the dispersion relation for long wave low fre-

quency motion

Our first consideration is so-called long wave low frequency motion, for which v̂ generally remains

finite as η → 0. For long wave low frequency motion we assume that all the roots of the

characteristic equation are all of order O(1). With the help of the above assumptions we derive

long wave low frequency approximations of the dispersion relation (2.4). The approximate form
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Figure 2.3: Numerical solution of the dispersion relation (2.3). Shown scaled frequency Ω (vertical

axis) against scaled wave number η (horizontal axis) for the Varga material (1.124) with (a) ε=2,

p=0.5; (b) ε=3, p=1.
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Figure 2.4: Numerical solution of the dispersion relation (2.3). Shown scaled frequency Ω (vertical

axis) against scaled wave number η (horizontal axis) for the Varga material (1.124) with (a) ε=1,

p=-2; (b) ε=2, p=1.5.
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of dispersion relation (2.4) allows us to analyze the two associated fundamental modes. For each

of these two fundamental modes we derive approximations giving scaled squared phase speed v̂

as an explicit function of scaled wave number η.

2.3.1 Leading order approximation

To obtain the leading order approximation of the dispersion relation (2.4) in the long wave

low frequency regime we employ the Taylor series for the trigonometric functions Sj and Cj j =

1, 2, 3, 4 with respect to η up to O(η2). The corresponding leading order term in the approximation

of the dispersion relation (2.4) is then given by

det




f(q1) f(q2) f(q3) f(q4)

g(q1) g(q2) g(q3) g(q4)

q1f(q1) q2f(q2) q3f(q3) q4f(q4)

q1g(q1) q2g(q2) q3g(q3) q4g(q4)




= 0. (2.6)

At this point we employ the following relations, which are valid for the roots of fourth order

polynomial equation, see for example G. Korn and T. Korn (1968), and note that

q4 + Aq3 + Bq2 + Cq + D = 0,

q1 + q2 + q3 + q4 = −A,

q1q2 + q1q3 + q1q4 + q2q3 + q2q4 + q3q4 = B,

q1q2q3 + q1q2q4 + q1q3q4 + q2q3q4 = −C,

q1q2q3q4 = D. (2.7)

We substitute the relations (2.7) into the characteristic equation (1.77) to facilitate calculation

of the 4× 4 determinant (2.6), which results in the following quadratic equation in v̂

v̂2 + (p2(δ + 1)− 2p(δ + 1) + δ − 3− ε2)v̂ − (p2 − 1)(2p(1 + δ)− 2(δ − 1) + 2 + ε2) = 0, (2.8)

with the two roots taking the explicit forms

v̂
(0)
1p =

−(p− 1)2(δ + 1) + ε2 + 4−√R

2
, v̂

(0)
2p =

−(p− 1)2(δ + 1) + ε2 + 4 +
√

R

2
,

R =
(
(p− 1)2 δ + (p + 1)2 − ε2

)2
+ 4 ε2 (p + 1)2 . (2.9)

Hence we conclude that there are two fundamental modes associated with dispersion relation and

the corresponding long wave phase speed limits are given by (2.9). In passing we note that the

discriminant of the quadratic equation (2.8) is a perfect square in each of the cases in which δ or

ε vanish or p = −1.
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2.3.2 Second order approximation

To obtain a second order approximation of the dispersion relation (2.4) we employ the Taylor

series for the trigonometric functions Cj , Sj , j = 1, 2, 3, 4 on η up to O(η4). Then a higher order

approximation of the dispersion relation (2.4) can be expressed as

Dl = D(0)
l + η2D(2)

l + O(η4). (2.10)

We note that both terms D(0)
l given by (2.6) and D(2)

l are quadratic in v̂, and the explicit

representations of D(2)
l was obtained using Maple (1996). Notwithstanding this, an improved

approximation for the scaled squared phase speeds of both fundamental modes may be readily

established and written in the form

v̂i = v̂
(0)
i − η2 D(2)(v̂(0)

i )

D′(0)(v̂(0)
i )

+ O(η4), (2.11)

where the indexes i = 1, 2 represent each of two fundamental modes and the scaled squared

phase speeds v̂
(0)
i are given by (2.9). The approximations afforded by (2.11) can still be readily

generated and compared with the numerical solution.

In Figure 2.5 both numerical and approximate solutions for the fundamental modes are shown

in respect of a layer composed of Varga material. Figure 2.5(a) illustrates the fact that two long

wave limits of the fundamental modes exist with appropriate numerical parameters whereas

the parameters ε and p on the Figure 2.5(b) correspond to the only one long wave limit of the

fundamental mode. The plots in the Figure 2.5 clearly demonstrate very good agreement between

the numerical solution and the second order approximations (2.11) over a relatively large wave

number regime.

2.3.3 Higher order approximations in the case δ = 0

We now consider a specific class of strain energy functions for which 2β = α + γ, implying that

δ = 0, with the dispersion relation expressible in the particulary simple form (2.5). Taking

into account such simplification the long wave low frequency approximations of the dispersion

relation (2.5) are derived to establish scaled squared phase speeds as an explicit function of scaled

wave number for each of the two fundamental modes.

Motivated by the general case (2.11), the approximation of the scaled squared phase speed of

fundamental mode can be represented as

v̂ = v̂(0) + η2v̂(2) + η4v̂(4) + O(η6), (2.12)
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Figure 2.5: Comparison of numerical solutions and approximations (2.11) for the fundamental

modes in the case of the Varga material (1.124) with (a) ε=1, p=0.5; (b) ε=1, p=2. Plots

demonstrate scaled squared phase speed v̂ (vertical axis) as a function of scaled wave number

η (horizontal axis). Dotted curves represent the second order approximations (2.11) and solid

curves the numerical solution.



CHAPTER 2. LONG WAVE MOTION IN A LAYER WITH FREE FACES 46

where notation v̂(0) represents long wave limit of fundamental mode, second and third order

corrections to which are denoted by v̂(2) and by v̂(4) respectively. Then we introduce the following

expansions

κ =
√

1− v̂(0) − 1
2

v̂(2)η2

√
1− v̂(0)

− 4v̂(4)(1− v̂(0)) + (v̂(2))2

8(1− v̂(0))3/2
η4 + O(η5),

sinh(ηκ) =
√

1− v̂(0)η +
(v̂(0) − 1)2 − 3v̂(2)

6
√

1− v̂(0)
η3 +

(v̂(0) − 1)2

8
η4 + O(η5),

cosh(ηκ) = 1 +
1
2

(
1− v̂(0)

)
η2 − 1

12

(
6v̂(2) + (v̂(0) − 1)2

)
η4 + O(η5). (2.13)

If we substitute expansions (2.13) together with Taylor series for the functions sinh(η), cosh(η),

cos(ηε) for η into the dispersion relation (2.5) and collect terms of same order of η we obtain the

following approximation of the dispersion relation (2.5) up to O(η6)

Dnl = D(0)
nl + η2D(2)

nl + η4D(4)
nl + O(η6). (2.14)

The condition that the leading order term D(0)
nl is equal to zero can be expressed as

D(0)
nl =

√
1− v̂(0)(1− p2 − v̂(0))((v̂(0))2 − 2ε2v̂(0) + ε4 + 4ε2)(2 + ε2 − v̂(0) + 2p) = 0. (2.15)

The spurious solution v̂(0) = 1 of equation (2.15) is associated with a double root of the char-

acteristic equation and the third factor in (2.15) cannot give any real solutions. Therefore we

conclude that

v̂
(0)
1 = 1− p2, v̂

(0)
2 = ε2 + 2p + 2. (2.16)

Results (2.16) are equivalent to the general formulas (2.9) provided δ = 0. In addition, the

numerical long wave limits of the fundamental modes observed in Figure 2.6 coincide with the

leading order approximations (2.16) at the equivalent set of numerical parameters.

It may be shown that the second order term D(2)
nl provides a linear function in v̂, which

is too long to be of value to be written here, however its explicit representation was obtained

using Maple (1996). Employing the condition D(2)
nl = 0 we establish the following second order

corrections

v̂
(2)
1 =

1
12

(ε2 + (p + 1)2)p2, v̂
(2)
2 = − 1

12
(ε2 + (p + 1)2). (2.17)

Therefore an approximation for the scaled squared phase speeds associated with the funda-

mental modes may be expressed as

v̂m = v̂(0)
m + η2v̂(2)

m + O(η4), (2.18)
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where v̂
(n)
m , m = 1, 2, n = 0, 2 are given by equations (2.16) and (2.17), respectively.

The third term in the dispersion relation D(4)
nl is a linear function of v̂(2), the explicit repre-

sentation of D(4)
nl was obtained with the help of Maple (1996). We make use of the condition

D(4)
nl = 0, together with leading order (2.17) and second order (2.18) approximations to obtain

the following third order corrections to scaled squared phase speeds (2.16)

v̂
(4)
1 =

p2Z1

576(ε2 + 1 + 3 p2 − 4 p)
, v̂

(4)
2 =

Z2

576(2p + ε2 + 1)(7p + 3ε2 + 3)
, (2.19)

Z1 = ε6 + (3p2 − 12p− 13)ε4 − (13p4 − 24p3 − 10p2 + 24p + 29)ε2

− 15p6 + 4p5 + 55p4 + 88p3 + 23p2 − 12p− 15,

Z2 = −24(p2 + p + 1)ε6 − (136p3 + 168p2 − 73p− 72)ε4

− (256p4 + 366p3 − 28p2 − 218p− 72)ε2

− 159p5 − 252p4 − 34p3 + 172p2 + 121p + 24.

Hence for the class of materials considered, third order approximations for the scaled squared

phase speeds associated with two fundamental modes may be determined by

v̂m = v̂(0)
m + η2v̂(2)

m + η4v̂(4)
m + O(η6), (2.20)

where v̂
(n)
m , m = 1, 2, n = 0, 2, 4 are provided by equations (2.16), (2.17) and (2.19), respectively.

We remark that for the specific sets of parameters, these approximations are not valid because

third order corrections become very large within the vicinity of certain combinations of ε and p.

These combinations of parameters may be identified as

ε2 + 1 + 3p2 − 4p = 0, 2p + ε2 + 1 = 0, 7p + 3ε2 + 3 = 0. (2.21)

In addition to (2.21) the leading order approximations should stay positive. Taking that into

account and using the conditions (2.21) we obtain the following regions in which the approxima-

tions (2.20) are not valid

(a) 0 ≤ ε ≤ 1√
3

with p =
2±√1− 3ε2

3
,

(b) 0 ≤ ε ≤ 1 with p =
(ε2 + 1)

2
,

(c) 0 ≤ ε ≤ 2√
3

with p =
3(ε2 + 1)

7
. (2.22)

We conclude this section with some illustrative numerical results, for which a neo-Hookean

strain-energy function is employed. Shown in Figure 2.6 are second order approximations (2.18)
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and third order approximations (2.20) for the fundamental modes, which are compared with

numerical results for the neo-Hookean material. Figure 2.6(a) represents two real long wave

limits of the fundamental modes, whereas Figure 2.6(b) demonstrates the only one real long

wave limit of the fundamental mode. All the plots in Figure 2.6 clearly demonstrate a good

agreement between the numerical solution and approximations (2.18) and (2.20) over a relatively

large wave number regime.

2.4 Analysis of the dispersion relation for long wave high fre-

quency motion

We now consider the propagation of waves associated with harmonics of the dispersion rela-

tion (2.4). The first attempt to analyze high frequency motion was made by Lamb (1917). In

addition in certain boundary value problems, such as motion in an elastic layer with zero dis-

placement boundary conditions and mixed boundary conditions to be considered in later chapters

of the thesis, there are no fundamental modes. Hence in the such cases all the energy propagates

with the harmonics only, see Kaplunov and Nolde (2002).

Long wave high frequency motion can be characterized by the fact that the scaled frequency

Ω =
√

v̂η is of order O(1) as η → 0. Hence the scaled squared phase speed v̂ is of order O(1/η2)

and v̂ →∞ as η → 0.

We begin by examining the four roots of the characteristic equation (1.77) when v̂ >> 1 and

consider expansions of its roots in the following form

q = s01ṽ + s0 +
s1

ṽ
+

s2

ṽ2
+

s3

ṽ3
+

s4

ṽ4
, ṽ =

Ω
η

. (2.23)

We substitute the expansion (2.23) into the characteristic equation (1.77), collect terms of the

same order in η, and then determine the coefficients si, i = 1, 2, 3, 4 to establish the following
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Figure 2.6: Comparison of numerical solution and approximations (2.18) and (2.20) for the

fundamental modes in the case of the neo-Hookean material (1.116) with (a) ε=2, p=1; (b)

ε=2, p=2. Plots represent scaled squared phase speed v̂ (vertical axis) as a function of scaled

wave number η (horizontal axis). Dotted curves correspond to third order approximations (2.20),

dashed curves to second order approximations (2.18) and solid curves to numerical results.
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approximations for each of four roots up to O(η5)

q1 = i− iδ (ε− 2 i)2 η2

2 (1 + δ)Ω2

− iδ
(
ε4(δ + 4)− ε324i + ε224(δ − 2)− 32iε(2δ − 1)− 48δ

)
η4

8 (1 + δ)2 Ω4
+ O(η5),

q2 = −i +
iδ (ε + 2 i)2 η2

2 (1 + δ)Ω2

+
iδ

(
ε4(δ + 4) + ε324i + ε224(δ − 2) + 32iε(2δ − 1)− 48δ

)
η4

8 (1 + δ)2 Ω4
+ O(η5),

q3 =
√

1 + δΩ
η

+ ε− 1
2

(4 δ + 1) η√
1 + δΩ

+ 2
ε δ η2

(1 + δ)Ω2
− 1

8

(
16δ2 + 4δ(5ε2 − 2) + 1

)
η3

(1 + δ)3/2 Ω3

+
ε δ

(
8 δ − 4 + 3 ε2

)
η4

(1 + δ)2 Ω4
+ O(η5),

q4 = −
√

1 + δΩ
η

+ ε +
1
2

(4 δ + 1) η√
1 + δΩ

+ 2
ε δ η2

(1 + δ)Ω2
+

1
8

(
16δ2 + 4δ(5ε2 − 2) + 1

)
η3

(1 + δ)3/2 Ω3

+
ε δ

(
8 δ − 4 + 3 ε2

)
η4

(1 + δ)2 Ω4
+ O(η5). (2.24)

With the help of expansions (2.24) we will examine the long wave high frequency regime. Each

harmonic can be characterized by its mode number n and corresponding cut-off (resonance) fre-

quency. We will start our analysis with the derivation of appropriate long wave high frequency

asymptotic approximations of dispersion relation (2.4). Then we will establish the cut-off fre-

quencies associated with harmonics of the dispersion relation. In the case of δ = 0 we obtain

second and third order corrections to cut-off frequencies.

2.4.1 Leading order approximation

To obtain the leading order approximation of dispersion relation (2.4) within the long wave high

frequency regime we use reduced expansions (2.24) up to and including O(η2). Then the following

approximations for the functions f(q) and g(q) in (1.109) are

f(q1) ≈ −((1 + δ) p + δ) λ2 + 1− 2 δ

(1 + δ) λ
− i

(
Ω2

η2
− 1 + ((1 + δ) p + 3 δ) λ2

(1 + δ) λ2

)
+ O(η3),

f(q3) ≈
ε− (

ε2 + (1 + δ) (p + 1)
)
λ3 +

(
ε3 + ((1 + δ) p + 3 δ + 1) ε

)
λ2 +

(
2 ε2 + 2 δ + 1

)
λ

(1 + δ) λ2

+

(
1− 2 ε λ3 +

(
3 ε2 + 1 + (1 + δ) p + 3 δ

)
λ2 + 4 ε λ√

1 + δλ2

)
Ω
η

+
(

2 ε λ− λ2 + 2
λ

)
Ω2

η2
+ O(η3),

(2.25)
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g(q1) ≈ (1− 2 δ) λ2 + (1 + δ) p + δ

(1 + δ)λ
− i

(
Ω2

η2
− 3 δ + λ2 + (1 + δ) p

1 + δ

)
+ O(η3),

g(q3) ≈
ε λ3 − (

2 ε2 + 2 δ + 1
)
λ2 +

(
ε3 + ((1 + δ) p + 3 δ + 1) ε

)
λ + ε2 + δ + (1 + δ) p + 1

(1 + δ) λ

+

(
λ3 − 4 ε λ2 +

(
3 ε2 + 1 + (1 + δ) p + 3 δ

)
λ + 2 ε√

1 + δλ

)
Ω
η

+
(

2 ε λ− 2λ2 + 1
λ

)
Ω2

η2
+ O(η3).

(2.26)

Taking into account expansions (2.24) we substitute the following approximations for trigono-

metrical functions Sj , Cj , j = 1, 2, 3, 4 to insert into the dispersion relation (2.4)

S1 =
iη

2
+ O(η2), S3 = sin

(
1
2

√
1 + δΩ

)
+

1
2

cos
(

1
2

√
1 + δΩ

)
ε η + O(η2),

C1 = 1 + O(η2), C3 = cos
(

1
2

√
1 + δΩ

)
− 1

2
sin

(
1
2

√
1 + δΩ

)
ε η + O(η2). (2.27)

We use the above expansions (2.25)–(2.27) to obtain the following leading order approximation

of the dispersion relation (2.4)

Dh = i(1 + δ)4Ω8 sin
(√

1 + δΩ
)

+ O(η2). (2.28)

The condition that leading order term is equal to zero provides the following cut-off frequencies

associated with each harmonic of dispersion relation (2.4)

Ω(0)
g =

nπ√
1 + δ

. (2.29)

We remark here that the relation (2.29) gives an approximate form of cut-off frequencies and

due to the algebraic complexity of dispersion relation (2.4) it is not possible to derive their exact

representations in the general case.

2.4.2 Higher order approximations in the case δ = 0

For the class of strain energy functions for which δ = 0, our intension is to derive long wave high

frequency approximations of the dispersion relation (2.5) up to and including O(η4). To begin,

we consider the third order expansion for the frequency Ω in the vicinity of cut-off frequencies

Ω(0) in the following form

Ω = Ω(0) + Ω(2)η2 + Ω(4)η4 + O(η6). (2.30)

Then taking into account expansion (2.30) we insert into equation (2.5) the Taylor series expan-

sions for the functions sinh(η), cosh(η), cos(ηε) up to O(η5), together with the following expan-
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sions

κ =

√
1− Ω2

η2
= iΩ(0)η−1 − i

(
1− 2Ω(0)Ω(2)

)

2Ω(0)
η

+
i
(
4Ω(0)(Ω(2) + 2Ω(4)(Ω(0))2)− 1

)

8(Ω(0))3
η3 + O(η5),

sinh(ηκ) = i sinΩ(0) − i cosΩ(0)
(
1− 2Ω(0)Ω(2)

)

2Ω(0)
η2

+

(
i
(
4Ω(0)(Ω(2) + 2Ω(4)(Ω(0))2)− 1

)
cosΩ(0)

8(Ω(0))3

)
η4

+

(
iΩ(0)

(
4Ω(0)(Ω(2) − Ω(0)(Ω(1))2)− 1)

)
sin Ω(0)

8(Ω(0))3

)
η4 + O(η6),

cosh(ηκ) = cos Ω(0) +
sinΩ(0)

(
1− 2Ω(0)Ω(2)

)

2Ω(0)
η2

−
(

Ω(0)(2Ω(0)Ω(2) − 1)2 cosΩ(0)

8(Ω(0))3
+

(
4Ω(0)(Ω(1) + 2(Ω(0))2Ω(4))− 1)

)
sinΩ(0)

8(Ω(0))3

)
η4 + O(η6).

(2.31)

The dispersion relation (2.5) can now be expressed in the following form

Dnh = D(0)
nh +D(2)

nh η2 +D(4)
nh η4 + O(η6). (2.32)

The condition that the following leading order term is equal to zero

D(0)
nh = i(Ω(0))8 sinΩ(0) = 0, (2.33)

provides the cut-off frequencies expressed as

Ω(0) = nπ. (2.34)

Taking into account expansions (2.30), the cut-off frequencies (2.34) and the facts that cos(nπ) =

(−1)n in the expansion (2.32), the second order term D(2)
nh is the following linear function of second

order correction Ω(2)

D(2)
nh =

in5π5

2

(
4 (1− (−1)n) (p2 + 1) + 8 (1− (−1)n) p + (−1)nπ2n2(2πnΩ(2) − 1)

)
. (2.35)

The condition that D(2)
nh = 0 enables us to express the second order corrections in the following

form

Ω(2) =
4 (p + 1)2 ((−1)n − 1) + (−1)n π2n2

2π3n3 (−1)n . (2.36)
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Therefore for the scaled frequency Ω in the vicinity of the cut-off frequencies nπ the following

second order approximation is valid

Ω = nπ + Ω(2)η2 + O(η4), (2.37)

where the corrections Ω(2) are given by (2.36).

Substituting expansions (2.30), the cut-off frequencies nπ and the second order corrections (2.36)

into relation (2.32) we obtain the third order term D(4)
nh as the following linear function of Ω(4)

D(4)
nh =

iπ3n3

24
(192 (−1)n π4n4(Ω(2))2 + c

(4)
1 Ω(2) + c

(4)
0 + 24π5n5 (−1)n Ω(4)),

c
(4)
1 = 240π n (1− (−1)n) p2 +

(
5(1− (−1)n)− (−1)n π2n2

)
96πnp

+ 4 π5n5 (−1)n − 36π3n3(−1)n(2ε2 + 5) + 240π n(1− (−1)n),

c
(4)
0 = 96 ((−1)n − 1) p3 +

((
4((−1)n − 1)− π2n2

)
ε2 − (−1)n π2n2 + 13((−1)n − 1)

)
24p2

+
(
7((−1)n − 1) +

(
2((−1)n − 1)− π2n2

)
ε2

)
48p

− 2 (−1)n π4n4 + 12ε2π2n2(3(−1)n − 2) + 21π2n2 (−1)n + 120((−1)n − 1). (2.38)

Similarly, from the condition D(4)
nh = 0 we establish the following third order corrections

Ω(4) =
c
(2)
e ε2 + c

(0)
e

24n7π7
,

c(2)
e =

(
(−1)nπ2n2 − 2((−1)n − 1)

)
24π2n2p2

+
(
(−1)nπ2n2 + 4(1− (−1)n)

)
48π2n2p + (6(1− (−1)n) + (−1)nπ2n2)24π2n2,

c(0)
e = ((−1)n − 1) 576p4 + (24− π2n2)((−1)n − 1)96p3

+
(
π4n4(((−1)n + 2) + 3(144− 7π2n2)((−1)n − 1)

)
8p2

+
(
π4n4(2 + (−1)n) + 3(48− π2n2)((−1)n − 1)

)
16p

+ π4n4(8(−1)n + 13) + 24(24 + π2n2)((−1)n − 1). (2.39)

Therefore, for the each harmonic of dispersion relation (2.5) the associated scaled frequency Ω

in the vicinity of cut-off frequencies nπ is determined by the following third order approximation

Ω = nπ + Ω(2)η2 + Ω(4)η4 + O(η6), (2.40)

where the corrections Ω(2) and Ω(4) are given by representations (2.36) and (2.39) respectively.

At the end of this section we include some illustrative numerical results produced for a neo-

Hookean material. In Figure 2.7 comparisons of the numerical solutions of (2.5) and approxima-

tions (2.37), (2.40) are shown for harmonics in the vicinity of the first two cut-off frequencies.
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The accuracy of the approximations (2.37) and (2.40) can be demonstrated by representing each

harmonic on a separated plot. All the plots in Figure 2.7 illustrate the fact that the third order

approximations (2.40) are the closest to numerical solution.

2.5 Relative asymptotic orders of displacements and incremental

pressure

In this section we establish the relative asymptotic orders of displacement components u1, u2 and

incremental pressure pt within both the long wave low and high frequency regimes. With the

help of the notation ζ = x2/h the solutions for displacement and incremental pressure (1.83) may

be represented in the following form

u1 = (
4∑

j=1

qjAje
iηqjζ)eik(vt−x1), u2 = (

4∑

j=1

Aje
iηqjζ)eik(vt−x1),

pt = k(
4∑

j=1

P(qj)Aje
iηqjζ)eik(vt−x1). (2.41)

Using the boundary conditions (2.2) the coefficients Aj , j = 1, 2, 3, 4 may be related through

f(q1)A1 + f(q2)A2 + f(q3)A3 + f(q4)A4 = 0,

g(q1)A1 + g(q2)A2 + g(q3)A3 + g(q4)A4 = 0,

f(q1)e−iq1ηA1 + f(q2)e−iq2ηA2 + f(q3)e−iq3ηA3 + f(q4)e−iq4ηA4 = 0,

g(q1)e−iq1ηA1 + g(q2)e−iq2ηA2 + g(q3)e−iq3ηA3 + g(q4)e−iq4ηA4 = 0. (2.42)

The system (2.42) enable us to express the coefficients Aj , j = 1, 2, 3, 4 in terms of one

arbitrary constant Ũ . Then if we substitute Aj into the relations (2.41), we are able to compare

the relative asymptotic orders of the displacement components u1, u2 and incremental pressure

pt. However, to do this we will first have to obtain the orders of all functions occurring in

relations (2.41) and (2.42).

2.5.1 Long wave low frequency regime

We recall that within the long wave low frequency regime there are no large or small parameters in

the characteristic equation (1.77) and therefore all its roots are of order O(1). Taking into account

the above assumptions we employ the expansions for the exponential functions exp(−iηqj), j =
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Figure 2.7: Scaled frequency Ω (vertical axis) against scaled wave number η (horizontal axis),

numerical solution and approximations (2.37) and (2.40), obtained for the neo-Hookean mate-

rial (1.116) with ε=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond

to third order approximations (2.40), dashed curves to second order approximations (2.37) and

solid curves to numerical results.
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1, 2, 3, 4 up to and including O(η) to establish the following leading order approximations for the

displacement components u1, u2 and incremental pressure pt

u1 ≈ C
4∑

j=1

qjAj , u2 ≈ C
4∑

j=1

Aj , pt ≈ Ck
4∑

j=1

P(qj)Aj , (2.43)

where C is the constant.

Then we insert into the relations (2.42) the expansions for the exponential functions exp(−iηqj)

up to and including O(η). Hence we obtain the dependance of the coefficients Aj , and thereby

the displacement components u1, u2 and incremental pressure pt, on a scaled wave number η.

Finally the two displacement components at leading order can be expressed in the following form

u1 = F1D1Ũη + O(η2), u2 = F1D2λ
−1Ũη + O(η2),

F1 =

(
λ2 + 1

)
(q1 − q2) (q1 − q3) (q1 − q4) (q2 − q3) (q2 − q4) (−q4 + q3)

(1 + δ)3 λ3
, (2.44)

where the exponential function eik(x1−vt) has been incorporated into the definition of the constant

Ũ .

