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We analyze theoretically nonlinear dynamics of an optically injected two-mode quantum dot laser lasing si-
multaneously from the ground and excited states. We show that although the external optical signal is injected
into the ground-state mode alone, it can lead to the generation of regular picosecond pulses and pulse packages
in the intensity of the excited-state mode. Generation of regular streams of picosecond pulses is attributed to
an intrinsic gain switching mechanism where the relaxation time is modulated by the oscillations in the oc-
cupation of the ground and excited energy states. © 2010 Optical Society of America

OCIS codes: 140.5960, 140.3520.

1. INTRODUCTION

Optically injected single-mode quantum well (QW) lasers
show a rich variety of nonlinear behaviors including
stable locking, bistability, excitability, various routes to
chaos, etc. [1-4]. All these dynamics are well understood
now and can be modeled by single-mode rate equations
[4]. There are, however, circumstances in which the mul-
timode dynamics has to be taken into account. A good ex-
ample is the polarization dynamics of vertical-cavity
surface-emitting lasers (VCSELs). Owing to the cylindri-
cal symmetry of VCSELSs, each single-transverse mode is
associated with two orthogonal linearly polarized modes
with frequency splitting of a few gigahertz. A comprehen-
sive study of bifurcations in a model of a two-polarization
mode VCSEL subject to orthogonal optical injection (po-
larization of the injected light is orthogonal to the one of
the solitary VCSEL mode) has been presented in [5-7]. It
unveiled bifurcations beyond those found in the single-
mode models such as Hopf bifurcation on a two-mode so-
lution and transcritical bifurcation between two- and
single-mode solutions [6]. Another example is a QW edge
emitting laser (EEL) supporting the emission of two lon-
gitudinal modes with terahertz frequency spacing
achieved by a special cavity design [8]. Optical injection in
such a two-color laser revealed the importance of torus bi-
furcation in the route to two-mode antiphase dynamics
with short-pulse packages and optical chaos.

In this paper we undertake theoretical study of nonlin-
ear dynamics induced by optical injection in another two-
mode laser system, namely, quantum dot (QD) laser. In
these devices, the finite number of QDs within the active
region and the discrete energy structure of QDs can lead
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to saturation of the ground state (GS) already at moder-
ate currents. As a result, the occupation of the excited
states (ESs) grows with the current, and the laser can
start to lase from these states, too. Simultaneous emis-
sion from both states has been demonstrated for a solitary
QD laser in [9]. Also, it has been studied for a QD laser
subject to optical feedback [10] and for dual-wavelength
mode-locking [11].

In QD lasers, injected carriers attain the ES and then
the GS with rates determined by the capture and relax-
ation times, respectively. Both times depend on the fixed
parameter corresponding to the empty destination state,
i.e., ES for the capture process and GS for the relaxation
process, and on the actual occupation of the destination
state (see Section 2 for more details). Here, we demon-
strate that oscillations of the GS occupation caused by op-
tical injection can lead to modulation of the relaxation
time and, consecutively, to oscillations in the occupation
of the ES. Ultimately, such modulation provides a gain
switching mechanism and leads to the emission of pico-
second pulses from the ES. We show that the repetition
rate of such pulses is determined by the frequency of the
GS mode intensity oscillations.

2. THEORETICAL MODEL

To account for the presence of the ES we extended the the-
oretical model presented in [12] in a similar fashion as in
[13]. Furthermore, to allow lasing from both states, we
added an equation for the field of the ES mode. In the
model used here, carriers from the wetting layer (WL) are
first being captured into the ES and then relax to the GS
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[9]. Contrary to the case of a multi-mode QW EEL [8], in
our QD laser model different modes are associated with
separate reservoirs of carriers. These reservoirs are
coupled through the relaxation process and are filled up
in a cascade manner with different rates determined by
the relaxation and capture times that depend on the ac-
tual occupation of the respective states. We assume that
due to the large (terahertz) frequency spacing between
the GS and ES the injected light interacts directly only
with the GS mode. Nevertheless, the injected light can af-
fect the uninjected ES mode indirectly by modifying the
relaxation time depending on the actual occupation of the
GS due to the Pauli blocking term. The complete set of
equations reads