In the representations (2.44) we employ long wave limits of two fundamental modes given

by equations (2.9). We remark that for each of the two fundamental modes the coefficients in

representation (2.44) are different but the asymptotic orders are equivalent. For the first case,

with associated scaled phase speed v
(0)
1p given by the equation (2.9)1, the corresponding coefficients

in representation (2.44) are the following

Case 1: D1 = D11 = 0.5 (1 + δ) λ2ε2

+
((

(−4 δ − 4)λ3 + λ2 (1 + δ) + (4 δ + 4)λ
)
p− λ2δ − 2λ3 + 2 λ

)
ε

+
(−0.5δ2 − δ − 0.5

)
λ2p2 +

(
(3 δ + 3)λ4 +

(
δ2 − 5 δ − 6

)
λ2 + 2 δ + 2

)
p

+
(−3.5− 2 δ − 0.5δ2

)
λ2 + 0.5 (1 + δ) λ2

√
R + (2 + δ) λ4 + 1,

D2 = D12 = (1 + δ)λ3ε3 +
(
(−δ − 1)λ4 + 0.5 (1 + δ) λ2

)
ε2

+
((

2 δ2 + 2 δ
)
λ3p + 2 λ5 +

(−1− δ2 − 2 δ
)
λ3p2

)
ε

+
(
−λ4 + 2 λ + (−δ − 1)λ3

√
R + λ2 +

(−3− δ2
)
λ3

)
ε

+
((

2 δ + δ2 + 1
)
λ4 +

(−0.5δ2 − δ − 0.5
)
λ2

)
p2

+
(
δ + 3 + δ2

)
λ4 +

((−δ + 1− 2 δ2
)
λ4 +

(
δ2 + δ

)
λ2

)
p

− λ6 +
(
(1 + δ) λ4 − 0.5 (δ + 1)λ2

)√
R +

(−0.5δ2 − 2.5
)
λ2 + 1,

R =
(
(p− 1)2 δ + (p + 1)2 − ε2

)2
+ 4 ε (p + 1)2 . (2.45)
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In respect to the second case, with associated scaled phase speed v
(0)
2p given by the equa-

tion (2.9)2, the corresponding coefficients in representation (2.44) are expressed as

Case 2: D1 = D21 = 0.5 (1 + δ) λ2ε2

+
((

(−4 δ − 4)λ3 + λ2 (1 + δ) + (4 δ + 4)λ
)
p− λ2δ − 2λ3 + 2 λ

)
ε

+
(−0.5δ2 − δ − 0.5

)
λ2p2 +

(
(3 δ + 3)λ4 +

(
δ2 − 5 δ − 6

)
λ2 + 2 δ + 2

)
p

+
(−3.5− 2 δ − 0.5δ2

)
λ2 − 0.5 (δ + 1)λ2

√
R + (2 + δ) λ4 + 1,

D2 = D22 = (1 + δ)λ3ε3 +
(
(−δ − 1)λ4 + 0.5 (1 + δ) λ2

)
ε2

+
((

2 δ2 + 2 δ
)
λ3p + 2 λ5 +

(−1− δ2 − 2 δ
)
λ3p2

)
ε

+
(
−λ4 + 2 λ + (1 + δ) λ3

√
R + λ2 +

(−3− δ2
)
λ3

)
ε

+
((

2 δ + δ2 + 1
)
λ4 +

(−0.5δ2 − δ − 0.5
)
λ2

)
p2

+
(
δ + 3 + δ2

)
λ4 +

((−δ + 1− 2 δ2
)
λ4 +

(
δ2 + δ

)
λ2

)
p

− λ6 +
(
(−δ − 1)λ4 + 0.5 (1 + δ) λ2

)√
R +

(−0.5δ2 − 2.5
)
λ2 + 1. (2.46)

For the class of strain energy functions for which δ = 0, the representations of the displacement

components are given by

Case 1: v̂(0) = v̂
(0)
1 = 1− p2,

u1 =




16M1
1

(
(p− 1)2 + ε2

)(
(p + 1)2 + ε2

)
pε

(
ε +

√
ε2 + 4

)3


 Ũη + O(η2),

u2 =




32M1
2

(
(p− 1)2 + ε2

)(
(p + 1)2 + ε2

)
(p + 1) p

(
ε +

√
ε2 + 4

)4


 Ũη + O(η2),

M1
1 =

√
ε2 + 4

(
2(p + 1) + ε2(p + 4) + ε4

)
+ ε5 + ε3(p + 6) + 4ε(p + 2),

M1
2 =

(
ε5 + ε3(p + 5) + ε(3p + 5)

) √
ε2 + 4 + ε6 + ε4(p + 7) + ε2(5p + 13) + 4(p + 1), (2.47)
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Case 2: v̂(0) = v̂
(0)
2 = ε2 + 2p + 2,

u1 =




64M2
1

(
(p + 1)2 + ε2

)
(p + 1)

√
1 + ε2 + 2p

(
ε +

√
ε2 + 4

)3


 Ũη + O(η2),

u2 = −




128M2
2

(
(p + 1)2 + ε2

)
ε
√

1 + ε2 + 2p
(
ε +

√
ε2 + 4

)4


 Ũη + O(η2),

M2
1 =

(
ε2p + 3p + 1

)
ε
√

ε2 + 4 + ε4p + ε2(5p + 1) + 4,

M2
2 =

(
ε4p + ε2(4p + 1) + 2(p + 1)

)√
ε2 + 4 + ε5p + ε3(6p + 1) + 4ε(2p + 1). (2.48)

We remark that in the representation (2.47), the in-plane displacement component u1 has

a factor ε at leading order, whereas in the formulation (2.48), the normal displacement com-

ponent u2 has an equivalent factor. We may therefore conclude that if ε ∼ O(1) the orders of

displacement components u1 and u2 are equivalent. This contrasts with the classical cases, see

for example Kaplunov et al. (1998), in which the following relation are valid in the first case

(bending) u2 >> u1 and in the second case (extension) u1 >> u2. It also contrasts with their

pre-stress counterparts for which one principal axis is normal to the plate, see Kaplunov et al.

(2000), within which the classical structure is preserved.

However if we consider small amount of shear, i.e. ε ∼ O(ηn), where n = 1, 2, ... the repre-

sentations (2.47) and (2.48) the asymptotic orders of displacements will gradually approach the

relations typical for in the classical case. If we consider ε ∼ O(η) in the first case (2.47) one can

see that u2 > u1 due to factor η of in-plane displacement component and in the second case (2.48)

u1 > u2 as normal displacement component has an equivalent factor . The difference in displace-

ment orders is gradually increasing with n = 2, 3... Therefore qualitatively the transition from

the case ε ∼ O(1) to the classical case when ε = 0 goes smoothly.

We remark that in the case of ε = 0 the general results (2.44)–(2.46) as well as simplified

formulations (2.47)–(2.48) reduce to

Case 1: Bending v̂
(0)
1 = 1− p2 : M2

1 = M2
2 = 4(p + 1),

u1 = O(η2), u2 = 8 (p + 1)4 (p− 1)2 pŨη + O(η2);

Case 2: Extension v̂
(0)
2 = 2p + 2 : M1

1 = M1
2 = 4(p + 1),

u1 = 32 (p + 1)4 Ũ
√

1 + 2pη + O(η2), u2 = O(η2). (2.49)

The relative orders of displacement components given by (2.49) agree with previously published

results, see Kaplunov et al. (2000).
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The asymptotic order of the incremental pressure pt in the general case may be established

by use of (2.43) and shown to be of the following form for both fundamental modes

pt = kQ(i)Ũη + O(η2), (2.50)

with the coefficient Q(i) generally of order O(1) and the indexes i = 1, 2 represent each of the

two fundamental modes. For each associated fundamental modes, the coefficient Q(i) is algebraic

complicated both in the general case and for δ = 0, however the explicit representation for Q(i)

for both cases was obtained using Maple (1996).

Hence, according to relations (2.44) and (2.50) the relative asymptotic orders of displacement

components u1, u2 and incremental pressure pt for both fundamental modes are equivalent

pt ∼ u1 ∼ u2. (2.51)

However, in the case of ε = 0 the results are different. The coefficients in representation (2.50)

become

Case 1: Bending v̂
(0)
1 = 1− p2 : Q(1)

0 = 0,

Case 2: Extension v̂
(0)
2 = 2p + 2 : Q(2)

0 = 32µ
√

1 + 2p(1 + p)5Ũ . (2.52)

Therefore, from relations (2.49), (2.52) we can conclude that in the case of ε = 0 the relative

asymptotic orders of displacement components and incremental pressure for both bending and

extension motions are connected through

pt ∼ u1 ∼ ηu2. (2.53)

The above relations (2.53) coincide with previously published results, see Kaplunov et al. (2000).

2.5.2 Long wave high frequency regime

In the long wave high frequency regime the representation for the roots qi is given by (2.24). We

employ (2.24) to obtain expansions for the exponential functions eiηqiζ up to O(η) and insert them

into the relations (2.41). Then the displacement components u1, u2 and incremental pressure pt

can be represented in the following forms

u1 ≈ C(
2∑

j=1

qjAj +
4∑

j=3

qjAje
−iζnπ), u2 ≈ C(

2∑

j=1

Aj +
4∑

j=3

Aje
−iζnπ),

pt ≈ Ck(
2∑

j=1

P(qj)Aj +
4∑

j=3

P(qj)Aje
iζnπ), (2.54)
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where C is the constant.

Similarly, using relations (2.24), we employ the following approximations for the exponential

functions up to O(η2)

e−iηq1 = 1 + η + O(η2), e−iηq2 = 1− η + O(η2),

e−iηq3 = (−1)n(1− iηε) + O(η2), e−iηq4 = (−1)n(1− iηε) + O(η2). (2.55)

We remark that if we consider the reduced approximations (2.55) up to O(η) the representa-

tion (2.42) will give identically zero coefficients Aj , j = 1, 2, 3, 4. Then we substitute expan-

sions (2.55) into relations (2.42) to obtain the dependance of the coefficients Aj on scaled wave

number η. After that we make use of (2.54), take into account the dependance of coefficients Aj

on η and normalize order by η7 to establish the asymptotic orders of displacement components

u1, u2 and incremental pressure pt giving by

u1 = C
(1)
6 η + C

(1)
5 η2 + O(η3), u2 = C

(2)
5 η2 + O(η3), (2.56)

C
(1)
6 =

4n7π7 (−1)n (
λ2 + 1

)
cosh(ζnπ)Ũ

λ (1 + δ)3
, C

(1)
5 6= 0,

C
(2)
5 =

2
(
λ2 + 1

)
π5n5CuŨ

λ3 (1 + δ)3
, Cu = −2π λ2n (−1)n sinh(ζnπ)+

+ 2 (1− (−1)n)
(
λ4 − 2λ3ε− λ2

(
p (1 + δ) + ε2 + 6 + 2 δ

)
+ 2 ε + 1

)
,

where the exponential function eik(x1−vt) has been incorporated into the definition of constant Ũ

and the explicit expression of the coefficient C
(1)
5 was shown to be non-zero using Maple (1996).

The incremental pressure pt takes the following form

pt = kc(7) + kc(6)η + O(η2),

c7 = c
(7)
1 ε + c

(7)
0 , c6 = c

(6)
2 ε2 + c

(6)
1 ε + c

(6)
0 . (2.57)

In the representation (2.57) all the coefficients c
(7)
1 , c

(7)
0 , c

(6)
2 and c

(6)
1 are quite lengthy both within

general case and in the case of δ = 0, however their explicit expressions have been obtained

using Maple (1996) and were shown to be of order O(1).

From the above representations (2.56) and (2.57) we are now ready to deduce that rela-

tive asymptotic orders of the displacement components u1, u2 and incremental pressure pt are

connected through

pt ∼ ηu1 ∼ η2u2. (2.58)
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Thus, the incremental pressure pt is asymptotically leading, with the in-plane displacement com-

ponent u1 very much larger than its normal counterpart u2.

In the case of ε = 0 the displacement components u1 and u2 remain of orders O(η−6) and

O(η−5) respectively with the following coefficients in representation (2.56)

C
(1)
6 (ε = 0, δ = 0, λ = 1) = Ũ8n7π7 (−1)n cosh(ζnπ), C

(1)
5 (ε = 0, δ = 0, λ = 1) 6= 0,

C
(2)
5 (ε = 0, δ = 0, λ = 1) = Ũ8π5n5(((−1)n − 1)(p + 4)− nπ(−1)n sinh(ζnπ)). (2.59)

Taking into account ε = 0 the incremental pressure pt is of order O(η−6) and the corresponding

coefficients in the representation (2.57) are given by

c
(7)
0 (ε = 0,Ω = Ω(0)) = 0, c

(6)
0 (ε = 0, Ω = Ω(0)) = 8µπ7n7(−1)n(p + 1)Ũ . (2.60)

Therefore we conclude that in the case of ε = 0 representations (2.56)–(2.57) and (2.60)–(2.59)

yield the following relation between asymptotic orders of displacements u1, u2 and incremental

pressure pt

u1 ∼ pt ∼ ηu2, (2.61)

where the incremental pressure pt and in-plane displacement u1 are of the same asymptotic order.

The relations (2.61) coincide with previously published results, see Kaplunov et al. (2002).



Chapter 3

Long wave motion in a layer subject

to some non-classical boundary

conditions

In this chapter we analyze long wave motion in a sheared pre-stressed incompressible elastic

layer with some non-classical boundary conditions, namely, fixed faces and one fixed and one free

face boundary conditions. To begin with, we derive the associated dispersion relations first in

respect of the most general incompressible strain-energy function and then simplified forms for

specific class of materials. Numerical dispersion curves are produced for the neo-Hookean and

Varga material models. The numerical analysis of the dispersion relations reveals that there are

no fundamental modes for both problems. Guided by the numerical results we proceed with a

long wave asymptotic analysis of the dispersion relations. In respect of long wave high frequency

motion in a layer with fixed faces, there are two families of cut-off frequencies. For each of these

families second and third order corrections to the cut-off frequencies are obtained. In respect of

a layer with one fixed and one free face, the cut-off frequencies are established. For a specific

class of materials their second and third order corrections are derived. Finally, the relative

asymptotic orders of the displacement components and incremental pressure are established. For

both problems the incremental pressure is asymptotically leading, with the in-plane displacement

component very much larger than its normal counterpart.

62
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3.1 The dispersion relations

3.1.1 Layer with fixed faces

We consider fixed face boundary conditions, i.e. zero displacement on the lower and upper

surfaces of the layer, which can be expressed as

u1 = u2 = 0 at x2 = 0,−h. (3.1)

Inserting the solutions for displacement components (1.83) into the boundary conditions (3.1) we

obtain the following homogeneous system of four linear equations in the four unknown constants

Ai, i = 1, 2, 3, 4 


1 1 1 1

q1 q2 q3 q4

e−iη q1 e−iη q2 e−iη q3 e−iη q4

q1e
−iη q1 q2e

−iη q2 q3e
−iη q3 q4e

−iη q4







A1

A2

A3

A4




= 0. (3.2)

A non-trivial solution of the systems (3.2) will exist provided

Df = det




1 1 1 1

q1 q2 q3 q4

e−iq1η e−iq2η e−iq3η e−iq4η

q1e
−iq1η q2e

−iq2η q3e
−iq3η q4e

−iq4η




= 0. (3.3)

Performing operations with the rows and columns, the dispersion relation (3.3) may be expressed

as

Df = det




C1 C2 C3 C4

q1C1 q2C2 q3C3 q4C4

S1 S2 S3 S4

q1S1 q2S2 q3S3 q4S4




= 0, Cj = cos (qjη/2) , Sj = sin (qjη/2) , j = 1, 2, 3, 4.

(3.4)

We deduce from the representation (3.4) that the dispersion relation may be shown to always

provide a real equation for all possible types of the roots of characteristic equation (1.77). For

a specific class of materials for which δ = 0 the dispersion relation (3.4) takes the following

simplified form

Dfs = 2 κ (cosh (η) cosh (η κ)− cos (η ε))− (
1 + ε2 + κ2

)
sinh (η) sinh (η κ) = 0,

κ =
√

1− v̂. (3.5)
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3.1.2 Layer with one free and one fixed faces

Our consideration now is the analogous problem with one free and one fixed face. For practical

applications of this system we specify thin coatings and cite the study by Fu (2007). This type of

boundary conditions were studied largely numerically in the paper by Connor and Ogden (1996)

and can be expressed as

τ1 = τ2 = 0 at x2 = −h,

u1 = u2 = 0 at x2 = 0. (3.6)

Taking into account the solutions for displacement components (1.83) the boundary condi-

tions (3.6) yield the following homogeneous system in the four unknown constants Ai, i = 1, 2, 3, 4



1 1 1 1

q1 q2 q3 q4

f1e
−iη q1 f2e

−iη q2 f3e
−iη q3 f4e

−iη q4

g1e
−iη q1 g2e

−iη q2 g3e
−iη q3 g4e

−iη q4







A1

A2

A3

A4




= 0, (3.7)

resulting in the following dispersion relation

Dm = det




1 1 1 1

q1 q2 q3 q4

f1e
−iηq1 f2e

−iηq2 f3e
−iηq3 f4e

−iηq4

g1e
−iηq1 g2e

−iηq2 g3e
−iηq3 g4e

−iηq4




= 0. (3.8)

Employing various theorems from linear algebra, for details see G. Korn and T. Korn

(1968), Beklemishev (1971), and using Maple (1996) it may be shown that the dispersion re-

lation (3.8) always provides a real equation for all possible types of the roots of characteristic

equation (1.77). For a specific class of materials for which δ = 0, the dispersion relation (3.8)

takes the simplified form previously derived by Connor and Ogden (1996), namely

Dms =
(
(2 p + 2)κ3 +

(
2 p2 + 2

(
1 + ε2

)
p
)
κ
)
cos (ε η)+

(
κ4 +

(
p2 + 4 p + ε2 + 1

)
κ2 +

(
1 + ε2

)
p2

)
sinh (η κ) sinh (η)+

(−κ5 +
(−2 p− 2 ε2

)
κ3 +

(−2 p2 − (
2 ε2 + 2

)
p− ε4 − 1− 2 ε2

)
κ
)
cosh (η κ) cosh (η) = 0,

κ =
√

1− v̂. (3.9)
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3.2 Numerical analysis of the dispersion relations

3.2.1 Layer with fixed faces

In this subsection, we investigate the numerical solution of the dispersion relation for a layer with

fixed faces. The plots are calculated for the neo-Hookean material (1.116) and show the scaled

squared phase speed v̂ and scaled frequency Ω against scaled wave number η, see Figure 3.1(a)

and (b), respectively. The plots in the Figures 3.1 indicate that there is no low frequency motion

in a layer with fixed faces, which means that the only type of motion is the high frequency

motion. In addition, the plots in Figure 3.1 reveal that in the vicinity of the cut-off frequencies,

the harmonics with even and odd mode number have positive and negative gradients respectively.

The negative gradients are associated with the existence of a negative group velocity.

3.2.2 Layer with one free and one fixed faces

In this subsection we discuss the numerical solution of the dispersion (3.8) for a layer with one

fixed and one free face. For these numerical calculations the Varga material model (1.122) has

been employed. The plots of the dispersion relation show scaled squared phase speed v̂ and scaled

frequency Ω against scaled wave number η in Figure 3.2(a) and (b), respectively. Similar to a

layer with fixed faces, the plots indicate that there is no low frequency motion in a layer with

one fix and one free faces.

3.3 Analysis of the dispersion relations for long wave high fre-

quency motion

In this section we will examine the long wave regime of the harmonics. We begin with a derivation

of appropriate long wave high frequency asymptotic expansions of the dispersion relation (3.4).

With the help of these approximations we establish the cut-off frequencies and represent scaled

frequency as an explicit function of scaled wave number η.

3.3.1 Layer with fixed faces

Long wave high frequency approximations

Our consideration now is long wave high frequency motion in a layer with fixed faces in respect of

the most general incompressible strain-energy function. To derive approximations of the disper-
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Figure 3.1: Layer with fixed faces: numerical solution of the dispersion relation for the neo-

Hookean material (1.116) with parameters ε = 3, p = 2. The scaled squared phase speed v̂

(vertical axis) and scaled frequency Ω (vertical axis) against scaled wave number η are shown in

(a) and (b), respectively.
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Figure 3.2: Layer with one free and one fixed faces: numerical solution of the dispersion relation

for a Varga material (1.124) with parameters ε = 3, p = 2. The scaled squared phase speed v̂

(vertical axis) and scaled frequency Ω (vertical axis) against scaled wave number η are shown in

(a) and (b) respectively.
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sion relation we employ a third order expansion for the scaled frequency Ω (2.30) in the vicinity

of cut-off frequencies Ω(0) and consider the dispersion relation in the form (3.4). Using rela-

tions (2.24) and (2.30) we obtain expansions for the trigonometric functions Sj , Cj , j = 1, 2, 3, 4

up to O(η5). We remark that these expansions are too algebraically complex to be represented

here, nevertheless their explicit representations were obtained using Maple (1996) and employed

to establish the approximation of dispersion relation (3.4) in the following form

Df = D(0)
f +D(2)

f η2 +D(4)
f η4 + O(η6). (3.10)

The condition that the following leading order term D(0)
fh is equal to zero, reveals that

D(0)
f = 2 i

(√
1 + δΩ(0) − 2 tan

(
1
2

√
1 + δΩ(0)

))
Ω(0)

√
1 + δ tan

(
1
2

√
1 + δΩ(0)

)
= 0, (3.11)

providing two families of cut-off frequencies, the first family given by

Ω(0)
1f =

2nπ√
1 + δ

, (3.12)

and the second family expressed as the solution of the following transcendent equation

Ω(0)
2f = Ω0, tan

(√
1 + δΩ0

2

)
=
√

1 + δΩ0

2
. (3.13)

The second order term D(2)
f is too algebraic complex to be represented here, however its

explicit representation was obtained with the help of Maple (1996). Using the equation D(2)
f = 0

we establish the following second order corrections to cut-off frequencies (3.12)

Ω(2)
1f = −2ε2 − 4δ + 1

4πn
√

1 + δ
, (3.14)

with the correction to (3.13) given by

Ω(2)
2f =

12 δ + 1 + 6 ε2

6Ω0 (1 + δ)
. (3.15)

Therefore, for the scaled frequency Ω in the vicinity of cut-off frequencies Ω(0)
if the following

second order approximation is valid

Ω = Ω(0)
if + Ω(2)

if η2 + O(η4), (3.16)

where i = 1, 2, cut-off frequencies Ω(0)
if are given by (3.12)–(3.13) and the second order corrections

Ω(2)
if are expressed in relations (3.14)–(3.15), respectively.
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Finally, taking into account the explicit representation of the third order term D(4)
f obtained

in Maple (1996), the second order approximation (3.16), and the condition D(4)
f = 0, we obtain

the following third order corrections for cut-off frequencies (3.12)

Ω(4)
1f =

1
192

8ε4(π2n2 − 3) + 4ε2(4π2n2 − 12− 15δ) + 8π2n2 − 48δ2 − 120δ − 15
π3n3

√
1 + δ

, (3.17)

and for (3.13) given by

Ω(4)
2f =

F0

72(1 + δ)3Ω5
0

,

F0 = −144Ω0
2δ3 + (6ε4(6− Ω4

0) + 12ε2(12 + 50Ω2
0 − Ω4

0) + 2(288− 132Ω2
0 − Ω4

0))δ
2

− (12ε4(8Ω2
0 + 12 + Ω4

0) + 12ε2(52− 39Ω2
0 + 12Ω4

0)− 192 + 117Ω2
0 + 4Ω4

0)δ

− Ω2
0(6(Ω2

0 + 16)ε4 + 12(Ω2
0 + 11)ε2 + 2Ω2

0 − 3). (3.18)

Therefore for each harmonic of dispersion relation (3.4) the associated scaled frequency Ω in the

vicinity of cut-off frequencies Ω(0)
if is determined by the following third order approximation

Ω = Ω(0)
if + Ω(2)

if η2 + Ω(4)
if η4 + O(η6), (3.19)

where i = 1, 2, cut-off frequencies Ω(0)
if are given by equations (3.12)–(3.13), second order correc-

tions Ω(2)
if are expressed in relations (3.14)–(3.15) and third order corrections Ω(4)

if are represented

by (3.17)–(3.18).

We now represent some illustrative numerical results, for which the Varga strain-energy func-

tion (1.124) is employed. In Figure 3.3 comparisons of a numerical solution and approxima-

tions (3.16), (3.19) are presented for the first two harmonics in the vicinity of associated cut-off

frequencies. Each harmonic is represented on a separate plot to illustrate the good quality of the

approximations (3.16) and (3.19), with the third order approximations (3.19) being the closest

to the numerical solution.

The numerical analysis of the dispersion relation (3.4) reveals the positive and negative gradi-

ents exist in the vicinity of cut-off frequencies. Now we are able to investigate this phenomenon by

use of the explicit representations of second order corrections Ω(2)
if (3.14)–(3.15), which indicate

that the sign of Ω(2)
if , i = 1, 2 depends on the amount of shear ε. To illustrate this phenomenon

we have plotted the second order corrections Ω(2)
if , i = 1, 2 as a functions of ε for a Varga material

in the Figure 3.4. We conclude that for a fixed face boundary value problem negative group

velocity exists for certain values of ε and p. The group velocity is the parameter which governs

the motion of a pulse for dispersive waves and can be defined as the gradient of the dispersion
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Figure 3.3: Layer with fixed faces: scaled frequency Ω (vertical axis) against scaled wave number

η (horizontal axis) for long wave high frequency motion, numerical solution together with second

order approximations (3.16) and third order approximations (3.19) calculated for the Varga ma-

terial (1.124) with ε=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond

to third order approximations (3.19), dashed curves to second order approximations (3.16) and

solid curves to numerical results.
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curves

vg =
∂ω

∂kh
≈ A√

αγΩ(0)
kh. (3.20)

We remark that the phenomena of negative group velocity can be found in a number of papers

for example by Fang et al. (2006), Picu (2002) and Nolde (2007).
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Figure 3.4: Layer with fixed faces: Second order frequency corrections Ω(2)
if , i = 1, 2 (vertical axis)

as a functions of ε (horizontal axis) for Varga material (1.124). Upper dashed curve corresponds

to second order corrections Ω(2)
2f and lower dashed curve corresponds to second order correction

Ω(2)
1f .

Long wave high frequency approximations in the case δ = 0

For a specific class of material for which δ = 0, we will derive third order expansions for the scaled

frequency in the vicinity of cut-off frequencies. We substitute the expansions (2.31), together with

Taylor series expansions for the functions sinh(η), cosh(η), cos(ηε) up to O(η5), into the dispersion

relation (3.5), its approximation then being given by

Dfh = D(0)
fh +D(2)

fh η2 +D(4)
fh η4 + O(η6). (3.21)
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The leading order term D(0)
fh is of the following form

D(0)
fh = iΩ(0)

(
Ω(0) sinΩ(0) + 2(cos Ω(0) − 1)

)
. (3.22)

If we express sinΩ(0) and cosΩ(0) in terms of tan(Ω0/2), the representation (3.22) takes the

following form

D(0)
fhs =

2 tan(Ω(0)/2)(Ω(0) − 2 tan(Ω(0)/2))
1 + tan2(Ω(0)/2)

. (3.23)

The condition D(0)
fhs = 0 gives the two following families of cut-off frequencies

tan
Ω(0)

2
= 0, Ω(0)

1fh = 2nπ, (3.24)

tan
Ω(0)

2
=

Ω(0)

2
, Ω(0)

2fh = Ω0, (3.25)

The representations (3.24)–(3.25) coincide with general formulations for cut-off frequencies (3.12)–

(3.13) provided δ = 0.

The second order term in the expansion (3.21) is given by

D(2)
fh =

iF (2)
0

6Ω(0)
,

F (2)
0 = (((Ω(0))3 + 2) cos Ω(0) − 2)6Ω(0)Ω(1) + ((Ω(0))2 − 2)3 cos Ω(0)

+ ((Ω(0))2 − 6(1 + ε2))Ω(0) sinΩ(0) + 6(ε2(Ω(0))2 + 1). (3.26)

The equation D(2)
fh = 0 provides the following second order corrections for cut-off frequencies

Ω(2)
1fh = −1 + 2 ε2

4π n
, (3.27)

Ω(2)
2fh =

1 + 6 ε2

6Ω(0)
, (3.28)

which agree with the general formulations (3.14)–(3.15) when δ = 0.

Hence for the scaled frequency Ω in the vicinity of the cut-off frequencies Ω(0)
ifh the following

second order approximation is valid

Ω = Ω(0)
ifh + Ω(2)

ifhη2 + O(η4), (3.29)

where i = 1, 2. The cut-off frequencies Ω(0)
ifh are given by equations (3.24)–(3.25) and the sec-

ond order corrections Ω(2)
ifh expressed in relations (3.27)–(3.28). The third order term in the
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expansion (3.21) is given by

D(4)
fh =

iF (4)
0

24(Ω(0))3
,

F (4)
0 =

(
(Ω(0)(Ω(0) + 2) cosΩ(0) − 2

)
24(Ω(0))3Ω(4)

+
(
2Ω(0) cosΩ(0) − ((Ω(0))2 + 2) sin Ω(0)

)
12(Ω(0))3(Ω(2))2

+
(
Ω(0)

(
6− (Ω(0))2

)
sinΩ(0) +

(
6− 3(2ε2 + 1)(Ω(0))2 + (Ω(0))4

)
cosΩ(0)

)
4Ω(0)Ω(2)

+ ((Ω(0))2ε2 − 1)24Ω(0)Ω(2) +
((

1 + 4ε2
)
(Ω(0))2 − 2

)
3 cos Ω(0)

+
((

1− 4ε2
)
(Ω(0))2 − 6

)
Ω(0) sinΩ(0) − 2(ε4(Ω(0))4 + 6ε2(Ω(0))2 − 3). (3.30)

With the help of relation D(4)
fh = 0, we establish the following third order corrections for cut-off

frequencies

Ω(4)
1fh =

8 ε4(π2n2 − 3) + 4ε2(4π2n2 − 12) + 8π2n2 − 15
192π3n3

, (3.31)

Ω(4)
2fh = −6ε4(Ω2

0 + 16) + 12ε2(Ω2
0 + 11) + 2Ω2

0 − 3
72Ω3

0

. (3.32)

Hence, for the each harmonic of the dispersion relation (3.4) the associated scaled frequency Ω

in the vicinity of cut-off frequencies Ω(0)
ifh is determined by the following third order approximation

Ω = Ω(0)
ifh + Ω(2)

ifhη2 + Ω(4)
ifhη4 + O(η6), (3.33)

where i = 1, 2. The cut-off frequencies Ω(0)
ifh are given by equations (3.24)–(3.25), the second

order corrections Ω(2)
ifh are expressed in relations (3.27)–(3.28) and the third order corrections

Ω(4)
ifh are represented by formulations (3.31)–(3.32).