dEps 1 % .
- 2fps—1— 1+i 1
o= 5l fEs oS (1+ia)Egs, (1)
dEgs 1 Y . .
dt = EUggGS 2fGS_ 1- v.gas (1+La)EGS+lAEGS
S, 9
1\ 7o @
deL B JQD fWL(l _fES) (3)
di = q Ynl WL Tg ’
dfes fw(1-fes)  frs(1-fas)
a st T s
X|Egsl?, (4)
dfGS 2fES(l _fGS)
Tar C est o - 0;0(2fos ~ D|Ecsl. (5)

o

Here, fw1, /s, and fgg describe the occupation prob-
abilities or the numbers of carriers in the WL, ES, and
GS, respectively, normalized to the product of the number
of QDs and the degeneracy of the respective states. The
degeneracy of the GS is 2 and of the ES is 4. The number
of carriers in the WL is normalized to the number of QDs
only.

IGS,ES = |EGS,ES‘2

represents the intensity of light emitted by the GS/ES
mode. The carrier non-radiative decay rate is y,=1 ns~!,
while the photon decay rate is y,=590 ns~!. The capture
time 7,= TS/ (1-fgs) and relaxation time 7,= 7'2/ (1-fgs) are
determined by the fixed values 7'2 and 7'3 corresponding to
the empty ES and GS, respectively, and by the actual oc-
cupation of the ES and GS. The linewidth enhancement
factor is @=1.2, the linear optical gain coefficient is ggg
=72 ecm™! for the GS and grg=2g¢s for the ES, and the in-
teraction cross section is 0=0.6 nm2. All these values are
identical to those used in the original report on optically
injected QD laser [12].

The pump current Jgp is normalized to the number of
QDs. v,=0.833 %X 108 m/s is the group velocity, ¢ is the
electron charge, and # is the Planck constant. The in-
jected signal is characterized by its frequency detuning
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from the GS mode, A, and strength S,, (energy density of
the injected light). The frequency of the master laser
amounts to o=1.45X101% g1,

To facilitate numerical calculations, we rewrite Egs.
(1)—(5) in a dimensionless form using the normalized field
Fisrps=Ecsps\vg0/y,, the normalized gain coefficient
agsrs=(1/2)(Vgas s/ ¥), the normalized photon decay
rate ygs Es=Vs/VsgGs,Es, the normalized pump current J
=Jop/q ¥y, the normalized capture rate to the empty ES
Cco=1/ 7-2, the normalized relaxation rate to the empty GS
R%=1/7), the normalized detuning A’=A/y,, and B

— 73 . . .
=¥:\vgo/hwy,. The time is normalized to the carrier de-
cay rate y,, i.e., t'=ty,. Since the phase of the (unin-
jected) ES mode decouples from the rest of equations, Eq.
(1) for the complex-valued amplitude Exg can be replaced
with an equation for the real-valued intensity Irg. The fi-
nal set of equations reads

dlgg
W =2ags(2fgs — 1 - ves)gs, (6)
o acs(2fas— 1 - vas)(1 +ia)Fgg +iA'Fog + B[S,
(7)
dfwL .
at =J - fwr, - Cfwr(1 - fgs), (8)
dfes o .
ar —fes + 0.25C%fwi(1 - fgs) = R°fus(1 - fas)
- (2fgs - DIgs, 9)
dfas . ,
- —fas + 2R fps(1 - fag) — (2fgs — D|Fgs>. (10)

Similarly to the original model [12], our extended
model does not account for thermally induced escape of
carriers. Even though both models can reproduce qualita-
tively well the experimental findings obtained at room
temperature, they seem to be better suited to describe a
QD laser operating in a low-temperature range [14]. This
is because, in this regime, QDs are decoupled from the
WL and each other so that the occupation of the GS in-
creases with increasing the pump current; and, conse-
quently, the laser can saturate to fgg=1, which is not the
case for devices operating at room temperature [14].

Analytical expressions for the steady state occupations
of the GS and ES and the mode intensities in a free-
running laser, i.e., without optical injection, are given in
Appendix A. Those expressions were used to plot the
mode intensity versus current for different values of the
relaxation rate to the empty GS (R?) in Fig. 1. As can be
seen from the figure, the ES mode reaches its lasing
threshold when the GS mode saturates. The threshold
current for the ES mode strongly depends on the value of
R°. When R® decreases the ES mode starts to lase at
smaller currents, while the threshold for the GS mode
slightly increases. At extremely slow relaxation, i.e., R°
=50, the laser emits only the ES mode. For the remaining
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Fig. 1. Intensities of the GS (black) and ES (gray) modes versus
current for different values of the relaxation rate to the empty
GS.

part of the paper we fix R®=500, giving the threshold cur-
rent for the ES mode of J5 =15, and J5:J5°=6:1. This
choice reflects the available experimental values [9,15].

3. INTRINSIC GAIN SWITCHING IN
OPTICALLY INJECTED QUANTUM DOT
LASER LASING SIMULTANEOUSLY FROM
THE GROUND AND EXCITED STATES

In this section we fix the current to J=17 that is just
above the lasing threshold of the ES mode in a free-
running laser, and investigate injection-induced dynamics
of the GS and ES modes. To give a rough overview of the
dynamics, we present in Fig. 2(a) an “extrema map”
where we use different shades of gray to indicate a num-
ber of different extrema in the time series of the ES mode
intensity Igg for each point in the (A,S,,) plane. Specifi-
cally, light gray L' indicates the absence of extrema and
Iys=0 (steady state solution with the ES mode below the
threshold), light gray L? indicates the absence of extrema
and Igyg> 0 (steady state solution with the ES mode above
the threshold), dark gray U? indicates two different ex-
trema (period-1 periodic orbit), white U? indicates three
different extrema, and gray U~? indicates more than
three different extrema and includes cases of irregular
possibly chaotic oscillations. Interestingly, optical injec-
tion into the GS mode can have various effects on the dy-
namics of the ES mode. Depending on the settings of A
and S,,, it can stop lasing of the ES mode or excite (ir-
regular) self-pulsations in the ES mode intensity.

While the GS mode always remains above the thresh-
old, its intensity dynamics are limited to two types of
locking and time-periodic oscillations. In a single-mode
injected laser, locking is a single-frequency operation
when the laser emits at the frequency of the injected sig-
nal. In two-mode lasers, however, it is possible to have
two frequency operations with a locked injected mode and
an unlocked uninjected one. Such a behavior has been ob-
served with two polarization-mode QW VCSELs [6] and
with two longitudinal-mode QW EELs [16].

In Fig. 2(a) different types of locking of the GS mode
are represented by light gray regions L' and L2, that is,
single-frequency locking (when the ES mode is sup-
pressed) exists inside L!, and two-frequency locking
(when the ES mode is unsuppressed and unlocked) exists
inside L2. We also used numerical continuation [17] to cal-
culate a two-parameter bifurcation diagram for the same
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Fig. 2. (a) Extrema map for J/=17. Representation of respective
shades of gray: light gray L'—locked GS mode and suppressed
ES one (lack of extrema); light gray L>—locked GS mode but un-
suppressed ES one (lack of extrema); dark gray
U?—time-periodic pulsations (two extrema); white
Ul—oscillations characterized by three extrema; gray
U~3—complex dynamics characterized by more than thee ex-
trema, possibly chaotic. (b) Two-parameter bifurcation diagram
calculated by AUTO [17]. Solid gray curve H denotes Hopf bifur-
cation, dotted gray curve S denotes saddle-node bifurcation, and
solid black curve T denotes transcritical bifurcation. BT and ST
are codimensional two points at which the saddle-node-Hopf bi-
furcation curves and saddle-node and transcritical bifurcation
curves, respectively, are tangent.