We conclude this section with some illustrative numerical results, for which neo-Hookean

strain-energy function (1.124) is employed. Figure 3.5 illustrates comparison of numerical and

approximation solution for the first two harmonics in the vicinity of associated cut-off frequencies.

Good agreement between the numerical solution, second order approximations (3.29) and third

order approximations (3.33) is observed. The third order approximations are the closest to

numerical curves, it is demonstrated on all the plots in the Figure 3.5.

3.3.2 Layer with one free and one fixed faces

Leading order approximation

To obtain the leading order approximation of the dispersion relation (3.8) we employ expansions

for the roots qi up to O(η2) given by (2.24) and the approximations for the functions f(q) and g(q)
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Figure 3.5: Layer with fixed faces: scaled frequency Ω (vertical axis) against scaled wave number

η (horizontal axis) for long wave high frequency motion, numerical solution together with second

order approximations (3.29) and third order approximations (3.33) for the neo-Hookean mate-

rial (1.116) with ε=2, p=1; (a) first harmonic, (b) second harmonic. Dotted curves correspond

to third order approximations (3.33), dashed curves to second order approximations (3.29) and

solid curves to numerical results.
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given by relations (2.25) and (2.26), respectively. The dispersion relation (3.8) can be represent

in a form

Dm = D(0)
m + O(η2), (3.34)

where the leading order term is given by

D(0)
m = −2 i

√
1 + δ

(
λ2 + 1

)
cos

(√
1 + δΩ

)
Ω5

λ
. (3.35)

The condition that D
(0)
m = 0 enables us to obtain the following cut-off frequencies

Ω(0)
m =

(2n + 1)π
2
√

1 + δ
. (3.36)

Long wave high frequency approximations in case δ = 0

For a specific class of materials for which δ = 0, we will derive long wave high frequency approx-

imations of the simplified dispersion relation (3.9) up to O(η4). Motivated by previous results,

we employ the third order expansion for the scaled frequency Ω given by (2.30). In addition,

we use Taylor series expansions for the functions cosh(η), sinh(η), cos(ηε) up to O(η5) and the

expansions for κ, sinh(ηκ) and cosh(ηκ) expressed in (2.31). We are then able to produce the

following approximation of the dispersion relation (3.9)

Dmh = D(0)
mh +D(2)

mhη2 +D(4)
mhη4 + O(η6). (3.37)

The following leading order equation

D(0)
mh = 2i(Ω(0))5 cosΩ(0) = 0, (3.38)

provides cut-off frequencies, which may be expressed as

Ω(0)
mh =

(2n + 1)π
2

. (3.39)

These are observed to coincide with general result (3.36) provided δ = 0.

Taking into account the cut-off frequencies (3.39), and the relation sin(Ω(0)
mh) = (−1)n, the

second order term in the expansion (3.37) is given by

D(2)
mh =

(iπ3(2n + 1)3

32

(
π (−1)n (2n + 1)((2n + 1)πΩ(2) + 1)− 8(p + 1)

)
. (3.40)

The equation D(2)
mh = 0 enables us to establish the second order correction to the cut-off frequen-

cies (3.39) as

Ω(2)
mh =

8 (−1)n (p + 1)− π(2n + 1)
π2 (2n + 1)2

. (3.41)



CHAPTER 3. NON-CLASSICAL BOUNDARY CONDITIONS 76

For the scaled frequency Ω in the vicinity of cut-off frequencies Ω(0)
mh the following second

order approximation is valid

Ω = Ω(0)
mh + Ω(2)

mhη2 + O(η4), (3.42)

where the cut-off frequencies Ω(0)
mh are given by equation (3.39) and second order corrections Ω(2)

mh

are expressed in relation (3.41).

Using the representations for the cut-off frequencies (3.39), the second order corrections (3.41)

and noting that sin(Ω(0)
mh) = (−1)n, the third order term in (3.37) may be expressed as

D(4)
mh =

iD(4)
1

96
,

D(4)
1 = 3(−1)nπ5(7n2(4n3 + 5) + 70n4 + 70n3 + 10n + 1)Ω(4)

+ 24((−1)n(32− π2 + 4π2n(n− 1))− 4π(n + 1))p2

+ 12π(8n3π2 + 12n3π2 + 2n(3π2 − 8)− π2 − 6)ε2p+

12(8(2(−1)n(8− π2n(n + 1)− π) + nπ(nπ − 7)) + π(π2(8n− 12n2 + 1)− 28)p

+ 12π(2π(−1)n(4nπ(n + 1) + 1) + 8π2n3 + 12π2n2 + 2n(3π2 − 16) + π2 − 16)ε2

− (−1)n(32π4n4 + 64π4n3 + 12π2n2(3 + 4π2) + 4π4n(6 + 4π) + 9π2 + 2π4 − 768)

+ 12π(12π2n2 + 8π2n3 + 2n(3π2 − 20) + π3 − 20). (3.43)

The equation D(4)
mh = 0 yields the following third order correction to cut-off frequencies (3.39)

Ω(4)
mh =

c
(4)
2 ε2 + c

(4)
0

3π5(1 + 2n)5
,

c
(4)
2 = 12(−1)nπ(8n3 − 12n2 + 10 + 7)p− 96π2n(n + 1)

− 12(−1)nπ(8n3π2 + π2 + 2π − 16)− 24(−1)nπn(3π2 + 6π2n− 16),

c
(4)
0 = 24(π2(4n2 + 20n + 3) + (−1)nπ(4π2n3 + n(8− 3π2) + 4 + 14)− 32)p

+ 12((−1)n(56n− π2 − 12π2n2)− 128)p

+ 12(−1)nπ(8π2n3 − 12π2n2 + n(40− 6π2) + 20− π2)

+ 2π4(16n4 + 32n3 + 24n2 + 8n + 1) + 9π2(2n + 1)2 − 768. (3.44)

Hence, the scaled frequency Ω in the vicinity of cut-off frequencies Ω(0)
mh can be expressed as

Ω = Ω(0)
mh + Ω(2)

mhη2 + Ω(4)
mhη4 + O(η6), (3.45)

where the cut-off frequencies Ω(0)
mh, second order corrections Ω(2)

mh and third order corrections Ω(4)
mh

are given by (3.39), (3.41) and (3.44), respectively.
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We conclude this section by demonstrating some illustrative numerical results produced for

a neo-Hookean material. The numerical solutions of the dispersion relation (3.9), second order

approximations (3.42) and third order approximations (3.45) are presented for some harmonics

in the vicinity of the first two cut-off frequencies in the Figure 3.6. All these plots show excellent

agreement over a relatively large wave number region.

3.4 Relative asymptotic orders of displacements and incremental

pressure

Our aim is now to establish the relative asymptotic orders of the displacement components u1, u2

and incremental pressure pt. For long wave high frequency motion the displacement components

u1, u2 and incremental pressure pt can be expressed in the form (2.41) with the unknown constants

Ai, i = 1, 2, 3, 4.

3.4.1 Layer with fixed faces

Considering the fixed face boundary conditions (3.1) the coefficients Ai, i = 1, 2, 3, 4 may be

shown to satisfy the following homogeneous system

A1 + A2 + A3 + A4 = 0,

q1A1 + q2A2 + q3A3 + q4A4 = 0,

e−iq1ηA1 + e−iq2ηA2 + e−iq3ηA3 + e−iq4ηA4 = 0,

q1e
−iq1ηA1 + q2e

−iq2ηA2 + q3e
−iq3ηA3 + q4e

−iq4ηA4 = 0. (3.46)

From this system it is possible to express each Ai in terms of one arbitrary constant Ũ .

We remark that a different set of coefficients Ai corresponds to each of two families of cut-off

frequencies. By inserting Ai into the relations (2.41) and calculating the order of all functions

occurring in relations (2.41) and (3.46), we are able to compare the relative asymptotic orders of

the displacement components u1, u2 and the incremental pressure pt for each of the two families

of cut-off frequencies.

Employing the expansions (2.24) and the representations of the cut-off frequencies (3.12)

and (3.13), we establish the approximation for the exponential functions, up to and including

O(η) and then insert these into the relations (2.41). Then, we obtain the following leading order
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Figure 3.6: Layer with one fixed one free faces: scaled frequency Ω (vertical axis) against scaled

wave number η (horizontal axis), numerical solution and approximations (3.42) and (3.45), for

the neo-Hookean material (1.116) with ε=1, p=0.5; (a) first harmonic, (b) second harmonic.

Dotted curves correspond to third order approximations (3.45), dashed curves to second order

approximations (3.42) and solid curves to numerical results.
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approximations for the displacement components u1, u2 and incremental pressure pt

u1 ≈ C(
2∑

j=1

qjAj +
4∑

j=3

qjAjE
(m)
j ), u2 ≈ C(

2∑

j=1

Aj +
4∑

j=3

AjE
(m)
j ),

pt ≈ Ck(
2∑

j=1

P(qj)Aj +
4∑

j=3

AjP(qj)E
(m)
j ), (3.47)

where C denotes an arbitrary constant and the quantities E
(m)
j ,m = 1, 2; j = 3, 4 are given by

Ω =
2πn√
1 + δ

: E
(1)
3 = e(iζ2nπ), E

(1)
4 = e(−iζ2nπ),

Ω = Ω(0)
2fh : E

(2)
3 = e(iζ

√
1+δΩ

(0)
2fh), E

(2)
4 = e(−iζ

√
1+δΩ

(0)
2fh). (3.48)

With the help of the expansions (2.24), we establish the following approximations for the expo-

nential functions up to O(η2)

e(−iq1η) = 1 + η + O(η2), e(−iq2η) = 1− η + O(η2),

e(−iq3η) = E0(1− iηε) + O(η2), e(−iq4η) = E−1
0 (1− iηε) + O(η2),

Ω =
2πn√
1 + δ

: E
(1)
0 = 1, Ω = Ω(0)

2fh : E
(2)
0 = e(−i

√
1+δΩ

(0)
2fh). (3.49)

We are now in a position to insert expansions (3.49) into (3.46) to obtain the dependance of

the coefficients Ai on scaled wave number η. With the help of representation (3.47) we are able

to establish in complete generality the relative asymptotic orders of displacement components

u1, u2 and incremental pressure pt for each of two families of cut-off frequencies (3.12) and (3.13).

For the first family of cut-off frequencies (3.12) the relative asymptotic orders of the displace-

ment components and incremental pressure component are given by

pt ∼ ηu1 ∼ η2u2. (3.50)

Therefore for the first family of cut-off frequencies (3.12) the incremental pressure pt is asymp-

totically leading, with the in-plane displacement component u1 asymptotically larger than its

normal counterpart u2.

In respect of the second family of cut-off frequencies (3.13) the analogue of (3.50) is the

following

pt ∼ η2u1 ∼ η3u2. (3.51)

Similar to relation (3.50), the representation (3.51) indicates the asymptotically leading incre-

mental pressure pt, with the in-plane displacement component u1 asymptotically larger than its

normal counterpart u2.
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Considering the case of ε = 0 for the first family of cut-off frequencies (3.12), the asymptotic

orders are given by

pt ∼ u1 ∼ ηu2, (3.52)

with those associated with the second family of cut-off frequencies (3.13) are expressed as

pt ∼ η2u1 ∼ η3u2. (3.53)

We note that the relative asymptotic orders of the displacement components u1, u2 and incre-

mental pressure pt obtained from the representations (3.52)–(3.53) for both families of cut-off

frequencies coincide with previously published results, see Nolde and Rogerson (2002).

3.4.2 Layer with one free and one fixed faces

In respect of a layer with fixed upper boundary and traction free lower boundary (3.6) the

coefficients Ai, i = 1, 2, 3, 4 are related through

A1 + A2 + A3 + A4 = 0,

q1A1 + q2A2 + q3A3 + q4A4 = 0,

f(q1)e−iq1ηA1 + f(q2)e−iq2ηA2 + f(q3)e−iq3ηA3 + f(q4)e−iq4ηA4 = 0,

g(q1)e−iq1ηA1 + g(q2)e−iq2ηA2 + g(q3)e−iq3ηA3 + g(q4)e−iq4ηA4 = 0, (3.54)

and can be obtained in terms of one arbitrary constant Ũ . With the help of approximations (2.24),

and taking into account the cut-off frequencies (3.36), we establish the expansions for exponential

functions up to O(η) and insert them into the relations (2.41). Then, at leading order the

displacement components u1, u2 and the incremental pressure pt can be expressed as

u1 ≈ C(
2∑

j=1

qjAj + q3A3e
(iζ(2n+1)π/2) + q4A4e

(−iζ(2n+1)π/2)),

u2 ≈ C(
2∑

j=1

Aj + A3e
(iζ(2n+1)π/2) + A4e

(−iζ(2n+1)π/2)),

pt ≈ Ck(
2∑

j=1

P(qj)Aj + P (q3)A3e
(iζ(2n+1)π/2) + P (q4)A4e

(−iζ(2n+1)π/2)), (3.55)

where C denotes an arbitrary constant.
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Using the expansions (2.24), together with cut-off frequencies (3.36), we introduce the follow-

ing approximations for the exponential functions up to O(η2)

e(−iηq1) = 1 + η + O(η2), e(−iηq2) = 1− η + O(η2),

e(−iηq3) = (−1)n(i + ηε) + O(η2), e(−iηq4) = (−1)n(i + ηε) + O(η2). (3.56)

Substituting expansions (3.56) into relations (3.54), considering the modified expressions (3.55),

and normalizing by η6 we establish the following asymptotic orders of displacement components

u1, u2 and incremental pressure pt

u1 = C
(4)
1 η2 + O(η3), u2 = C

(3)
2 η3 + O(η4), pt = C(6) + O(η), (3.57)

C
(4)
1 = ŨQ1Q2,

Q1 = 2(16n4 + 32n3 + 24n2 + 8n + 1)((p− 1)δ + p + 1)

− π (−1)n (32n5 + 80n4 + 80n3 + 40n2 + 10n + 1),

Q2 = −π4
(
1 + λ2

)
sin (ζ (2 n + 1)π/2)

8λ (1 + δ)2
, (3.58)

C
(3)
2 = ŨH1H2,

H1 = −

(
ε3
√

ε2 + 4 + ε4 + 5 ε2 + 4 + 3 ε
√

ε2 + 4
)

(2n + 1)3 π3

(1 + δ)2
(
ε +

√
ε2 + 4

)3 ,

H2 = ((−1)nπ(2n + 1)− 2(p + 1)(δ + 1)) cos (ζ (2n + 1)π/2) + 2δ(1− p)− 2(p + 1),

C(6) = kŨR1R2,

R1 =
(2n + 1)5 π5 ((−1)nπ(2n + 1)− 2(p + 1)(δ + 1)) sin (ζ (2n + 1)π/2)

16λ (1 + λ2) (1 + δ)5/2
,

R2 = γλ4(2 + λ2) + λ2(1 + δ)((K1 +K2)− γ(λ2 + 1)). (3.59)

From the representation (3.57) we deduce that the relative asymptotic orders of u1, u2 and pt

are given by

pt ∼ η2u1 ∼ η3u2. (3.60)

The common tendency with previously established relations (2.58), (3.50) and (3.51) is that the

incremental pressure component pt is asymptotically leading, with the in-plane displacement

component u1 asymptotically larger than its normal counterpart u2. Taking into account the
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representations (3.57) and (3.58), the relative asymptotic orders of the displacement components

u1, u2 and incremental pressure pt in the case of ε = 0 are given by

pt ∼ ηu1 ∼ η2u2. (3.61)



Chapter 4

Asymptotically consistent model for

a long wave low frequency motion in

a layer with free faces

In this chapter we derive a simplified asymptotic model for two-dimensional long wave low fre-

quency motion in a sheared pre-stressed incompressible elastic layer with traction free faces.

First, we derive an asymptotically consistent dynamic model in respect to the most general

strain-energy function and then discuss simplifications for the case of a layer composed of neo-

Hookean material. Using the fact that the asymptotic orders of displacements and incremental

pressure are equal we establish non-dimensional linearized equations of motion, incompressibility

condition and incremental traction components. A hierarchial system of traction free bound-

ary value problems at various orders is then obtained. The first three asymptotic orders of the

problem, both for the general and neo-Hookean material, are considered. Asymptotic integra-

tion is employed in vicinity of the long wave low frequency limits. The presence of pre-stress

in a form of a simple shear deformation results in no decomposition of motion into symmetric

and anti-symmetric parts. This leads to a novel vector governing equation obtained only at the

third order problem. A matrix representation of the governing equations is employed to confirm

the existence of two fundamental modes and illustrate the asymptotic consistency of the derived

simplified dynamic model.

83
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4.1 Asymptotic model in respect of the most general strain-

energy function

4.1.1 Asymptotic scaling and dimensionless equations

Our aim is to derive an asymptotic simplified dynamic model for the long wave low frequency

motion in a finitely sheared incompressible elastic layer for the most general strain-energy func-

tion. To do so we generalize the asymptotic methods first developed and exploited in respect of

dynamic problems involving linear isotropic thin-walled elastic bodies, see Kaplunov et al. (1998).

In the case of the most general strain energy function, the linearized equations of motion

are given by equations (1.68), (1.69) and the incremental traction components are expressed

in (1.95), (1.96). It was shown that in the long wave low frequency regime the relative asymptotic

orders of displacements and incremental pressure components are equivalent, see relation (2.51).

Therefore, appropriate non-dimensional displacement and incremental pressure components are

taken as

u1 = lu∗1, u2 = lu∗2, pt =
√

αγp∗t = λ2γp∗t , (4.1)

where the superscript * indicates dimensionless quantities and we employ the relation α = λ4γ.

In addition, the scaled spatial and time variables are given by

x1 = lξ, x2 = hζ, t = l

√
ρ√
αγ

τ = l

√
ρ

λ2γ
τ. (4.2)

To distinguish between differentiation with respect to scaled and original variables we use

the notation (.),ξ, (.),ζ and (.),τ to indicate differentiation with respect to ξ, ζ and τ respectively.

Employing the scalings (4.1) and (4.2) the equations of motion (1.68), (1.69) can be represented

in non-dimensional form and expressed in powers of η as

M1 = C1
2η2 + C1

1η + C1
0 = 0, M2 = C2

2η2 + C2
1η + C2

0 = 0, (4.3)

C1
0 =

(
(σ2 − 2 γ) λ2 + σ2 − γ + B1122 −B1111 + B1221

)
u∗2,ζζ+

+
(
B1221 −B1111 + B1122 − λ2γ

)
λu∗1,ζζ ,

C2
0 =

(
(σ2 − γ)− γ λ4 + (B1122 −B2222 + B1221 + σ2 − γ) λ2

)
λu∗2,ζζ+

+
(
λ2γ −B1221 + B2222 −B1122

)
λ2u∗1,ζζ , (4.4)
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C1
1 =

(
(2(B1221 + B1122 −B1111) + σ2) λ2 + σ2 − γ

)
u∗1,ξζ +

(
λ2 + 1

)
λ2γp∗t,ζ+

+
(
(σ2 − γ) λ2γ + 2(B1221 + B1122 −B1111) + σ2 + γ

)
λu∗2,ξζ ,

C2
1 =

(
(σ2 − γ) (λ2 + 1) + 2(B1122 + B1221 −B2222 + γ λ4)

)
λu∗1,ξζ+

+
(
λ2 + 1

)
λ3γp∗t,ζ +

(
(γ − σ2 + 2(B2222 −B1221 −B1122))λ2 − γ(2λ6 − 1)− σ2

)
u∗2,ξζ , (4.5)

C1
2 =

(
λ2 + 1

)
λ2γ(u∗2,ττ + λp∗t,ξ + λu∗1,ττ )+

+
(
(B1221 −B1111 + B1122)λ2 − γ

)
u∗2,ξξ+

+
(
(B1122 + B1221 −B1111 − γ + σ2) λ2 + σ2 − 2 γ

)
λu∗1,ξξ,

C2
2 =

(
λ2 + 1

)
λ2γ(λu∗2,ττ − p∗t,ξ − u∗1,ττ )+

+
(
B1221 −B2222 + B1122 − λ6γ

)
λu∗2,ξξ+

+
(
γ λ6 −B1122 −B1221 + B2222 + (γ − σ2) (λ2 − 1)

)
u∗1,ξξ. (4.6)

The above equations of motion must be solved in conjunction with the non-dimensional incom-

pressibility condition

u∗1,ξη + u∗2,ζ = 0, (4.7)

and subject to the non-dimensional traction free boundary conditions at the upper and lower

surfaces on the layer, which take the form

T1 = T 1
1 η + T 1

0 = 0, T2 = T 2
1 η + T 2

0 = 0, at ζ = 0,−1, (4.8)

T 1
0 =

(
(σ2 −B1122 − 2 γ) λ2 −B1111 − γ + B1221 + σ2

)
u∗2,ζ+

+
(
B1221 −B1111 + B1122 − λ2γ

)
λu∗1,ζ ,

T 2
0 =

(
σ2 −B1122 − γ(λ4 + 1) + (σ2 + B1221 −B2222 − γ) λ2

)
λu∗2,ζ+

+
(
λ2γ −B1122 + B2222 −B1221

)
λ2u∗1,ζ , (4.9)

T 1
1 =

(
(γ + B1221 −B1111) λ2 −B1122

)
u∗1,ξ+

+
(
(B1122 + σ2 −B1111 + B1221) + (σ2 − γ) λ2

)
λu∗2,ξ +

(
λ2 + 1

)
λ2γp∗t ,

T 1
2 =

(
λ4γ −B2222 + B1221 −B1122λ

2
)
λu∗1,ξ+

+
(
(γ − σ2)(λ2 + 1) + (B2222 −B1122 −B1221) λ2 − λ6γ

)
u∗2,ξ +

(
λ2 + 1

)
λ3γp∗t . (4.10)
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Solutions of equations (4.3)–(4.7), subject to boundary conditions (4.8), are sought in the

form of the series

(u∗1, u
∗
2, p

∗
t ) =

r∑

m=0

(u(m)
1 , u

(m)
2 , p

(m)
t )ηm + O(ηr+1). (4.11)

The form (4.11) leads to the hierarchical system of boundary value problems at various orders.

In the representation (4.11) the problems of various orders are obtained by putting m = 0, 1, 2...

with m = 0 corresponding to the leading order problem.

4.1.2 Leading order problem

At leading order the non-dimensional equations of motion and associated incompressibility con-

dition are given by

(
(σ2 − 2 γ) λ2 + B1122 −B1111 + B1221 − γ + σ2

)
u

(0)
2,ζζ+

+
(
B1221 −B1111 + B1122 − λ2γ

)
λu

(0)
1,ζζ = 0,

(
σ2 − γ(λ4 + 1) + (B1221 −B2222 + B1122 − γ + σ2)λ2

)
λu

(0)
2,ζζ+

+
(
λ2γ −B1221 + B2222 −B1122

)
λ2u

(0)
1,ζζ = 0,

u
(0)
2,ζ = 0. (4.12)

and subject to the following traction free boundary conditions

(
(σ2 −B1122 − 2 γ) λ2 −B1111 + B1221 + σ2 − γ

)
u

(0)
2,ζ+

+
(
B1122 − λ2γ + B1221 −B1111

)
λu

(0)
1,ζ = 0,

(
σ2 −B1122 − γ(λ4 + 1) + (B1221 −B2222 + σ2 − γ) λ2

)
λu

(0)
2,ζ+

+
(
λ2γ −B1122 + B2222 −B1221

)
λ2u

(0)
1,ζ = 0, at ζ = 0,−1. (4.13)

It is readily deduced that the solutions of equations (4.12), subjected to boundary condi-

tions (4.13), are of the following form

u
(0)
1 = U (0,0)(ξ, τ), u

(0)
2 = V (0,0)(ξ, τ). (4.14)

Hence, the solution of the leading order problem consists of two displacement components each

independent of ζ. We note that it is not possible to determine U (0,0)(ξ, τ) and V (0,0)(ξ, τ) without

considering higher order problems.

We remark that in the solutions of all asymptotic problems we will denote various functions

by capital letters involving double superscripts. These functions are independent of ζ. Moreover
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within two indices of the superscript the right one indicates the asymptotic order, with the left

denoting the degree of ζ.

4.1.3 Second order problem

In order to determine the unknowns from the leading order problem the second order problem

must be considered. To establish the second order problem we substitute the general solu-

tion (4.11) with m = 1 into equations (4.3)–(4.7) subject to boundary conditions (4.8) and

consider terms of O(η). At second order, we obtain

(
λ2 + 1

)
λ2γp

(0)
t,ζ +

(
B1122 + B1221 −B1111 − λ2γ

)
λu

(1)
1,ζζ+

+
(
(σ2 − 2 γ)λ2 + σ2 − γ + B1122 −B1111 + B1221

)
u

(1)
2,ζζ = 0,

(
λ2 + 1

)
λ3γp

(0)
t,ζ +

(
B2222 −B1122 −B1221 + λ2γ

)
λ2u

(1)
1,ζζ−

− (
γ(λ5 − 1) + σ2 + (B1122 −B2222 + B1221 + σ2 − γ) λ2

)
λu

(1)
2,ζζ = 0,

u
(1)
2,ζ = −u

(0)
1,ξ , (4.15)

subject to the following traction free boundary conditions

(
λ2 + 1

)
λ2γp

(0)
t +

(
B1221 −B1111 + B1122 − λ2γ

)
λu

(1)
1,ζ+

+
(
(σ2 − 2 γ −B1122) λ2 −B1111 + B1221 + σ2 − γ

)
u

(1)
2,ζ =

=
(
(B1111 −B1221 − γ) λ2 −B1122

)
U

(0,0)
,ξ −

− (
(σ2 − γ) λ2 + σ2 −B1111 + B1122 + B1221

)
λV

(0,0)
,ξ , at ζ = 0,−1,

(
λ2 + 1

)
λ3γp

(0)
t +

(
λ2γ −B1221 + B2222 −B1122

)
λ2u

(1)
1,ζ+

+
(
σ2 − γ(λ4 + 1)−B1122 + (B1221 −B2222 + σ2 − γ) λ2

)
λu

(1)
2,ζ =

=
(
B2222 + B1122λ

2 −B1221 − γ λ4
)
λU

(0,0)
,ξ −

− (
(B2222 −B1122 −B1221 + γ − σ2) λ2 − σ2 + γ(1− λ6)

)
V

(0,0)
,ξ , at ζ = 0,−1. (4.16)

The incompressibility condition (4.15)3 enables us to establish the following form for the

normal displacement component

u
(1)
2 = −ζU

(0,0)
,ξ + U

(0,1)
2 . (4.17)

The equations of motion (4.15) can then be written as

(λ2 + 1)λγp
(0)
t,ζ − (B1111 −B1122 −B1221 + λ2γ)u(1)

1,ζζ = 0,

(λ2 + 1)λγp
(0)
t,ζ − (B1221 −B2222 + B1122 − λ2γ)u(1)

1,ζζ = 0. (4.18)
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Taking into account strong ellipticity condition (1.56) and the fact that α = λ4γ the determinant

of the homogeneous system (4.18) is given by

det


 B1221 −B1111 + B1122 − λ2γ (λ2 + 1)λγ

λ2γ −B1221 + B2222 −B1122 (λ2 + 1)γ λ


 = −2λγ

(
λ2 + 1

) (
β + λ2γ

)
< 0. (4.19)

Therefore the only solutions for two variables in system (4.18) are the trivial ones, thus

p
(0)
t,ζ = 0, u

(1)
1,ζζ = 0. (4.20)

Hence, at second order, the in-plane displacement component u
(1)
1 is a linear function of ζ, and

the leading order pressure p
(0)
t is independent of ζ. Hence

u
(1)
1 = U

(1,1)
1 ζ + U

(0,1)
1 . (4.21)

Substituting u
(1)
1 , p

(0)
t given by (4.21) and u

(1)
2 expressed in (4.17) into the boundary condi-

tions (4.16), it is possible to obtain the following representations for the functions p
(0)
t and U

(1,1)
1

p
(0)
t = C1U

(0,0)
,ξ + C2V

(0,0)
,ξ ,

U
(1,1)
1 = C3U

(0,0)
,ξ + C4V

(0,0)
,ξ , (4.22)

where the coefficients Ci, i = 1, 2, 3, 4 are given by

C1 =
C(1)

1

(λ4γ + 2 β λ2 + α) λ2γ
,

C(1)
1 = (σ2 − γ + B1122 + B1221 −B2222) γλ4

+ 2 (β(σ2 − γ)− α γ) λ2 + (σ2 − γ + B1122 + B1221 −B1111) α, (4.23)

C2 =
C(1)

2

(λ4γ + 2 β λ2 + α) λ2γ
,

C(1)
2 = ((α + σ2 − γ) γ + (B1122 + B1221 −B2222) σ2) λ3+

+ ((B1111 −B1221 −B1122) σ2 + (B1221 −B1111 + B1122) γ) λ+

+ ((B1111 − σ2 −B1221 −B1122) α) λ, (4.24)

C3 =
2λ

(
(γ − β) λ2 − α + β

)

λ4γ + 2 β λ2 + α
,

C4 = −(γ − σ2) λ4 + (γ − α− 2(σ2 − β))λ2 − σ2 + γ

λ4γ + 2 β λ2 + α
. (4.25)
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Hence the solutions of second order problem can be written as

u
(1)
1 = {C3U

(0,0)
,ξ + C4V

(0,0)
,ξ }ζ + U

(0,1)
1 ,

u
(1)
2 = −U

(0,0)
,ξ ζ + U

(0,1)
2 ,

p
(0)
t = C1U

(0,0)
,ξ + C2V

(0,0)
,ξ , (4.26)

where the coefficients Ci, i = 1, 2, 3, 4 are given by (4.23)- (4.25). We note that the new functions

U
(0,1)
2 , U

(0,1)
1 , together with the leading order functions U (0,0) and V (0,0), remain undefined within

the solution of the second order problem. To make further progress we must consider the third

order problem. The fact that we need to go to higher order to solve the problem is the novel

aspect in comparison to previously work by Kaplunov et al. (2000).