parameter values as in Fig. 2(a). Bifurcation analysis in
Fig. 2(b) reveals that in the (A,S,,) plane locking is
bounded by Hopf (H) and saddle-node (S) bifurcations.
Furthermore, the transition between the two different
types of locking occurs via transcritical (T) bifurcation.
This bifurcation defines the lasing threshold of the ES
mode in the injected laser. For positive detuning A, the
saddle-node bifurcation [curve S in Fig. 2(b)] takes place
on a periodic orbit and is sometimes referred to as ho-
moclinic saddle-node bifurcation [18]. As a result, the
waveform of period-1 oscillations in the GS mode inten-
sity found outside the locking region is influenced by a
ghost of the saddle-node near the bifurcation and looks
like deterministic self-pulsations described in [13].

The behavior of the ES mode in the unlocked region is
much more diverse and complicated. First we investigate
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its dynamics for the injection strength smaller than 2
%X 107* J/m3. The one-parameter bifurcation diagram for
S,,=1.5X10"* J/m? is shown in Fig. 3. Regardless of the
detuning, the waveform of the ES mode has one extre-
mum at zero-intensity level, meaning that it is pulsed,
and the respective points in the bifurcation diagram cor-
respond to the amplitudes of the pulses. A comparison be-
tween Figs. 3(a) and 3(b) reveals strong dependence on
the sweeping direction of the detuning. Namely, starting
from A=8.8 GHz there is bistability between the pulsed
output of the ES mode with periodic spikes of a fixed am-
plitude and the pulsed output of the ES mode that can be
highly irregular and involve spikes of different ampli-
tudes (as in region A in Fig. 3) or form more regular pulse
patterns (as in region B in Fig. 3).

To characterize the dynamics of the modes for the in-
jection strength larger than 2x 1074 J/m3, we show in
Fig. 4(a) the time traces of the GS and ES mode intensi-
ties for fixed injection parameters S,,=6x10"*J/m?3, A
=9 GHz [point A in Fig. 2(a)]. As can be seen from this fig-
ure the ES mode fires periodic pulses at a constant ampli-
tude, which is ten times higher than the maximum inten-
sity of the GS mode. Temporal changes of the occupation
of the respective energy states are shown in Fig. 4(b). Dy-
namics are governed by antiphase oscillations of the in-
tensity and occupation of the GS caused by the optical in-
jection. These oscillations modulate the relaxation time
T,= Tg/ (1-fgs) via the Pauli blocking term [see Fig. 4(c)].
Consequently, the occupation of the ES is also being
modulated. In a similar way, oscillations of the occupation
of the ES modulate the capture rate and influence the oc-
cupation of the WL. With the set of parameters used in
the model, the GS is almost saturated, meaning that
small changes in its occupation cause large changes in the
relaxation time. The amplitude of such modulation is 0.5
ns. The amplitude of the capture time modulation is much
smaller. The large increase in the relaxation time ex-
plains the considerable increase in the occupation of the
ES (well above its threshold value fi5=0.72) within the
time corresponding to the increasing slope of the GS oc-
cupation in Fig. 4(b). The ES occupation is governed by
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Fig. 3.  One-parameter bifurcation diagram for J=17, S,,=1.5

x107* J/m® when sweeping the detuning either (a) from nega-

tive to positive or (b) from positive to negative values. Black cor-

responds to the GS mode, whereas gray corresponds to the ES
mode.
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Fig. 4. Temporal evolution of (a) GS (left axis) and ES (right
axis) mode intensities, and (b) occupation of the GS: solid black
curve fqg (right axis), ES: solid gray curve fig (left axis), and WL:
dotted black curve fyq, (left axis). Horizontal black and gray lines
represent threshold occupation of the GS and ES, respectively. (c)
Modulation of the relaxation (black) and capture (gray) times re-
sulting from changes in the occupation of the respective energy
levels (left axis) and the difference between the capture
0.25C%y1.(1-frs) and relaxation —R%q(1—-f5s) processes (dotted
gray curve, right axis); S,,=6x10"* J/m?, A=9 GHz.