4.1.4 Third order problem

The third order problem can be written as

M(1)
0 u

(2)
1,ζζ +M(1)

1 u
(2)
2,ζζ +M(1)

2 p
(1)
t,ζ = M(1)

3 p
(0)
t,ξ +

+M(1)
4 u

(0)
1,ττ +M(1)

5 u
(0)
2,ττ +M(1)

6 u
(0)
1,ξξ +M(1)

7 u
(0)
2,ξξ +M(1)

8 u
(1)
1,ξζ +M(1)

9 u
(1)
2,ξζ ,

M(2)
0 u

(2)
1,ζζ +M(2)

1 u
(2)
2,ζζ +M(2)

2 p
(1)
t,ζ = M(2)

3 p
(0)
t,ξ +

+M(2)
4 u

(0)
1,ττ +M(2)

5 u
(0)
2,ττ +M(2)

6 u
(0)
1,ξξ +M(2)

7 u
(0)
2,ξξ +M(2)

8 u
(1)
1,ξζ +M(2)

9 u
(1)
2,ξζ ,

u
(2)
2,ζ = −u

(1)
1,ξ ; (4.27)

M(1)
0 = λ

(
B1111 −B1221 −B1122 + γ λ2

)
,

M(1)
1 = γ + B1111 − σ2 −B1122 −B1221 − λ2(σ2 − 2 γ),

M(1)
2 = −M(1)

5 = −γ λ2
(
λ2 + 1

)
,

M(1)
3 = M(1)

4 = γ λ3
(
λ2 + 1

)
,

M(1)
6 = λ

(
λ2(B1122 + B1221 −B1111 + σ2 − γ) + σ2 − 2 γ

)
,

M(1)
7 = λ2(B1221 + B1122 −B1111)− γ,

M(1)
8 = 2λ2(B1122 −B1111 + B1221) + σ2 − γ + λ2(γ + σ2),

M(1)
9 = λ

(
λ2(σ2 − γ)− 2(B1111 −B1122 −B1221) + γ + σ2

)
, (4.28)
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M(2)
0 = λ2

(
B1122 + B1221 −B2222 − γ λ2

)
,

M(2)
1 = λ

(
λ2(B2222 −B1221 −B1122 − σ2 + (λ2 + 1)γ) + γ − σ2

)
,

M(2)
2 = −M(2)

5 = −γ λ3
(
λ2 + 1

)
,

M(2)
3 = M(2)

4 = −γ λ2
(
λ2 + 1

)
,

M(2)
6 = B2222 −B1122 −B1221 − σ2 + γ + λ2(γ − σ2 + γ λ4),

M(2)
7 = λ

(
B1221 −B2222 + B1122 − γ λ6

)
,

M(2)
8 = λ

(
λ2(2λ2γ − γ + σ2) + σ2 − γ + 2(B1221 + B1122 −B2222)

)
,

M(2)
9 = λ2(2(B2222 −B1122 −B1221) + γ(1− 2λ4)− σ2))− σ2 + γ. (4.29)

Equations (4.27) must be solved subject to the following traction free boundary conditions

T (1)
1 u

(2)
1,ζ + T (1)

2 u
(2)
2,ζ + T (1)

3 p
(1)
t = T (1)

4 u
(1)
1,ξ + T (1)

5 u
(1)
2,ξ ,

T (2)
1 u

(2)
1,ζ + T (2)

2 u
(2)
2,ζ + T (2)

3 p
(1)
t = T (2)

4 u
(1)
1,ξ + T (2)

5 u
(1)
2,ξ , at ζ = 0,−1, (4.30)

T (1)
1 = λ

(
B1111 −B1221 −B1122 + γ λ2

)
,

T (1)
2 = B1111 + γ − λ2(σ2 − 2 γ −B1122)−B1221 − σ2,

T (1)
3 = −γ λ2

(
λ2 + 1

)
,

T (1)
4 = λ2(B1221 −B1111 + γ)−B1122,

T (1)
5 = λ

(
λ2(σ2 − γ)−B1111 + B1122 + B1221 + σ2

)
,

T (2)
1 = λ2

(
B1122 + B1221 −B2222 − γ λ2

)
,

T (2)
2 = λ

(
λ2(B2222 −B1221) + B1122 + λ2(γ − σ2 + λ2γ) + γ − σ2

)
,

T (2)
3 = −γ λ3

(
λ2 + 1

)
,

T (2)
4 = λ

(
λ2(λ2γ −B1122)−B2222 + B1221

)
,

T (2)
5 = λ2(B2222 −B1221 −B1122 + (1− λ4)γ − σ2) + γ − σ2. (4.31)

Taking into account the leading order and second order solutions given by (4.14) and (4.26)

respectively, the incompressibility condition (4.27)3 may be used to obtain the following repre-

sentation for the normal displacement component

u
(2)
2 = (C5U

(0,0)
ξξ + C6V

(0,0)
ξξ )ζ2 − U

(0,1)
1,ξ ζ + U

(0,2)
2 , (4.32)

C5 =
γλ4 + (β − γ) λ2 − β

λ (β + λ2γ)
,

C6 =
((γ − σ2)λ2 + 2(β − σ2) + γ(1− λ4))λ2 + γ − σ2

2λ2 (β + λ2γ)
. (4.33)
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Using (4.32), we can now establish the third order solutions for u
(2)
1 and p

(1)
t in the form

u
(2)
1 = U

(2,2)
1 ζ2 + U

(1,2)
1 ζ + U

(0,2)
1 , p

(1)
t = P

(1,1)
t ζ + P

(0,1)
t , (4.34)

where the functions U
(1,2)
1 , U

(2,2)
1 , P

(0,1)
t , P

(1,1)
t can be determined at third order, with U

(0,2)
1 ,

U
(0,2)
2 obtainable at higher order.

Taking into account the relations (4.14), (4.26), (4.32) and (4.34), the equations of motion

and boundary conditions yield a system of six equations in the six unknowns U (0,0), V (0,0), U
(1,2)
1 ,

U
(2,2)
1 , P

(0,1)
t , P

(1,1)
t . This system will be used later on, however it is not worth writing all six

equations explicitly. We will need to specify here two equations of motion as they will be used

to produce resulting governing equations later

R1
1P

(1,1)
t +R1

2U
(2,2)
1 = R1

3U
(0,0)
ττ +R1

4V
(0,0)
ττ +R1

5U
(0,0)
ξξ +R1

6V
(0,0)
ξξ ,

R2
1P

(1,1)
t +R2

2U
(2,2)
1 = R2

3U
(0,0)
ττ +R2

4V
(0,0)
ττ +R2

5U
(0,0)
ξξ +R2

6V
(0,0)
ξξ . (4.35)

The coefficients in equations (4.35) are quite lengthy, however the their explicit expressions have

been obtained using Maple (1996).

From (4.30) it is possible to show that both incremental traction components are linear

functions of ζ. Therefore the in-plane traction component at the upper surface of the layer ζ = 0

can be expressed as

N 1
1 U

(1,2)
1 +N 1

2 P
(0,1)
t = N 1

3 U
(0,1)
1,ξ +N 1

4 U
(0,1)
2,ξ , (4.36)

and at lower surface of the layer ζ = −1

N 1
5 U

(2,2)
1 +N 1

6 P
(1,1)
t = N 1

7 U
(0,0)
ξξ +N 1

8 V
(0,0)
ξξ . (4.37)

Similarly, the normal traction component at upper surface of the layer is given by

N 2
1 U

(1,2)
1 +N 2

2 P
(0,1)
t = N 2

3 U
(0,1)
1,ξ +N 2

4 U
(0,1)
2,ξ , (4.38)

and at lower surface of the layer

N 2
5 U

(2,2)
1 +N 2

6 P
(1,1)
t = N 2

7 U
(0,0)
ξξ +N 2

8 V
(0,0)
ξξ . (4.39)

The coefficients in equations (4.36)–(4.39) are too unwieldy to be written explicitly here, however

their explicit representations were obtained with the help of Maple (1996).

From the two boundary conditions at the upper face of the layer (4.36) and (4.38) we obtain

P
(0,1)
t = C7U

(0,1)
1,ξ + C8U

(0,1)
2,ξ , U

(1,2)
1 = C9U

(0,1)
1,ξ + C10U

(0,1)
2,ξ , (4.40)
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C7 =
σ2 − γ(λ2 + 1)

γ λ2
, C8 =

C(1)
8

2 (β + γ λ2) γ λ3
,

C(1)
8 = γ2λ6 + (B1111 −B1122 −B1221 − σ2) γ λ4+

+ (γ(1− γ) + B1122 + B1221 −B2222) σ2λ
2+

+ (B1111 −B1122 −B1221) σ2 + (B1221 + B1122 −B1111) γ,

C9 = −(λ− 1) (λ + 1)
λ

, C10 =
(λ2 + 1)2σ2 +

(
λ6 − λ4 − λ2 − 1

)
γ − 2β λ2

2 (β + γ λ2) λ2
. (4.41)

From the two boundary conditions at the lower surface of the layer (4.37) and (4.39) we establish

that

P
(1,1)
t = C11U

(0,0)
ξξ + C12V

(0,0)
ξξ , U

(2,2)
1 = C13U

(0,0)
ξξ + C14V

(0,0)
ξξ , (4.42)

C11 =
C(1)

11

2λ3 (β + λ2γ) γ
,

C(1)
11 = γ2λ6 + (B2222 − σ2 −B1221 −B1122) γ λ4+

+ (γ(σ2 − γ) + (B1122 −B1111 + B1221) σ2) λ2+

+ (B2222 −B1221 −B1122) σ2 + (B1122 + B1221 −B2222) γ,

C12 =

(
σ2 − γ(λ2 + 1)

) (
γ λ6 + (σ2 − γ) λ4 + (2(σ2 − β)− γ) λ2 − γ + σ2

)

2λ4 (β + λ2γ) γ
,

C13 =
γ λ6 + (2β − σ2 − 3 γ)λ4 − (2β − 3 γ + 2 σ2) λ2 + γ − σ2 + 2 β

2λ2 (λ2γ + β)
,

C14 =

(
1− λ2

) (
γ λ6 + (σ2 − γ)λ4 + (2(σ2 − β)− γ) λ2 − γ + σ2

)

2 (β + λ2γ) λ3
. (4.43)

We conclude that u
(2)
1 and u

(2)
2 are the quadratic functions of ζ, p

(1)
t is linear function of ζ

given by

u
(2)
1 = {C13U

(0,0)
ξξ + C14V

(0,0)
ξξ }ζ2 + {C9U

(0,1)
1,ξ + C10U

(0,1)
2,ξ }ζ + U

(0,2)
1 ,

u
(2)
2 = {C5U

(0,0)
ξξ + C6V

(0,0)
ξξ }ζ2 − ζU

(0,1)
1,ξ + U

(0,2)
2 ,

p
(1)
t = {C11U

(0,0)
ξξ + C12V

(0,0)
ξξ }ζ + C7U

(0,1)
1,ξ + C8U

(0,1)
2,ξ , (4.44)

where all the coefficients are given by (4.33), (4.41) and (4.43). In the solution (4.44) four

functions remain unknown, namely U
(0,1)
1 , U

(0,1)
2 , U

(0,2)
1 and U

(0,2)
2 . To determine U

(0,1)
1 and U

(0,1)
2

one has to consider the fourth order problem and for U
(0,2)
1 and U

(0,2)
2 the fifth order problem,

respectively. The governing equation for the leading order functions U (0,0) and V (0,0) is obtained

from the third order problem and established below.
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Using the solutions (4.14), (4.26) and (4.44), the equations of motion (4.35) can be expressed

as

G(1)
1 U (0,0)

ττ + G(1)
2 V (0,0)

ττ + G(1)
3 U

(0,0)
ξξ + G(1)

4 V
(0,0)
ξξ = 0,

G(2)
1 U (0,0)

ττ + G(2)
2 V (0,0)

ττ + G(2)
3 U

(0,0)
ξξ + G(2)

4 V
(0,0)
ξξ = 0, (4.45)

G(1)
1 = G(2)

2 = λ3γ
(
λ2 + 1

)
, G(1)

2 = −G(2)
1 = λ2γ

(
λ2 + 1

)
, (4.46)

G(1)
3 =

(
λ2 + 1

)2 (
γ(λ2 + 1)− σ2

)

λ
,

G(1)
4 =

(
λ2 + 1

)2 (
γ2λ4(λ2 − 1) + λ2

(
σ2(4β + σ2)− γ2

)
+ (σ2 − γ)2

)

λ2 (2β + 2 λ2γ)
, (4.47)

G(2)
3 =

(
λ2 + 1

)2 (
γ(λ2 + 1)σ2

)
, G(2)

4 = −
(
λ2 + 1

)2
G2

41

2λ (β + λ2γ)
,

G2
41 = γ2λ6 + λ4γ (2(β − σ2) + γ)−

− λ2
(
γ2 + σ2(σ2 − 2γ)

)− 2(γ(β + σ2) + σ2β)− σ2
2 − γ2. (4.48)

The governing equation for the functions U (0,0) and V (0,0) can, by using (4.45) be written in

the following matrix form

∂2

∂τ2


U (0,0)

V (0,0)


 + D

∂2

∂ζ2


U (0,0)

V (0,0)


 = 0, D =


D11 D12

D21 D22


 , (4.49)

D11 =
2(σ2 − γ(λ2 + 1))

γ λ2
,

D12 = D21 =

(
λ2 − 1

) (
γ(λ2 + 1)− σ2

)

λ3γ
,

D22 = − D
(1)
22

λ4γ (2β + 2 λ2γ)
,

D
(1)
22 = γ2λ8 + 2λ6γ (β − σ2) + λ4σ2 (2 γ − σ2)+

+ 2λ2 (β(2σ2 − γ) + σ2(γ − σ2))− (σ2 − γ)2. (4.50)

The solutions of equation (4.49) enables to determine displacement components in the leading

order problem. A special type of one dimensional vector governing equation (4.49) exist due to the

fact that the asymptotic orders of displacements and hydrostatic pressure (2.51) are equivalent.

The equation (4.49) provide a significant simplification in comparison with the equations of
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motion (1.68) and (1.69), subject to (1.95), (1.96). It demonstrates that to describe the long

wave low frequency motion one can use equation (4.49) with only two essential parameters -

long wave amplitudes of in-plane and normal displacement components U (0,0)(ξ, τ) and V (0,0)(ξ,τ)

respectively. We remark that the governing equation (4.49) is of novel matrix type in comparison

to previously derived analogous equations in the asymptotic models by Kaplunov et al. (1998,

2000), Prikazchikova (2004).

The eigenvalues of the matrix D may be found from the following quadratic equation for

non-dimensional squared wave speed v̂0

v̂2
0 + C2f v̂0 + C0f = 0, (4.51)

with

C2f = −
(
λ2 + 1

)2 (
λ4γ2 + 2 λ2γ(β + γ − σ2)− (σ2 − γ)2

)

2γ (β + λ2γ) λ4
, (4.52)

C0f =

(
λ2 + 1

)2 (
γ(1 + λ2)− σ2

) (
σ2 − γ + λ2γ

)
(γ + β − σ2)

λ6 (β + λ2γ) γ2
. (4.53)

With the help of relations (1.36) the coefficients (4.52) can be represented as

C(s)
2f = (δ + 1)(p− 1)2 − ε2 − 4,

C(s)
0f = − (

p2 − 1
) (

2(p(δ + 1)− (δ − 1) + 1) + ε2
)
. (4.54)

We remark that the quadratic equation (4.51) coincides with equation (2.8) which is the leading

order expansion of dispersion relation (2.4) in long wave low frequency regime. The solutions

of equation (4.51) are therefore the long wave low frequency limits of the fundamental modes

expressed in (2.9). Hence the asymptotic long wave low frequency model is asymptotically con-

sistent with the analysis of dispersion relation (2.4).

To conclude this section we would like to comment on existence of quasi-fronts and the related

question of constructing the higher order theories. There can be discontinuities in solution of

associated with second order of matrix equation (4.49). In order to smooth these discontinuities

the fourth-order correction terms can be obtained by constructing higher order theories. In the

theory of thin structures this phenomenon is known as a quasi-front. The examples of higher

order theories and associated quasi-fronts can be found in the papers by Kaplunov et al. (2000)

and Pichugun and Rogerson (2002). In the considered system of asymptotically approximate

equations the fourth-order governing equation can be obtained only at the stage of firth order

asymptotic problem. Therefore due to the algebraic complexity the fourth-order corrections to

second-order governing equation were not derived.
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4.2 Asymptotic model in respect of neo-Hookean strain-energy

function

4.2.1 Non-dimensional equations

Our intension now is to derive a simplified asymptotic dynamic model for long wave low frequency

motion in a sheared pre-stressed incompressible elastic layer composed of neo-Hookean material.

We remark that it is possible to obtain all the results for a neo-Hookean material model from the

general formulas derived in the previous section. In order to do that one would require the form

of material constants and elasticity tensor components given by (1.118), the relation between the

parameters p and σ2 (1.110). However, we consider this section specifically to give more details

about the derivation of the dynamic asymptotic model for the certain type of material.

For the special case of a neo-Hookean strain energy function the equations of motion (1.120)

and incremental traction components (1.121) are significantly simplified in comparison to the gen-

eral formulas. It was shown that the relative asymptotic orders of displacements and incremental

pressure components are equivalent (2.51). Taking into account relations (1.118) and (1.110) the

scalings (4.1) and (4.2) enables us to establish non-dimensional governing equations in the form

m1 = c1
2η

2 + c1
1η + c1

0 = 0, m2 = c2
2η

2 + c2
1η + c2

0 = 0,

c1
0 = −λ3u∗1,ζζ − (p + 1)λ2u∗2,ζζ , c2

0 = λ2u∗1,ζζ − (p + 1)λ3u∗2,ζζ ,

c1
1 = λ

(
2− (2 + p)λ2

)
u∗2,ξζ − λ2

(
2(λ2 − 1) + p)

)
u∗1,ξζ + p∗t,ζλ

2,

c2
1 = λ2

(
(2 + p)− 2λ2

)
u∗2,ξζ − λ

(
2− (2− p)λ2

)
u∗1,ξζ + p∗t,ζλ

3,

c1
2 =

(
λ2(1− λ2)− 1

)
u∗2,ξξ + p∗t,ξλ

3 + λ3u∗1,ττ + λ2u∗2,ττ − λ
(
λ2 (p− 1) + 1 + λ4

)
u∗1,ξξ,

c2
2 = λ

(
λ2(1− λ2)− 1

)
u∗2,ξξ − p∗t,ξλ

2 − λ2u∗1,ττ + λ3u∗2,ττ +
(
λ2 (p− 1) + 1 + λ4

)
u∗1,ξξ,

u∗1,ξη + u∗2,ζ = 0. (4.55)

The above equations must be solved subject to traction free boundary conditions, which

employing representations (1.121) can be expressed as

t1 = t11η + t10 = 0, t2 = t21η + t20 = 0, at ζ = 0,−1,

t10 = −λ (1 + p) u∗2,ζ − λ2u∗1,ζ , t20 = λ u∗1,ζ − (p + 1)λ2u∗2,ζ ,

t11 = λ
(
1− λ2

)
u∗1,ξ −

(
λ2(p + 1)− 1

)
u∗2,ξ + λp∗t ,

t21 =
(
λ2 − 1

)
u∗1,ξ − λ

(
λ2 − (p + 1)

)
u∗2,ξ + λ2p∗t . (4.56)
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In a similar way to the general case, the solutions of equations (4.55), subject to boundary

conditions (4.56), are sought in the form of series (4.11), leading to a hierarchical system of

boundary value problems at various orders.

4.2.2 Leading order problem

The leading order the equations of motion and incompressibility condition are given by

λu
(0)
1,ζζ + (p + 1)u

(0)
2,ζζ = 0, u

(0)
1,ζζ − (p + 1)λu

(0)
2,ζζ = 0, u

(0)
2,ζ = 0, (4.57)

these being subject to the following traction free boundary conditions

(1 + p) u
(0)
2,ζ + λu

(0)
1,ζ = 0, u

(0)
1,ζ − (p + 1)λu

(0)
2,ζ = 0, at ζ = 0,−1. (4.58)

It is easy to see that the solutions of the equations (4.57), subjected to boundary conditions (4.58),

are of the form

u
(0)
1 = U (0,0)(ξ, τ), u

(0)
2 = V (0,0)(ξ, τ). (4.59)

4.2.3 Second order problem

The non-dimensional equations of motion and associated incompressibility condition at second

order are given by

λ2u
(1)
1,ζζ + λ (p + 1)u

(1)
2,ζζ − λp

(0)
t,ζ = λ(2(λ2 + 1)− p)u(0)

1,ξζ + (2− λ2(p + 2))u(0)
2,ξζ ,

λu
(1)
1,ζζ − λ2 (1 + p) u

(1)
2,ζζ + λ2p

(0)
t,ζ = (2 + λ2(p− 2))u(0)

1,ξζ + λ(2(λ2 − 1)− p)u(0)
2,ξζ ,

u
(1)
2,ζ = −u

(0)
1,ξ , (4.60)

with the appropriate traction free boundary conditions taking the form

λ2u
(1)
1,ζ + λ (p + 1)u

(1)
2,ζ − λp

(0)
t = λ

(
1− λ2

)
u

(0)
1,ξ +

(
1− λ2(p + 1)

)
u

(0)
2,ξ , at ζ = 0,−1,

λ u
(1)
1,ζ − λ2 (p + 1) u

(1)
2,ζ + λ2p

(0)
t =

(
1− λ2

)
u

(0)
1,ξ + λ

(
λ2 − (p + 1)

)
u

(0)
2,ξ , at ζ = 0,−1. (4.61)

Taking into account the solutions of the leading order problem (4.59), the equations of motion

and incompressibility condition can be expressed in the following simplified form

λu
(1)
1,ζζ + (1 + p) u

(1)
2,ζζ − p

(0)
t,ζ = 0, u

(1)
1,ζζ − λ (1 + p) u

(1)
2,ζζ + λp

(0)
t,ζ = 0, u

(0)
1,ξ + u

(1)
2,ζ = 0, (4.62)
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with the associated boundary conditions (4.61) yielding

λ2u
(1)
1,ζ + λ (p + 1)u

(1)
2,ζ − λp

(0)
t = λ

(
1− λ2

)
U

(0,0)
,ξ − (

λ2(1 + p)− 1
)
V

(0,0)
,ξ , at ζ = 0,−1,

λ2 (p + 1)u
(1)
2,ζ − λu

(1)
1,ζ − λ2p

(0)
t =

(
λ2 − 1

)
U

(0,0)
,ξ + λ

(
1− λ2 + p

)
V

(0,0)
,ξ , at ζ = 0,−1.

(4.63)

The incompressibility condition (4.62)3 yields the following representation for the normal dis-

placement component

u
(1)
2 = −ζU

(0,0)
,ξ + U

(0,1)
2 . (4.64)

With the help of relation (4.64), the equations of motion can be simplified to

λu
(1)
1,ζζ − p

(0)
t,ζ = 0, u

(1)
1,ζζ + λp

(0)
t,ζ = 0. (4.65)

The determinant of the coefficients of the system (4.65) is not equal to zero, hence the only

solutions for two variables are the trivial solutions, thus

p
(0)
t,ζ = 0, u

(1)
1,ζζ = 0. (4.66)

We are now able to deduce that at second order the in-plane displacement component u
(1)
1 is a

linear function of ζ and the leading order incremental pressure p
(0)
t is independent of ζ, thus

u
(1)
1 = U

(1,1)
1 ζ + U

(0,1)
1 . (4.67)

Inserting the previously obtained representations (4.67) and (4.64) for u
(1)
1 , u

(1)
2 and p

(0)
t into the

boundary conditions (4.63) we obtain a system of two equations in U
(1,1)
1 and p

(0)
t , from which

we obtain the following relations

p
(0)
t = − (p + 1)U

(0,0)
ξ +

(
λ− λ−1

)
V

(0,0)
ξ , U

(1,1)
1 =

(
λ−1 − λ

)
U

(0,0)
ξ − pV

(0,0)
ξ . (4.68)

To sum up, in the solution of the second order problem both displacement components are

the following linear functions of ζ, with the leading order incremental pressure independent of ζ,

their form being expressible as

u
(1)
1 = {(λ−1 − λ

)
U

(0,0)
,ξ − pV

(0,0)
,ξ }ζ + U

(0,1)
1 ,

u
(1)
2 = −U

(0,0)
,ξ ζ + U

(0,1)
2 ,

p
(0)
t = − (p + 1) U

(0,0)
,ξ +

(
λ− λ−1

)
V

(0,0)
,ξ . (4.69)

We note that the functions U
(0,1)
2 , U

(0,1)
1 in (4.69) remain undefined at second order, to obtain

further information about them we have to consider higher order problems.
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4.2.4 Third order problem

At third order the non-dimensional equations of motion and incompressibility condition are given

by

λ3u
(2)
1,ζζ + λ2 (p + 1)u

(2)
2,ζζ − λ2p

(1)
t,ζ = λ(λ2(p + 1)− (λ4 + 1))u(0)

1,ξξ + (λ2(1− λ2)− 1)u(0)
2,ξξ

+ λ2(2(1− λ2)− p)u(1)
1,ξζ + λ(2− λ2(p− 2))u(1)

2,ξζ + λ2u
(0)
2,ττ + λ3u

(0)
1,ττ + λ3p

(0)
t,ξ ,

λ3 (1 + p) u
(2)
2,ζζ − λ2u

(2)
1,ζζ − λ3p

(1)
t,ζ = (λ2(p− 1) + λ4 + 1)u(0)

1,ξξ + λ(λ2(1− λ2)− 1)u(0)
2,ξξ

+ λ(λ2(2− p)− 2)u(1)
1,ξζ + λ2(p + 2(1− λ2))u(1)

2,ξζ − λ2u
(0)
1,ττ + λ3u

(0)
2,ττ − λ2p

(0)
t,ξ ,

u
(2)
2,ζ = −u

(1)
1,ξ , (4.70)

and subject to the appropriate traction free boundary conditions, namely

λ2u
(2)
1,ζ + λ (p + 1)u

(2)
2,ζ − λp

(1)
t = λ

(
1− λ2

)
u

(1)
1,ξ +

(
1− λ2(p + 1)

)
u

(1)
2,ξ , at ζ = 0,−1,

λ2 (p + 1)u
(2)
2,ζ − λu

(2)
1,ζ − λ2p

(1)
t =

(
λ2 − 1

)
u

(1)
1,ξ + λ

(
p + 1− λ2

)
u

(1)
2,ξ , at ζ = 0,−1. (4.71)

Taking into account the solutions of the leading order problem (4.59) and second order prob-

lem (4.69) the incompressibility condition is employed to obtain the following representation for

the normal displacement component

u
(2)
2 = (

(
λ− λ−1

)
U

(0,0)
ξξ + pV

(0,0)
ξξ )ζ2 − ζU

(0,1)
1,ξ + U

(0,2)
2 . (4.72)

From (4.72) one can see that the normal displacement is a quadratic function of ζ. Taking into

account the leading order solutions (4.59) and second order solutions (4.69) we introduce the

following representations for the in-plane displacement component and incremental pressure

u
(2)
1 = U

(2,2)
1 ζ2 + U

(1,2)
1 ζ + U

(0,2)
1 p

(1)
t = P

(1,1)
t ζ + P

(0,1)
t . (4.73)

In the third order solution (4.72)–(4.73) there are four unknown functions U
(2,2)
1 , U

(1,2)
1 , P

(1,1)
t ,

P
(0,1)
t , which it is possible to obtain from third order equations. The remaining two unknown

functions U
(0,2)
1 , U

(0,2)
2 can be determined only by considering higher order problems. Substituting

the relations (4.72)–(4.73) into the two equations of motion and the boundary conditions a system

of six equations in the six unknowns U (0,0), V (0,0), U
(1,2)
1 , U

(2,2)
1 , P

(0,1)
t , P

(1,1)
t may be obtained. In

this system the equations of motion provide the source of a matrix representation of the resulting

governing equations. To obtain this we note that the equations of motion may be now written
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in the form

λ3U
(2,2)
1 − λ2P

(1,1)
t =

= λ3U (0,0)
ττ − λ3

(
3− λ2 + p

)
U

(0,0)
ξξ +

(
pλ2(2λ2 − 3)− 1

)
V

(0,0)
ξξ + λ2V (0,0)

ττ ,

λ2U
(2,2)
1 + λ3P

(1,1)
t =

= λ2U (0,0)
ττ − (

λ2(p + 3)− 1
)
U

(0,0)
ξξ − λ

(
p(2− 3λ2)− λ4

)
V

(0,0)
ξξ − λ3V (0,0)

ττ . (4.74)

Using (4.71), we deduce that both incremental traction components are linear functions of ζ.