the capture 0.25C%y(1-fgs) and relaxation —R%fgg(1
—fas) processes in Eq. (9). The interplay of these two pro-
cesses is plotted as a dotted light gray curve in Fig. 4(c).
When the occupation of the GS and consequently the re-
laxation time start decreasing after achieving their
maxima, the occupation of the ES still increases for some
time because the capture to the ES dominates the process
of relaxation to the GS. At some point the occupation of
the ES saturates. When the decreasing occupation of the
GS crosses its threshold value f4;=0.991 the ES fires a
large intensity pulse, while its occupation sharply de-
creases [the last stimulated emission term in Eq. (9)].
This resembles a typical gain switching mechanism and
shows that modulation of the relaxation time can lead to
generation of picosecond pulses.

In Fig. 5 the pulse duration and repetition rate are
plotted as functions of the detuning. In the investigated
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Fig. 5. Repetition rate (black) and the full width at half-
maximum (gray) of pulses generated from the ES.
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range, the pulse repetition rate increases linearly with
the detuning and is of the order of a few gigahertz. At de-
tuning of 8 GHz the pulse duration is as small as 8 ps.
Similar values have been reported experimentally for
pulses generated by a dual-wavelength mode-locked QD
laser [11]. When the detuning increases, however, the
pulses become broader.

For negative detuning, the locking region is bordered
by parts of the saddle-node and Hopf bifurcation curves
that meet together at the codimension-2 Bogdanov—
Takens point BT [Fig. 2(b)]. The dynamics of the GS and
ES modes in the unlocked region are characterized in
Figs. 6-8.

Figure 6 depicts the two-mode Hopf bifurcation for
large [Fig. 6(a)]l and small [Fig. 6(b)] injection strengths.
In close proximity to the Hopf bifurcation, the GS and ES
modes oscillate in antiphase (not shown). As can be seen
from Fig. 6 a number of extrema appear in the intensity of
the ES mode when decreasing the detuning beyond the
Hopf bifurcation point. What happens is that each time
the ES mode raises above zero, its waveform follows re-
laxation oscillations (see also Fig. 8, graph 1). Comparing
Figs. 6(a) and 6(b) one can conclude that the range of de-
tuning corresponding to the pure antiphase oscillations of
the GS and ES modes depends on the injection strength
and shrinks when approaching the BT point.

Figure 7 presents forward and backward one-
parameter bifurcation diagrams for the same injection
strength as in Fig. 6(b), but for negative detuning reach-
ing —50 GHz. As can be seen from this figure, the regular
multipulse dynamics of the ES mode is followed by cha-
otic dynamics: region B in Fig. 7 (see also Figs. 8, graph
2). For even larger negative values of the detuning, regu-
lar pulses with two different amplitudes are generated
(region D in Fig. 7). These periodic dynamics undergo pe-
riod doubling cascade to chaos (region E in Fig. 7). Simi-
larly to the scenario presented for positive detuning,
there exists a region of bistability starting from the de-
tuning of —13 GHz which extends over regions C;—Cy in
Fig. 7. In region C; the bistability is between pulsed ES
mode emissions with constant, but different amplitudes of
pulses (see also Fig. 8, graph 3). In regions Cy and C3 one
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Fig. 6. One-parameter bifurcation diagram for (a) S,,=6.0