Hence, the in-plane traction component boundary condition at the upper surface of layer can be

expressed as

λ2U
(1,2)
1 − λP

(0,1)
t =

(
1− λ2(p + 1)

)
U

(0,1)
2,ξ + λ

(
p + 2− λ2

)
U

(0,1)
1,ξ , (4.75)

with its the lower surface counterpart given by

λ2U
(2,2)
1 − λP

(1,2)
t =

(
p + (λ2 − 1)2

)
U

(0,0)
ξξ − λp

(
2 + p + λ2

)
V

(0,0)
ξξ . (4.76)

Similarly, the normal traction component has the following form at the upper surface

λU
(1,2)
1 + λ2P

(0,1)
t =

(
1− λ2(p + 2)

)
U

(0,1)
1,ξ − λ

(
p + 1− λ2

)
U

(0,1)
2,ξ , (4.77)

and at the lower surface yields the boundary condition is the following

λ2P
(1,1)
t + λU

(2,2)
1 =

(
(p + 1) λ3 + λ−1 − 2λ

)
U

(0,0)
ξξ + p

(
(p + 2) λ2 − 1

)
V

(0,0)
ξξ . (4.78)

With the help of the two boundary conditions at the upper surface of the layer (4.75), (4.77) we

obtain the following representations for the functions P
(0,1)
t and U

(1,2)
1

P
(0,1)
t = − (p + 1)U

(0,1)
1,ξ +

(
λ− λ−1

)
U

(0,1)
2,ξ ,

U
(1,2)
1 =

(−λ + λ−1
)
U

(0,1)
1,ξ − pU

(0,1)
2,ξ . (4.79)

Employing the other two boundary conditions at the lower surface of layer (4.76), (4.78), the

functions P
(1,1)
t and U

(2,2)
1 can be expressed as

P
(1,1)
t =

(
λ− λ−1

)
pU

(0,0)
ξξ + p (p + 1)V

(0,0)
ξξ ,

U
(2,2)
1 =

(
p + λ2 − 2 + λ−2

)
U

(0,0)
ξξ +

(
λ− λ−1

)
pV

(0,0)
ξξ . (4.80)

Hence, the solutions of the third order problem indicate that as both displacement component

are quadratic functions of ζ, with the second order incremental pressure a linear function of ζ,
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these being given by

u
(2)
1 = {(p + λ2 − 2 + λ−2

)
U

(0,0)
ξξ +

(
λ− λ−1

)
pV

(0,0)
ξξ }ζ2+

+ {(−λ + λ−1
)
U

(0,1)
1,ξ − pU

(0,1)
2,ξ }ζ + U

(0,2)
1 ,

u
(2)
2 = {(λ− λ−1

)
U

(0,0)
ξξ + pV

(0,0)
ξξ }ζ2 − ζU

(0,1)
1,ξ + U

(0,2)
2 ,

p
(1)
t = {(λ− λ−1

)
pU

(0,0)
ξξ + p (p + 1)V

(0,0)
ξξ }ζ − (p + 1)U

(0,1)
1,ξ +

(
λ− λ−1

)
U

(0,1)
2,ξ . (4.81)

We note that to determine the unknown functions U
(0,1)
1 , U

(0,1)
2 one has to consider the fourth

order problem and to define the unknown functions U
(0,2)
1 , U

(0,2)
2 one has to examine fifth order

problem. However the governing equations relating U (0,0) and V (0,0) may be established at the

third order problem.

With the help of the relations (4.81), the equations of motion (4.74) take the following form

λ3U (0,0)
ττ + λ2V (0,0)

ττ − λ
(
λ2 + 1

)
(p + 1)U (0,0)

ξξ +
(
λ2(p2 + p(λ2 − 1))− 1

)
V

(0,0)
ξξ = 0,

− λ2U (0,0)
ττ + λ3V (0,0)

ττ + λ2
(
λ2 + 1

)
(p + 1)U (0,0)

ξξ + λ
(
p2λ2 + (1− λ2)p− λ4

)
V

(0,0)
ξξ = 0. (4.82)

The governing equations (4.82) may be written in the following matrix form

∂2

∂τ2


U (0,0)

V (0,0)


 + D

∂2

∂ζ2


U (0,0)

V (0,0)


 = 0, D =

1
λ


 −2(p + 1)λ

(
λ2 − 1

)
(1 + p)

(
λ2 − 1

)
(1 + p) λ2 (1 + p)− λ4 − 1


 .

(4.83)

We remark that the eigenvalues of D may be shown to be the scaled squared phase speeds

limits (2.16), confirming asymptotic consistency of the established model.



Chapter 5

Asymptotically consistent model for

a long wave high frequency motion in

a layer with free faces

In this chapter we derive a one-dimensional asymptotically consistent model for two-dimensional

long wave high frequency motion in an incompressible elastic layer subject to a primary simple

shear deformation. We focus our attention to motion in a layer composed of the neo-Hookean

material with traction free boundary conditions. The relative asymptotic orders of displacements

and incremental pressure are used to obtain non-dimensional governing equations. Then a hi-

erarchy of traction free boundary value asymptotic problems at various orders is established.

The first three asymptotic orders are considered and asymptotic integration is carried out in the

vicinity of cut-off frequencies. A one-dimensional governing equation for the long wave amplitude

is derived only at the stage of the third order problem, this fact is a novel aspect of the model. To

conclude, the governing equation is employed to demonstrate the consistency of derived model

with asymptotic analysis of corresponding dispersion relation.

5.1 Asymptotic scaling and dimensionless equations

Taking into account the algebraic complexity of the general equations, we consider the simplified

case of the layer composed of neo-Hookean material to illustrate the main principles in the

derivation of a one-dimensional asymptotically consistent model for the long wave high frequency

motion. The novel aspect in the derivation of asymptotic long wave high frequency dynamic model

101
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is that pre-stress in a form of a simple shear deformation does not allow decomposition of motion

into symmetric and anti-symmetric parts.

For the case of neo-Hookean strain energy function the linearized two-dimensional equations

of motion and incremental traction components are given by (1.120) and (1.121), respectively.

To obtain non-dimensional equations we use the previously established relative asymptotic or-

ders of both displacements and pressure component (2.58). The appropriate non-dimensional

displacement components and incremental pressure component are given by

u1 = lu∗1, u2 = lηu∗2, pt = µp∗t η
−1, (5.1)

where the superscript * indicates dimensionless quantities. Also the corresponding non-dimensional

scaled spatial and time variables are introduced by

x1 = lξ, x2 = lηζ, t = lη

√
ρ

µ
τ, (5.2)

where ζ = x2/h. To distinguish between differentiation with respect to scaled and original

variables we use the notation (.),ξ, (.),ζ and (.),τ to indicate differentiation with respect to ξ, ζ

and τ respectively. Hence the equations of motion (1.120) can be represented in non-dimensional

form and expressed as an expansion of a small parameter η. Then we take into account that for

the high frequency motion in the vicinity of cut-off frequencies Ω the following relations are valid

u1,ττ + Ω2u1 ∼ η2u1, u2,ττ + Ω2u2 ∼ η2u2, pt,ττ + Ω2pt ∼ η2pt, (5.3)

which can be verified using approximation (2.40). To facilitate the representation for the non-

dimensional equations of motion, taking into account relation (5.3), we introduce the following

notations W1, W2 and Wp

u1,ττ + Ω2u1 = η2W1, u2,ττ + Ω2u2 = η2W2, pt,ττ + Ω2pt = η2Wp. (5.4)

Then we exclude the quantities u1,ττ , u2,ττ from equations of motion in favor of W1 and W2.

After that the non-dimensional equations of motion (1.120) can be expressed as the following

expansions
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m1 = c1
3η

3 + c1
2η

2 + c1
1η + c1

0 = 0, m2 = c2
3η

3 + c2
2η

2 + c2
1η + c2

0 = 0,

c1
0 = λ2(p∗t,ζ − λu∗1,ζζ − λΩ2u∗1), c2

0 = λ2(u∗1,ζζ + p∗t,ζλ + Ω2u∗1),

c1
1 = p∗t,ξλ

3 − (p + 1)λ2u∗2,ζζ −
(
2(λ2 − 1) + p

)
λ2u∗1,ξζ − λ2Ω2u∗2,

c2
1 = −p∗t,ξλ

2 − (p + 1)λ3u∗2,ζζ +
(
(2− p)λ2 − 2

)
λu∗1,ξζ − λ3Ω2u∗2,

c1
2 =

(
(1− p) λ2 − λ4 − 1

)
λu∗1,ξξ +

(
2− (2 + p) λ2

)
λu∗2,ξζ + λ3W ∗

1 ,

c2
2 =

(
λ4 + λ2 (p− 1) + 1

)
u∗1,ξξ +

(
p + 2(1− λ2)

)
λ2u∗2,ξζ − λ2W ∗

1 ,

c1
3 =

(
λ2(1− λ2)− 1

)
u∗2,ξξ + λ2W ∗

2 , c2
3 =

(
λ2(1− λ2)− 1

)
λu∗2,ξξ + λ3W ∗

2 , (5.5)

where the cut-off frequencies Ω are given by (2.34) . Equations (5.5) must be solved in conjunction

with the non-dimensional incompressibility condition

u∗1,ξ + u∗2,ζ = 0, (5.6)

and subject to non-dimensional traction free boundary conditions at upper and lower surfaces on

the layer, which are obtained from (1.121) and expressed as

T1 = t12η
2 + t11η + t10 = 0, T2 = t22η

2 + t21η + t20 = 0, at ζ = 0,−1,

t10 = λ(p∗t − λu∗1,ζ), t20 = λ(λp∗t + u∗1,ζ),

t11 =
(
1− λ2

)
λu∗1,ξ − (p + 1)λu∗2,ζ , t21 =

(
λ2 − 1

)
u∗1,ξ − (p + 1)λ2u∗2,ζ ,

t12 =
(
1− (p + 1)λ2

)
u∗2,ξ, t22 =

(
1− λ2 + p

)
λu∗2,ξ. (5.7)

Solutions of equations (5.5)–(5.6) subject to boundary conditions (5.7) are sought in the form of

series (4.11).

5.2 Leading order problem

The leading order problem consists of the non-dimensional equations of motion and associated

incompressibility condition which taken into account cut-off frequencies Ω = nπ (2.34) are given

by

p
(0)
t,ζ − λ u

(0)
1,ζζ − λn2π2u

(0)
1 = 0, p

(0)
t,ζ λ + u

(0)
1,ζζ + n2π2u

(0)
1 = 0, u

(0)
1,ξ + u

(0)
2,ζ = 0, (5.8)

and subjected to the following traction free boundary conditions

p
(0)
t − λu

(0)
1,ζ = 0, λp

(0)
t + u

(0)
1,ζ = 0, at ζ = 0,−1. (5.9)
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We remark that specific values of ζ coordinate in (5.9) were taken to demonstrate consistency

in derivation of dynamic models with boundary conditions (2.1) and analysis of dispersion rela-

tion (2.2). From the first equation of motion (5.8)1 we deduce the following representation for

p
(0)
ζ

p
(0)
t,ζ =

(
u

(0)
1,ζζ + n2π2u

(0)
1

)
λ. (5.10)

The second equation of motion (5.8)2 then becomes

u
(0)
1,ζζ + n2π2u

(0)
1 = 0. (5.11)

Therefore, we establish that at leading order the incremental pressure is independent of ζ

p
(0)
t,ζ = 0, p

(0)
t = p

(0)
t (ξ, τ). (5.12)

Hence from the equation (5.11) the in-plane displacement component can be expressed as

u
(0)
1 = U

(0,0)
1c cos(nπζ) + U

(0,0)
1s sin(nπζ), (5.13)

where the unknown long wave amplitudes U
(0,0)
1c (ξ, τ), U (0,0)

1s (ξ, τ) is independent of ζ. From the

incompressibility condition (5.8)3 we obtain the following representation for the normal displace-

ment component

u
(0)
2 =

U
(0,0)
1s,ξ

nπ
cos(nπζ)−

U
(0,0)
1c,ξ

nπ
sin(nπζ) + v

(0,0)
2 , (5.14)

here the function v
(0,0)
2 (ξ, τ) does not depend on ζ.

The traction free boundary conditions (5.9) yield a homogeneous system of two equations in

the two unknowns p
(0)
t , u

(0)
1,ζ with non-zero determinant, hence the only solution of this system is

the trivial solution

p
(0)
t = 0, u

(0)
1,ζ = 0. (5.15)

It is interesting to note that formula (5.15) indicate the symmetry in solutions of in-plane dis-

placement component u
(0)
1 .

From the boundary conditions (5.9), taking into account solution (5.15) and the form of the

function u
(0)
1 given by (5.13), we obtain

u
(0)
1,ζ = nπU

(0,0)
1s cos(nπζ)− nπU

(0,0)
1c sin(nπζ) = 0, at ζ = 0,−1, (5.16)
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which yields the relation U
(0,0)
1s = 0.

To sum up, at leading order both displacement component are the following trigonometrical

functions of ζ and the incremental pressure is equal to zero

u
(0)
1 = U

(0,0)
1c cos(nπζ), u

(0)
2 = −

U
(0,0)
1c,ξ

nπ
sin(nπζ) + v

(0,0)
2 , p

(0)
t = 0. (5.17)

The leading order solution represents two displacement components and the incremental pressure

in terms of long-wave amplitude U
(0,0)
1c . As a result of relations (5.15) the form of solutions (5.17)

have similarities with the corresponding problem for extensional waves in case of pure homoge-

neous strain, see Kaplunov et al. (2002). We remark that in relations (5.17) two functions U
(0,0)
1c

and v
(0,0)
2 remain undefined, it is not possible to determine these without resorting to higher

order problem.

5.3 Second order problem

The second order problem can be written as

λn2π2u
(1)
1 + λu

(1)
1,ζζ − p

(1)
t,ζ =

= λp
(0)
t,ξ − n2π2u

(0)
2 +

(
2(1− λ2)− p

)
u

(0)
1,ξζ − (p + 1)u

(0)
2,ζζ ,

λ2p
(1)
t,ζ + λn2π2u

(1)
1 + λu

(1)
1,ζζ =

= λp
(0)
t,ξ + λ2n2π2u

(0)
2 +

(
pλ2 + 2(1− λ2)

)
u

(0)
1,ξζ + (p + 1)λ2u

(0)
2,ζζ ,

u
(1)
1,ξ + u

(1)
2,ζ = 0. (5.18)

The above equations (5.18) are subject to the traction free boundary conditions

λu
(1)
1,ζ − p

(1)
t =

(
1− λ2

)
u

(0)
1,ξ − (p + 1)u

(0)
2,ζ , at ζ = 0,−1,

λ u
(1)
1,ζ + λ2p

(1)
t =

(
1− λ2

)
u

(0)
1,ξ + λ2 (p + 1) u

(0)
2,ζ , at ζ = 0,−1. (5.19)

Employing the leading order solution (5.17), the equation of motion (5.18)1 becomes

λn2π2u
(1)
1 + λu

(1)
1,ζζ − p

(1)
t,ζ = 2nπU

(0,0)
1c,ξ

(
λ2 − 1

)
sin (nπζ)− n2π2v

(0,0)
2 , (5.20)

with the equation (5.18)2 now given by

λ2p
(1)
t,ζ + n2π2λu

(1)
1 + λu

(1)
1,ζζ = 2nπU

(0,0)
1c,ξ

(
λ2 − 1

)
sin (nπζ) + λ2n2π2v

(0,0)
2 . (5.21)
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Combining equations (5.20) and (5.21) the following relation can be obtained

p
(1)
t,ζ = n2π2v

(0,0)
2 (5.22)

Hence, at second order the incremental pressure can be expressed in the form

p
(1)
t = n2π2v

(0,0)
2 ζ + P

(0,1)
t . (5.23)

Equations (5.20) and (5.21) may now be used to establish that

n2π2λu
(1)
1 + λ u

(1)
1,ζζ = 2nπ

(
λ2 − 1

)
U

(0,0)
1c,ξ sin (nπζ) , (5.24)

from which the in-plane displacement component can be represented in the following form

u
(1)
1 = U

(0,1)
1c cos(nπζ) + U

(0,1)
1s sin(nπζ)−

(λ2 − 1)U (0,0)
1c,ξ

λ
ζ cos(nπζ). (5.25)

With the help of the incompressibility condition (5.18)3 the normal displacement component can

be expressed as

u
(1)
2 =

U
(0,1)
1s,ξ

nπ
cos(nπζ)−

U
(0,1)
1c,ξ

nπ
sin(nπζ)

+
(λ2 − 1)U (0,0)

1c,ξξ

λnπ
ζ sin(nπζ) +

(λ2 − 1)U (0,0)
1c,ξξ

λn2π2
cos(nπζ) + v

(0,1)
2 . (5.26)

Employing the leading order solution (5.17) the following simplifications now become possible for

the boundary conditions

p
(1)
t − λu

(1)
1,ζ = U

(0,0)
1c,ξ cos (nπζ)

(
λ2 − (2 + p)

)
, at ζ = 0,−1,

λ u
(1)
1,ζ + λ2p

(1)
t = U

(0,0)
1c,ξ cos (nπζ)

(
1− λ2(2 + p)

)
, at ζ = 0,−1. (5.27)

We consider the boundary conditions at the upper surface of the layer ζ = 0 in relations (5.27)

and use the representation for incremental pressure (5.23) to produce the following relations

U
(0,0)
1c,ξ

(
2 + p− λ2 + (−1)n(λ2 − 1)

)− λnπU
(0,1)
1s + P

(0,1)
t = 0,

U
(0,0)
1c,ξ

(
λ2(2 + p)− 1− (−1)n(λ2 − 1)

)
+ λnπU

(0,1)
1s + λ2P

(0,1)
t = 0. (5.28)

From equations (5.28) we obtain the two following functions

U
(0,1)
1s =

(λ2 − 1)((−1)n − 1)U (0,0)
1c,ξ

λnπ
, P

(0,1)
t = −(p + 1)U (0,0)

1c,ξ . (5.29)
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Similarly, we employ the boundary conditions at the lower surface of the layer ζ = −1 in equa-

tions (5.27) together with (5.23), and take into account cos(nπ) = (−1)n to establish the following

relation

v
(0,0)
2 =

(p + 1)((−1)n − 1)U (0,0)
1c,ξ

n2π2
. (5.30)

To conclude this subsection, at second order the two displacement components and incremen-

tal pressure can be expressed as

u
(1)
1 = U

(0,1)
1c cos(nπζ) + U

(0,1)
1s sin(nπζ) + U

(1,1)
1c ζ cos(nπζ),

u
(1)
2 = U

(0,1)
2c cos(nπζ) + U

(0,1)
2s sin(nπζ) + U

(1,1)
2s ζ sin(nπζ) + v

(0,1)
2 ,

p
(1)
t = P

(0,1)
t + P

(1,1)
t ζ, (5.31)

where non-zero coefficients are given by

U
(1,1)
1c =

(1− λ2)U (0,0)
1c,ξ

λ
, U

(0,1)
1s =

(λ2 − 1)((−1)n − 1)U (0,0)
1c,ξ

λnπ
,

U
(0,1)
2s = −

U
(0,1)
1c,ξ

nπ
, U

(0,1)
2c =

(λ2 − 1)U (0,0)
1c,ξξ

λn2π2
, U

(1,1)
2s =

(λ2 − 1)U (0,0)
1c,ξξ

λnπ
,

P
(0,1)
t = −(p + 1)U (0,0)

1c,ξ , P
(1,1)
t = (p + 1)((−1)n − 1)U (0,0)

1c,ξ . (5.32)

In addition, the second order problem yields the following connection between the two leading

order functions

v
(0,0)
2 =

(p + 1)((−1)n − 1)U (0,0)
1c,ξ

n2π2
. (5.33)

We note that the three following functions U
(0,1)
1c , U

(0,0)
1c , v

(0,1)
2 remain unknown within the second

order solution (5.31), to determine these one have to resort to higher order problems. We also

remark that the governing equation for long wave amplitude U
(0,0)
1c cannot be derived at the stage

of the second order problem. This is the novel aspect of the asymptotic model in comparison to

previously derived models by Kaplunov et al. (2002) and Prikazchikova (2004).
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5.4 Third order problem

The third order problem is given by

λ2W
(0)
1 + λp

(2)
t,ζ − λ2u

(2)
1,ζζ − λ2n2π2u

(2)
1 = λ

(
2(λ2 − 1) + p

)
u

(1)
1,ξζ + λ (1 + p) u

(1)
2,ζζ

+
(
λ2(p− 1) + 1 + λ4

)
u

(0)
1,ξξ +

(
λ2(p + 2)− 2

)
u

(0)
2,ξζ − λ2p

(1)
t,ξ + λn2π2u

(1)
2 ,

λ2W
(0)
1 − λ3p

(2)
t,ζ − λ2u

(2)
1,ζζ − λ2n2π2u

(2)
1 = λ

(
λ2(2− p)− 2

)
u

(1)
1,ξζ − λ3 (1 + p)u

(1)
2,ζζ

+
(
λ2(p− 1) + 1 + λ4

)
u

(0)
1,ξξ +

(
2(1− λ2) + p

)
λ2u

(0)
2,ξζ − λ2p

(1)
t,ξ − λ3n2π2u

(1)
2 ,

u
(2)
1,ξ + u

(2)
2,ζ = 0. (5.34)

Equations (5.34) must be solved subject to the appropriate third order traction free boundary

conditions

λ2u
(2)
1,ζ − λp

(2)
t = −λ (p + 1)u

(1)
2,ζ +

(
1− (p + 1)λ2

)
u

(0)
2,ξ + λ

(
1− λ2

)
u

(1)
1,ξ , at ζ = 0,−1,

λu
(2)
1,ζ + λ2p

(2)
t = λ2 (p + 1)u

(1)
2,ζ − λ

(
1 + p− λ2

)
u

(0)
2,ξ +

(
1− λ2

)
u

(1)
1,ξ , at ζ = 0,−1. (5.35)

From equations (5.34) the following relation can be derived

λp
(2)
t,ζ = 2

(
λ2 − 1

)
u

(0)
2,ξζ + λ (p + 1)u

(1)
2,ζζ + λpu

(1)
1,ξζ + λn2π2u

(1)
2 . (5.36)

Inserting solutions (5.17) and (5.31) into representation (5.36) at third order the incremental

pressure can be expressed as

p
(2)
t = n2π2v

(0,1)
2 ζ − pU

(0,1)
1c,ξ cos(nπζ) + P

(2,0)
t . (5.37)

We note that the solutions of the leading order (5.17) and second order (5.31) problem were

obtained without any assumptions about its forms. It is quite possible to integrate the system

of equations (5.34) subject to boundary conditions (5.35) in a similar manner to that employed

at leading and second order problems. However, to facilitate the analysis we note that at third

order system of equations (5.34) subject to boundary conditions (5.35) has the following general

solution

u
(2)
1 = U

(0,2)
1c cos(Ωζ) + U

(0,2)
1s sin(Ωζ) + U

(1,2)
1c ζ cos(Ωζ) + U

(1,2)
1s ζ sin(Ωζ)

+ U
(2,2)
1c ζ2 cos(Ωζ) + U

(2,2)
1s ζ2 sin(Ωζ) + v

(0,2)
1 + v

(1,2)
1 ζ + v

(2,2)
1 ζ2,

u
(2)
2 = U

(0,2)
2c cos(Ωζ) + U

(0,2)
2s sin(Ωζ) + U

(1,2)
2c ζ cos(Ωζ) + U

(1,2)
2s ζ sin(Ωζ)

+ U
(2,2)
2c ζ2 cos(Ωζ) + U

(2,2)
2s ζ2 sin(Ωζ) + v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2, (5.38)
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where in this chapter we assume that Ω = nπ. Employing the forms of displacement compo-

nents (5.38) and incremental pressure (5.37) each of the three equations (5.34) can be written in

a similar general form, given by

(A(1)ζ2 + B(1)ζ + C(1)) sin(Ωζ) + (D(1)ζ2 + E(1)ζ + F (1)) cos(Ωζ)+

+ K(1)ζ2 + L(1)ζ + M (1) = 0, (5.39)

providing for each particular equation the following system

A(1) = 0, B(1) = 0, C(1) = 0, D(1) = 0, E(1), F (1) = 0,

K(1) = 0, L(1) = 0, M (1) = 0. (5.40)

At this point we remark that within the third order problem there are twenty three unknowns:

nineteen unknown functions in third order solutions (5.38) with (5.37), two second order functions

U
(0,1)
1c , v

(0,1)
2 and two leading order functions W

(0)
1 , U

(0,0)
1c . We now insert the general representa-

tions for displacement components (5.38) with the incremental pressure (5.37) into the equation

of motion (5.34)1 and then represent it in a form (5.39). Then we obtain a system of equations

to determine unknown functions in (5.38). The equations connected to the term sin(nπζ) are the

following

(
λ2 − 1

)2
U

(0,0)
1c,ξξ − 2λ2U

(2,2)
1c = 0, (5.41)

2λnπU
(1,2)
1c − 2λU

(2,2)
1s + p (1− pnπ) U

(0,1)
1c,ξ = 0, (5.42)

equations coming from cos(nπζ) are given by

U
(2,2)
1s = 0, (5.43)

(
λ4 − 3λ2 + 1

)
U

(0,0)
1c,ξξ + λ2W

(0)
1 − 2λ2U

(1,2)
1s nπ − 2λ2U

(2,2)
1c = 0, (5.44)

with the remaining relations arising from equation (5.34) given by

v
(2,2)
1 = 0, (5.45)

λ2n2π2v
(1,2)
1 − λ2U

(0,0)
1c,ξξ (p + 1) ((−1)n − 1) = 0, (5.46)

n2π2v
(0,2)
1 + (p + 1)U

(0,0)
1c,ξξ + 2v

(2,2)
1 = 0. (5.47)

Then we apply a similar procedure to the equation of motion (5.34)2, from which with the

help of representation (5.39), and the consequence (5.40), we deduce two additional equations to

determine unknown functions in (5.38). The following equation is connected to the term sin(nπζ)

λp (nπ − 1)U
(0,1)
1c,ξ − 2U

(2,2)
1s + 2U

(1,2)
1c nπ = 0, (5.48)
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with the term cos(nπζ) providing

4λ2nπU
(2,2)
1s = 0. (5.49)

Finally the equivalent method applied to incompressibility condition (5.34)3 yields additional

equations to determine other unknown functions in (5.38). The equations connected to the term

sin(nπζ) are the following

U
(2,2)
1s,ξ − nπU

(2,2)
2c = 0, (5.50)

2U
(2,2)
2s + U

(1,2)
1s,ξ − nπU

(1,2)
2c = 0, (5.51)

U
(0,2)
1s,ξ − nπU

(0,2)
2c + U

(1,2)
2s = 0, (5.52)

with the term cos(nπζ) yielding

U
(2,2)
1c,ξ + nπU

(2,2)
2s = 0, (5.53)

nπU
(1,2)
2s + 2U

(2,2)
2c + U

(1,2)
1c,ξ = 0, (5.54)

U
(0,2)
1c,ξ + nπU

(0,2)
2s + U

(1,2)
2c = 0, (5.55)

and the remaining equations arising from (5.34)3 can be expressed as

2v
(2,2)
2 + v

(1,2)
1,ξ = 0, (5.56)

v
(0,2)
1,ξ + v

(1,2)
2 = 0. (5.57)

Then the traction free boundary conditions at the upper and lower surfaces of the layer are

considered. We substitute the general solution for displacement components (5.38), taking into

account the form for incremental pressure (5.37), into the in-plane traction component (5.35)1

at the upper surface of the layer ζ = 0, it takes the following form

(p + 1)
(
(1 + p)λ2 − 1

)
((−1)n − 1)U

(0,0)
1c,ξξ +

(
λ2 − 2

)
λn2π2U

(0,1)
1c,ξ +

+ λ2n3π3U
(0,2)
1s + λ2n2π2U

(1,2)
1c − λn2π2P

(0,2)
t + λ2n2π2v

(1,2)
1 = 0. (5.58)

Similarly, the in-plane traction component (5.35)1 at the lower surface of the layer ζ = −1, taking

into account solutions (5.38), (5.37), can be expressed as

C
(t)
1 U

(0,0)
1c,ξξ + λn4π4v

(0,1)
2 + λ2U

(2,2)
1s n3π3 (−1)n

− 2 (−1)n λ2U
(2,2)
1c n2π2 − 2λ2n2π2v

(2,2)
1 + (−1)n (

λ2 − 2
)
λU

(0,1)
1c,ξ n2π2 − λP

(0,2)
t n2π2

+ λ2n2π2v
(1,2)
1 + λ2n3π3 (−1)n U

(0,2)
1s + λ2 (−1)n U

(1,2)
1c n2π2 − λ2n3π3 (−1)n U

(1,2)
1s = 0,

C
(t)
1 = ((−1)n − 1)λ2p2 +

(
n2π2 (−1)n (−λ2 + 1

)
+ ((−1)n − 1)

(
2λ2 − 1

))
p

+
(
n2π2

(
λ4 − 3λ2 + 2

)− λ2 − 1
)
(−1)n − λ2. (5.59)
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The boundary condition for the normal traction component (5.35)2 the upper surface of the layer

ζ = 0 taking into account solutions (5.38), (5.37) is given by

(1− (−1)n)
(
p2 +

(
2− λ2

)
p + 1− λ2

)
λU

(0,0)
1c,ξξ + n2π2

(
1− 2λ2

)
U

(0,1)
1c,ξ −

− λn3π3U
(0,2)
1s − λn2π2U

(1,2)
1c − λ2n2π2P

(0,2)
t − λn2π2v

(1,2)
1 = 0. (5.60)

Finally, we insert solutions (5.38), (5.37) to the normal traction component (5.35)2 at the lower

surface of the layer ζ = −1 to obtain the following equation

C
(t)
2 U

(0,0)
1c,ξξ − λ2 (−1)n U

(1,2)
1c n2π2 + λ2n3π3 (−1)n U

(1,2)
1s,ξ

+ 2λ2 (−1)n U
(2,2)
1c,ξ n2π2 − λ3P

(0,2)
t n2π2 − λ2n3π3 (−1)n U

(0,2)
1s + 2λ2n2π2v

(2,2)
1

− λ2n2π2v
(1,2)
1 + (−1)n (

1− 2λ2
)
λn2π2U

(0,1)
1c,ξ − λ2U

(2,2)
1s n3π3 (−1)n + λ3n4π4v

(0,1)
2 = 0,

C
(t)
2 = λ2 (1− (−1)n) p2 − λ2

(
(−1)n n2π2

(
λ2 − 1

)
+ ((−1)n − 1)

(
2− λ2

))
p

+ n2π2 (−1)n (
3 λ2 − 2λ4 − 1

)− λ2 ((−1)n − 1)− λ4. (5.61)

We can solve the homogeneous system of equations (5.41)–(5.61) with the help of Maple (1996)

to determine unknown functions in representations (5.38) and (5.37). To sum up, at third order

the displacement components and incremental pressure can be expressed in the following form

u
(2)
1 = U

(0,2)
1c cos(nπζ) + U

(0,2)
1s sin(nπζ)

+ U
(1,2)
1s ζ sin(nπζ) + U

(2,2)
1c ζ2 cos(nπζ) + v

(0,2)
1 + v

(1,2)
1 ζ,

u
(2)
2 = U

(0,2)
2c cos(nπζ) + U

(0,2)
2s sin(nπζ)

+ U
(1,2)
2c ζ cos(nπζ) + U

(2,2)
2s ζ2 sin(nπζ) + v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2,

p
(2)
t = P

(1,2)
t ζ + P

(0,2)
t , (5.62)
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where

U
(0,2)
1s =

U
(0,0)
1c,ξξ (p + 1)2 (1− (−1)n)

n3π3
, U

(1,2)
1s =

2U
(0,0)
1c,ξξ (1− (−1)n) (p + 1)2

n3π3
,

U
(2,2)
1c =

U
(0,0)
1c,ξξ

(
λ4 − 1

)

2λ2
, v

(0,2)
1 = −

U
(0,0)
1c,ξξ (p + 1)

n2π2
,

v
(1,2)
1 =

U
(0,0)
1c,ξξ (p + 1) ((−1)n − 1)

n2π2
, U

(0,2)
2c =

U
(0,0)
1c,ξξξ (p + 1)2 (1− (−1)n)

n4π4
,

U
(0,2)
2s =

U
(0,0)
1c,ξξξ

(
2λ2 (p + 1)2 ((−1)n − 1) +

(
λ2 − 1

)2
n2π2

)

λ2n5π5
−

U
(0,2)
1c,ξ

nπ
,

U
(1,2)
2c =

U
(0,0)
1c,ξξξ

(
2λ2 (p + 1)2 (1− (−1)n)− (

λ2 − 1
)2

n2π2
)

λ2n4π4
,

U
(2,2)
2s =

U
(0,0)
1c,ξξξ

(
1− λ4

)

2λ2nπ
, v

(1,2)
2 =

U
(0,0)
1c,ξξξ (p + 1)

n2π2
, v

(2,2)
2 =

U
(0,0)
1c,ξξξ (p + 1) (1− (−1)n)

2n2π2
,

P
(0,2)
t =

U
(0,0)
1c,ξξ((−1)n − 1)(p + 1)

(
λ2 − 1

)

λn2π2
, P

(1,2)
t =

U
(0,0)
1c,ξξ (−1)n (

λ2 − 1
)
(p + 1)

λ
. (5.63)

We remark that the functions U
(0,2)
1c , U

(0,1)
1c (τ) and v

(0,2)
2 remains undefined in the solution

of third order problem (5.62). However at third order we determine the following second order

functions

v
(0,1)
2 =

U
(0,0)
1c,ξξ (−1)n (

λ2 − 1
)
(p + 1)

λn2π2
, U

(0,1)
1c,ξ = 0. (5.64)

Therefore, taking into account (5.64) the updated solution for the second order displacement

components (5.31) with the coefficients (5.32) can be expressed as

u
(1)
1 = U

(0,1)
1c cos(nπζ) + U

(1,1)
1c ζ cos(nπζ),

u
(1)
2 = U

(0,1)
2c cos(nπζ) + U

(1,1)
2s ζ sin(nπζ) + v

(0,1)
2 , (5.65)

U
(0,1)
1c = U

(0,1)
1c (τ), U

(0,1)
1c,ξ = 0, U

(1,1)
1c =

(1− λ2)U (0,0)
1c,ξ

λ
,

U
(0,1)
2c =

(λ2 − 1)U (0,0)
1c,ξξ

λn2π2
, U

(1,1)
2s =

(λ2 − 1)U (0,0)
1c,ξξ

λnπ
, v

(0,1)
2 =

U
(0,0)
1c,ξξ (−1)n (

λ2 − 1
)
(p + 1)

λn2π2
,

(5.66)

At third order we are able to derive a governing equation for the long wave amplitude U
(0,0)
1c

which is used to represent the leading order displacement components (5.17). We employ the

following representation for the function W
(0)
1

W
(0)
1 = η−2(u(0)

1,ττ + n2π2u
(0)
1 ), (5.67)
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in order to establish the governing equation for the long wave amplitude U
(0,0)
1c in the following

form

η−2
(
U

(0,0)
1c,ττ + n2π2U

(0,0)
1c

)
−

(
4 (p + 1)2 (1− (−1)n) + n2π2

n2π2

)
U

(0,0)
1c,ξξ = 0. (5.68)

Once the long wave amplitude U
(0,0)
1c is determined from equation (5.68) the leading order

displacement components are obtained. In addition, equation (5.68) enables us to demonstrate

asymptotic consistency of the derived model and obtain the second order asymptotic expansion for

non-dimensional frequency (2.37). For that purpose we insert non-dimensional squared frequency

Ω2 =
ρk2h2v2

µ
, (5.69)

obtained from characteristic equation (1.77) into the governing equation (5.68) represented in

non-scaled variables t and x1 as the following

ρh2

µ

∂2U
(0,0)
1c

∂2t2
+ n2π2U

(0,0)
1c − h2

(
4 (p + 1)2 (1− (−1)n) + n2π2

n2π2

)
∂2U

(0,0)
1c

∂2x2
1

= 0. (5.70)

We remark here that the governing equation (5.70) is of hyperbolic type due to the following

quantity being positive for all n

Ae =
4 (p + 1)2 (1− (−1)n) + n2π2

n2π2
> 0, (5.71)

If we specify U
(0,0)
1c in the form (1.72) and substitute it into the governing equation (5.70) we

obtain the following second order asymptotic expansion for squared non-dimensional frequency

Ω2 = n2π2 +Aeη
2 + O(η4). (5.72)

The representation (2.37) can be expressed as

Ω2 = n2π2 + 2nπΩ(2)η2 + O(η4), (5.73)

where Ω(2) is given by (2.36). The fact that the expansions (5.72) and (5.73) coincide proves

the consistency of derived one-dimensional model with asymptotic analysis of dispersion rela-

tion (2.5).



Chapter 6

Asymptotically consistent models for

a long wave high frequency motion in

a layer subject to some non-classical

boundary conditions

In this chapter we derive one-dimensional asymptotic models for two-dimensional long wave

high frequency motion in a sheared pre-stressed incompressible elastic layer with some non-

classical boundary conditions. To facilitate this analysis, and illustrate the main features of

dynamic models, we consider motion in a layer composed of the neo-Hookean material. Direct

asymptotic integration in the vicinity of the cut-off frequencies is employed to construct the

models. Appropriate asymptotically approximate equations are derived and integrated through

a systematic perturbation process considering three orders of the problem. In the asymptotic

model for motion in the layer with fixed faces, the cut-off frequencies are given by transcendental

equation and the essential parameter is the incremental pressure. In contrast, in all the other

models considered in this thesis the essential parameter is the long wave amplitude. We remark

that the governing equations in all considered models are obtained at the stage of the third

order problem. Finally, the governing equations are employed to demonstrate the asymptotic

consistency of the derived dynamic models.

114
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6.1 Asymptotically approximate equations for the layer with

fixed faces: first family of cut-off frequencies

6.1.1 Asymptotic scaling and dimensionless equations

Throughout this chapter, we consider a layer composed of neo-Hookean material to illustrate

the main principles in derivation of asymptotically approximate equations. The results are sim-

plified one-dimensional models for long wave high frequency motion in a sheared pre-stressed

incompressible elastic layer with non-classical boundary conditions.

In this section we focus attention on a layer with fixed faces. In order to derive a dynamic

model we perform asymptotic integration in the vicinity of the cut-off frequencies (3.24). We

remark that the associated relative asymptotic orders of displacements and incremental pressure

are given by (3.50) and hence equivalent to relations (2.58) in respect to free faces problem.

Therefore, the non-dimensional equations of motion and associated incompressibility condition

are given by (5.5) and (5.6), respectively, taking into account the cut-off frequencies Ω = 2nπ.

These are subjected to the fixed faces boundary conditions

u∗1 = 0, u∗2 = 0, at ζ = 0,−1. (6.1)

The solutions of equations (5.5)–(5.6), subject to boundary conditions (6.1), are sought in the

form of the series (4.11).

6.1.2 Leading order problem

At leading order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by

p
(0)
t,ζ − λu

(0)
1,ζζ − λ 4n2π2u

(0)
1 = 0, p

(0)
t,ζ λ + u

(0)
1,ζζ + 4n2π2u

(0)
1 = 0, u

(0)
1,ξ + u

(0)
2,ζ = 0, (6.2)

subject to the following boundary conditions

u
(0)
1 = 0, u

(0)
2 = 0, at ζ = 0,−1. (6.3)

We remark that specific values of ζ coordinate in (6.3) were taken to demonstrate consistency

in derivation of dynamic models with boundary conditions (3.1) and analysis of dispersion rela-

tion (3.2). From the equation (6.2)1 we obtain

p
(0)
t,ζ =

(
u

(0)
1,ζζ + 4n2π2u

(0)
1

)
λ, (6.4)
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with the equation (6.2)2 immediately providing

u
(0)
1,ζζ + 4n2π2u

(0)
1 = 0. (6.5)

Hence, at leading order, the incremental pressure does not depend on ζ, thus

p
(0)
t,ζ = 0, p

(0)
t = p

(0)
t (ξ, τ), (6.6)

The solution of equation (6.2)2 is of the form

u
(0)
1 = U

(0,0)
1c cos(2nπζ) + U

(0,0)
1s sin(2nπζ), (6.7)

with incompressibility condition (6.2)3 yielding

u
(0)
2 =

U
(0,0)
1s,ξ

2nπ
cos(2nπζ)−

U
(0,0)
1c,ξ

2nπ
sin(2nπζ) + v

(0,0)
2 . (6.8)

From the boundary conditions (6.3) we now obtain the following relations

U
(0,0)
1c = 0, v

(0,0)
2 = −

U
(0,0)
1s,ξ

2nπ
, (6.9)

hence at leading order the incremental pressure p
(0)
t remains undefined. To sum up, at leading

order the displacement components are given by

u
(0)
1 = U

(0,0)
1s sin(2nπζ), u

(0)
2 =

U
(0,0)
1s,ξ

2nπ
cos(2nπζ)−

U
(0,0)
1s,ξ

2nπ
. (6.10)

The form of leading order solution (6.10) have similarities with the corresponding problem for

flexural waves in case of pure homogeneous strain, see Nolde and Rogerson (2002).

6.1.3 Second order problem

At second order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by

p
(1)
t,ζ − λ4n2π2u

(1)
1 − λu

(1)
1,ζζ + λp

(0)
t,ξ =

= 4n2π2u
(0)
2 +

(
p + 2(λ2 − 1)

)
u

(0)
1,ξζ + (p + 1)u

(0)
2,ζζ ,

λ2p
(1)
t,ζ + λ4n2π2u

(1)
1 + λu

(1)
1,ζζ − λp

(0)
t,ξ =

= λ24n2π2u
(0)
2 +

(
pλ2 + 2(1− λ2)

)
u

(0)
1,ξζ + (p + 1)λ2u

(0)
2,ζζ ,

u
(1)
1,ξ + u

(1)
2,ζ = 0, (6.11)
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subject to the boundary conditions

u
(1)
1 = 0 u

(1)
2 = 0, at ζ = 0,−1. (6.12)

Taking into account the leading order solution (6.10), the equations of motion (6.11) can be

expressed as

λ4n2π2u
(1)
1 + λu

(1)
1,ζζ − λp

(0)
t,ξ − p

(1)
t,ζ = 4

(
1− λ2

)
kπU

(0,0)
1s,ξ cos (2nπζ) + 2nπU

(0,0)
1s,ξ ,

4n2π2λu
(1)
1 + λu

(1)
1,ζζ − λp

(0)
t,ξ + λ2p

(1)
t,ζ = 4

(
1− λ2

)
nπU

(0,0)
1s,ξ cos (nπζ)− 2λ2nπU

(0,0)
1s,ξ . (6.13)

From equations (6.13) we obtain the following relation

p
(1)
t = − 2nπU

(0,0)
1s,ξ ζ + P

(0,1)
t . (6.14)

A combination of equations (6.13)1 and (6.13)2 allows us to establish that

4λn2π2u
(1)
1 + λu

(1)
1,ζζ − λp

(0)
t,ξ = 4

(
1− λ2

)
U

(0,0)
1s,ξ cos (2nπ ζ) kπ. (6.15)

Equation (6.15) enables us to obtain the following form for the in-plane displacement component

and leading order incremental pressure

u
(1)
1 = U

(0,1)
1c cos(2nπζ) + U

(0,1)
1s sin(2nπζ)−

(λ2 − 1)U (0,0)
1s,ξ

λ
ζ sin(2nπζ) + v

(0,1)
1 ,

p
(0)
t,ξ = 4n2π2v

(0,1)
1 . (6.16)

The incompressibility condition (6.13)3 provides the following representation for the normal dis-

placement component

u
(1)
2 =

U
(0,1)
1s,ξ

2nπ
cos(2nπζ)−

U
(0,1)
1c,ξ

2nπ
sin(2nπζ)

−
(λ2 − 1)U (0,0)

1s,ξξ

2λnπ
ζ cos(2nπζ) +

(λ2 − 1)U (0,0)
1s,ξξ

2λnπ
sin(2nπζ) + v

(1,1)
2 ζ + v

(0,1)
2 . (6.17)

Finally, the zero displacements boundary conditions (6.12) are employed to derive the following

relations

p
(0)
t =

(1− λ2)2nπU
(0,0)
1s

λ
, v

(0,1)
1 =

P
(0,0)
t,ξ

4n2π2
=

(1− λ2)U (0,0)
1s,ξ

2λnπ
, v

(0,1)
2 = −

U
(0,1)
1s,ξ

2nπ
,

U
(0,1)
1c = −

P
(0,0)
t,ξ

4n2π2
=

(λ2 − 1)U (0,0)
1s,ξ

2λnπ
, v

(1,1)
2 = −

P
(0,0)
t,ξξ

4n2π2
=

(λ2 − 1)U (0,0)
1s,ξξ

2λnπ
. (6.18)
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To conclude, the solution of the second order problem is given by

u
(1)
1 = U

(0,1)
1c cos(2nπζ) + U

(0,1)
1s sin(2nπζ) + U

(1,1)
1s ζ sin(2nπζ) + v

(0,1)
1 ,

u
(1)
2 = U

(0,1)
2c cos(2nπζ) + U

(1,1)
2c ζ cos(2nπζ) + v

(1,1)
2 ζ + v

(0,1)
2 ,

p
(1)
t = P

(0,1)
t + P

(1,1)
t ζ, (6.19)

where the non-zero coefficients are given by

U
(0,1)
1c =

U
(0,0)
1s,ξ (λ2 − 1)

2λnπ
, U

(1,1)
1s =

U
(0,0)
1s,ξ (1− λ2)

λ
, v

(0,1)
1 =

U
(0,0)
1s,ξ (1− λ2)

λ2nπ
,

U
(0,1)
2c =

U
(0,1)
1s,ξ

2nπ
, U

(1,1)
2c =

U
(0,0)
1s,ξξ(1− λ2)

2λnπ
, v

(1,1)
2 =

U
(0,0)
1s,ξξ(λ

2 − 1)

2λnπ
,

v
(0,1)
2 = −

U
(0,1)
1s,ξ

2nπ
, P

(1,1)
t = −2nπU

(0,1)
1s,ξ . (6.20)

We note that in the solution (6.19), the functions U
(0,0)
1s , U

(0,1)
1s and P

(0,1)
t remain undefined and

the following relation between the two leading order functions is valid

p
(0)
t =

U
(0,0)
1s 2(1− λ2)nπ

λ
. (6.21)

6.1.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-

tion are given by

λ2W
(0)
1 + λp

(2)
t,ζ − λ2u

(2)
1,ζζ − 4n2π2λ2u

(2)
1 + λ2p

(1)
t,ξ = λ

(
2(λ2 − 1) + p

)
u

(1)
1,ξζ + λ (1 + p) u

(1)
2,ζζ

+
(
(p− 1)λ2 + 1 + λ4

)
u

(0)
1,ξξ +

(
(p + 2)λ2 − 2

)
u

(0)
2,ξζ + 4n2π2λu

(1)
2 ,

λ2W
(0)
1 − λ3p

(2)
t,ζ − λ2u

(2)
1,ζζ − 4n2π2λ2u

(2)
1 + λ2p

(1)
t,ξ = λ

(
λ2(2− p)− 2

)
u

(1)
1,ξζ−

− λ3 (1 + p) u
(1)
2,ζζ +

(
(p− 1)λ2 + 1 + λ4

)
u

(0)
1,ξξ +

(
pλ2 − 2λ2(1− λ2)

)
u

(0)
2,ξζ − λ34n2π2u

(1)
2 ,

u
(2)
1,ξ + u

(2)
2,ζ = 0, (6.22)

subject to the zero displacement boundary conditions

u
(2)
1 = 0 u

(2)
2 = 0, at ζ = 0,−1. (6.23)

From equations (6.22)1 and (6.22)2 we deduce that

(
λ2 + 1

)
λ2p

(2)
t,ζ =

(
1 + λ2

)
λ24n2π2u

(1)
2 +

(
1 + λ2

)
pλ2u

(1)
1,ξζ+

+ (1 + p) (λ2 + 1)λ2u
(1)
2,ζζ +

(
λ4 − 1

)
2λu

(0)
2,ξζ , (6.24)
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from which, with the help of leading order solutions (6.10) and second order solutions (6.19), we

derive the following representation for the incremental pressure

p
(2)
t =

nπ
(
λ2 − 1

)

λ
U

(0,0)
1s,ξξζ

2 − 2nπU
(0,1)
1s,ξ ζ + P

(0,2)
t . (6.25)

Using the form of the leading order solution (6.10) and second order solution (6.19) we

are able to establish that at third order the general form of in-plane and normal displacement

components are given by (5.38) with the cut-off frequencies Ω = 2nπ. Our aim is to determine

the unknown coefficients in (5.38) and hence establish a solution of the third order problem.

Employing the forms of displacement components (5.38), together with the form of incremental

pressure (6.25), each of equations (6.22) can be expressed in the form (5.39). We note that in

the associated system (5.40) some of the equations are identically zero. There are twenty three

unknown functions within the third order problem: nineteen unknown functions arises at third

order, two undefined functions from second order U
(0,1)
1s , P

(0,1)
t and two functions connected with

the leading order W
(0)
1 , U

(0,0)
1s .

We now insert the general representations for the displacement components (5.38), with the

incremental pressure given by (6.25), into the first equation of motion (6.22)1 and then represent

it in the form (5.39). The relation (5.38) yields a system of equations to determine the unknown

functions in (5.38). Then from equation (6.22)1 we note that the term in sin(2nπζ) yields

U
(2,2)
1c = 0, (6.26)

λ2W
(0)
1 + (6λ2 − 7)λ2U

(0,0)
1s,ξξ − 2λ2U

(2,2)
1s + 4λ2nπU

(1,2)
1c = 0, (6.27)

with the term in cos(2nπζ) providing

(λ2 − 1)2U (0,0)
1s,ξξ − 2λ2U

(2,2)
1s = 0, (6.28)

λ2nπU
(1,2)
1s + λU

(2,2)
1c + 2nπ(λ2 − 1)U (0,1)

1s,ξ = 0, (6.29)

the remaining relations, arising within equation (6.22)1, being given by

v
(2,2)
1 = 0, (6.30)

U
(0,0)
1s,ξξ + 2nπv

(1,2)
1 = 0, (6.31)

2v
(2,2)
1 + 4n2π2v

(0,2)
1 − P

(0,1)
t,ξ = 0. (6.32)

We remark that the equation of motion (6.22)2 gives no additional equations to determine other

unknowns in (5.38). The incompressibility condition (6.22)3 yields the following relations from
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the sin(2nπζ) term

U
(2,2)
1s,ξ − 2nπU

(2,2)
2c = 0, (6.33)

U
(1,2)
1s,ξ − 2nπU

(1,2)
2c + 2U

(2,2)
2s = 0, (6.34)

U
(0,2)
1s,ξ + U

(1,2)
2s − 2nπU

(0,2)
2c = 0, (6.35)

the equations connected with the cos(2nπζ) term provide

2nπU
(2,2)
2s + U

(2,2)
1c,ξ = 0, (6.36)

2nπU
(1,2)
2s + 2U

(2,2)
2c + U

(1,2)
1c,ξ = 0, (6.37)

U
(0,2)
1c,ξ + 2nπU

(0,2)
2s + U

(1,2)
2c = 0, (6.38)

with the remaining equations arising from (6.22)3 are given by

2v
(2,2)
2 + v

(1,2)
1,ξ = 0, (6.39)

v
(0,2)
1,ξ + v

(1,2)
2 = 0. (6.40)

The zero displacement boundary conditions (6.23) at the upper and lower surfaces of the layer

are now employed. We substitute the general solution for the displacement components (5.38),

taking into account the form of incremental pressure (6.25), into the in-plane displacement com-

ponent (6.23)1, vanishing of which at the upper surface of the layer ζ = 0 yielding

U
(0,2)
1c + v

(0,2)
1 = 0. (6.41)

Similarly, the in-plane displacement component (6.23)1 is also zero at the lower surface of the

layer ζ = −1, providing the following relation

U
(0,2)
1c − U

(1,2)
1c + U

(2,2)
1c + v

(0,2)
1 − v

(1,2)
1 + v

(2,2)
1 = 0. (6.42)

Within the same spirit, the normal displacement component (6.23)2 vanishes at the upper surface

of the layer ζ = 0, yielding the following relation

U
(0,2)
2c + v

(0,2)
2 = 0, (6.43)

with the similar condition at ζ = −1 providing

U
(0,2)
2c − U

(1,2)
2c + U

(2,2)
2c + v

(0,2)
2 − v

(1,2)
2 + v

(2,2)
2 = 0. (6.44)



CHAPTER 6. NON-CLASSICAL HIGH FREQUENCY MODELS 121

We make use of Maple (1996) to obtain the solution of the homogeneous system of equa-

tions (6.26)–(6.44) to determine the unknown functions in the representations (5.38) and (6.25).