%107 J/m? and (b) S,,=1.5 X 10~* J/m? showing the behavior of
the GS (black) and ES (gray) modes in close proximity to the two-
mode Hopf bifurcation.
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possible behavior is still associated with the pulsed ES
mode emission with a constant amplitude of pulses [Fig.
7(b)], while the other one is associated with the emission
of pulses which amplitudes undergo period doubling cas-
cade to chaos when approaching region C5 [Fig. 7(a)]. In
region C, the bistability is between regular pulses with
constant amplitude and multi-pulse pattern. In region F
of Fig. 7 the ES mode fires pulses with a constant ampli-
tude, and this amplitude becomes smaller and smaller as
the detuning is increased. Finally, at the detuning larger
than —40 GHz (region G in Fig. 7), the ES mode shows
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Fig. 8. Temporal evolution of the GS (black) and ES (gray) mode
intensities for S,,=1.5X107* J/m? and 1: A=-4.5 GHz, 2: A=
-9.0 GHz, 3: A=-15.0 GHz, 4: A=-50.0 GHz.



Olejniczak et al.

small amplitude oscillations that are in-phase with the
oscillations of the GS mode as it is shown in Fig. 8, graph
4. Similar behavior is observed for large positive values of
the detuning.

As long as the dynamics of the GS mode are limited to
locking and period-1 time-periodic oscillations, the value
of R® does not change the overall dynamics of the ES
mode. It influences, however, the size of the respective re-
gions in the injection parameter space.

4. GENERATION OF PULSE PACKAGES IN
OPTICALLY INJECTED QUANTUM
DOT LASER

The results presented so far suggest that modulation of
the capture and relaxation times induced by optical injec-
tion can switch on and off the ES mode and consecutively
result in the pulsating behavior of its intensity. It is
therefore reasonable to check if such a pulsating behavior
of the ES mode is maintained at higher currents. The ex-
trema map computed for J=20 is presented in Fig. 9(a),
and the corresponding bifurcation diagram is shown in
Fig. 9(b).

—
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Fig. 9. (a) Extrema map for J=20. (b) Two-parameter bifurca-
tion diagram calculated with AUTO [17]. The labeling and color
coding are the same as in Fig. 2.
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Fig. 10. Temporal evolution of the GS (black) and ES (gray)
mode intensities for (a) S,,=10"* J/m3, A=6 GHz and (b) S,,=4
%1074 J/m?, A=6 GHz. J=20.

Comparing the two-parameter bifurcation diagrams in
Figs. 2(b) and 9(b) one can conclude that at higher cur-
rents the region of locked single-frequency GS mode emis-
sion shrinks and is achievable at higher injection
strengths. Similarly, the position of the codimension-2
saddle-node—transcritical tangency point ST moves to
larger injection strengths, whereas the position of the
codimension-2 Bogdanov-Takens point BT does not
change. In the unlocked region regardless of the sign of
the detuning, at the injection strength smaller than 2
X 10~* J/m?® both modes oscillate in antiphase [region U?
in Fig. 10(a)l. At higher values of S,,, however, the wave-
form of the ES mode builds up by emission of short-pulse
packages with decreasing depth of intensity modulation
[region U3 in Fig. 10(b)]. The frequency of the spikes
within the package corresponds to the relaxation oscilla-
tion frequency of the ES mode and is of the order of a few
gigahertz. It is worth noticing that the two-mode QW
EEL of [8] also shows the emission of pulse packages, but
from both modes simultaneously.

At currents larger than J =20, the region of complex dy-
namics is attainable at a larger injection strength so that
in the range of injection parameters investigated in this
paper, the ES mode can either be suppressed, when the
GS mode is locked, or can exhibit period-1 time-periodic
oscillations. Such an emission already occurs at the cur-
rent when Igg>Igs, which shows that the intensity ratio
of the GS and ES mode emission does not influence the
overall dynamics of the system.

5. CONCLUSIONS

This paper presents a theoretical study on optically in-
jected quantum dot (QD) laser lasing simultaneously from
the ground state (GS) and excited state (ES). External
light is injected into the ground-state mode alone, and the
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two lasing modes are coupled indirectly via the carrier re-
laxation process. We consider the range of currents where
the ground- and excited-state modes lase simultaneously
in the absence of optical injection.