At third order the displacement components and incremental pressure can now be expressed as

u
(2)
1 = U

(0,2)
1c cos(2nπζ) + U

(0,2)
1s sin(2nπζ) + U

(1,2)
1c ζ cos(2nπζ) + U

(1,2)
1s ζ sin(2nπζ)

+ U
(2,2)
1s ζ2 sin(2nπζ) + v

(0,2)
1 + v

(1,2)
1 ζ,

u
(2)
2 = U

(0,2)
2c cos(2nπζ) + U

(0,2)
2s sin(2nπζ) + U

(1,2)
2c ζ cos(2nπζ) + U

(1,2)
2s ζ sin(2nπζ)

+ U
(2,2)
2c ζ2 cos(2nπζ) + v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2,

p
(2)
t = P

(0,2)
t + P

(1,2)
t ζ + P

(2,2)
t ζ2, (6.45)

where the non-zero coefficients are given by

U
(0,2)
1c =

2U
(0,1)
1s,ξ λ

(
λ2 − 1

)
+ U

(0,0)
1s,ξξ

(
λ2(λ2 − 1) + 1

)

4λ2nπ
, U

(1,2)
1c =

U
(0,0)
1s,ξξ

2nπ
,

U
(1,2)
1s =

U
(0,1)
1s,ξ

(
1− λ2

)

λ
, U

(2,2)
1s =

U
(0,0)
1s,ξξ

(
λ2 − 1

)2

2λ2
,

v
(0,2)
1 =

U
(0,1)
1s,ξ λ

(
1− λ2

)− U
(0,0)
1s,ξξ

(
λ2(λ2 − 1) + 1

)

2λ2nπ
, v

(1,2)
1 = −

U
(0,0)
1s,ξξ

2nπ
, (6.46)

U
(0,2)
2c =

U
(0,2)
1s,ξ λ24n2π2 − U

(0,0)
1s,ξξξ

(
λ2(λ2 − 1) + 1

)

8λ2n3π3
, U

(0,2)
2s =

U
(0,0)
1s,ξξξ

(
λ2(1− λ2)− 1

)

8λ2n2π2
,

U
(1,2)
2c =

U
(0,1)
1s,ξξ

(
1− λ2

)

2λnπ
, U

(1,2)
2s =

U
(0,0)
1s,ξξξ

(
λ2(1− λ2)− 1

)

4λ2n2π2
,

U
(2,2)
2c =

U
(0,0)
1s,ξξξ (λ− 1)2 (λ + 1)2

4λ2nπ
, v

(0,2)
2 =

U
(0,0)
1s,ξξξ

(
λ2(λ2 − 1) + 1

)− U
(0,2)
1s,ξ λ24n2π2

8λ2n3π3
,

v
(1,2)
2 =

2U
(0,1)
1s,ξξ

(
λ2 − 1

)
λ + U

(0,0)
1s,ξξξ

(
λ2(λ2 − 1) + 1

)

4λ2nπ
, v

(2,2)
2 =

U
(0,0)
1s,ξξξ

4nπ
,

P
(2,2)
t =

U
(0,0)
1s,ξξnπ

(
λ2 − 1

)

λ
, P

(1,2)
t = − 2nπU

(0,1)
1s,ξ . (6.47)

We note that at third order the functions U
(0,1)
1s , U

(0,2)
1s and P

(0,2)
t remain undefined. However,

the function P
(0,1)
t in the solution (6.19) can be expressed as

P
(0,1)
t =

nπ
(
U

(0,0)
1s,ξ

(
λ2(1− λ2)− 1

)− 2U
(0,1)
1s λ

(
λ2 + 1

))

λ2
. (6.48)

Now we are ready to derive the governing equation for the long wave amplitude U
(0,0)
1s . This

governing equation can be obtained only at the third order problem. This fact is the novel

aspect in comparison to previously derived dynamic models, see for example Nolde and Rogerson
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(2002), Prikazchikova (2004). To begin with, we employ the following representation for the

function W
(0)
1

W
(0)
1 =

U
(0,0)
1s,ξξ

(
3λ2 − 2(λ4 + 1)

)

λ2
, (6.49)

which yields the following non-dimensional governing equation for the long wave amplitude U
(0,0)
1s

η−2
(
U

(0,0)
1s,ττ + 4n2π2U

(0,0)
1s

)
+

(
2(λ4 + 1)− 3λ2

)

λ2
U

(0,0)
1s,ξξ = 0. (6.50)

Employing the representation for the dimensionless frequency (5.69) the governing equation (6.50)

can be represented in original variables x1 and t in the following form

ρh2

µ

∂2U
(0,0)
1s

∂2t2
+ 4n2π2U

(0,0)
1s + h2

((
2(λ4 + 1)− 3λ2

)

λ2

)
∂2U

(0,0)
1s

∂2x2
1

= 0. (6.51)

We remark here that the governing equation (6.51) is elliptic due to the following quantity

being positive for all λ

B(1)
e =

(
2(λ4 + 1)− 3λ2

)

λ2
> 0. (6.52)

The existence of negative group velocity in dispersive curves, see Figure 3.1, for the long wave high

frequency motion in the vicinity of cut-off frequencies, can be associated with the equation (6.51)

being elliptic. In addition, the function B(1)
e is consistent with the corresponding coefficient in

the model derived by Nolde and Rogerson (2002) when ε = 0.

If now we specify the function U
(0,0)
1s in the form (1.72) and substitute it into the governing

equation (6.51). Then taking into account (5.69) we obtain the following asymptotic expansion

for squared non-dimensional frequency

Ω2 = 4n2π2 − B(1)
e η2 + O(η4). (6.53)

The representation (3.29) yields

Ω2 = 4n2π2 + 4nπΩ(2)
1fhη2 + O(η4), (6.54)

where Ω(2)
1fh is given by (3.27). With the help of relation ε = (λ2 − 1)/λ one can see that

expansions (6.53) and (6.54) coincide. This fact demonstrates the consistency of the derived

dynamic one-dimensional model with asymptotic analysis of dispersion relation (3.5) when the

cut-off frequencies are given by (3.24).
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6.2 Asymptotically approximate equations for the layer with

fixed faces: second family of cut-off frequencies

6.2.1 Asymptotic scaling and dimensionless equations

In this section we focus attention to a layer with fixed faces, in order to obtain a simplified dynamic

model, we perform asymptotic integration in the vicinity of the cut-off frequencies given by the

transcendental equation (3.13), with the associated relative asymptotic orders of displacements

and incremental pressure are expressed in (3.51). Therefore, the appropriate scalings are given

by

x1 = lξ, x2 = lηζ,

u1 = lu∗1, u2 = lηu∗2, pt = µp∗t η
−2, t = lη

√
ρ

µ
τ, (6.55)

where the superscript * indicates dimensionless quantities. Hence the equations of motion (1.120)

can be represented in a non-dimensional form. In addition, we employ relations (5.4), valid for

the high frequency motion in the vicinity of cut-off frequencies. The non-dimensional equations

of motion can now be expressed as

M (t)1 = c1
4η

4 + c1
3η

3 + c1
2η

2 + c1
1η + c1

0 = 0, M (t)2 = c2
4η

4 + c2
3η

3 + c2
2η

2 + c2
1η + c2

0 = 0,

c1
0 = p∗t,ζλ

2, c2
0 = p∗t,ζλ

3,

c1
1 = λ3(p∗t,ξ − Ω2u∗1 − u∗1,ζζ), c2

1 = λ2(Ω2u∗1 + u∗1,ζζ − p∗t,ξ),

c1
2 =

(
2(1− λ2)− p

)
λ2u∗1,ξζ − λ2Ω2u∗2 − (p + 1)λ2u∗2,ζζ ,

c2
2 =

(
(2− p) λ2 − 2

)
λu∗1,ξζ − λ3Ω2u∗2 − (p + 1)λ3u∗2,ζζ ,

c1
3 =

(
(1− p) λ2 − λ4 − 1

)
λu∗1,ξξ + λ3W ∗

1 +
(
2− (2 + p) λ2

)
λu∗2,ξζ ,

c2
3 =

(
λ4 + (p− 1) λ2 + 1

)
u∗1,ξξ − λ2W ∗

1 +
(
2(1− λ2) + p

)
λ2u∗2,ξζ ,

c1
4 =

(
λ2(1− λ2)− 1

)
u∗2,ξξ + λ2W ∗

2 , c2
4 =

(
λ2(1− λ2)− 1

)
λu∗2,ξξ + λ3W ∗

2 , (6.56)

where Ω is the solution of the transcendental equation (3.13). Equations (6.56) must be solved

in conjunction with the non-dimensional incompressibility condition (5.6) and subject to the

zero displacement boundary conditions (6.1). The solutions of equations (6.56),(5.6), subject to

boundary conditions (6.1), are sought in the form of series (4.11).
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6.2.2 Leading order problem

At leading order, the non-dimensional equations of motion, and associated incompressibility

condition, are given by

p
(0)
t,ζ = 0, Ω0

2u
(0)
1 + u

(0)
1,ζζ − p

(0)
t,ξ = 0, u

(0)
1,ξ + u

(0)
2,ζ = 0, (6.57)

subject to the boundary conditions (6.3). Equations (6.57)1 and (6.57)2 enable us to obtain the

following relations

p
(0)
t = P

(0,0)
t , u

(0)
1 = U

(0,0)
1c cos(Ω0ζ) + U

(0,0)
1s sin(Ω0ζ) +

P
(0,0)
t,ξ

Ω2
0

. (6.58)

Using the incompressibility condition (6.57)3 we can represent the normal displacement compo-

nent in the following form

u
(0)
2 =

U
(0,0)
1s,ξ

Ω0
cos(Ω0ζ)−

U
(0,0)
1c,ξ

Ω0
sin(Ω0ζ)−

P
(0,0)
t,ξξ

Ω2
0

ζ + v
(0,0)
2 . (6.59)

The boundary conditions (6.3) at the upper and lower surfaces of the layer, together with relations

sin(Ω0) = 4Ω0/(4 + Ω2
0), cos(Ω0) = (4− Ω2

0)/(4 + Ω2
0), (6.60)

providing the following representations

U
(0,0)
1c,ξ = −P

(0,0)
t

Ω2
0

, U
(0,0)
1s,ξ = −P

(0,0)
t

2Ω0
, v2 = −

P
(0,0)
t,ξξ

2Ω2
0

. (6.61)

Hence, the solution of the leading order problem is given by

u
(0)
1 = −

P
(0,0)
t,ξ cos (Ω0 ζ)

Ω0
2 +

P
(0,0)
t,ξ sin (Ω0 ζ)

2Ω0
+

P
(0,0)
t,ξ

Ω0
2 ,

u
(0)
2 =

P
(0,0)
t,ξξ cos (Ω0 ζ)

2Ω0
2 +

P
(0,0)
t,ξξ sin (Ω0 ζ)

Ω0
3 −

P
(0,0)
t,ξξ

2Ω0
2 −

P
(0,0)
t,ξξ ζ

Ω0
2 ,

p
(0)
t = P

(0,0)
t . (6.62)

The representation (6.62) indicate that the incremental pressure P
(0,0)
t is the essential parameter

in the model, this fact is consistent with the results obtained by Nolde and Rogerson (2002). We

remark that in all the other models considered in this thesis the essential parameter is the long

wave amplitude.
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6.2.3 Second order problem

At second order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by

p
(1)
t,ζ = 0, λΩ0

2u
(1)
1 − λp

(1)
t,ξ + λu

(1)
1,ζζ = 2

(
1− λ2

)
u

(0)
1,ξζ , u

(1)
1,ξ + u

(1)
2,ζ = 0, (6.63)

and subject to the boundary conditions (6.12). From equation (6.63)1 we deduce that the second

order incremental pressure does not depend on ζ, thus p
(1)
t = P

(0,1)
t .

It is possible to integrate the system of equations (6.63), subject to boundary conditions (6.12),

in a similar manner to that employed for the leading order problem. However, to facilitate the

analysis we establish that the general solution of the equations (6.63), subject to the boundary

conditions (6.12), can be expressed as

u
(1)
1 = U

(0,1)
1c cos(Ωζ) + U

(0,1)
1s sin(Ωζ) + U

(1,1)
1c ζ cos(Ωζ) + U

(1,1)
1s ζ sin(Ωζ)

+ v
(0,1)
1 + v

(1,1)
1 ζ,

u
(1)
2 = U

(0,1)
2c cos(Ωζ) + U

(0,1)
2s sin(Ωζ) + U

(1,1)
2c ζ cos(Ωζ) + U

(1,1)
2s ζ sin(Ωζ)

+ v
(0,1)
2 + v

(1,1)
2 ζ + v

(2,1)
2 ζ2, (6.64)

where cut-off frequencies Ω = Ω0 are given by transcendental equation (3.13). Employing the

representation (6.64), each of the equation of motion (6.63)1 and (6.63)2, incompressibility (6.63)3

and boundary conditions (6.12) can be written in a similar general form, given by

(a(1)ζ + b(1)) sin(Ωζ) + (b(1)ζ + d(1)) cos(Ωζ) + e(1)ζ + f (1) = 0, (6.65)

providing for each particular equation

a(1) = 0, b(1) = 0, c(1) = 0, d(1) = 0, e(1), f (1) = 0, (6.66)

The equations of motion (6.63)1 and (6.63)2 yielding the following relations

P
(0,0)
t,ξξ

(
λ2 + 1

)− λΩ0
2U

(1,1)
1c = 0, (6.67)

2λΩ0U
(1,1)
1s + P

(0,0)
t,ξξ

(
λ2 − 1

)
= 0, (6.68)

v
(1,1)
1 = 0, (6.69)

Ω0
2v

(0,1)
1 − P

(0,1)
t,ξ = 0, (6.70)
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and incompressibility condition (6.63)3 provides

Ω0U
(1,1)
2c − U

(1,1)
1s,ξ = 0, (6.71)

U
(0,1)
1s,ξ + U

(1,1)
2s − Ω0U

(0,1)
2c = 0, (6.72)

Ω0U
(1,1)
2s + U

(1,1)
1c,ξ = 0, (6.73)

U
(1,1)
2c + U

(0,1)
1c,ξ + Ω0U

(0,1)
2s = 0, (6.74)

v
(1,1)
1,ξ + 2v

(2,1)
2 = 0, (6.75)

v
(0,1)
1,ξ + v

(1,1)
2 = 0. (6.76)

From the zero displacement boundary conditions (6.12) we obtain the following relations

U
(0,1)
1c + v

(0,1)
1 = 0, (6.77)

(4− Ω0
2)U (0,1)

1c − 4U
(0,1)
1s Ω0 − (4− Ω0

2)U (1,1)
1c

+ 4Ω0U
(1,1)
1s + (4 + Ω0

2)v(0,1)
1 − (4− Ω0

2)v(1,1)
1 = 0, (6.78)

U
(0,1)
2c + v

(0,1)
2 = 0, (6.79)

(4− Ω0
2)U (0,1)

2c − 4Ω0U
(0,1)
2s − (4− Ω0

2)U (1,1)
2c + 4Ω0U

(1,1)
2s

+ (4 + Ω0
2)v(0,1)

2 − (4 + Ω0
2)v(1,1)

2 + (4 + Ω0
2)v(2,1)

2 = 0. (6.80)

We solve the homogeneous system of equations (6.67)–(6.80) with the help of Maple (1996).

To summarize, at second order the displacement components and incremental pressure may be

expressed in the following form

u
(1)
1 = U

(0,1)
1c cos(Ω0ζ) + U

(0,1)
1s sin(Ω0ζ) + U

(1,1)
1c ζ cos(Ω0ζ) + U

(1,1)
1s ζ sin(Ω0ζ) + v

(0,1)
1 ,

u
(1)
2 = U

(0,1)
2c cos(Ω0ζ) + U

(0,1)
2s sin(Ω0ζ) + U

(1,1)
2c ζ cos(Ω0ζ) + U

(1,1)
2s ζ sin(Ω0ζ)+

+ v
(0,1)
2 + v

(1,1)
2 ζ, p

(1)
t = P

(0,1)
t , (6.81)

where the non-zero coefficients are represented as

U
(0,1)
1c = −

P
(0,1)
t,ξ

Ω0
2 , U

(0,1)
1s =

P
(0,0)
t,ξξ

(
4 + Ω0

2
) (

1− λ2
)

+ 2 λP
(0,1)
t,ξ Ω0

2

4Ω0
3λ

,

U
(1,1)
1c =

P
(0,0)
t,ξξ

(
λ2 − 1

)

Ω0
2λ

, U
(1,1)
1s =

P
(0,0)
t,ξξ

(
1− λ2

)

2Ω0 λ
, v

(0,1)
1 =

P
(0,1)
t,ξ

Ω0
2 , (6.82)
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U
(0,1)
2c =

2λP
(0,1)
t,ξξ Ω0

2 − P
(0,0)
t,ξξξ

(
8 + Ω0

2
) (

λ2 − 1
)

4Ω0
4λ

, U
(0,1)
2s =

2λP
(0,1)
t,ξξ + P

(0,0)
t,ξξξ

(
λ2 − 1

)

2Ω0
3λ

,

U
(1,1)
2c =

P
(0,0)
t,ξξξ

(
1− λ2

)

2Ω0
2λ

, U
(1,1)
2s =

P
(0,0)
t,ξξξ

(
1− λ2

)

Ω0
3λ

, v
(1,1)
2 = −

P
(0,1)
t,ξξ

Ω0
2 ,

v
(0,1)
2 =

P
(0,0)
t,ξξξ

(
8 + Ω0

2
) (

λ2 − 1
)− 2λP

(0,1)
t,ξξ Ω0

2

4Ω0
4λ

. (6.83)

We remark that the functions P
(0,0)
t and P

(0,1)
t remain undefined within the second order solu-

tion (6.81).

6.2.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-

tion are given by

p
(2)
t,ζ = Ω0

2u
(0)
2 +

(
p + 2(λ2 − 1)

)
u

(0)
1,ξζ + (p + 1)u

(0)
2,ζζ + λΩ0

2u
(1)
1 − λp

(1)
t,ξ + λu

(1)
1,ζζ ,

λ2W
(0)
1 + λ2p

(2)
t,ξ − λ2u

(2)
1,ζζ − λ2Ω0

2u
(2)
1 =

=
(
λ2(λ2 − 1) + pλ2 + 1

)
u

(0)
1,ξξ + λ2pu

(0)
2,ξζ + 2 λ

(
λ2 − 1

)
u

(1)
1,ξζ ,

u
(2)
1,ξ + u

(2)
2,ζ = 0, (6.84)

subject to the zero displacement boundary conditions (6.23). From equation (6.84)1 we obtain

p
(2)
t,ζ = Ω0

2u
(0)
2 +

(
p + 2(λ2 − 1)

)
u

(0)
1,ξζ + (p + 1)u

(0)
2,ζζ + λΩ0

2u
(1)
1 − λp

(1)
t,ξ + λu

(1)
1,ζζ . (6.85)

Taking into account the solutions of the leading order problem (6.62) and the second order

problem (6.81) we deduce that

p
(2)
t = −

P
(0,0)
t,ξξ ζ2

2
−

P
(0,0)
t,ξξ ζ

2
+ P

(0,2)
t . (6.86)

To facilitate our analysis we establish that the general solution of the equations (6.84) subject

to the boundary conditions (6.23) can be expressed as

u
(2)
1 = U

(0,2)
1c cos(Ωζ) + U

(0,2)
1s sin(Ωζ) + U

(1,2)
1c ζ cos(Ωζ) + U

(1,2)
1s ζ sin(Ωζ)

+ U
(2,2)
1c ζ2 cos(Ωζ) + U

(2,2)
1s ζ2 sin(Ωζ) + v

(0,2)
1 + v

(1,2)
1 ζ + v

(2,2)
1 ζ2,

u
(2)
2 = U

(0,2)
2c cos(Ωζ) + U

(0,2)
2s sin(Ωζ) + U

(1,2)
2c ζ cos(Ωζ) + U

(1,2)
2s ζ sin(Ωζ)

+ U
(2,2)
2c ζ2 cos(Ωζ) + U

(2,2)
2s ζ2 sin(Ωζ) + v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2 + v

(3,2)
2 ζ3, (6.87)
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where cut-off frequencies Ω = Ω0 are given by transcendental equation (3.13). Employing repre-

sentations (6.87) and (6.86), each of equations (6.84) takes the following similar general form

(A(1)ζ2 + B(1)ζ + C(1)) sin(Ωζ) + (D(1)ζ2 + E(1)ζ + F (1)) cos(Ωζ)

+ K(1)ζ2 + L(1)ζ + M (1) = 0, (6.88)

yielding for each equation

A(1) = 0, B(1) = 0, C(1) = 0, D(1) = 0, E(1), F (1) = 0

K(1) = 0, L(1) = 0, M (1) = 0. (6.89)

We note that in the system (6.89) some of the equations are identically zero. From the equations

of motion (6.84)1 and (6.84)2 we obtain the following relations

2λ2Ω0
2U

(2,2)
1c + (λ2 − 1)2P (0,0)

t,ξξξ = 0, (6.90)

(λ4 − 3λ2 + 1))P (0,0)
t,ξξξ − 4λ(λ2 + 1)P (0,1)

t,ξξ − 4λ2Ω0(U
(2,2)
1s − Ω0U

(1,2)
1c ) + λ2W 0

1 = 0, (6.91)

4λ2Ω0U
(2,2)
1s − (λ2 − 1)2P (0,0)

t,ξξξ = 0, (6.92)

2λ2W 0
1 − 2(λ2(λ2 − 1) + 1)P (0,0)

t,ξξξ + 4 λ2Ω0
3U

(1,2)
1s + 4 λ2Ω0

2U
(2,2)
1c

+ 2Ω0
2λ(λ2 − 1)P (0,1)

t,ξξ − Ω0
2(λ2 − 1)2P (0,0)

t,ξξξ = 0, (6.93)

2v
(2,2)
1 Ω0

2 + P
(0,0)
t,ξξξ = 0, (6.94)

2v
(1,2)
1 Ω0

2 + P
(0,0)
t,ξξξ = 0, (6.95)

(λ2(λ2 − 1) + 1)P (0,0)
t,ξξξ + λ2Ω0

4v
(0,2)
1 − λ2W 0

1 + 2λ2Ω0
2v

(2,2)
1 − λ2P

(0,2)
t,ξ Ω0

2 = 0. (6.96)

The incompressibility condition (6.84)3 also provides

Ω0U
(2,2)
2c − U

(2,2)
1s,ξ = 0, (6.97)

2U
(2,2)
2s − Ω0U

(1,2)
2c + U

(1,2)
1s,ξ = 0, (6.98)

U
(0,2)
1s,ξ + U

(1,2)
2s − Ω0U

(0,2)
2c = 0, (6.99)

U
(2,2)
1c,ξ + Ω0U

(2,2)
2s = 0, (6.100)

Ω0U
(1,2)
2s + 2U

(2,2)
2c + U

(1,2)
1c,ξ = 0, (6.101)

U
(0,2)
1c,ξ + Ω0U

(0,2)
2s + U

(1,2)
2c = 0, (6.102)

v
(2,2)
1,ξ + 3v

(3,2)
2 = 0, (6.103)

2v
(2,2)
2 + v

(1,2)
1,ξ = 0, (6.104)

v
(1,2)
2 + v

(0,2)
1,ξ = 0. (6.105)
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Finally, the zero displacement boundary conditions (6.23) enable us to establish the following

relations

U
(0,2)
1c + v

(0,2)
1 = 0, (6.106)

(4− Ω0
2)U (0,2)

1c − 4U
(0,2)
1s Ω0 − (4− Ω0

2)U (1,2)
1c + 4U

(1,2)
1s Ω0 + (4− Ω0

2)U (2,2)
1c

+ (4 + Ω0
2)v(0,2)

1 − 4U
(2,2)
1s Ω0 − (4 + Ω0

2)v(1,2)
1 + (4 + Ω0

2)v(2,2)
1 = 0, (6.107)

U
(0,2)
2c + v

(0,2)
2 = 0, (6.108)

(4− Ω0
2)U (0,2)

2c − 4U
(0,2)
2s Ω0 − (4− Ω0

2)U (1,2)
2c + 4U

(1,2)
2s Ω0

+ (4− Ω0
2)U (2,2)

2c − 4Ω0U
(2,2)
2s + (4 + Ω0

2)v(0,2)
2 − (4 + Ω0

2)v(1,2)
2

+ (4 + Ω0
2)v(2,2)

2 − (4 + Ω0
2)v(3,2)

2 = 0. (6.109)

We solve the homogeneous system of equations (6.90)–(6.109) with the help of Maple (1996) to

determine the unknown functions in the representations (6.87) and (6.86). As a result, we derive

the following solution of the third order problem

u
(2)
1 = U

(0,2)
1c cos(Ω0ζ) + U

(0,2)
1s sin(Ω0ζ) + U

(1,2)
1c ζ cos(Ω0ζ) + U

(1,2)
1s ζ sin(Ω0ζ)

+ U
(2,2)
1c ζ2 cos(Ω0ζ) + U

(2,2)
1s ζ2 sin(Ω0ζ) + v

(0,2)
1 + v

(1,2)
1 ζ + v

(2,2)
1 ζ2,

u
(2)
2 = U

(0,2)
2c cos(Ω0ζ) + U

(0,2)
2s sin(Ω0ζ) + U

(1,2)
2c ζ cos(Ω0ζ) + U

(1,2)
2s ζ sin(Ω0ζ)

+ U
(2,2)
2c ζ2 cos(Ω0ζ) + U

(2,2)
2s ζ2 sin(Ω0ζ) + v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2 + v

(3,2)
2 ζ3,

p
(2)
t = P

(0,2)
t + P

(1,2)
t ζ + P

(2,2)
t ζ2, (6.110)

where non-zero coefficients are represented by

U
(0,2)
1s =

12v(0,2)
1 Ω0

4λ + P
(0,0)
t,ξξξ λ

(
4 + Ω0

2
)

+ 6P
(0,1)
t,ξξ (1− λ2)

(
4 + Ω2

0

)

24λΩ0
3 ,

U
(1,2)
1c =

P
(0,0)
t,ξξξ

(
7λ2 − 3(λ4 + 1)

)
+ 6P

(0,1)
t,ξξ λ

(
λ2 − 1

)

6Ω0
2λ2

,

U
(1,2)
1s =

P
(0,0)
t,ξξξ

(
4λ2 + 3Ω0

2(λ2 − 1)2
)

+ 6P
(0,1)
t,ξξ Ω0

2λ
(
1− λ2

)

12Ω0
3λ2

,

U
(2,2)
1c = −

P
(0,0)
t,ξξξ (λ2 − 1)2

2Ω0
2λ2

, U
(2,2)
1s =

P
(0,0)
t,ξξξ (λ2 − 1)2

4λ2Ω0
,

v
(1,2)
1 = −

P
(0,0)
t,ξξξ

2Ω0
2 , v

(2,2)
1 = −

P
(0,0)
t,ξξξ

2Ω0
2 , U

(0,2)
1c = −v

(0,2)
1 , (6.111)
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U
(0,2)
2c =

P
(0,0)
t,ξξξξ

(
Ω0

2λ2 + 4(3(λ4 + 1)− 5λ2)
)− P

(0,1)
t,ξξξ 6λ

(
λ2 − 1

)
(Ω2

0 + 8) + 12λ2P
(0,2)
t,ξξ Ω0

2

24λ2Ω0
4 ,

U
(0,2)
2s =

4 λ2P
(0,2)
t,ξξ + 2 λ

(
λ2 − 1

)
P

(0,1)
t,ξξξ −

(
λ2 − 1

)2
P

(0,0)
t,ξξξξ

4Ω0
3λ2

,

U
(1,2)
2c =

P
(0,0)
t,ξξξξ

(
4(3(λ4 + 1)− 5λ2) + 3Ω2

0(λ
2 − 1)2

)
+ 6 λΩ0

2
(
1− λ2

)
P

(0,1)
t,ξξξ

12λ2Ω0
4 ,

U
(1,2)
2s = −

P
(0,0)
t,ξξξξλ + 6P

(0,1)
t,ξξξ

(
1 + λ2

)

6λΩ0
3 ,

U
(2,2)
2c =

P
(0,0)
t,ξξξξ(λ

2 − 1)2

4Ω0
2λ2

, U
(2,2)
2s =

P
(0,0)
t,ξξξξ

(
λ2 − 1

)2

2λ2Ω0
3 ,

v
(0,2)
2 =

P
(0,0)
t,ξξξξ

(
4(5λ2 − 3(λ4 + 1))− Ω0

2λ2
)

+ 6λ
(
λ2 − 1

)
(Ω2

0 + 8)P (0,1)
t,ξξξ − 12λ2P

(0,2)
t,ξξ Ω0

2

24λ2Ω0
4 ,

v
(1,2)
2 =

P
(0,0)
t,ξξξξ

(
5λ2 − 3(λ4 + 1)

)− 3λ2P
(0,2)
t,ξξ Ω0

2

3λ2Ω0
4 , v

(2,2)
2 =

P
(0,0)
t,ξξξξ

4Ω0
2 , v

(3,2)
2 =

P
(0,0)
t,ξξξξ

6Ω0
2 ,

P
(2,2)
t = P

(1,2)
t = −

P
(0,0)
t,ξξ

2
. (6.112)

At third order, we derive the following representation for the derivative v
(0,2)
1,ξ

v
(0,2)
1,ξ =

P
(0,0)
t,ξξξξ

(
3(λ4 + 1)− 5λ2

)
+ 3 λ2P

(0,2)
t,ξξ Ω0

2

3λ2Ω0
4 , (6.113)

enabling the function v
(0,2)
1 to be expressed as

v
(0,2)
1 =

P
(0,0)
t,ξξξ

(
3(λ4 + 1)− 5λ2

)
+ 3 λ2P

(0,2)
t,ξ Ω0

2

3λ2Ω0
4 + v

(0,2)
01 (τ). (6.114)

We remark that at third order the functions P
(0,1)
t , P

(0,2)
t and v

(0,2)
01 (τ) remain undefined.

We are now in a position to derive the governing equation for the pressure increment P
(0,0)
t .