Our studies unveil that, in the presence of optical injec-
tion, dynamics of the ground-state mode are limited to
single-frequency locking (excited-state mode is sup-
pressed), double-frequency locking (excited-state mode is
unsuppressed), and unlocked time-periodic intensity os-
cillations. Inside the locking region defined in the plane of
injection strength and frequency detuning, two different
types of locking are separated by a transcritical bifurca-
tion corresponding to the lasing threshold of the excited-
state mode. Outside the locking region, the excited-state
mode can exhibit very complicated behavior. Our studies
focused on picosecond pulses generated by a gain switch-
ing mechanism that is associated with modulation of the
relaxation time caused by the injection-induced oscilla-
tions in the occupation of the respective energy states.
The model predicts that pulses as short as 8 ps are
achievable. The repetition rate and duration of such
pulses increase with the frequency detuning of the in-
jected signal. At even higher currents, the region where
the excited-state mode is suppressed and the ground-
state mode is locked to the injected signal shrinks and re-
quires higher injection strengths. Outside the locking re-
gion, the intensity of the excited-state mode is no longer
pulsed, but it oscillates in antiphase with the intensity of
the ground-state mode. For a certain set of injection pa-
rameters [region U”? in Fig. 9(a)], the envelope of the
excited-state mode builds up by the emission of short-
pulse packages with decreasing depth of modulation. The
frequency of the spikes within the package corresponds to
the relaxation oscillation frequency of the ES.

APPENDIX A

1. GS Emission Only

We present here steady state solutions of Egs. (6)—(10) for
a solitary QD laser, i.e., the time derivatives and the last
two terms in Eq. (7) are set to zero. At the threshold for
the GS mode emission, the GS gain balances the losses:

Yas+1
2

GS =

(A1)

With the time derivatives at the left hand side of Eq. (8)
put to zero, the steady state occupation of the WL reads

J

ST+ —fag) (A2)

fWL

Similarly, putting to zero the time derivatives at the left
hand side of Eq. (9) and then plugging in Eq. (A2) for fiy1,
we obtain a quadratic equation for the steady state occu-
pation of the ES; i.e.,

afes+bfgs+c=0, (A3)

where

1
a=CO{1+R0<1—yGS2+ )} (A4)
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1
b=- {4<R°(1— YGS; >+1>(1+C°)+C°J}, (A5)

c=C%. (A6)

Only one solution, i.e., with fgg>0 is physical.

Knowing the steady-state occupations and putting to
zero the time derivatives at the left hand side of Eq. (10),
it is now possible to calculate the intensity of the GS
mode, i.e., |[Fggl?,

2R fws(1 - fas) — fas

YGs

|Fasl” =

(A7)

The current for which |Fg|? equals to zero constitutes the
threshold for the GS mode.

2. GS and ES Emission
In this case, both the GS and ES gains balance the corre-
sponding losses, i.e.,

Yas+1
as= , (A8)
2
VES + 1
fes= ) (A9)

With the time derivatives at the left hand side of Eq. (8)
put to zero and with known steady state occupation of the
ES [Eq. (A9)], the steady state occupation of the WL reads

J

fwr= (A10)

o Yes+1 .
1+C°1- 2

The intensity of the GS mode is constant, given by Eq.
(A7) together with Egs. (A8) and (A9). The intensity of the
ES mode, i.e., |Fgg/?, can be calculated by putting to zero
the time derivatives at the left hand side of Eq. (9):

0.25C°fwL(1 - fus) — fus — R%ws(1 - fas)

YGs

|Frgl* =

(A11)

As for the occupations fgs, frs, and fyr, in Eq. (A11), the
steady state values calculated with Egs. (A8)-(A10)
should be used. The current for which |Fg|? equals zero
constitutes the threshold for the ES mode.
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