For this purpose we employ the following representation for the derivative w
(0)
1,ξ

w
(0)
1,ξ =

P
(0,0)
t,ξξξξ

(
6(λ4 + 1)− 11λ2

)

3λ2
, (6.115)

which yields the following relation

W
(0)
1 = w

(0)
1

(
sin(Ω0ζ)

2Ω0
− cos(Ω0ζ)

Ω2
0

+
1
Ω2

0

)
=

= η−2
(
P

(0,0)
t,ττξ + Ω2

0P
(0,0)
t,ξ

) (
sin(Ω0ζ)

2Ω0
− cos(Ω0ζ)

Ω2
0

+
1
Ω2

0

)
. (6.116)

The representations (6.116) and (6.115) enable us to establish the governing equation for the

pressure increment P
(0,0)
t in the following form

η−2
(
P

(0,0)
t,ττξξ + Ω2

0P
(0,0)
t,ξξ

)
−

(
6(λ4 + 1)− 11λ2

)

3λ2
P

(0,0)
t,ξξξξ = 0. (6.117)
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In contrast to all the previous high frequency models described in this thesis the governing

equation (6.117) is of the fourth order. The fourth order equation (6.117) has two additional

spurious solutions arising through the increase in order of ξ derivative. The first solution giving

P
(0,0)
t as a constant is clearly not a vibration type. The second solution, representing P

(0,0)
t as

the linear function of ζ, corresponds to the case in which u1 is independent of ξ and u2 = 0. This

type of motion is clearly not associated with long wave high frequency motion. Therefore it is

possible to remove two of the derivatives with respect to ξ and express (6.117) as

η−2
(
P

(0,0)
t,ττ + Ω2

0P
(0,0)
t

)
−

(
6(λ4 + 1)− 11λ2

)

3λ2
P

(0,0)
t,ξξ = 0. (6.118)

Employing the dimensionless frequency (5.69), the governing equation (6.118) can be represented

in original non-scaled variables t and x1 as

ρh2

µ

∂2P
(0,0)
t

∂2t2
+ Ω2

0P
(0,0)
t − h2

(
6(λ4 + 1)− 11 λ2

)

3λ2

∂2P
(0,0)
t

∂2x2
1

= 0. (6.119)

We remark that the governing equation (6.119) is of hyperbolic type due to the following quantity

being positive for all λ

B(2)
e =

(
6(λ4 + 1)− 11λ2

)

3λ2
> 0. (6.120)

Also when ε = 0 the function B(2)
e is consistent with the corresponding quantity in the model

by Nolde and Rogerson (2002).

If we specify the function P
(0,0)
t in the form (1.72) and substitute it into the governing equa-

tion (6.119) we obtain the following expansion for squared non-dimensional frequency

Ω2 = Ω2
0 + B(2)

e η2 + O(η4). (6.121)

The approximation (3.29) can be expressed in a form

Ω2 = Ω2
0 + 2Ω0Ω

(2)
2fhη2 + O(η4), (6.122)

where Ω(2)
2fh is given by (3.28). If we use relation ε = (λ2 − 1)/λ it is easy to see that ex-

pansions (6.121) and (6.122) coincide. This fact demonstrates the consistency of the derived

dynamic one-dimensional model with asymptotic analysis of dispersion relation (3.5) when the

cut-off frequencies are given by (3.25).
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6.3 Asymptotically approximate equations for the layer with one

free and one fixed faces

6.3.1 Asymptotic scaling and dimensionless equations

In this section we derive a simplified model for long wave high frequency motion in a layer with

one free and fixed faces, i.e. the so-called mixed boundary conditions (3.6). The corresponding

cut-off frequencies are expressed in relation (3.39). The associated relative asymptotic orders of

displacements and incremental pressure are given by (3.60) and hence equivalent to the corre-

sponding relation (3.51). Therefore we employ the non-dimensional equations of motion (6.56)

with associated non-dimensional incompressibility condition (5.6). The equations (6.56) and (5.6)

are subjected to the fixed face boundary condition at the upper surface of the layer given by

u∗1 = 0, u∗2 = 0, at ζ = 0, (6.123)

and the traction free boundary condition at lower surface of the layer expressed as

t1 = t13η
3 + t12η

2 + t11η + t10 = 0, t2 = t23η
3 + t22η

2 + t21η + t20 = 0, at ζ = −1,

t10 = λp∗t , t20 = λ2p∗t , t11 = −λ2u∗1,ζ , t21 = λu∗1,ζ ,

t12 = λ(1− λ2)u∗1,ξ − λ(p + 1)u∗2,ζ , t22 = (λ2 − 1)u∗1,ξ − λ2(p + 1)u∗2,ζ ,

t13 =
(
1− (1 + p)λ2

)
u∗2,ξ, t23 = λ

(
(p + 1)− λ2

)
u∗2,ξ. (6.124)

The solutions of equations (6.56) and (5.6) subject to boundary conditions (6.123), (6.124) are

sought in the form of series (4.11).

6.3.2 Leading order problem

At leading order, the non-dimensional equations of motion and associated incompressibility con-

dition are given by (6.57) and subject to the following boundary conditions

u
(0)
1 = 0, u

(0)
2 = 0, at ζ = 0; p

(0)
t = 0, at ζ = −1. (6.125)

From the equations of motion (6.56)1, (6.56)2 we deduce that

p
(0)
t = 0, u

(0)
1 = U

(0,0)
1c cos

(
(2n + 1)πζ

2

)
+ U

(0,0)
1s sin

(
(2n + 1)πζ

2

)
. (6.126)

The incompressibility condition (6.56)3 also provides the following relation

u
(0)
2 = −

2U
(0,0)
1c,ξ

(2n + 1)π
sin

(
(2k + 1)πζ

2

)
+

2U
(0,0)
1s,ξ

(2n + 1)π
cos

(
(2n + 1)πζ

2

)
+ v

(0,0)
2 . (6.127)
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Taking into account the boundary conditions (6.125), together with the relations

sin((2n + 1)π/2) = (−1)n, cos((2n + 1)π/2) = 0, (6.128)

we deduce that

U
(0,0)
1c = 0, U

(0,0)
2c =

2U
(0,0)
1s,ξ

(2n + 1)π
, v2 = −

2U
(0,0)
1s,ξ

(2n + 1)π
. (6.129)

As a result, the solution of the leading order problem is given by

u
(0)
1 = U

(0,0)
1s sin

(
(2n + 1)πζ

2

)
, u

(0)
2 =

2U
(0,0)
1s,ξ

(2k + 1)π
cos

(
(2n + 1)πζ

2

)
−

2U
(0,0)
1s,ξ

(2n + 1)π
,

p
(0)
t = 0. (6.130)

6.3.3 Second order problem

The second order problem consists of the non-dimensional equations of motion and associated

incompressibility condition for which the equations are given by (6.63) and subject to boundary

conditions

u
(1)
1 = 0, u

(1)
2 = 0, at ζ = 0; p

(1)
t = λu

(0)
1,ζ , λp

(1)
t = −u

(0)
1,ζ at ζ = −1. (6.131)

Employing the leading order solution (6.130) it is possible to deduce that at second order the

incremental pressure p
(1)
t is zero.

To facilitate our analysis we establish that the solution of equations (6.63) subject to boundary

conditions (6.131) can be expressed by (6.64) with cut-off frequencies given by (3.39). Using

representation (6.64), the equation of motion, incompressibility and boundary conditions take the

form (6.65). The equations (6.63) and (6.131) yields a homogeneous system (6.66) to determine

unknown functions in (6.64).

The equations of motion (6.63)1 and (6.63)2 provide the following relations

U
(1,1)
1c = 0, (6.132)

(λ2 − 1)U (0,0)
1s,ξ + λU

(1,1)
1s = 0, (6.133)

v
(1,1)
1 = 0, (6.134)

v
(0,1)
1 = 0. (6.135)
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The incompressibility condition (6.63)3 may now be used to yield the following equations

(2n + 1)πU
(1,1)
2c − 2U

(1,1)
1s,ξ = 0, (6.136)

2U
(0,1)
1s,ξ − (2n + 1)πU

(0,1)
2c + 2U

(1,1)
2s = 0, (6.137)

(2n + 1)πU
(1,1)
2s + 2U

(1,1)
1c,ξ = 0, (6.138)

(2n + 1)πU
(0,1)
2s + 2U

(1,1)
2c + 2U

(0,1)
1c,ξ = 0, (6.139)

v
(1,1)
1,ξ = 0, (6.140)

v
(1,1)
2 + v

(0,1)
1,ξ = 0, (6.141)

with the following additional equations coming from boundary conditions (6.131)

U
(0,1)
1c + v

(0,1)
1 = 0, (6.142)

U
(0,1)
2c + v

(0,1)
2 = 0. (6.143)

We employ Maple (1996) to solve the homogeneous system of equations (6.132)–(6.143). To con-

clude, at second order the displacement components and incremental pressure can be expressed

as

u
(1)
1 = U

(0,1)
1s sin

(
(2n + 1)πζ

2

)
+ U

(1,1)
1s ζ sin

(
(2n + 1)πζ

2

)
,

u
(1)
2 = U

(0,1)
2c cos

(
(2n + 1)πζ

2

)
+ U

(0,1)
2s sin

(
(2n + 1)πζ

2

)
+

+ U
(1,1)
2c ζ cos

(
(2n + 1)πζ

2

)
+ v

(0,1)
2 , p

(1)
t = 0, (6.144)

where the non-zero coefficients are given by

U
(1,1)
1s =

U
(0,0)
1s,ξ (1− λ2)

λ
, U

(0,1)
2c =

2U
(0,1)
1s,ξ

(2n + 1)π
,

U
(0,1)
2s =

4U
(0,0)
1s,ξξ

(
λ2 − 1

)

λ (2n + 1)2π2 , U
(1,1)
2c =

2U
(0,0)
1s,ξξ

(
1− λ2

)

λ(2n + 1)π
, v

(0,1)
2 = −

2U
(0,1)
1s,ξ

(2n + 1)π
. (6.145)

6.3.4 Third order problem

At third order, the non-dimensional equations of motion and associated incompressibility condi-

tion are given by (6.84) and subject to the following boundary conditions

u
(2)
1 = 0, u

(2)
2 = 0, at ζ = 0,

p
(2)
t =

(
1− λ2

)
u

(0)
1,ξ − (p + 1)u

(0)
2,ζ − λu

(1)
1,ζ , at ζ = −1,

λ2p
(2)
t =

(
1− λ2

)
u

(0)
1,ξ + λ2 (p + 1)u

(0)
2,ζ − λu

(1)
1,ζ , at ζ = −1. (6.146)
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We remark that to determine third order solution, and derive the governing equation for long

wave amplitude U
(0,0)
1s , it is necessary to consider at fourth order one equation of motion and

boundary conditions at the lower surface of the layer. These fourth order boundary conditions

consist of the in-plane fourth order traction component being equal to zero at the lower surface

of the layer ζ = −1, thus

λ2u
(2)
1,ζ − λp

(3)
t =

(
1− λ2(p + 1)

)
u

(0)
2,ξ + λ

(
1− λ2

)
u

(1)
1,ξ − λ (p + 1)u

(1)
2,ζ , (6.147)

with the normal fourth order traction component vanishing at ζ = −1, i.e.

λu
(2)
1,ζ + λ2p

(3)
t = λ

(
λ2 − p− 1

)
u

(0)
2,ξ −

(
λ2 − 1

)
u

(1)
1,ξ + λ2 (p + 1)u

(1)
2,ζ . (6.148)

The fourth order equation of motion can be expressed as

p
(3)
t,ζ =

(
λ2(λ2 − 1) + pλ2 + 1

)

λ
u

(0)
1,ξξ +

(
pλ2 − 2(1− λ2)

)

λ
u

(0)
2,ξζ+

+
(
2(λ2 − 1) + p

)
u

(1)
1,ξζ + (1 + p) u

(1)
2,ζζ +

(2n + 1)2π2

4
u

(1)
2 −

− λW
(0)
1 − λp

(2)
t,ξ + λu

(2)
1,ζζ +

(2n + 1)2π2λ

4
u

(2)
1 . (6.149)

The above equation (6.149) with the help of leading order solution (6.130) and second order

solution (6.144) yields the following representation for the fourth order incremental pressure

p
(3)
t = −(2n + 1)π

2
U

(0,1)
1s,ξ ζ + P

(0,3)
t . (6.150)

Employing the equation of motion (6.84)1 and boundary conditions (6.146)2, (6.146)3 we

derive the following relation

p
(2)
t,ζ =

(2n + 1)2π2

4
u

(0)
2 +

(
p + 2(λ2 − 1)

)
u

(0)
1,ξζ + (p + 1)u

(0)
2,ζζ+

+
λ(2n + 1)2π2

4
u

(1)
1 − λp

(1)
t,ξ + λu

(1)
1,ζζ . (6.151)

Using the relation (6.151) together with the leading order solution (6.130) and second order

solution (6.144), we derive the following representation for the incremental pressure p
(2)
t

p
(2)
t = −(2n + 1)π

2
U

(0,0)
1s,ξ ζ + U

(0,0)
1s,ξ

(
(−1)n (1 + p)− (2n + 1)π

2

)
. (6.152)

To simplify our analysis we note that the solution of equations (6.84), subject to boundary

conditions (6.146), is given by (6.87) with the cut-off frequencies Ω given by (3.39). Employing
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the expressions (6.87) and (6.86) the equations (6.84) can be expressed in the form (6.88). The

equations of motion (6.84)1 and (6.84)2 yield the following relations

U
(2,2)
1c = 0, (6.153)

(λ4 − 3λ2 + 1)U (0,0)
1s,ξξ − 2λ2U

(2,2)
1s + λ2(2n + 1)πU

(1,2)
1c + λ2W

(0)
1 = 0, (6.154)

2λ2U
(2,2)
1s − (λ2 − 1)2U (0,0)

1s,ξξ = 0, (6.155)

((2n + 1)πλ2 − 2)U (0,1)
1s,ξ + λ(2n + 1)πU

(1,2)
1s + 2λU

(2,2)
1c = 0, (6.156)

v
(2,2)
1 = 0, (6.157)

(2n + 1)πv
(1,2)
1 + 2U

(0,0)
1s,ξξ = 0, (6.158)

8v
(2,2)
1 + (2n + 1)2π2v

(0,2)
1 + 2((2n + 1)π − 2(p + 1) (−1)n)U (0,0)

1s,ξξ = 0, (6.159)

with the incompressibility condition (6.84)3 providing

(2n + 1)πU
(2,2)
2c − 2U

(2,2)
1s,ξ = 0, (6.160)

4U
(2,2)
2s − (2n + 1)πU

(1,2)
2c + 2U

(1,2)
1s,ξ = 0, (6.161)

2U
(0,2)
1s,ξ + 2U

(1,2)
2s − (2n + 1)πU

(0,2)
2c = 0, (6.162)

2U
(2,2)
1c,ξ + (2n + 1)πU

(2,2)
2s = 0, (6.163)

(2n + 1)πU
(1,2)
2s + 4U

(2,2)
2c + 2U

(1,2)
1c,ξ = 0, (6.164)

2U
(0,2)
1c,ξ + (2n + 1)πU

(0,2)
2s + 2U

(1,2)
2c = 0, (6.165)

v
(2,2)
1,ξ + 3v

(3,2)
2 = 0, (6.166)

2v
(2,2)
2 + v

(1,2)
1,ξ = 0, (6.167)

v
(1,2)
2 + v

(0,2)
1,ξ = 0, (6.168)

and the boundary conditions (6.146) yielding

U
(0,2)
1c + v

(0,2)
1 = 0, (6.169)

U
(0,2)
2c + v

(0,2)
2 = 0. (6.170)
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The boundary conditions (6.147) and (6.147) yields the following equations

4((2n + 1)π(−1)n(λ2 + 1 + p) + 2(p(λ2 + 1)− 1))U (0,0)
1s,ξξ

+ λ2(2n + 1)π((2n + 1)2π2 − 4)v(1,2)
1 + 4(2n + 1)πλP

(0,3)
t

+ 2(2n + 1)π(2(−1)n(λ(λ2 − 2)− p) + (2n + 1)π)U (0,1)
1s,ξ − λ2(2n + 1)3π3v

(2,2)
1

+ 4λ2(2n + 1)π (−1)n U
(1,2)
1s − λ2(2n + 1)3π3v

(0,2)
1 − 2λ2(2n + 1)2π2 (−1)n U

(1,2)
1c

− 4(2n + 1)πλ2 (−1)n W
(0)
1 + 6 (−1)k λ2(2n + 1)2π2U

(2,2)
1c

− 2λ2(2n + 1)2π2 (−1)n U
(0,2)
1c = 0, (6.171)

4((2n + 1)π(−1)n(λ2(p + 2)− 1− λ4(λ2 − 2)) + 2λ2(λ2 − (p + 1)))U (0,0)
1s,ξξ

+ 2λ2(2n + 1)2π2(−1)n(4λ2 + 1)U (2,2)
1c + 4(−1)n(2n + 1)πλ2(2(λ2 + 1)− 1)U (1,2)

1s

+ 2(2n + 1)πλ(λ2π(2n + 1)− 2(−1)n(λ2 − 1))U (0,1)
1s,ξ

+ λ2(2n + 1)π(8(1− λ2)− λ2(2n + 1)2π2)v(2,2)
1

− 4λ4(2n + 1)πW
(0)
1 (−1)n + 4λ2(2n + 1)πv

(1,2)
1

+ 4λ3(2n + 1)πP
(0,3)
t − 4 (−1)n λ4(2n + 1)2π2U

(1,2)
1c − 8 (−1)n (2n + 1)πλ3U

(0,1)
1s,ξ

+ λ4(2n + 1)3π3v
(1,2)
1 − λ4(2n + 1)3π3v

(0,2)
1 = 0. (6.172)

Solving equations (6.153)–(6.170), with the help of Maple (1996), we determine the coefficients

in the representation (6.87). As a result, the solution of third order problem can be represented

as

u
(2)
1 = U

(0,2)
1c cos

(
(2n + 1)πζ

2

)
+ U

(0,2)
1s sin

(
(2n + 1)πζ

2
ζ

)
+ U

(1,2)
1c ζ cos

(
(2n + 1)πζ

2

)

+ U
(1,2)
1s ζ sin

(
(2n + 1)πζ

2

)
+ U

(2,2)
1s ζ2 sin

(
(2n + 1)πζ

2

)
+ v

(0,2)
1 + v

(1,2)
1 ζ,

u
(2)
2 = U

(0,2)
2c cos

(
(2n + 1)πζ

2

)
+ U

(0,2)
2s sin

(
(2n + 1)πζ

2

)
+ U

(1,2)
2c ζ cos

(
(2n + 1)πζ

2

)

+ U
(1,2)
2s ζ sin

(
(2n + 1)πζ

2

)
+ U

(2,2)
2c ζ2 cos

(
(2n + 1)πζ

2

)
+ v

(0,2)
2 + v

(1,2)
2 ζ + v

(2,2)
2 ζ2,

p
(2)
t = P

(0,2)
t + P

(1,2)
t ζ, (6.173)
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where the non-zero coefficients are represented by

U
(0,2)
1c =

2U
(0,0)
1s,ξξ ((2n + 1)π − 2 (−1)n (p + 1))

(2n + 1)2π2
,

U
(1,2)
1c =

2U
(0,0)
1s,ξξ ((2n + 1)π − 4 (−1)n (p + 1))

(2n + 1)2π2
,

U
(1,2)
1s =

U
(0,1)
1s,ξ

(
1− λ2

)

λ
, U

(2,2)
1s =

U
(0,0)
1s,ξξ

(
λ2 − 1

)2

2λ2
,

v
(0,2)
1 =

2U
(0,0)
1s,ξξ (2 (−1)n (p + 1)− (2n + 1)π)

(2n + 1)2π2
, v

(1,2)
1 = −

2U
(0,0)
1s,ξξ

(2n + 1)π
, (6.174)

U
(0,2)
2c = 2

U
(0,2)
1s,ξ ((2n + 1)3π3λ2 + 4U

(0,0)
1s,ξξξ

(
(2n + 1)π

(
λ2(1− λ2)− 1

)
+ 4 (−1)n λ2 (p + 1)

)

(2n + 1)4π4λ2
,

U
(0,2)
2s = 4

U
(0,0)
1s,ξξξλ (2 (−1)n (p + 1)− (2n + 1)π) + U

(0,1)
1s,ξξ(2n + 1)π

(
λ2 − 1

)

(2n + 1)3π3λ
,

U
(1,2)
2s = 4

U
(0,0)
1s,ξξξ

(
4 (−1)n λ2 (p + 1)− (2n + 1)π

(
λ2(λ2 − 1) + 1

))

(2n + 1)3π3λ2
,

U
(1,2)
2c =

2U
(0,1)
1s,ξξ

(
1− λ2

)

λ(2n + 1)π
, U

(2,2)
2c =

U
(0,0)
1s,ξξξ(λ

2 − 1)2

λ2(2n + 1)π
,

v
(0,2)
2 = 2

U
(0,2)
1s,ξ (2n + 1)3π3λ2 + 4U

(0,0)
1s,ξξξ

(
(2n + 1)π

(
λ2(λ2 − 1) + 1

)− 4 (−1)n λ2 (p + 1)
)

(2n + 1)4π4λ2
,

v
(1,2)
2 =

2U
(0,0)
1s,ξξξ ((2n + 1)π − 2 (−1)n (p + 1))

(2n + 1)2π2
, v

(2,2)
2 =

2U
(0,0)
1s,ξξξ

(2n + 1)π
, (6.175)

P
(1,2)
t = −

U
(0,0)
1s,ξ (2n + 1)π

2
, P

(0,2)
t =

1
2
U

(0,0)
1s,ξ (2 (−1)n (1 + p)− (2n + 1)π) . (6.176)

We remark that the functions U
(0,1)
1s and U

(0,2)
1s remain undefined at third order. However, at

third order we are able to obtain the following representations for the function P
(0,3)
t

P
(0,3)
t =

U
(0,0)
1s,ξξ

(
2(1− λ2) + (−1)n (2n + 1)π(λ2 + 1− (p + 1))

)

λ(2n + 1)π
+

+
1
2
U

(0,1)
1s,ξ (2(−1)n(p + 1)− (2n + 1)π) . (6.177)

Hence, the fourth order pressure increment (6.150) can be expressed as

p
(3)
t = −(2n + 1)π

2
U

(0,1)
1s,ξ ζ +

U
(0,0)
1s,ξξ(2(1− λ2) + (−1)n (2n + 1)π(λ2 + 1− (p + 1)))

λ(2n + 1)π
+

+
1
2
U

(0,1)
1s,ξ (2(−1)n(p + 1)− (2n + 1)π) . (6.178)
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Now we are ready to derive the governing equation for the long wave amplitude U
(0,0)
1s . The

function W
(0)
1 can be represented in the following form

W
(0)
1 = η−2(u(0)

1,ττ +
(2n + 1)2π2

4
u

(0)
1 ) =

= η−2(U (0,0)
1s,ττ +

(2n + 1)2π2

4
U

(0,0)
1s ) = U

(0,0)
1s,ξξ

(
8 (−1)n (p + 1)− (2n + 1)π

(2n + 1)π

)
. (6.179)

The above equation yields the following non-dimensional governing equation for long wave am-

plitude U
(0,0)
1s

η−2

(
U

(0,0)
1s,ττ +

(2n + 1)2π2

4
U

(0,0)
1s

)
−

(
8 (−1)n (p + 1)− (2n + 1)π

(2n + 1)π

)
u

(0,0)
1s,ξξ = 0. (6.180)

We remark here that the nature of the governing equation (6.180) is dependent on the following

quantity

Ce =
8 (−1)n (p + 1)− (2n + 1)π

(2n + 1)π
, (6.181)

being hyperbolic or elliptic according to Ce > 0 or Ce < 0. The governing equation (6.180) can

be represented in original non-scaled variables as

ρh2

µ

∂2U
(0,0)
1s

∂2t2
+

(2n + 1)2π2

4
U

(0,0)
1s − h2

(
8 (−1)n (p + 1)− (2n + 1)π

(2n + 1)π

)
∂2U

(0,0)
1s

∂2x2
1

= 0. (6.182)

If we specify the function U
(0,0)
1s in the form (1.72) and substitute it into the governing equa-

tion (6.182) we obtain the following expansion for squared non-dimensional frequency

Ω2 =
(2n + 1)2π2

4
+ Ceη

2 + O(η4). (6.183)

The approximation (3.42) can be represented in a form

Ω2 =
(2n + 1)2π2

4
+ (2n + 1)πΩ(2)

mhη2 + O(η4), (6.184)

where second order corrections Ω(2)
mh are given by (3.41). The fact that expansions (6.183)

and (6.184) coincide proves the consistency of the derived dynamic one-dimensional model with

asymptotic analysis of dispersion relation (3.9).



Conclusion

The aim of the conclusion is to summarize the novel aspects of this study. In this thesis we

consider wave propagation in an incompressible elastic layer subject to primary simple shear

deformation. An interesting feature of a simple shear deformation is that no principal axes is

normal to faces of a layer or a half space. The main results of this thesis are an asymptotic analysis

of dispersion relations and a derivation of simplified dynamic models for the two dimensional

long wave motion. All these aspects are novel in comparison to the study by Connor and Ogden

(1996) which is restricted to stability analysis and numerical investigation of dispersion for the

neo-Hookean material. We generalize results by Connor and Ogden (1996) for any material

model and investigate numerically and analytically effects of different boundary conditions. In

particular, we perform numerical and analytical analysis of fixed faces boundary value problem

which was not considered in Connor and Ogden (1996) .

Most importantly, in contract with the study by Connor and Ogden (1996) we demonstrate

the alternative approach to investigate the propagation of travelling waves. The main advantages

of our approach are the derivation of all the governing equations in a layer coordinates and the

explicit representation of hydrostatic pressure. With the help of our approach we construct

simplified dynamic models which are consistent with the analysis of corresponding dispersion

relation and previously published results. The lower dimensional dynamic models with minimal

number of essential parameters provide significant simplification to describe two dimensional

motion in terms of one dimensional governing equation. Also analytical solutions of incremental

pressure, in-plane and normal displacements components are derived considering three asymptotic

orders of the problem. Finally we remark that investigation of dispersive waves performed in this

thesis is significantly different from the previous works by Connor and Ogden (1995) and Destrade

and Ogden (2005) devoted to analysis of surface waves in the equivalent configuration.

In this thesis we consider long wave low and high frequency motion a layer with free, fixed and

one fixed one free face boundary conditions. In comparison to an isotropic and a pure homoge-
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neous strain cases motion cannot be decomposed into symmetric and antisymmetric components.

We perform the asymptotic analysis of dispersion relation and derive the relative asymptotic or-

ders of displacements and incremental pressure. For the long wave high frequency motion the

results are broadly similar to those previously published in regards to pure homogeneous strain,

see Kaplunov et al. (2002). However, the results for long wave low frequency motion, which exist

only in a layer with free faces, show a significant departure from the previous investigations. In

this case it is not possible to establish analogue of classical extension and bending. The rea-

son for that is that whenever the amount of shear is finite, within the long wave low frequency

regime both in-plane and normal displacement components have the same asymptotic order. This

contrasts with the classical case of extension and bending, see Kaplunov et al. (1998) together

with their homogeneously strained counterparts, for which the in-plane and normal displacement

component is asymptotically leading, see Kaplunov et al. (2000).

Based on knowledge of relative asymptotic orders of displacements lower dimensional dynamic

models with minimal essential parameters were constructed to elucidate long wave low and high

frequency motion. In all constructed dynamic models the governing equations were derived only

at the third order problem seemingly due to the lack of symmetry in considered system. This is

the novel aspect of all derived models in comparison to previously published results by Kaplunov

et al (2000, 2002) and Pichugin and Rogerson (2001, 2002). In addition the influence of mixed

boundary conditions on the derivation of the long wave high frequency dynamic model was

investigated. In respect of the other long wave high frequency models the governing equations

are of the same form and consistent with previously published results by Kaplunov et al. (2002)

and Pichugun and Rogerson (2001).

In the long wave low frequency dynamic model derived for neo-Nookean material and then

generalized the governing equation is of novel type. The one dimensional vector governing equa-

tions involves the second derivatives in respect to in-plane coordinate and time of two essential

parameters long wave amplitudes of in-plane and normal displacement components. Such equa-

tion arises because both the in-plane and normal displacement components are of the same

asymptotic order. Hence this type of governing equation is the consequence of the simple shear

deformation. The facts that the governing equation is of vector type and there are two essential

parameters in the dynamic model are significant novel aspects in comparison to previously derived

long wave low frequency dynamic models in respect of a pure homogeneous strain by Kaplunov

et al. (2000) and Pichugun and Rogerson (2002).
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